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Unextendible product bases (UPBs) are interesting members of a family of orthogonal product bases. Here, we
investigate the construction of 3-qudit UPBs with strong nonlocality. First, a UPB set in C3 ⊗C3 ⊗C3 of size 19 is
presented based on the shift UPBs. By mapping the system to a Rubik’s cube, we provide a general method of constructing
UPBs in Cd ⊗Cd ⊗Cd of size (d −1)3 + 2d + 5, whose corresponding Rubik’s cube is composed of four parts. Second,
for the more general case where the dimensions of parties are different, we extend the classical tile structure to the 3-qudit
system and propose the tri-tile structure. By means of this structure, a C4 ⊗C4 ⊗C5 system of size 38 is obtained based on
a C3 ⊗C3 ⊗C4 system of size 19. Then, we generalize this approach to the Cd1 ⊗Cd2 ⊗Cd3 system which also consists of
four parts. Our research provides a positive answer to the open question raised in by Halder et al. [Phys. Rev. Lett. 122
040403 (2019)], indicating that there do exist UPBs that can exhibit strong quantum nonlocality without entanglement.

Keywords: strong nonlocality, unextendible product bases, tri-tile structure, construction method
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1. Introduction
With its potential applications, quantum information has

brought new changes to the information industry.[1–4] En-
tanglement between quantum states is a kind of quantum
resource, which can be used to achieve tasks that cannot
be accomplished by classical resources,[5–8] such as quan-
tum teleportation,[9,10] quantum algorithm,[11–13] and quantum
dense coding.[14] For a long time, it has been believed that the
nonlocality is closely related to properties of entangled states.
However, in 1999, Bennett et al.[15] proposed a set of orthogo-
nal product states with nonlocality, which aroused a wide dis-
cussion on the relationship between entanglement and nonlo-
cality.

Unextendible product bases (UPBs) are a class of incom-
plete orthogonal product states, whose complementary space
does not contain product states.[16–18] They cannot be distin-
guished perfectly by local operations and classical commu-
nication (LOCC). Researchers[19–21] have shown that it can
be used in the production of bound entangled (BE) states
and some special bipartite entangled states that remain pos-
itive under partial transpose (PPT). Nevertheless, most of
the current efforts are devoted to the construction of 2-qubit
UPBs,[22–24] while a little progress has been made on multi-
qudit UPBs.[25,26] Chen et al.[22] investigated the minimum
size of UPBs with local dimension of 2, and analyzed the pro-
posed sets using orthogonal graphs. Bej et al.[23] proposed that
a set of reducible unextendible product states (UPSs) with high

dimension can be obtained by adding several orthogonal prod-
uct states on the bases of a set of UPSs with low dimension
in a bipartite system. Recently, a method to construct UPBs
of different sizes in Cm ⊗Cn was put forward by Shi et al.,[24]

which uses U-tile structure. Shi et al.[25] also constructed the
strongly nonlocal UPB in a tripartite system, which contains
d3 − 4d + 4 states when d is odd, and contains d3 − 4d + 8
states when d is even. Multi-qudit UPBs are not only valuable
in quantum circuit construction or cryptography experiments,
but also often used to construct tight Bell inequalities with-
out quantum violations.[27] Therefore, a general construction
method for multi-qudit UPBs, especially for the system with
any dimension, is needed, which is the first motivation of this
paper.

As one of the research hotspots in quantum informa-
tion theory, the quantum state discrimination problem is the
basis of other quantum problems.[28–30] The distinguishable
quantum states can be applied to some quantum informa-
tion processing tasks, such as distributed quantum comput-
ing, while the indistinguishable quantum states are very com-
mon in design of quantum cryptography protocols. Ben-
nett et al.[31] proposed the theorem that any set of orthog-
onal product states in 2 ⊗ N are distinguishable by LOCC.
Zhang et al.[32] gave a general method to construct indistin-
guishable multipartite orthogonal product states in Cd1 ⊗Cd2 ⊗
·· ·⊗Cdn

(
Cd1,2,··· ,n ≥ 3,n ≥ 4

)
. In addition to the above work,

Halder et al.[33] recently found that in some nonlocal tripartite
†Corresponding author. E-mail: dou@bupt.edu.cn
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systems, when two parties measure together, there is a possi-
bility that the shared state can be distinguished. Hence, the
concept of strong nonlocality has been proposed and widely
discussed. Based on Halder’s work, Zhang et al.[34] con-
structed two sets of quantum states with strong nonlocality,
C3 ⊗C3 ⊗C3 and C3 ⊗C3 ⊗C3 ⊗C3. Shi et al.[35] provided
the process of constructing a set consisting of entangled states
in the Cd ⊗Cd ⊗Cd system based on Rubik’s cube. However,
there is no relevant research on the construction of multi-qudit
UPBs with strong nonlocality, which is the second motivation
of this study.

Graph theory is an effective representation to help in-
tuitively analyze the abstract structure of state sets.[36,37] It
is also widely used in the construction of quantum state
sets,[38–40] especially UPBs.[31,41–43] Johnston et al.[37] an-
alyzed the structure of UPBs in

(
C2
)⊗p and proposed the

minimum size of this quantum system by using the orthog-
onal graph. Bennett et al.[31] first proposed a tripartite UPB
and provided two classical construction methods based on the
graphs, namely, pyramid structure and tile structure. Hence,
our third motivation is to use graph theory to analyze and dis-
play the internal structure and relations of the strongly nonlo-
cal states.

Therefore, based on the above three motivations, the main
focus in this paper is to construct a general set of 3-qudit UPBs
with strong nonlocality. First, based on the shift UPBs, a
UPB set in C3 ⊗C3 ⊗C3 is obtained. By observing the or-
thogonal graph of each qutrit and the corresponding 3×3×3
Rubik’s cube, the structure of the states set and the relation-
ship between qudits are analyzed in Figs. 3 and 4. Then, fol-
lowing this construction method, we give a general 3-qudit
UPB with strong nonlocality of size (d −1)3 +2d +5 for the
Cd ⊗Cd ⊗Cd system. The general expression of the states
set is provided in detail. Second, after reviewing the con-
nection between UPBs and tile structure, we extend the tile
structure from 2-qubit to 3-qudit systems and propose the tri-
tile structure in definition 5. Moreover, by applying propo-
sition 1, we generalize the construction of C4 ×C4 ×C5 and
show a general approach to construct a strongly nonlocal UPB
set Cd1 ⊗Cd2 ⊗Cd3 based on a UPB set with low dimension,
C(d1−1)⊗C(d2−1)⊗C(d3−1). Our research provides a general
form of UPBs with strong nonlocality, which can be further
applied in many quantum protocols to fundamentally ensure
its security.

The rest of this paper is organized as follows. In Sec-
tion 2, we briefly introduce the notations and several prelim-
inaries of UPBs. Sections 3 and 4 consist of the main con-
tributions of the present work. Based on graph theory, the
general construction method of 3-qudit UPBs with the same
dimensions and different dimensions are proposed. Finally,
we summarize the results and discuss some open problems in

Section 5.

2. Notations and preliminaries
In this section, we briefly introduce the preliminary

knowledge and some notations. A multi-qudit pure state
|v⟩ ∈Cd1 ⊗·· ·⊗Cdp is considered to be separable if and only
if it can be written in the form

|v⟩= |v1⟩⊗ · · ·⊗
∣∣vp
〉
.

The standard bases of Cd is {|0⟩ , |1⟩ , . . . , |d −1⟩}. Note
that throughout this paper, the states and operators are not nor-
malized for simplicity, and only pure states and positive oper-
ator valued measurement (POVM) are considered.

Definition 1: Unextendible product bases[44] Consider
a p-partite quantum system ℋ = ⊗p

i=1ℋi. The orthogonal
product bases (PBs) are a set S of pure orthogonal product
states spanning a subspace ℋ𝒮 of ℋ. The uncompletable prod-
uct bases (UCPBs) are PBs whose complementary subspace
ℋ⊥

𝒮 contains fewer mutually orthogonal product states than
its dimension. The unextendible product bases (UPBs) are
uncompletable product bases that do not contain any product
state in complementary subspace ℋ⊥

𝒮 .
UPBs are nonlocal and cannot be perfectly distinguished

by LOCC. However, when discussing the nonlocality of a
multi-qudit system, it is found that there is a certain proba-
bility that states can be distinguished when several qudits are
joined. Based on this phenomenon, the definition of strong
nonlocality is given.

Definition 2: Locally irreducibility[40] A set of orthog-
onal product states on ℋ = ⊗n

i=1ℋi, n ≥ 2, dim ℋi ≥ 2 is lo-
cally irreducible if it is impossible to eliminate one or more
states from the set by orthogonality-preserving local measure-
ments.

Definition 3: I-irreducible system In a multiparty sys-
tem Cd1 ⊗Cd2 ⊗ ·· · ⊗Cdn (d1,2, ..., n ≥ 3, n ≥ 4), if a set of
orthogonal product states is arbitrarily divided into i parts
and the entire system is still locally irreducible in every new
i parts, then the system can be called being i-irreducible,
i = 2,3, . . . , n−1.

Definition 4: Strongly nonlocal system In Cd1 ⊗Cd2 ⊗
·· · ⊗Cdn (d1,2, ..., n ≥ 3, n ≥ 4), if a set of orthogonal prod-
uct states is (n− 1)-irreducible, (n− 2)-irreducible, . . . , and
2-irreducible simultaneously, we can say that this system is
strongly nonlocal.

For the measurement of nonlocal state sets, multiple
rounds of measurement are required for multiple participants.
Therefore, the nontrivial orthogonality-preserving measure-
ment shall be required to obtain useful information without
affecting the characteristics of the state set, which is defined
in Definition 4.

060302-2



Chin. Phys. B 31, 060302 (2022)

Definition 5: Nontrivial orthogonality-preserving
measurement[45] If a set of mutually orthogonal quantum
states remain mutually orthogonal after measurement, the
measurement used to distinguish the quantum states is defined
as orthonormal preserving measurement (OPM). Furthermore,
such a measurement is called being nontrivial if all the mea-
surement matrices constituting the OPM are not proportional
to the identity operator, otherwise, it is trivial.

Tile structure is one of the classical structures used to con-
struct UPB. The Cm⊗Cn can correspond to an m×n rectangle
Γ , which is paved by disjoint tiles {ti}, denoted by Γ =

⋃
i ti.

A tile ti should be a rectangle that can be separated. In partic-
ular, we show how to construct a 2-qubit UPB in Fig. 1.

1

2

3

0

1

0

2

0 1 2

Fig. 1. Tile structure.

Example 1: The set Ψ represents UPBs in the C3 ⊗C3

system denoting the tile structure.
From Fig. 1, we obtain a set of complete orthogonal prod-

uct bases as Eq. (1), which are denoted as Φ :∣∣∣ψ(0)
0

〉
= |0⟩ |0+1⟩ ,

∣∣∣ψ(1)
0

〉
= |0⟩ |0−1⟩ ,∣∣∣ψ(0)

1

〉
= |0+1⟩ |2⟩ ,

∣∣∣ψ(1)
1

〉
= |0−1⟩ |2⟩ ,∣∣∣ψ(0)

2

〉
= |2⟩ |1+2⟩ ,

∣∣∣ψ(1)
2

〉
= |2⟩ |1−2⟩ ,∣∣∣ψ(0)

3

〉
= |1+2⟩ |0⟩ ,

∣∣∣ψ(1)
3

〉
= |1−2⟩ |0⟩ . (1)

Let
|S⟩= |0+1+2⟩ |0+1+2⟩

be a stopper state to force the unextendibility.
We claim that the set Ψ is a UPB set in the C3 ⊗C3 sys-

tem.
Ψ = Φ ∪{|S⟩}∖

{∣∣∣ψ(0)
i

〉}3

i=0
.

The shift UPBs in C2⊗C2⊗C2 were proposed by Bennett
in 1999, which provide one of the oldest examples of nontriv-
ial UPBs and consist of the following four states:

|ψ0⟩= |0⟩ |1⟩ |0−1⟩ ,
|ψ1⟩= |1⟩ |0−1⟩ |0⟩ ,
|ψ2⟩= |0−1⟩ |0⟩ |1⟩ ,
|ψ3⟩= |0+1⟩ |0+1⟩ |0+1⟩ . (2)

These UPBs can be simply generalized to a UPB set over
any number of parties, each with a one-qubit Hilbert space (see

Ref. [19]). In this paper, the construction of 3-qudit UPBs is
also based on the structure of the shift UPBs.

3. Tripartite system with same dimensions

In Ref. [31], it is proved that members of a UPB are not
perfectly distinguishable by LOCC, that is, UPBs is always
nonlocal. Then, we set out to investigate what kind of struc-
ture of multi-qudit UPBs is strongly nonlocal.

In Ref. [43], it was shown that starting from a two-qubit
unextendible entangled basis, it is possible to construct a three-
qutrit unextendible entangled basis. Therefore, in this sec-
tion, we give a construction method of the strongly nonlo-
cal UPBs in C3 ⊗C3 ⊗C3 based on shift UPBs in Lemma 1.
Similarly, we propose the set of UPBs in C4 ⊗C4 ⊗C4 in
Lemma 2. Furthermore, we generalize these two constructions
to Cd ⊗Cd ⊗Cd for any d ≥ 3 in Theorem 1.

3.1. Construct a UPB in C3⊗C3⊗C3 system based on shift
UPB

Shift UPBs is the most classical 3-qubit UPBs available.
When its structure is represented by Rubik’s cube, it can be
found that any subset of three vectors on either side spans the
three-dimensional space of that party,[31] preventing any new
vector from being orthogonal to all the existing ones. Follow-
ing this idea, a C3 ⊗C3 ⊗C3 state set is obtained as

P1
3 :

 |ψ0⟩= |0⟩A|1⟩B|0−1⟩C,
|ψ1⟩= |1⟩A|0−1⟩B|0⟩C,
|ψ2⟩= |0−1⟩A|0⟩B|1⟩C,

P2
3 :

 |ψ3⟩= |2⟩A|1⟩B|1−2⟩C,
|ψ4⟩= |1⟩A|1−2⟩B|2⟩C,
|ψ5⟩= |1−2⟩A|2⟩B|1⟩C,

P3
3 :



|ψ6⟩= |2⟩A|0⟩B|1−2⟩C,
|ψ7⟩= |1−2⟩A|2⟩B|0⟩C,
|ψ8⟩= |0⟩A|1−2⟩B|2⟩C,
|ψ9⟩= |0⟩A|2⟩B|0−1⟩C,
|ψ10⟩= |0−1⟩A|0⟩B|2⟩C,
|ψ11⟩= |2⟩A|0−1⟩B|0⟩C.

Stopper : |ψ12⟩= |0+1+2⟩A|0+1+2⟩B|0+1+2⟩C. (3)









 





 BA

C

Fig. 2. Rubik’s cube corresponding to C3 ⊗C3 ⊗C3.
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Here, P1
3 represents the first part of the C3 ⊗C3 ⊗C3 sys-

tem, and |ψ12⟩ is considered as stopper states since it stops
inclusion of any other states from forming complete orthogo-
nal product bases (COPB). Geometrically, by mapping Eq. (3)
to Rubik’s cube, the structure of UPBs can be displayed more
intuitively and clearly, as shown in Fig. 2. The stopper state is
not depicted.

The composition of UPBs can be roughly divided into
three parts:

P1
3 : The set of UPBs with dimension 2, whose structure

is similar to the shift UPBs. It consists of three subcuboids{
SP1, SP2, SP3

}
and corresponds to {(0)A,(1)B,(0, 1)C},

{(1)A,(0, 1)B,(0)C}, {(0, 1)A,(0)B,(1)C}, respectively, as
shown in Fig. 3(a).

P2
3 : The set of UPBs with dimension 2, whose structure

is the same as the shift UPBs. It includes three subcuboids{
SP4, SP5, SP6

}
, and corresponds to {(2)A,(1)B,(1, 2)C},

{(1)A,(1, 2)B,(2)C}, {(1, 2)A,(2)B,(1)C}, respectively, as
shown in Fig. 3(b).

P3
3 : Six edges of the 3 × 3 × 3 Rubik’s cube,

which consists of 6 subcuboids
{

SPi
}12

i=7, and they cor-
respond to {(0, 1)A, (0)B, (2)C}, {(2)A, (0)B, (1, 2)C},
{(2)A, (0, 1)B, (0)C }, {(1, 2)A, (2)B, (0)C}, {(0)A,
(2)B, (0, 1)C}, {(0)A, (1, 2)B, (2)C}, as shown in Fig. 3(c).









 






BA

C













BA

C











 BA

C

(a) (b) (c)

Fig. 3 Composition of UPBs in C3 ⊗C3 ⊗C3.

By observing Rubik’s cube, some of the cuboids need to
be merged to ensure the principle (see definition 1 in Ref. [42])
that the combination of any two cuboids cannot become a new
cuboid. The new merged states corresponding to the cuboids
are shown in Eq. (4). In this set, we find that any two of these
vectors are not in a two-dimensional plane.

P1,3
3 :


|ψ0,1,2⟩=

∣∣0−wi
21
〉

A|0⟩B

∣∣∣1−w j
22
〉

C
,∣∣ψ3,4,5

〉
= |0⟩A

∣∣∣1−w j
22
〉

B

∣∣0−wi
21
〉

C,∣∣ψ6,7,8
〉
=
∣∣∣1−w j

22
〉

A

∣∣0−wi
21
〉

B|0⟩C,

P2,3
3 :


|ψ9,10,11⟩=

∣∣∣1−w j
22
〉

A
|2⟩B

∣∣0−wi
21
〉

C,

|ψ12,13,14⟩= |2⟩A

∣∣0−wi
21
〉

B

∣∣∣1−w j
22
〉

C
,∣∣ψ15,16,17

〉
=
∣∣0−wi

21
〉

A

∣∣∣1−w j
22
〉

B
|2⟩C.

Stopper : |ψ18⟩= |0+1+2⟩A|0+1+2⟩B|0+1+2⟩C. (4)

Here, w2 = e
2π

√
−1

2 , i, j = 0, 1, i j = 0. Taking into ac-
count two qutrits in UPB, if they have the same orthogonal
graph after permuting the qutrits and relabeling the vertices,
the two qutrits are considered to be equivalent. The original
orthogonal graph of each qutrit is drawn in Fig. 4(a) accord-
ing to Eq. (4). The vertices V0–V17 in the graph correspond to
|ψ0⟩ to |ψ17⟩ in the state set, and the lines between vertices
represent the orthogonal relationship between the two states.
It can be seen that every edge between any two vertices has

appeared in at least one graph, indicating that all states in the
set are mutually orthogonal. Figure 4(b) can be obtained af-
ter rearranging the vertices and corresponding lines. We find
that the three qutrits A, B, and C are equivalent because the
orthogonal graph structure of each party is the same. In other
words, by permuting each basis of C3 used in the construction,
the original UPBs can be still obtained.

Therefore, only the properties of one qutrit need to be dis-
cussed, and then the properties of three qutrit can be inferred
from equivalence. From the composition of the basis, it is
obvious that these states have a cyclic property as the cyclic
property of the trace. That is to say, the state set has the same
properties in the different divisions of A|B|C, B|C|A and C|A|B.

Lemma 1 In C3 ⊗C3 ⊗C3, the 3-qutrit UPBs of size 19
given by Eq. (4) is strongly nonlocal.

Proof The proof can be summarized into two steps. The
first step is to prove that this 3-qutrit system is nonlocal. This
step can be omitted in the UPB set since UPBs are incomplete
and nonlocal.

The second step is to prove that the whole system is still
nonlocal with any partitioning method for three qutrits.

Physically, this method of division means that the sub-
systems B (Bob) and C (Charlie) are treated together as a 9-
dimensional subsystem BC on which joint measurements are
now allowed. On account of the original UPB set is nonlocal,
so the system will be still nonlocal when Charlie goes first.
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Then, we only need to discuss the situation where the BC sys-
tem goes first. In order to make the proof process clearer,
we first rewrite the original state, let |00⟩ → |0⟩ , |01⟩ →
|1⟩ , . . . , |22⟩ → |8⟩. After rewriting the state in Eq. (4), we
can get the following states:

P1,3
3 :


|ψ0,1,2⟩=

∣∣0−wi
21
〉

A

∣∣∣1−w j
22
〉

BC
,∣∣ψ3,4,5

〉
= |0⟩A

∣∣∣3−wi
24−w j

26+wi+ j
2 7

〉
BC

,∣∣ψ6,7,8
〉
=
∣∣∣1−w j

22
〉

A

∣∣0−wi
23
〉

BC,

P2,3
3 :


|ψ9,10,11⟩=

∣∣∣1−w j
22
〉

A

∣∣6−wi
27
〉

BC,

|ψ12,13,14⟩= |2⟩A

∣∣∣1−wi
22−w j

24+wi+ j
2 5

〉
BC

,∣∣ψ15,16,17
〉
=
∣∣0−wi

21
〉

A

∣∣∣5−w j
28
〉

BC
.

Stopper : |ψ18⟩= |0+1+2⟩A|0+1+ · · ·+8⟩BC. (5)

The 18 states in A|BC bipartition correspond to 6 blocks
of the 3×9 grid in Fig. 5. It can be seen that this whole graph
is centrosymmetric.

V3,4,5 V12,13,14

V12,13,14

V12,13,14 V12,13,14

V0,1,2

V0,1,2

V0,1,2V0,1,2 V0,1,2

V9,10,11

V9,10,11

V9,10,11V9,10,11

V6,7,8

V6,7,8

V6,7,8
V6,7,8

V6,7,8

V6,7,8

V15,16,17

V15,16,17

V15,16,17 V15,16,17V15,16,17

V15,16,17 V3,4,5

V3,4,5V3,4,5

V3,4,5

V3,4,5

V9,10,11

V9,10,11

V0,1,2 V12,13,14

V12,13,14

(a)

(b)

Fig. 4. Orthogonal graph of three qutrits.

|ψ
6
,7
,8
>

|ψ
6
,7
,8
>

|ψ9,10,11>

|ψ12,13,14> |ψ12,13,14>

|ψ
1
5
,1
6
,1
7
>

|ψ
1
5
,1
6
,1
7
>

|ψ0,1,2>

|ψ3,4,5> |ψ3,4,5>

Fig. 5. The corresponding 3×9 grid of Eq. (5).

Suppose that the BC system starts with the nontrivial and
non-disturbing measurement, represented by a set of POVM
elements M†

mMm on 9×9 matrix. The POVM measurement in
{|0⟩ , |1⟩ , . . . , |8⟩}BC basis can be written out, corresponding to
the states in Eq. (5).

Therefore, the original matrix can be reduced to

M†
mMm =


a00 a01 · · · a07 a08
a10 a11 · · · a17 a18

...
...

. . .
...

...
a70 a71 · · · a77 a78
a80 a81 · · · a87 a88

 .

The post-measurement states could be expressed as
(I ⊗Mm) |ψi⟩, which should be mutually orthogonal. Then〈
ψ j
∣∣(I ⊗M†

mMm
)
|ψi⟩= 0 is obtained. According to this prin-

ciple, the original matrix could be transformed to

M†
mMm =


a 0 · · · 0
0 a · · · 0
...

...
. . .

...
0 0 · · · a

 .
Table 1 shows the detailed derivation process.
Obviously, BC’s measurement matrix is proportional to

the identity matrix, so it means that the BC system starts with
a trivial measurement, and cannot get any information about
shared state distinction from the measurement result. As for
the other two division methods, B|CA and C|AB, the proof
method is similar to this. In summary, the three qutrits divided
into any two parts can keep the strong nonlocality of UPBs.

3.2. Construct a UPB in C4 ⊗C4 ⊗C4 system based on a
UPB in C3 ⊗C3 ⊗C3 system

Based on the construction method of state set in Eq. (4),
we extend UPBs to the case of dimension equal to 4. Com-
pared with Rubik’s cube of 3 × 3 × 3, the cube of 4 ×
4 × 4 has three new planes, {(0, . . . ,3)A, (0, . . . , 3)B, 3C},
{(0, . . . ,3)A, 3B, (0, . . . ,2)C}, {3A,(0, . . . ,2)B, (0, . . . ,2)C}.
According to tile structure, we obtain Fig. 6.
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Table 1. POVM elements.

POVM elements Corresponding states

a0i = ai0 = 0

i = 1 i = 2 i = 3 i = 4 i = 5
|ψ6⟩, |ψ0⟩ |ψ6⟩, |ψ1⟩ |ψ3⟩, |ψ18⟩ |ψ6⟩, |ψ13⟩ |ψ6⟩, |ψ15⟩

i = 6 i = 7 i = 8
|ψ6⟩, |ψ9⟩ |ψ6⟩, |ψ10⟩ |ψ6⟩, |ψ16⟩

a1i = ai1 = 0

i = 2 i = 3 i = 4 i = 5 i = 6∣∣ψ12,13
〉
,
∣∣ψ18,14

〉
|ψ1⟩, |ψ7⟩ |ψ1⟩, |ψ4⟩ |ψ1⟩, |ψ15⟩ |ψ1⟩, |ψ9⟩

i = 7 i = 8
|ψ1⟩, |ψ10⟩ |ψ1⟩, |ψ16⟩

a2i = ai2 = 0

i = 3 i = 4 i = 5 i = 6 i = 7
|ψ2⟩, |ψ8⟩ |ψ2⟩, |ψ4⟩ |ψ2⟩, |ψ16⟩ |ψ2⟩, |ψ10⟩ |ψ2⟩, |ψ11⟩

i = 8
|ψ2⟩, |ψ17⟩

a3i = ai3 = 0
i = 4 i = 5 i = 6 i = 7 i = 8

|ψ7⟩, |ψ13⟩ |ψ7⟩, |ψ16⟩ |ψ7⟩, |ψ10⟩ |ψ7⟩, |ψ11⟩ |ψ7⟩, |ψ17⟩

a4i = ai4 = 0
i = 5 i = 6 i = 7 i = 8

|ψ4⟩, |ψ15⟩ |ψ13⟩, |ψ19⟩ |ψ13⟩, |ψ10⟩ |ψ4⟩, |ψ17⟩

a5i = ai5 = 0
i = 6 i = 7 i = 8

|ψ15⟩, |ψ9⟩ |ψ15⟩, |ψ10⟩ |ψ12⟩, |ψ18⟩

a6i = ai6 = 0
i = 7 i = 8∣∣ψ3,4
〉
,
∣∣ψ18,5

〉
|ψ9⟩, |ψ16⟩

a7i = ai7 = 0
i = 8

|ψ10⟩, |ψ17⟩

a00 = aii

i = 1 i = 2 i = 3 i = 4 i = 5
|ψ0⟩, |ψ1⟩ |ψ0⟩, |ψ18⟩ |ψ6⟩, |ψ18⟩ |ψ12⟩, |ψ18⟩ |ψ15⟩, |ψ16⟩

i = 6 i = 7 i = 8
|ψ9⟩, |ψ10⟩ |ψ9⟩, |ψ18⟩ |ψ15⟩, |ψ18⟩
























B
A

C

Fig. 6. Composition of UPBs in C4 ⊗C4 ⊗C4.

The UPBs with dimension 4 contains the following four
parts:

P1
4 : The set of UPBs with dimension 3 correspond to

{(0, 1, 2)A, (0, 1, 2)B, (0, 1, 2)C} of Rubik’s cube. It in-
cludes 6 subcuboids

{
SPi
}6

i=1, as shown in Fig. 7(a).
P2

4 : The set of UPBs with dimension 2, whose structure
is the same as the shift UPBs. It includes three subcuboids{

SP7, SP8, SP9
}

, and corresponds to {(3)A,(2)B,(2, 3)C},
{(2)A,(2, 3)B,(3)C}, {(2, 3)A,(3)B,(2)C}, respectively, as
shown in Fig. 7(b).

P3
4 : Six edges of the 4 × 4 × 4 Rubik’s cube, which

consists of 6 subcuboids
{

SPi
}15

i=10, and they corre-
spond to {(0, 1, 2)A, (0)B, (3)C}, {(3)A, (0)B, (1, 2, 3)C},

{(3)A, (0, 1, 2)B , (0)C }, {(1, 2, 3)A, (3)B, (0)C},
{(0)A, (3)B, (0, 1, 2)C}, {(0)A, (1, 2, 3)B, (3)C}, as
shown in Fig. 7(c).

P4
4 : The remaining part of the three newly added planes.

It can be decomposed into six subcuboids that cannot be fur-
ther expanded, as shown in Fig. 7(d).























BA

C























BA

C





 









BA

C







 BA

C

(a) (b)

(c) (d)

Fig. 7. Composition of UPBs in C4 ⊗C4 ⊗C4.

By matching Rubik’s cube with the states set, we get
Eq. (6). Compared with C3 ⊗C3 ⊗C3, there is one more part,
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P4
4 in the composition of Eq. (6).

P1
4 :



|ψ0,1,2⟩=
∣∣0−wi

21
〉

A|0⟩B

∣∣∣1−w j
22
〉

C
,∣∣ψ3,4,5

〉
= |0⟩A

∣∣∣1−w j
22
〉

B

∣∣0−wi
21
〉

C,∣∣ψ6,7,8
〉
=
∣∣∣1−w j

22
〉

A

∣∣0−wi
21
〉

B|0⟩C,

|ψ9,10,11⟩=
∣∣∣1−w j

22
〉

A
|2⟩B

∣∣0−wi
21
〉

C,

|ψ12,13,14⟩= |2⟩A

∣∣0−wi
21
〉

B

∣∣∣1−w j
22
〉

C
,∣∣ψ15,16,17

〉
=
∣∣0−wi

21
〉

A

∣∣∣1−w j
22
〉

B
|2⟩C,

P2
4 :


|ψ18⟩= |3⟩A|2⟩B|2−3⟩C,

|ψ19⟩= |2⟩A|2−3⟩B|3⟩C,

|ψ20⟩= |2−3⟩A|3⟩B|2⟩C,

P3
4 :



|ψ21,22⟩= |0⟩A|3⟩B

∣∣0+w31+w2
32
〉

C,

|ψ23,24⟩=
∣∣0+w31+w2

32
〉

A|0⟩B|3⟩C,∣∣ψ25,26
〉
= |3⟩A

∣∣0+w31+w2
32
〉

B|0⟩C,
|ψ27,28⟩= |3⟩A|0⟩B

∣∣1+w32+w2
33
〉

C,

|ψ29,30⟩=
∣∣1+w32+w2

33
〉

A|3⟩B|0⟩C,

|ψ31,32⟩= |0⟩A

∣∣1+w32+w2
33
〉

B|3⟩C,

P4
4 :



|ψ33⟩= |1−2⟩A|3⟩B|1⟩C,

|ψ34⟩= |1⟩A|1−2⟩B|3⟩C,

|ψ35⟩= |3⟩A|1⟩B|1−2⟩C,

|ψ36⟩= |2−3⟩A|1⟩B|3⟩C,

|ψ37⟩= |3⟩A|2−3⟩B|1⟩C,
|ψ38⟩= |1⟩A|3⟩B|2−3⟩C.

Stopper : |ψ39⟩= |0+1+2+3⟩A|0+1+2+3⟩B

|0+1+2+3⟩C. (6a)

Here w3 = e
2π

√
−1

3 , i, j = 0, 1, i j = 0.
Lemma 2 In C4 ⊗C4 ⊗C4, the 3-qudit UPBs of size 40

given by Eq. (6) is strongly nonlocal.
The proof of Lemma 2 is given in Appendix A.

3.3. Construct a UPB in Cd ⊗Cd ⊗Cd system based on a
UPB in Cd−1 ⊗Cd−1 ⊗Cd−1 system

After analyzing the structure of UPBs proposed in
Lemma 1 and Lemma 2, we give a UPB in Cd ⊗Cd ⊗Cd of
size (d −1)3+2d+5 based on the set in Cd−1⊗Cd−1⊗Cd−1,
and then obtain Proposition 1.

The general 3-qudit UPB set is always built on the ba-
sis of lower dimensional state set, like an onion. First, the
three planes, {(0, . . . , d −1)A, (0, . . . , d −1)B, (d −1)C},
{(0, . . . , d −1)A, (d −1)B, (0, . . . , d −2)C}, {(d −1)A,
(0, . . . , d −2)B, (0, . . . , d −2)C} are divided into differ-
ent nonlocal cuboids. Then, the remaining part is a tri-
partite system with dimension d − 1. Again, we divide the
three planes, {(0, . . . , d −2)A, (0, . . . , d − 2)B, (d −2)C},
{(0, . . . , d −2)A, (d −2)B, (0, . . . , d −3)C}, {(d −2)A,
(0, . . . , d −3)B, (0, . . ., d − 3)C} in the same way. Con-
tinually, until a 3-qubit UPB with d = 2 is left, it will be
divided according to the shift UPBs.

d↩

d↩

d↩

d↩

d↩

d↩












BA

C ..
.

... ...

Fig. 8. Composition of UPBs in Cd ⊗Cd ⊗Cd .

Proposition 1: In Cd ⊗Cd ⊗Cd , the UPBs of size
(d −1)3 +2d +5 given by Eq. (7) is strongly nonlocal.

P1
d : P1

d−1,

P2
d : X⊗3

d

(
P2

d−1
)
,

P3
d :



∣∣∣ψ(d−2)3+2d+3+(d−2)

〉
=
∣∣0+ · · ·+wd−2

d−1 (d −2)
〉

A|0⟩B|d −1⟩C,∣∣∣ψ(d−2)3+2d+3+2(d−2)

〉
= |d −1⟩A

∣∣0+ · · ·+wd−2
d−1 (d −2)

〉
B|0⟩C,∣∣∣ψ(d−2)3+2d+3+3(d−2)

〉
= |0⟩A|d −1⟩B

∣∣0+ · · ·+wd−2
d−1 (d −2)

〉
C,∣∣∣ψ(d−2)3+2d+3+4(d−2)

〉
=
∣∣1+ · · ·+wd−2

d−1 (d −1)
〉

A|d −1⟩B|0⟩C,∣∣∣ψ(d−2)3+2d+3+5(d−2)

〉
= |0⟩A

∣∣1+ · · ·+wd−2
d−1 (d −1)

〉
B|d −1⟩C,∣∣∣ψ(d−2)3+2d+3+6(d−2)

〉
= |d −1⟩A|0⟩B

∣∣1+ · · ·+wd−2
d−1 (d −1)

〉
C,

P4
d : X⊗3

d−1

(
P3

d−1
)
∪X⊗3

d−1

(
P4

d−1
)
.

Stopper :
∣∣∣ψ(d−1)3+2d+5

〉
= |0+1+ · · ·+(d −1)⟩A|0+1+ · · ·+(d −1)⟩B|0+1+ · · ·+(d −1)⟩C. (7)
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Here wd−1 = e
2π

√
−1

d−1 , Pk
d represents the k-th part of the Cd ⊗

Cd ⊗Cd system. X⊗3
d

(
P2

d−1

)
means performing Xd ⊗ Xd ⊗

Xd operations on the quantum states in P2
d−1 part. Taking

|3⟩A|2⟩B|2−3⟩C as an example. After performing X⊗3
5 , we

will obtain |4⟩A|3⟩B|3−4⟩C.
The UPBs of Cd ⊗Cd ⊗Cd can be roughly divided into

the following four parts:
P1

d : The set of UPBs with dimension d−1 corresponding
to {(0, . . . ,d −2)A, (0, . . . ,d −2)B, (0, . . . ,d −2)C} of Ru-
bik’s cube. It includes 3(d −2)2 − 6 subcuboids, as shown in
Fig. 9(a).

P2
d : The set of UPBs with dimension 2, whose structure

is the same as the shift UPBs. It contains three subcuboids
and corresponds to {(d −2, d −1)A, (d −2, d −1)B,

(d −2, d −1)C} respectively, as shown in Fig. 9(b).
P3

d : Six edges of the d × d × d Rubik’s cube,
i.e. {(0, . . . , d −2)A, (0)B, (d −1)C}, {(d −1)A, (0)B,
(1, . . . , d −1)C}, {(d −1)A, (0, . . . , d −2)B, (0)C},
{(1, . . . , d −1)A, (d −1)B, (0)C}, {(0)A, (d −1)B,
(0, . . . , d −2)C}, {(0)A, (1, . . . , d −1)B, (d −1)C}, as
shown in Fig. 9(c).

P4
d : The remaining part of the three newly added planes.

It can be decomposed into 6(d −3) subcuboids that cannot be
further expanded, which is equivalent to shifting all the pre-
vious P3 and P4 part of Cd−1 ⊗Cd−1 ⊗Cd−1, as shown in
Fig. 9(d).

d↩

d↩

d↩

d↩

d↩

d↩











 BA

C ..
.

... ...

d↩

d↩

d↩

d↩

d↩

d↩











 BA

C ..
.

... ...

d↩

d↩

d↩











 BA

C

..
.

...
...

d↩

d↩

d↩

d↩

d↩

d↩
BA

C

(a) (b)

(c) (d)

Fig. 9. Composition of UPBs in Cd ⊗Cd ⊗Cd .

In addition, there are also some product states in the pro-
cess of construction that are not orthogonal to the stopper state
|S⟩ but orthogonal to all states in Ψ∖{|S⟩}. We call these states
missing states. It is valuable in the discussion of BE states.
Any state in the complementary subspace ℋ⊥

ψ is a linear com-
bination of the missing states.

4. Tripartite system with different dimensions

In the above section, UPBs with the same dimensions
of three parties are discussed. In this section, we continue
to discuss another scenario which is more general in tripar-
tite systems and propose a set of strongly nonlocal UPBs in
Cd1 ⊗Cd2 ⊗Cd3 .

4.1. Construct a UPB in C3 ⊗C3 ⊗C4 system with strong
nonlocality

The tile structure is a classical approach in the general
construction of 2-qubit UPBs, which was first proposed by
Bennet in 1999. Later, many researchers studied the tile struc-
ture and some related structures are proposed, such as the Gen
tile structure. In tile structures, any two sub-rectangles (i.e.
tiles) cannot be combined to form a new rectangle by a simple
translation. Following this method, we consider whether tile
structures can be extended to the 3-qudit.

The tripartite state set Cd1 ⊗Cd2 ⊗Cd3 can always be
uniquely mapped to a Rubik’s cube whose section is one of the
three planes, Cd1 ⊗Cd2 , Cd2 ⊗Cd3 and Cd1 ⊗Cd3 . Therefore,
we extend the classical tile structure to three parties, which is
defined in the following.

Definition 5: Tri-tile structure If two sub-cuboids (i.e.,
tiles) cannot be combined to form a new cuboid (i.e., tiles) by a
simple translation, then the structure of the state set is defined
as the tri-tile structure.

Moreover, we find that the state set proposed in the above
section also satisfies the tri-tile structure. Taking d = 3 as an
example, it is obvious that this C3 ⊗C3 ⊗C3 system satisfies
the tri-tile structure.

Proposition 2 If a 3-qudit UPB is strongly nonlocal, then
the tripartite state set satisfies the tri-tile structure.

Proof A 3-qudit UPB with strong nonlocality cannot lo-
cally eliminate one or more state while performing nontrivial
orthogonality-preserving measurement. Hence, all tiles should
be irreducible in ℋA⊗ℋB⊗ℋC Hilbert space. Therefore, this
tripartite state set satisfies the tri-tile structure.

According to the definition of the tri-tile structure, we
construct an incomplete C3 ×C3 ×C4 system based on shift
UPBs in Eq. (8), which is also strongly nonlocal. This system
can lay the foundation for the further construction of 3-qudit
UPBs with higher dimension.

P1
3,3,4 :

 |ψ0⟩= |1⟩A|0⟩B|0−1⟩C,
|ψ1⟩= |0⟩A|0−1⟩B|1⟩C,
|ψ2⟩= |0−1⟩A|1⟩B|0⟩C,

P2
3,3,4 :

 |ψ3⟩= |1⟩A|2⟩B|2−3⟩C,
|ψ4⟩= |2⟩A|1−2⟩B|2⟩C,
|ψ5⟩= |1−2⟩A|1⟩B|3⟩C,
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P3
3,3,4 :



|ψ6⟩= |2⟩A|0⟩B

∣∣1+w32+w2
33
〉

C,
|ψ7⟩= |1−2⟩A|2⟩B|0⟩C,
|ψ8⟩= |0⟩A|1−2⟩B|3⟩C,
|ψ9⟩= |0⟩A|2⟩B

∣∣0+w31+w2
32
〉

C,
|ψ10⟩= |0−1⟩A|0⟩B|3⟩C,
|ψ11⟩= |2⟩A|0−1⟩B|0⟩C,

P4
3,3,4 :

 |ψ12,13,14⟩=
∣∣0−wi

21
〉

A

∣∣∣0−w j
21
〉

B
|2⟩C,∣∣ψ15,16,17

〉
=
∣∣1−wi

22
〉

A

∣∣∣1−w j
22
〉

B
|1⟩C.

Stopper : |ψ18⟩= |0+1+2⟩A|0+1+2⟩B|0+1+2+3⟩C. (8)

Here i, j = 0, 1, i j = 0.

4.2. Construct a UPB in C4 ×C4 ×C5 system based on a
UPB in C3 ×C3 ×C4 system

When constructing a UPB set of three parties with dif-
ferent dimensions, we adopt the similar practical method as
before to construct high-dimensional state sets. Through veri-
fying whether the constructed state set meets the tri-tile struc-
ture, we can judge whether the state set is strongly nonlocal
more quickly and efficiently. Equation (9) is a set of incom-
plete UPBs in C4 ×C4 ×C5.

P1
4,4,5 :



|ψ0⟩= |1⟩A|0⟩B|0−1⟩C,
|ψ1⟩= |0⟩A|0−1⟩B|1⟩C,
|ψ2⟩= |0−1⟩A|1⟩B|0⟩C,
|ψ3⟩= |1⟩A|2⟩B|2−3⟩C,
|ψ4⟩= |2⟩A|1−2⟩B|2⟩C,
|ψ5⟩= |1−2⟩A|1⟩B|3⟩C,
|ψ6⟩= |2⟩A|0⟩B

∣∣1+w32+w2
33
〉

C,
|ψ7⟩= |1−2⟩A|2⟩B|0⟩C,
|ψ8⟩= |0⟩A|1−2⟩B|3⟩C,
|ψ9⟩= |0⟩A|2⟩B

∣∣0+w31+w2
32
〉

C,
|ψ10⟩= |0−1⟩A|0⟩B|3⟩C,
|ψ11⟩= |2⟩A|0−1⟩B|0⟩C,

|ψ12,13,14⟩=
∣∣0−wi

21
〉

A

∣∣∣0−w j
21
〉

B
|2⟩C,∣∣ψ15,16,17

〉
=
∣∣1−wi

22
〉

A

∣∣∣1−w j
22
〉

B
|1⟩C,

P2
4,4,5 :

 |ψ18⟩= |3⟩A|2⟩B|3−4⟩C,
|ψ19⟩= |2⟩A|2−3⟩B|4⟩C,
|ψ20⟩= |2−3⟩A|3⟩B|3⟩C,

P3
4,4,5 :



|ψ21⟩= |0⟩A|3⟩B

∣∣0+w41+w2
42+w4

43
〉

C,

|ψ22⟩=
∣∣0+w31+w2

32
〉

A|0⟩B|4⟩C,
|ψ23⟩= |3⟩A

∣∣0+w31+w2
32
〉

B|0⟩C,
|ψ24⟩= |3⟩A|0⟩B

∣∣1+w42+w2
43+w4

44
〉

C,

|ψ25⟩=
∣∣1+w32+w2

33
〉

A|3⟩B|0⟩C,
|ψ26⟩= |0⟩A

∣∣1+w32+w2
33
〉

B|4⟩C,

P4
4,4,5 :



|ψ27⟩= |2−3⟩A|1⟩B|4⟩C,
|ψ28⟩= |3⟩A|1⟩B

∣∣1+w32+w3
23
〉

C,

|ψ29,30,31⟩= |3⟩A

∣∣2−wi
23
〉

B

∣∣∣1−w j
22
〉

C
,

|ψ32,33,34⟩=
∣∣1−wi

22
〉

A|3⟩B

∣∣∣1−w j
22
〉

C
,

|ψ35⟩= |1⟩A|3⟩B|3−4⟩C,
|ψ36⟩= |1⟩A|1−2⟩B|4⟩C.

Stopper : |ψ37⟩= |0+1+2+3⟩A|0+1+2+3⟩B

|0+1+2+3+4⟩C. (9)

Here w4 = e
2π

√
−1

4 , i, j = 0, 1, i j = 0.
Similarly, the UPBs of C4 ×C4 ×C5 can be divided into

the following four parts:
P1

4,4,5: The system of C3 × C3 × C4 corresponds to
{(0, 1, 2)A, (0, 1, 2)B, (0, 1, 2, 3)C} of Rubik’s cube. It in-
cludes 14 subcuboids

{
SPi
}14

i=1, as shown in Fig. 10(a).
P2

4,4,5: The set of UPBs with dimension 2, whose
structure is the same as the shift UPBs. It includes
three subcubes

{
SP15, SP16, SP17

}
, and corresponds to

{(3)A, (2)B, (3, 4)C}, {(2)A, (2, 3)B, (4)C}, {(2, 3)A,

(3)B, (3)C}, respectively, as shown in Fig. 10(b).
P3

4,4,5: Six edges of the 4 × 4 × 5 Rubik’s cube,
which consists of 6 subcuboids {SPi}23

i=18, and they corre-
spond to {(0, 1, 2)A,(0)B,(4)C}, {(3)A,(0)B,(1, 2, 3, 4)C},
{(3)A,(0, 1, 2)B, (0)C }, {(1, 2, 3)A,(3)B, (0)C}, {(0)A,
(3)B,(0, 1, 2, 3)C}, {(0)A,(1, 2, 3)B,(4)C}, as shown in
Fig. 10(c).

P4
4,4,5: The remaining part of the three newly added

planes. It is decomposed into 6 subcuboids that cannot be fur-
ther expanded, as shown in Fig. 10(d).









B

B

A

A

CC

(a) (b)

(c) (d)














 







BA

C

























 BA

C



























Fig. 10. Composition of UPBs in C4 ⊗C4 ⊗C5.

4.3. Construct a UPB in Cd1 ⊗Cd2 ⊗Cd3 system based on a
UPB in C(d1−1)⊗C(d2−1)⊗C(d3−1) system

In this subsection, we propose a general construction
method of UPBs in Cd1 ⊗ Cd2 ⊗ Cd3 based on UPBs in
C(d1−1)⊗C(d2−1)⊗C(d3−1) according to the proposed tri-tile
structure.

Continuing with the contruction method in the previous
subsections, it is obvious that parts P1

d1,d2,d3
, P2

d1,d2,d3
, and

P2
d1,d2,d3

can be easily obtained. As for the remaining part
P4

d1,d2,d3
, it needs to be divided to ensure that the whole cuboid

meets the requirements of tri-tile structure.
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Proposition 3: Let ℋA,ℋB,ℋC be Hilbert spaces
of dimension d1, d2, d3 respectively. Suppose that A =

{|1⟩ , . . . , |d1⟩}, B= {|1⟩ , . . . , |d2⟩}, C = {|1⟩ , . . . , |d3⟩} are

ordered orthonormal bases with respect to ℋA,ℋB,ℋC. In
Cd1 ⊗Cd2 ⊗Cd3 , the set of UPBs given by Eq. (10) is pairwise
orthogonal and strongly nonlocal.

P1
d1,d2,d3

: P1
d1−1,d2−1,d3−1,

P2
d1,d2,d3

: X⊗3
d

(
P2

d1−1,d2−1,d3−1
)
,

P3
d1,d2,d3

:



|ψk⟩=
∣∣∣0+ · · ·+wd1−2

d1−1 (d1 −2)
〉

A
|0⟩B|d3 −1⟩C,

|ψk+1⟩= |d1 −1⟩A

∣∣∣0+ · · ·+wd2−2
d2−1 (d2 −2)

〉
B
|0⟩C,

|ψk+2⟩= |0⟩A|d2 −1⟩B

∣∣∣0+ · · ·+wd3−2
d3−1 (d3 −2)

〉
C
,

|ψk+3⟩=
∣∣∣1+ · · ·+wd1−2

d1−1 (d1 −1)
〉

A
|d2 −1⟩B|0⟩C,

|ψk+4⟩= |0⟩A

∣∣∣1+ · · ·+wd2−2
d2−1 (d2 −1)

〉
B
|d3 −1⟩C,

|ψk+5⟩= |d1 −1⟩A|0⟩B

∣∣∣1+ · · ·+wd3−2
d3−1 (d3 −1)

〉
C
,

P4
d1,d2,d3

:



|ψk+6⟩=
∣∣∣1+ · · ·+wd1−4

d1−3 (d1 −3)
〉

A

∣∣∣1+ · · ·+wd2−3
d2−2 (d2 −2)

〉
B
|d3 −1⟩C,

|ψk+7⟩= |(d1 −2)− (d1 −1)⟩A

∣∣∣1+ · · ·+wd2−2
d2−3 (d2 −3)

〉
B
|d3 −1⟩C,

|ψk+8⟩= |d1 −1⟩A

∣∣∣1+ · · ·+wd2−4
d2−3 (d2 −3)

〉
B

∣∣∣1+ · · ·+wd3−3
d3−2 (d3 −2)

〉
C
,

|ψk+9⟩=
∣∣∣1+ · · ·+wd1−3

d1−2 (d1 −2)
〉

A
|d2 −1⟩B

∣∣∣1+ · · ·+wd3−4
d3−3 (d3 −3)

〉
C
,

|ψk+10⟩=
∣∣∣1+ · · ·+wd1−4

d1−3 (d1 −3)
〉

A
|d2 −1⟩B|(d3 −2)− (d3 −1)⟩C,

|ψk+11⟩= |d1 −1⟩A|(d2 −2)− (d2 −1)⟩B

∣∣∣1+ · · ·+wd3−4
d3−3 (d3 −3)

〉
C
.

Stopper : |S⟩= |0+ · · ·+(d1 −1)⟩A|0+ · · ·+(d2 −1)⟩B|0+ · · ·+(d3 −1)⟩C. (10)

Here wk = e
2π

√
−1

k .
By mapping the set in Eq. (10) to Rubik’s cube, the struc-

ture of UPBs is shown in Fig. 11.

d3↩

d1↩

d2↩

d2↩

d3↩















B
A

C

..
.

...

...

Fig. 11. Composition of UPBs in Cd1 ⊗Cd2 ⊗Cd3 .

The UPBs of Cd1 ⊗Cd2 ⊗Cd3 can be divided into the fol-

lowing four parts:

P1
d1,d2,d3

: The system of C(d1−1)⊗C(d2−1)⊗C(d3−1) corre-
spond to {(0, . . . ,d1 −2)A, (0, . . . ,d2 −2)B, (0, . . . ,d3 −2)C}
of Rubik’s cube.

P2
d1,d2,d3

: The set of UPBs with dimension 2,
whose structure is the same as the shift UPBs.
It includes three subcubes and corresponds to
{(d1 −2, d1 −1)A, (d2 −2, d2 −1)B, (d3 −2, d3 −1)C}, re-
spectively.

P3
d1,d2,d3

: Six edges of the d1 ⊗ d2 ⊗ d3 Rubik’s
cube, which consists of 6 subcuboids and they corre-
spond to {(0, . . . ,d1 −2)A,(0)B,(d3 −1)C}, {(d1 −1)A,
(0)B,(1, . . . ,d3 −1)C}, {(d1 −1)A, (0, . . . ,d2 −2)B,(0)C},
{(1, . . . ,d1 −1)A, (d2 −1)B,(0)C}, {(0)A, (d2 −1)B,
(0, . . . ,d3 −2)C}, {(0)A, (1, . . . ,d2 −1)B, (d3 −1)C}.

P4
d1,d2,d3

: The remaining part of the three newly added
planes. It is divided into six subcuboids. When construct-
ing this part, the partitioning method is similar to that in part
P3

d1,d2,d3
, but the limitation of the tri-tile structure needs to be

considered.

060302-10



Chin. Phys. B 31, 060302 (2022)

5. Conclusion
In summary, we have concentrated on the general con-

struction method of 3-qudit UPBs exhibiting strong nonlocal-
ity. Firstly, a strongly nonlocal set C3 ⊗C3 ⊗C3 of size 19
is constructed based on the shift UPBs. After a simple obser-
vation of its orthogonal graphs and corresponding 3× 3× 3
Rubik’s cube, the relationship among three qutrits is discussed
and the structure of UPBs is analyzed. According to the above
results, following the idea of deducing the UPBs with high
dimension from the UPBs with low dimension, we try to con-
struct UPBs with higher dimension and obtain a general set in
Cd ⊗Cd ⊗Cd of size (d −1)3 + 2d + 5. Second, we extend
the 2-qubit tile structure to 3-qudit and define it as a tri-tile
structure, which is conducive for us to judge whether the state
set is strongly nonlocal more quickly and efficiently. Based
on this method, we give the construction process of 3-qudit
UPBs with different dimensions. The construction of UPBs
in Cd1 ⊗Cd2 ⊗Cd3 is similar to that of Cd ⊗Cd ⊗Cd system,
which also consists of four parts.

It is noted that the state set constructed using this general
construction method includes a considerable number of states.
Considering that reducing the number of quantum states is of
great significance for exploring which states affect the non-
locality of the system, it is a valuable research direction to
discuss the minimum number of states in 3-qudit UPBs. In ad-
dition, there is another kind of interesting state that is closely
related to UPBs, BE states. It is also a worthy research direc-
tion to produce BE states of small rank by constructing UPBs.

Appendix A: Proof of Lemma 2
Lemma 2 In C4 ⊗C4 ⊗C4, the 3-qudit UPBs of size 40

given by Eq. (6) is strongly nonlocal.
Proof In order to make the proof process clearer, we

first rewrite the original state, let |00⟩ → |0⟩ , |01⟩ →
|1⟩ , . . . , |33⟩ → |15⟩. After rewriting the state in Eq. (6), we
can obtain the following states:

P1
4 :



|ψ0,1,2⟩=
∣∣0−wi

21
〉

A

∣∣∣1−w j
22
〉

BC
,∣∣ψ3,4,5

〉
= |0⟩A

∣∣∣4−w j
25−wi

28+wi+ j
2 9

〉
BC

,∣∣ψ6,7,8
〉
=
∣∣∣1−w j

22
〉

A

∣∣0−wi
24
〉

BC,

|ψ9,10,11⟩=
∣∣∣1−w j

22
〉

A

∣∣8−wi
29
〉

BC,

|ψ12,13,14⟩= |2⟩A

∣∣∣1−w j
22−wi

25+wi+ j
2 6

〉
BC

,∣∣ψ15,16,17
〉
=
∣∣0−wi

21
〉

A

∣∣∣6−w j
210
〉

BC
,

P2
4 :


|ψ18⟩= |3⟩A|10−11⟩BC,

|ψ19⟩= |2⟩A|11−15⟩BC,

|ψ20⟩= |2−3⟩A|14⟩BC,

P3
4 :



|ψ21,22⟩= |0⟩A

∣∣12+w313+w2
314
〉

BC,

|ψ23,24⟩=
∣∣0+w31+w2

32
〉

A|3⟩BC,∣∣ψ25,26
〉
= |3⟩A

∣∣0+w34+w2
38
〉

BC,

|ψ27.28⟩= |3⟩A

∣∣1+w32+w2
33
〉

BC,

|ψ29.30⟩=
∣∣1+w32+w2

33
〉

A|12⟩BC,

|ψ31,32⟩= |0⟩A

∣∣7+w311+w2
315
〉

BC,

P4
4 :



|ψ33⟩= |1−2⟩A|13⟩BC,

|ψ34⟩= |1⟩A|7−11⟩BC,

|ψ35⟩= |3⟩A|5−6⟩BC,

|ψ36⟩= |2−3⟩A|7⟩BC,

|ψ37⟩= |3⟩A|9−13⟩BC,

|ψ38⟩= |1⟩A|14−15⟩BC.

Stopper : |ψ39⟩= |0+1+2+3⟩A|0+1+ · · ·+15⟩BC.

(11a)

Suppose that the BC system starts with the nontrivial and
non-disturbing measurement, represented by a set of POVM
elements M†

mMm on 16×16 matrix. The POVM measurement
in {|0⟩ , |1⟩ , · · · , |15⟩}BC basis corresponding to the states in
Eq. (11), can be written as

M†
mMm =



a00 a01 · · · a0(14) a0(15)

a10 a11 · · · a1(14) a1(15)
...

...
. . .

...
...

a(14)0 a(14)1 · · · a(14)(14) a(14)(15)

a(15)0 a(15)1 · · · a(15)(14) a(15)(15)

 .

The post-measurement states could be expressed as
(I ⊗Mm) |ψi⟩, which should be mutually orthogonal. Then〈
ψ j
∣∣(I ⊗M†

mMm
)
|ψi⟩= 0 is obtained. According to this prin-

ciple, the original matrix could be transformed to

M†
mMm =


a 0 · · · 0
0 a · · · 0
...

...
. . .

...
0 0 · · · a

 .

Table 2 shows the detailed derivation process.
Obviously, the BC’s measurement matrix is proportional

to the identity matrix, so it means that the BC system starts
with a trivial measurement, and cannot get any information
about shared state distinction from the measurement result. As
for the other two division methods, i.e., B|CA and C|AB, the
proof method is similar to this. In summary, the multi-party
divided into any two parts can keep the strong nonlocality of
the quantum system.
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Table 2. POVM elements.

POVM elements Corresponding states

a0i = ai0 = 0

i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8
|ψ6⟩, |ψ0⟩ |ψ7⟩, |ψ1⟩ |ψ6⟩, |ψ34⟩ |ψ3⟩, |ψ39⟩ |ψ6⟩, |ψ12⟩ |ψ6⟩, |ψ15⟩ |ψ6⟩, |ψ25⟩ |ψ6⟩, |ψ9⟩

i = 9 i = 10 i = 11 i = 12 i = 13 i = 14 i = 15
|ψ6⟩, |ψ10⟩ |ψ6⟩, |ψ16⟩ |ψ6⟩, |ψ19⟩ |ψ6⟩, |ψ37⟩ |ψ6⟩, |ψ32⟩ |ψ6⟩, |ψ20⟩ |ψ6⟩, |ψ21⟩

a1i = ai1 = 0

i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9
|ψ12⟩, |ψ39⟩ |ψ0⟩, |ψ34⟩ |ψ1⟩, |ψ8⟩ |ψ0⟩, |ψ3⟩ |ψ1⟩, |ψ16⟩ |ψ0⟩, |ψ30⟩ |ψ0⟩, |ψ9⟩ |ψ0⟩, |ψ10⟩

i = 10 i = 11 i = 12 i = 13 i = 14 i = 15
|ψ1⟩, |ψ17⟩ |ψ1⟩, |ψ30⟩ |ψ0⟩, |ψ37⟩ |ψ0⟩, |ψ32⟩ |ψ0⟩, |ψ33⟩ |ψ0⟩, |ψ21⟩

a2i = ai2 = 0

i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9 i = 10
|ψ1⟩, |ψ34⟩ |ψ2⟩, |ψ8⟩ |ψ1⟩, |ψ4⟩ |ψ0⟩, |ψ15⟩ |ψ14⟩, |ψ25⟩ |ψ1⟩, |ψ10⟩ |ψ1⟩, |ψ11⟩ |ψ0⟩, |ψ16⟩

i = 11 i = 12 i = 13 i = 14 i = 15
|ψ2⟩, |ψ29⟩ |ψ1⟩, |ψ37⟩ |ψ1⟩, |ψ32⟩ |ψ14⟩, |ψ20⟩ |ψ1⟩, |ψ21⟩

a3i = ai3 = 0

i = 4 i = 5 i = 6 i = 7 i = 8 i = 9 i = 10 i = 11
|ψ34⟩, |ψ7⟩ |ψ34⟩, |ψ4⟩ |ψ34⟩, |ψ15⟩ |ψ34⟩, |ψ26⟩ |ψ34⟩, |ψ9⟩ |ψ34⟩, |ψ10⟩ |ψ34⟩, |ψ16⟩ |ψ34⟩, |ψ29⟩

i = 12 i = 13 i = 14 i = 15
|ψ34⟩, |ψ39⟩ |ψ34⟩, |ψ32⟩ |ψ34⟩, |ψ20⟩ |ψ34⟩, |ψ19⟩

a4i = ai4 = 0

i = 5 i = 6 i = 7 i = 8 i = 9 i = 10 i = 11 i = 12
|ψ7⟩, |ψ13⟩ |ψ7⟩, |ψ16⟩ |ψ7⟩, |ψ26⟩ |ψ7⟩, |ψ10⟩ |ψ7⟩, |ψ11⟩ |ψ7⟩, |ψ17⟩ |ψ6⟩, |ψ29⟩ |ψ7⟩, |ψ37⟩

i = 13 i = 14 i = 15
|ψ7⟩, |ψ31⟩ |ψ7⟩, |ψ20⟩ |ψ7⟩, |ψ19⟩

a5i = ai5 = 0

i = 6 i = 7 i = 8 i = 9 i = 10 i = 11 i = 12 i = 13
|ψ3⟩, |ψ15⟩ |ψ12⟩, |ψ26⟩ |ψ12⟩, |ψ10⟩ |ψ13⟩, |ψ11⟩ |ψ4⟩, |ψ16⟩ |ψ3⟩, |ψ38⟩ |ψ12⟩, |ψ37⟩ |ψ12⟩, |ψ31⟩

i = 14 i = 15
|ψ12⟩, |ψ20⟩ |ψ4⟩, |ψ38⟩

a6i = ai6 = 0

i = 7 i = 8 i = 9 i = 10 i = 11 i = 12 i = 13 i = 14
|ψ13⟩, |ψ25⟩ |ψ15⟩, |ψ9⟩ |ψ15⟩, |ψ10⟩ |ψ28⟩, |ψ18⟩ |ψ15⟩, |ψ30⟩ |ψ15⟩, |ψ37⟩ |ψ15⟩, |ψ31⟩ |ψ13⟩, |ψ20⟩

i = 15
|ψ15⟩, |ψ38⟩

a7i = ai7 = 0
i = 8 i = 9 i = 10 i = 11 i = 12 i = 13 i = 14 i = 15

|ψ25⟩, |ψ35⟩ |ψ25⟩, |ψ9⟩ |ψ16⟩, |ψ30⟩ |ψ25⟩, |ψ18⟩ |ψ25⟩, |ψ37⟩ |ψ25⟩, |ψ31⟩ |ψ25⟩, |ψ20⟩ |ψ25⟩, |ψ19⟩

a8i = ai8 = 0
i = 9 i = 10 i = 11 i = 12 i = 13 i = 14 i = 15

|ψ35⟩, |ψ23⟩ |ψ10⟩, |ψ16⟩ |ψ9⟩, |ψ29⟩ |ψ9⟩, |ψ37⟩ |ψ9⟩, |ψ32⟩ |ψ10⟩, |ψ20⟩ |ψ3⟩, |ψ38⟩

a9i = ai9 = 0
i = 10 i = 11 i = 12 i = 13 i = 14 i = 15

|ψ10⟩, |ψ17⟩ |ψ24⟩, |ψ18⟩ |ψ10⟩, |ψ39⟩ |ψ10⟩, |ψ31⟩ |ψ9⟩, |ψ20⟩ |ψ9⟩, |ψ19⟩

a10i = ai10 = 0
i = 11 i = 12 i = 13 i = 14 i = 15

|ψ16⟩, |ψ29⟩ |ψ16⟩, |ψ37⟩ |ψ16⟩, |ψ31⟩ |ψ15⟩, |ψ22⟩ |ψ17⟩, |ψ38⟩

a11i = ai11 = 0
i = 12 i = 13 i = 14 i = 15

|ψ18⟩, |ψ37⟩ |ψ19⟩, |ψ31⟩ |ψ19⟩, |ψ20⟩ |ψ30⟩, |ψ22⟩

a12i = ai12 = 0
i = 13 i = 14 i = 15

|ψ37⟩, |ψ32⟩ |ψ37⟩, |ψ20⟩ |ψ37⟩, |ψ19⟩

a13i = ai13 = 0
i = 14 i = 15

|ψ32⟩, |ψ20⟩ |ψ32⟩, |ψ22⟩

a14i = ai14 = 0
i = 15

|ψ33⟩, |ψ38⟩

a00 = aii

i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8
|ψ0⟩, |ψ39⟩ |ψ0⟩, |ψ1⟩ |ψ36⟩, |ψ39⟩ |ψ6⟩, |ψ7⟩ |ψ27⟩, |ψ39⟩ |ψ15⟩, |ψ39⟩ |ψ29⟩, |ψ39⟩ |ψ9⟩, |ψ39⟩

i = 9 i = 10 i = 11 i = 12 i = 13 i = 14 i = 15
|ψ9⟩, |ψ10⟩ |ψ15⟩, |ψ16⟩ |ψ18⟩, |ψ39⟩ |ψ33⟩, |ψ39⟩ |ψ24⟩, |ψ39⟩ |ψ22⟩, |ψ39⟩ |ψ19⟩, |ψ39⟩
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