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Post-inhibitory rebound (PIR) spike, which has been widely observed in diverse nervous systems with different phys-
iological functions and simulated in theoretical models with class-2 excitability, presents a counterintuitive nonlinear phe-
nomenon in that the inhibitory effect can facilitate neural firing behavior. In this study, a PIR spike induced by inhibitory
stimulation from the resting state corresponding to class-3 excitability that is not related to bifurcation is simulated in
the Morris–Lecar neuron. Additionally, the inhibitory self-feedback mediated by an autapse with time delay can evoke
tonic/repetitive spiking from phasic/transient spiking. The dynamical mechanism for the PIR spike and the tonic/repetitive
spiking is acquired with the phase plane analysis and the shape of the quasi-separatrix curve. The result extends the counter-
intuitive phenomenon induced by inhibition to class-3 excitability, which presents a potential function of inhibitory autapse
and class-3 neuron in many neuronal systems such as the auditory system.

Keywords: post-inhibitory rebound spike, class 3 excitability, inhibitory autapse, neuronal firing
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1. Introduction
Neurons transmit information by generating action poten-

tials or spikes.[1,2] According to different features of neuronal
spike responses to constant depolarization current, Hodgkin
identified three classes of excitability.[3,4] For neurons with
class-1 excitability, repetitive (tonic) spiking with arbitrarily
low firing frequency can be evoked. For neurons with class-2
excitability, repetitive (tonic) spiking is evoked with a nonzero
critical frequency.[3,5,6] In contrast to repetitive (tonic) spik-
ing of neurons with class-1 or class-2 excitabilities, transient
(phasic) spiking is elicited for neurons with class-3 excitabil-
ity; that is, only a few spikes are generated at the onset of
the sustained depolarization current.[7] The distinct spiking
patterns enable the neurons to have different coding proper-
ties. For example, in a noisy environment, phasic spiking
neurons show a larger variability of the spike amplitude com-
pared to tonic spiking neurons.[5] Phasic spiking neurons pref-
erentially respond to high frequency stimulations, while tonic
spiking neurons preferentially respond to low and middle fre-
quency stimulations.[2,8] Recently, identifying the dynamics
and functions of class-3 excitability or phasic spiking modu-
lated by various modulation measures has attracted increasing
attention.[5,8–10]

Electrophysiological experiments have demonstrated that
many types of neurons in nervous systems exhibit phasic
spiking, such as auditory brainstem neurons,[8,11] vasopressin
neurons,[12] and Grueneberg ganglion olfactory neurons.[13]

Phasic spiking neurons show extraordinary temporal precision
and coincidence detection in response to excitatory inputs,[11]

which contributes to the sound localization of the auditory
brainstem. The transitions between tonic spiking and phasic
spiking have been found in the development of the auditory
cortex.[14] These transitions are related to vocal learning and
memory. To reveal the dynamics of distinct spiking patterns
and spike initiating dynamics, we utilize the theory of nonlin-
ear dynamics,[5,15] such as the bifurcation and threshold (sep-
aratrix or quasi-separatrix) curve of the action potential in the
phase plane. For example, the change from the resting state
to repetitive spiking via a saddle-node on an invariant circle
bifurcation corresponds to class-1 excitability, and Hopf bifur-
cation corresponds to class-2 excitability.[7] The resting state
is stable and no bifurcation related to the stable limit cycle
occurs, which corresponds to class-3 excitability.[7] Further-
more, the phase trajectory of spiking behavior induced from
the resting state can be well understood with a separatrix or
quasi-separatrix curve in the phase plane.[5,16,17] For example,
the all-or-none spikes associated with class-1 excitability[16]

and phasic spiking associated with class-3 excitability can be
interpreted by determining whether the trajectory perturbed by
external stimulation can cross over the separatrix curve (stable
manifold of the saddle) or quasi-separatrix curve.[5]

The firing activities of a neuron such as the transition be-
tween tonic spiking and phasic spiking can be modulated with
synaptic inputs in addition to the intrinsic dynamics of the
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neuron.[10,18] In the general view, synaptic inhibition hyperpo-
larizes membrane potential away from the spike threshold to
reduce spiking activity, which differs from synaptic excitation
that depolarizes membrane potential across the spike thresh-
old to enhance spiking activity.[19] For example, synaptic in-
hibition causes subtractive and divisive effects that reduce the
neuronal firing rate.[20,21] However, some studies have shown
different points of view. For instance, inhibitory current can
induce a spike from the resting state near the Hopf point,
which is based on the mechanism of post-inhibitory rebound
(PIR) spike.[16,22] PIR spike has been observed in multiple
types of neurons, such as hippocampal pyramidal neurons,[15]

neocortex neurons,[23] entorhinal cortex pyramidal neurons,
interneurons,[22,24,25] and auditory brainstem neurons,[26] and
PIR spike is associated with many cellular and physiologi-
cal functions.[22,24–26] For instance, PIR spike aroused by pre-
cisely timed inhibition can promote the spatial sensitivity of
auditory systems to faint sounds.[27,28] Superior paraolivary
nucleus neurons in the auditory brainstem can encode sinu-
soidally amplitude-modulated tones with PIR spike. The ro-
bustness of synchronous oscillations in an inhibitory interneu-
ronal network can enhance the PIR spike.[23] For the resting
state corresponding to stable focus, the subthreshold inhibitory
synaptic input preceding the subthreshold excitatory synaptic
input can facilitate the elicitation of a spike induced by the
excitatory input,[19] which is called post-inhibitory facilitation
(PIF) and has been observed in the electrophysiological exper-
iment for brainstem auditory neurons.[29]

In addition to synaptic inputs from other neurons, a neu-
ron may receive synaptic inputs from itself; i.e., a neuron
may receive self-feedback from an autapse, which is a special
synapse that connects the dendrite and axon of the neuron.[30]

Autapses have been found in many kinds of neurons, includ-
ing neocortical interneurons, pyramidal neurons,[31] cerebel-
lar interneurons,[32] hippocampal interneurons,[33] and olfac-
tory bulb neurons.[34] Electrophysiological experiments have
identified that autapses play critical roles in the firing activi-
ties of single neurons[33–36] and network synchronizations.[37]

For example, inhibitory autapse inhibits the firing activities[35]

and increases the precision of spike timing in neocortical
interneurons.[36] Excitatory autapses cause persistent firing in
the motor neurons of buccal ganglia[34] and enhance burst
firing in neocortical pyramidal neurons.[31] In addition, re-
searchers have presented more roles for autapses in mod-
ulating the activities of single neurons and neuronal net-
works such as firing patterns,[18,38,39] resonances,[40–42] and
synchronizations[43,44] in theoretical studies.[45–47] For exam-
ple, the switches between class-1 and 2 excitabilities can be
induced by inhibitory and excitatory autapses. Inhibitory au-
tapse usually suppresses burst firing while excitatory autapse
enhances burst firing.[39,48] In particular, recent research has

shown some paradoxical results for the inhibitory and exci-
tatory autapses, which can enhance and reduce neuronal fir-
ing, respectively. Specifically, excitatory autapse can reduce
the spike number of a bursting neuron[49] and change from
repetitive spiking near the subcritical Hopf bifurcation (cor-
responds to class-2 excitability) to the resting state or mixed-
mode oscillations.[50] Inhibitory autapse can enhance the spike
number of bursting patterns[51] and change the resting state
near the Hopf bifurcation as repetitive spiking by modulating
the time delay in the inhibitory autapse.[52] These results ex-
tended knowledge on functions of inhibitory and excitatory
autapses that can modulate neuronal firing patterns or frequen-
cies to encode information.

As determined by reviewing the literature, it is well
known that an inhibitory current pulse can induce PIR spike
for class-2 excitability corresponding to Hopf bifurcation.[16]

Based on this, the promotion effect of the inhibitory autapse
on the spiking activities of neurons with class-2 excitability
has been found and interpreted.[23,52] Recently, the PIF phe-
nomenon has been simulated for both class-2 excitability and
class-3 excitability.[19,53] Compared with class-2 excitability,
there are fewer reports about the PIR spike and enhancement
of spiking activity induced by the inhibitory effect for class-
3 neurons.[7,8] In this study, the effects of an inhibitory au-
tapse with time delay on dynamical behaviors of the Morris–
Lecar (ML) neuron with class-3 excitability are investigated.
The quasi-separatrix curve[5] (threshold of action potential)
exhibits a shape resembling that of class-2 excitability. There-
fore, it is found that an inhibitory current pulse can induce a
PIR spike, and this depends on whether the inhibitory pulse
can push the trajectory to run across the quasi-separatrix curve
in the phase plane. This result presents the dynamical mecha-
nism of a PIR spike for a class-3 neuron. Furthermore, we sim-
ulate the phasic spiking changing to tonic spiking in a class-3
neuron with an inhibitory autapse, which shows that the in-
hibitory autapse enhances the firing activity. The tonic spiking
is explained by the PIR spike mechanism. The threshold curve
for autaptic conductance to induce the transition with respect
to the time delay exhibits a period approximating the period
of afterpotentials of phasic spiking. We discuss the difference
between this study and a recent research in which the phasic
spiking[18] remains unchanged for a class-3 neuron with in-
hibitory autapse. The result presents a potential function for
an inhibitory autapse that modulates the firing activities of a
class-3 neuron and extends the paradoxical effects of an in-
hibitory autapse that can enhance neuronal firing.

The rest of the paper is organized as follows: The model
of an ML neuron with an inhibitory autapse is given in
Section 2. In Section 3, the dynamical mechanism of the
hyperpolarizing-current-pulse-induced PIR spike for the class-
3 ML neuron is given, and the changes from tonic spiking to
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phasic spiking induced by inhibitory autapse are presented.
The discussion and conclusion are given in Section 4.

2. Models
2.1. Model of the isolated class-3 ML neuron

The modified Morris–Lecar (ML) model,[5] which is a
conductance-based model and can simulate three classes of
excitability by varying one single parameter, is generally used
to study the effects of different classes of excitabilities on neu-
ronal responses to external stimulations, including synaptic in-
puts and noise as well as network synchronizations. The cur-
rent balance equation of an ML neuron is described as

CV̇ =−IK− INa− IL + IDC, (1)

where V represents the membrane potential, C is the mem-
brane capacitance, and IDC is the constant depolarization cur-
rent. IL = ḡL(V −EL), INa = ḡNam∞(V )(V −ENa), and IK =

ḡKw(V −EK) are the leakage, sodium, and delayed rectifier
potassium currents, respectively, where EL (ENa and EK) and
ḡL (ḡNa or ḡK) are the reversal potential and maximum conduc-
tance of IL (INa or IK). The activation of INa is dependent on the
steady-state function m∞(V ) = 0.5{1+ tanh [(V −βm)/γm]}.
The variable w is the activation variable of IK and it is de-
termined by

ẇ = φw(w∞(V )−w)/τw(V ), (2)

where the related expressions of τw(V ) and w∞(V )

are τw(V ) = cosh−1 [(V −βw)/2 · γw] and w∞(V ) =

0.5{1+ tanh [(V −βw)/γw]}.
The parameter values of the model are set as follows: C =

2 µF/cm2, ḡNa = 20 ms/cm2, ENa = 50 mV, βm =−1.2 mV,
γm = 18 mV, ḡK = 20 ms/cm2, EK =−100 mV, γw = 10 mV,
φw = 0.15, gL = 2 ms/cm2, and EL =−70 mV. The excitabil-
ity of the ML neuron can be changed as βw varies.[5,54] When
βw = −25 mV, the ML neuron can exhibit class-3 excitabil-
ity. Unless otherwise stated, the model is called the isolated
class-3 ML neuron model. The bifurcation diagrams are nu-
merically computed using XPPAUTO.[55]

2.2. Model of the inhibitory autaptic class-3 ML neuron

To study the effects of inhibitory autapse on neuron with
class-3 excitability, an inhibitory autaptic current Iaut is in-
troduced to the right-hand side of the current balance equa-
tion (1):

CV̇ =−INa− IK− IL + IDC− Iaut, (3)

the inhibitory autaptic current is given by

Iaut = gauts(V −Esyn), (4)

where Esyn and gaut denote the reversal potential and the maxi-
mum conductance of the inhibitory autapse, respectively, and s
is the activation variable of the inhibitory autapse, determined
by

ṡ = αΓ (V (t− τ))(1− s)−β s. (5)

Here, α and β are the raising and decaying rates, which are
set as 12 ms−1 and 1 ms−1, respectively. Γ (V (t − τ)) =

1/(1+exp(−10(V (t−τ)−θthres))), with τ being the time de-
lay in the autapse, and θthres =−15 mV the autaptic threshold
for which autaptic current is triggered by an upstroke of the
actional potential passing through it. The parameter Esyn is set
to −80 mV for the inhibitory autapse. The model is called the
inhibitory autaptic class-3 ML neuron.

The models are integrated numerically using the Runge–
Kutta method with steps of 0.01 ms.

3. Results
3.1. Dynamics for phasic spiking of the isolated class-3 ML

neuron

For the isolated class-3 ML neuron, the equilibrium (cor-
responding to the resting state) is stable focus (black line),
no bifurcation or stable limit cycle (corresponding to repeti-
tive spiking) appears with the increase of the constant depo-
larizing current IDC, as shown in Fig. 1(a). If IDC is fixed at
80 µA/cm2, when a subthreshold depolarization current pulse
Ipulse = 20 µA/cm2 (100-ms duration, green curve in bottom
panel of Fig. 1(b) is applied to the ML neuron, subthreshold
oscillations appearing at the onset of the depolarizing current
pulse are induced, as shown in Fig. 1(b). When suprathresh-
old depolarizing current pulses Ipulse = 40 µA/cm2 (red) and
Ipulse = 60 µA/cm2 (black) are applied to the ML neuron, only
one spike is elicited at the onset of the depolarization current
pulses, i.e., the ML neuron exhibits phasic spiking, as shown
in the top two panels of Fig. 1(b). Both the subthreshold oscil-
lations and the spike are transient behaviors.

Figures 1(c) and 1(d) show the trajectories corresponding
to the behaviors in the second and third panels of Fig. 1(b),
respectively. Before the stimulations of the depolarization
current pulse Ipulse, the nullclines V̇ = 0 (gray dotted curve,
corresponding to IDC = 80 µA/cm2) and ẇ = 0 (gray dashed
curve) intersect at a stable focus SE1 (gray solid circle). Dur-
ing the processes of the stimulations (Ipulse = 20 µA/cm2 and
Ipulse = 40 µA/cm2), the nullcline V̇ = 0 shifts upward, and
the nullcline ẇ = 0 remains unchanged. The shifted null-
cline V̇ = 0 ( black dotted curves, IDC = 120 µA/cm2 and
IDC = 100 µA/cm2) intersects with the nullcline ẇ = 0 at a
new stable focus SE2 (black solid circle). Under the perturba-
tion of the depolarization current pulse, the trajectory moves
from SE1 to the new stable focus SE2 via different paths, which
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means that different transient behaviors appear at the onset of
stimulation. If the intensity of the depolarizing current pulse
is strong enough, for example, the depolarization current pulse
Ipulse = 40 µA/cm2 can push the trajectory to cross over the
quasi-separatrix curve (threshold of action potential) to form
a spike, as shown in Fig. 1(c). If the intensity of the depo-
larization current pulse is weak, for example, the stimulation
Ipulse = 20 µA/cm2 cannot push the trajectory to cross over
the quasi-separatrix curve, resulting in subthreshold oscilla-
tions (Fig. 1(d)). The distinction between the spike and sub-
threshold oscillations appearing at the onset of the depolar-

izing current pulse is whether the current pulse can push the

trajectory to cross over the quasi-separatrix curve or not. This

indicates that the quasi-separatrix curve, which separates the

phase plane into two regions with different behaviors, is an

important factor that influences the spike elicitation. From the

concave upward shape of the quasi-separatrix curve, the tra-

jectory starting from the equilibrium may run across the left

part of the quasi-separatrix curve under the action of the hy-

perpolarization current pulse with strong enough intensity, i.e.,

a PIR spike may be elicited.
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Fig. 1. Responses of the isolated class-3 ML neuron (Eqs. (1) and (2)) to depolarization stimulation at different levels. (a) The stable focus
(equilibrium, black solid curve) changes with the increases of IDC. (b) The first, second, and third panels are, respectively, the potential
responses of the isolated class-3 ML neuron (Eqs. (1) and (2)) to the depolarization current pulses of Ipulse = 60 µA/cm2 (black curve in the
last panel), Ipulse = 40 µA/cm2 (red curve in the last panel), and Ipulse = 20 µA/cm2 (green curve in the last panel) when IDC = 80 µA/cm2. (c)
The trajectory corresponds to the behavior of the second panel in (b) on the phase plane (V,w). (d) The trajectory corresponds to the behavior
of the third panel in (b) on the phase plane (V,w). The gray dashed and dotted curves are nullclines ẇ = 0 and V̇ = 0 when IDC = 80 µA/cm2,
respectively. The black dotted curves in (c) and (d) are nullcline V̇ = 0 for IDC = 120 µA/cm2 and 100 µA/cm2, respectively. The gray solid
circle is the stable equilibrium SE1 when IDC = 80 µA/cm2, the black circles in (c) and (d) are stable equilibria SE2 when IDC = 120 µA/cm2

and 100 µA/cm2, respectively. The blue curves in (c) and (d) are quasi-separatrix curves of the action potential when IDC = 80 µA/cm2,
respectively.

3.2. PIR spike induced by hyperpolarization current pulse
and their dynamics

Based on the above phase plane analysis on the quasi-
separatrix curve, a PIR spike can be simulated by applying a
strong hyperpolarization current pulse to the class-3 ML neu-
ron.

Figure 2 shows the responses of the class-3 ML neuron to
the hyperpolarization current pulses with a brief duration when
IDC = 80 µA/cm2. A PIR spike is induced by the hyperpolar-
ization current pulse Ipulse = −40 µA/cm2 with a 2-ms dura-
tion while it can not be induced by Ipulse =−20 µA/cm2 with
the same duration, as shown in Figs. 2(a1) and 2(b1), respec-
tively. Under the action of the hyperpolarization current pulse

Ipulse = −40 µA/cm2, the trajectory (red solid line) moves to

the left to run across the part of the quasi-separatrix curve left

to the stable equilibrium point to form a spike (black solid

line), as shown in Figs. 2(a2) and 2(a3). This is different from

the depolarization current pulse, which pushes the trajectory

across the part of the quasi-separatrix curve right to the sta-

ble equilibrium to form a spike (Fig. 1(c)). Under the action

of the hyperpolarization current pulse Ipulse = −20 µA/cm2,

the trajectory (red solid line) cannot pass through the quasi-

separatrix curve to form subthreshold oscillations due to the

fact that the hyperpolarization current pulse is weak, as shown

in Figs. 2(b2) and 2(b3).
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80 µA/cm2. (a1) PIR spike when Ipulse =−40 µA/cm2. (b1) PIR when Ipulse =−20 µA/cm2. The red dashed curve is the hyperpolarization
current pulse. The black solid curve and the red solid curve are the membrane potential, and the red solid part is the membrane potential under
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3.3. Tonic spiking induced by inhibitory autapse and their
dynamics

This subsection describes how the tonic spiking is in-
duced by the inhibitory autapse with time delay for the class-3
ML neuron. For the isolated class-3 ML neuron, the stable be-
havior is the resting state (corresponding to equilibrium), and
no stable repetitive spiking (corresponding to the limit cycle)
exists when IDC is within the physiological range (Fig. 1(a)). If
the initial values of the model are chosen in the region below
the quasi-separatrix curve in the phase plane (V,w), the iso-
lated ML neuron exhibits phasic spiking. For example, the
phasic spiking followed by subthreshold oscillations (green
line) is shown in Fig. 3(a) (IDC = 80 µA/cm2).

When the inhibitory conductance gaut = 3.0 ms/cm2 and
time delay τ = 3 ms are fixed in the inhibitory autaptic class-3
ML neuron model, the autapse can induce the phasic spking
changing to tonic spiking (black and red solid lines), as shown
in Figs. 3(a) and 3(b). The inhibitory autaptic current (red
dashed line) exhibits a pulse shape. The first inhibitory au-
taptic current pulse (red dashed line) in Figs. 3(a) and 3(b)
delays 3 ms from the first spike (black solid line), causing

that the first pulse of the inhibitory autaptic current acts at
the after-hyperpolarization phase to induce the second spike
(the red solid curve). The inhibitory autaptic current has a sig-
nificantly inhibitory effect on membrane potential, which can
induce a PIR spike (the second spike). From Figs. 3(c) and
3(d), the inhibitory autaptic current pulse can push the trajec-
tory (red solid curve) across the quasi-separatrix curve (blue
solid curve) to form the second spike. The inhibitory autaptic
current after the pulse (around the second spike) is weak, its
action is relatively small, hence, the amplitude of the second
spike is slightly smaller than that of the first spike. The next
delayed autaptic current pulse can evoke the third spike, then
the fourth spike and so on. Tonic spiking is induced by the
inhibitory autapse from phasic spiking.

3.4. Dependence of tonic spiking on autaptic conductance
and time delay

As shown in Fig. 3, the autaptic conductance and time de-
lay may determine whether the inhibitory autaptic current can
push the trajectory across the quasi-separatrix curve to form a
spike. To present the effects of them on repetitive spiking gen-
eration, the distributions of the phasic spiking and tonic spik-
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ing on the parameter plane (τ,gaut) when IDC = 75 µA/cm2,
IDC = 80 µA/cm2, IDC = 85 µA/cm2 and IDC = 90 µA/cm2

are shown in Figs. 4(a)–4(d), where the firing frequency of
tonic spiking is symbolized by different color scales. From
Fig. 4, we can find the following three characteristics:

(1) The region of tonic spiking appears on the top right
corner of (τ,gaut) in each panel, which indicates that the in-
hibitory autapse has strong conductance and a long time delay.

(2) The border between the regions of tonic and phasic

spiking exhibits oscillations as τ increases, which is similar to

the damped oscillations (green curve) after the phasic spiking

in Fig. 3(a). For example, when IDC = 85 µA/cm2, three local

minima of the boundary appear at τ ≈ 4.71 ms, τ ≈ 11.04 ms,

and τ ≈ 17.14 ms. The difference between two successive time

delays is ∼ 6.2 ms, which approximately equals the time dif-

ference (∼ 6.25 ms) of two successive minima of damped os-

cillations shown in Fig. 3(a).

I
a
u
t 
(m

A
/
c
m

2
)

I
a
u
t 
(m

A
/
c
m

2
)

0 20 40 60 80 100
-80

-40

0

40

Time (ms)

V
 (

m
V

)

V
 (

m
V

)

(a)

-200

-150

-100

-50

0

0 20
-80

-40

0

40

Time (ms)

(b)

-200

-150

-100

-50

0

-80 -60 -40 -20 0 20
0

0.1

0.2

0.3

0.4

w

(c)

-70 -60 -50 -40 -30 -20
0

0.04

0.08

0.12

w

(d)

w nullcline

V nullcline

w nullcline

V nullcline

V (mV) V (mV)

Fig. 3. Inhibitory-autapse-induced tonic spiking for the inhibitory autaptic class-3 ML neuron (Eqs. (3)–(5)). (a) Spike train. The red and black
solid curves are the membrane potentials of the inhibitory autaptic class-3 ML neuron (Eqs. (3)–(5)). The red dashed curve is the autaptic
current. The green solid curve is the membrane potential of the isolated class-3 ML neuron (Eqs. (1) and (2)). (b) Enlarged view of (a). (c) The
tonic spiking induced by the inhibitory autapse for (a). The red, black, and green solid curves are the trajectories corresponding to the membrane
potential labeled by the same color scheme. The gray dashed and dotted curves are the nullclines ẇ = 0 and V̇ = 0 for the isolated class-3
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Fig. 6. For the inhibitory autaptic class-3 ML neuron (Eqs. (3)–(5)), the firing frequency of tonic spiking varies with IDC at three autaptic
conductances gaut when τ is fixed as different values: (a) τ = 4 ms, (b) τ = 7 ms, (c) τ = 10 ms, (d) τ = 16 ms. Other parameters are
gaut = 3 ms/cm2 (black), 4 ms/cm2 (red), and 5 ms/cm2 (blue).

(3) The larger the time delay is, the smaller the firing fre-
quency of the tonic spiking is. To obtain more details, the
changes in the firing frequency with respect to τ for differ-
ent IDC (gaut = 5.0 ms/cm2) are shown in Fig. 5(a), and those
for different gaut (IDC = 90 µA/cm2) are shown in Fig. 5(b).
With the increases of τ , the firing frequency mainly decreases
(Figs. 5(a) and 5(b)), except for a very narrow range when the
time delay is small.

The distinctions among the different panels of Fig. 4 ex-
hibit two characteristics:

(1) The threshold gaut for tonic spiking decreases as IDC

increases, which indicates that it is easier for the inhibitory
autapse to induce tonic spiking for the larger IDC.

(2) The firing frequency increases as IDC increases. To
present the changes, the firing frequencies of the tonic spiking
changing with IDC for different gaut when τ = 4 ms, τ = 7 ms,
τ = 10 ms, and τ = 16 ms are shown in Figs. 6(a)–6(d). It
should be noted that the firing frequency monotonously in-
creases from a nonzero value.

3.5. Dependence of tonic spiking induced by inhibitory au-
tapse on βw

In addition to the autaptic conductance and time delay of
the inhibitory autapse, the intrinsic parameters of the isolated
class-3 ML model may also have great influence on inhibitory
autapse to induce the tonic spiking. In the isolated class-3
ML model, βw is an important parameter that determines neu-
ronal excitability and firing pattern of the isolated ML neu-
ron. For example, the distribution of the class-2 excitability,
class-3 excitability (phasic spiking), and tonic spiking on pa-
rameter plane (IDC,βw) is given in Fig. 7(a). The Hopf bifur-
cation curve (Hopf) and the saddle node bifurcation curve of
the limit cycles (SNLC) on (IDC,βw) are represented by the
red curve and the black curve, respectively. The detailed bi-
furcations of the ML neuron model on (IDC,βw) can refer to
Ref. [54]. As can be seen from Figs. 7(a) and 7(b), the bifur-
cation curves Hopf and SNLC appear above βw = −24 mV
(gray dashed horizontal line), and no bifurcation appears be-
low βw = −24 mV. Upwards of βw = −24 mV (gray dashed
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horizontal line), class-2 excitability and tonic spiking appear
on the left and right of the SNLC (black curve), respectively.
Lower than the curve βw = −24 mV (gray dashed horizon-
tal line), the behavior is class-3 excitability (phasic spiking).
When βw is fixed at a value larger than−24 mV, tonic spiking
is generated via the Hopf/SNLC bifurcation as IDC increases,
which appears in the upper right region above the SNLC curve.
When βw is fixed at a value smaller than−24 mV, only phasic
spiking can be generated.

To present the effect of βw on the tonic spiking when

τ = 4 ms, the distributions of the tonic spiking and phasic spik-
ing on (IDC, βw) for different gaut are shown in Figs. 7(b)–7(f).
The firing patterns in the colorful and blank regions are tonic
spiking and phasic spiking, respectively. The color scale rep-
resents the firing frequency of the tonic spiking. The border
between the tonic spiking and phasic spiking corresponds to
the SNLC (black curve) when gaut = 0 ms/cm2, as shown in
each panel of Fig. 7, which is compared with the border of the
phasic spiking and tonic spiking at different gaut > 0. Several
characteristics can be found from Figs. 7(b)–7(f).
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Fig. 7. Effect of βw and IDC on the tonic spiking induced by the inhibitory autapse at different gaut values. (a) Bifurcation curves on the plane
(IDC,βw) of the isolated class-3 ML neuron model (Eqs. (1) and (2)). The red curve is the Hopf bifurcation (Hopf), the black curve is saddle
node bifurcation of the limit cycles (SNLC), and the gray dashed curve is the boundary between the class-2 and 3 excitabilities. (b) Distribution
of different firing patterns for the inhibitory autaptic class-3 ML neuron (Eqs. (3)–(5)) when gaut = 0 ms/cm2. (c)–(f) Distribution of different
firing patterns for the inhibitory autaptic class-3 ML neuron (Eqs. (3)–(5)) when gaut = 1.0 ms/cm2, gaut = 3.0 ms/cm2, gaut = 5.0 ms/cm2 and
gaut = 7.0 ms/cm2, respectively. The behaviors in blank and colorful regions are phasic spiking and tonic spiking, respectively. The black curve
and gray dashed curve are the bifurcation curve and boundary of the class-2 and 3 excitabilities in (a), respectively. The color bar represents
the firing frequency of the tonic spiking. Other parameter: τ = 4 ms.

(1) The phasic spiking near SNLC (black curve) in
Fig. 7(b) is changed to tonic spiking (Figs. 7(c)–7(f)), which
indicates that the inhibitory autapse can induce tonic spiking
when βw (phasic spiking corresponding to class-3 excitability)
is close to the region (tonic spiking corresponding to class-2
excitability), i.e., βw influences the change in the firing pattern
induced by the inhibitory autapse.

(2) The region of the tonic spiking below the black curve
in Figs. 7(c)–7(f) enlarges with the increase of gaut. The larger
the gaut is, the smaller the critical value of βw for the phasic

spiking is.

(3) The firing frequency of the tonic spiking below the
black curve in Figs. 7(c)–7(f) increases with the increase of
IDC or βw. To obtain more details, the changes in the firing
frequency when IDC = 75 µA/cm2 and IDC = 90 µA/cm2, are
shown in Figs. 8(a) and 8(b), respectively, and the firing fre-
quency increases monotonously with the increase of βw.

When βw = −24 mV and βw = −28 mV, the firing
frequency-IDC curves are shown in Figs. 8(c) and 8(d), re-
spectively. With the increase of IDC, the firing frequency initi-
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ates from a certain nonzero value and increases continuously,
which exhibits the characteristics of class-2 excitability. Com-
pared with Fig. 1(a), no bifurcation occurs with respect to IDC.
Figures 8(c) and 8(d) indicate that the introduction of the in-
hibitory autapse can induce the change in neuronal excitability

from class 3 to class 2. The change induced by the inhibitory
autapse is different from that induced by other outward (“neg-
ative”) currents such as M-type potassium currents because the
activation is suprathreshold for the inhibitory autaptic current
and subthreshold for the other outward ion currents.[5,6]
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Fig. 8. Effects of βw and IDC on the firing frequency of tonic spiking induced by inhibitory autapse for the inhibitory autaptic class-3 ML neuron
(Eqs. (3)–(5)). (a) and (b) The firing frequency varies with βw for different gaut when IDC = 75 µA/cm2 and IDC = 90 µA/cm2, respectively.
The vertical dashed line (βw =−24 mV) is the boundary between the class-2 and 3 excitabilities for the ML neuron. Class 3 excitability is on
the left and class-2 excitability is on the right. The dotted curve is the firing frequency curve for the isolated class-3 ML neuron (Eqs. (1) and
(2)). The solid curves labeled by different colors are the firing frequency curves for the inhibitory autaptic class-3 ML neuron (Eqs. (3)–(5)). (c)
and (d) The firing frequency curves with IDC for different gaut when βw =−24 mV and βw =−28 mV, respectively. The solid curves labeled
with different colors are the firing frequency curves for different gaut. Other parameter: τ = 4 ms.

4. Discussion and conclusion
PIR spike is an important characteristic of many neu-

rons related to many cellular functions[24,26,56,57] and has been
identified in class-2 excitability,[7,16] which presents one al-
ternative way for inhibitory inputs to induce action potentials
rather than excitatory inputs. The inhibitory inputs usually
suppress the firing activities of neurons.[22] In this study, the
PIR spike and transition from phasic spiking to tonic spiking
induced by an inhibitory autapse for the class-3 ML neuron
are acquired. Based on the basic view that class-3 excitability
is far away from bifurcation, and the neuron exhibits phasic
spiking behavior (i.e., damping oscillations with an intrinsic
period following one or few spikes), the results show their sig-
nificance in the following aspects.

Firstly, the condition for the PIR spike is extended to
class-3 excitability. In the previous studies on theoretical
models and experiments, the PIR spike has been identified to
be elicited near subcritical Hopf bifurcation for class-2 neu-
rons. Based on the characteristics of the PIR spike of class-
2 neurons, a contour-intuitive phenomenon, in which repeti-
tive spiking is evoked from the resting state near Hopf bifur-
cation by an inhibitory autapse with suitable time delay and
autaptic conductance, is presented. Recently, a PIR spike has

been identified to be evoked near saddle-node bifurcation on
an invariant cycle (SNIC) or big Homoclinic bifurcation point
for class-1 excitability.[58] All these results show that the PIR
spike can be evoked near a bifurcation point. A recent study
shows PIF of class-3 neuron, where inhibition preceding ex-
citation can promote the membrane potential to the threshold
of action potential, but whether inhibition can induce the PIR
spike is unknown.[53] In this study, the PIR spike is identi-
fied to be elicited for class-3 excitability that is far from the
bifurcation point, which extends the condition for the PIR
spikes. This result is consistent with an electrophysiology ex-
periment wherein the PIR spike can be induced in phasic spik-
ing neurons[8] such as caudal mesopallium neurons. Further-
more, the occurrence of the PIR spike in the class-3 ML neu-
ron depends on whether the inhibitory current pulse can push
the trajectory to run across the quasi-separatrix curve (thresh-
old of action potential) or not. If the inhibitory current pulse
can push the trajectory to run across the quasi-separatrix curve,
a PIR spike is elicited. The result presents a dynamical mech-
anism of the PIR spike for class-3 excitability, which provides
a deep understanding of class-3 excitability.

Secondly, the condition for the counterintuitive nonlinear
phenomenon in which the inhibitory effect can enhance neural

070506-9



Chin. Phys. B 31, 070506 (2022)

firing behavior is extended to class-3 excitability. In the previ-
ous studies, the counterintuitive phenomenon has been identi-
fied for class-2 excitability[52] and bursting behaviors.[51] For
class-2 excitability, it is shown that inhibitory autapse can in-
duce tonic spiking changing from resting state near Hopf bi-
furcation based on the PIR spike or cause an increase in the
firing frequency of tonic spiking. For bursting neurons, it is
shown that the inhibitory autapse can increase the spike num-
ber of burst firing. In this study, an inhibitory autapse with
suitable conductance and time delay can induce tonic spiking
(repetitive spiking) changing from phasic spiking that is far
away from bifurcation, which extends the condition of para-
doxical effect of inhibitory autapse. In a previous study, the
phasic spiking remained unchanged after introducing an in-
hibitory autapse with time delay,[18] the reason may be that
either the autaptic conductance is not strong enough or it has
a slow decay rate. The result presents the potential function of
class-3 neurons.

Thirdly, the threshold of the autaptic conductance to
evoke tonic spiking exhibits oscillations with respect to time
delay. The oscillation frequency of the threshold curve ap-
proximates that of the damping oscillations of the phasic spik-
ing for class-3 excitability, and the difference between the min-
ima of the threshold is close to the time difference between
the minima of the damped oscillations after phasic spiking.
When the autaptic conductance is larger than the threshold,
the phasic spiking of the class-3 neuron activates a delayed,
strong enough, and inhibitory autaptic current, which can push
the trajectory near the stable focus to run across the quasi-
separatrix curve and induce a PIR spike. The PIR spike reac-
tivates the autaptic current and induces another delayed PIR
spike. Repeating the above processes, a series of spikes are
induced by the inhibitory autapse to form the tonic spiking,
i.e., the inhibitory autapse induces the class-3 neuron chang-
ing from phasic spiking to tonic spiking. The result presents
the dynamical mechanism for the enhanced spiking activity
induced by the inhibitory autapse.

Lastly, class-3 neurons mediated by the inhibitory au-
tapse exhibit distinct firing patterns such as phasic spiking and
tonic spiking, which have different response properties that
can affect neural processing.[1,2] For instance, when stimu-
lated by broadband currents, phasic and tonic spiking neurons
are tuned to higher and lower frequencies,[2,14] respectively.
The distinct frequency preference between phasic and tonic
neurons is useful for neurons to encode information at differ-
ent timescales,[8] which may be related to some cellular func-
tions. For example, phasic and tonic neurons in the auditory
caudal mesopallium decode different frequency characteristics
of songs and other vocalizations.[8] The result of the research
shows a potential function of an inhibitory autapse that regu-
lates the neuronal firing patterns related to neural encoding.
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