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We investigate how the correlated actions of quantum channels affect the robustness of entangled states. We consider
the Bell-like state and random two-qubit pure states in the correlated depolarizing, bit flip, bit-phase flip, and phase flip
channels. It is found that the robustness of two-qubit pure states can be noticeably enhanced due to the correlations between
consecutive actions of these noisy channels, and the Bell-like state is always the most robust one. We also consider the
robustness of three-qubit pure states in correlated noisy channels. For the correlated bit flip and phase flip channels, the
result shows that although the most robust and most fragile states are locally unitary equivalent, they exhibit different
robustness in different correlated channels, and the effect of channel correlations on them is also significantly different.
However, for the correlated depolarizing and bit-phase flip channels, the robustness of two special three-qubit pure states is
exactly the same. Moreover, compared with the random three-qubit pure states, they are neither the most robust states nor
the most fragile states.

Keywords: correlated quantum channel, entanglement, concurrence, negativity
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1. Introduction
Quantum entanglement is not only an important feature

that distinguishes quantum mechanics from classical physics,
but also a key resource for many potential practical applica-
tions, such as quantum teleportation, quantum sensing, and
quantum cryptography.[1,2] However, in the real world, the in-
evitable interaction between a quantum system and its sur-
rounding environment will lead to decoherence.[3–5] There-
fore, it is of fundamental importance to study the robustness
of entangled states in the open systems. In the past several
years, many studies have been devoted to the robustness of
entangled states in different decoherence models.[6–21]

In 1999, Vidal and Tarrach[6] utilized robustness to char-
acterize the endurance of entanglement against noise and jam-
ming, then in 2002, Simon and Kempe[7] studied the robust-
ness of multipartite entanglement under the local decoher-
ence process. They found that the multipartite entanglement
could be surprisingly robust under decoherence, and the ro-
bustness can increase with the increasing number of parties. In
2008, Aolita et al.[8] investigated the decay of entanglement
for the generalized N-particle Greenberger–Horne–Zeilinger
(GHZ) states and showed that although the entanglement sud-
den death time increases with an increase in N, the time when
the entanglement becomes arbitrarily small is inversely pro-
portional to N. The most robust and most fragile states un-
der different decoherence channels have also been extensively

studied.[9–18] In Ref. [16], it is found that the Bell-like states
are the most robust states of all two-qubit states under several
kinds of decoherence processes. Li et al.[17] have found the
most robust genuine tripartite entangled states and the most
fragile ones during three different decoherence processes and
showed that although the two locally unitary equivalent states
have the same entanglement properties, their robustness are
significantly different.

The previous studies on the robustness of entangled states
under different decoherence models are based on the premise
that each qubit of the system is coupled to its own environ-
ment independently. However, when the time windows for a
series of qubits in the channel are partially overlapped, the ac-
tions of the channel are no longer independent of each other,
but may be correlated. A well-studied correlated Pauli chan-
nel is proposed in Refs. [22–24], which considers the mem-
ory induced by the classical correlations between multiple ac-
tions of the channels. The influence of correlated channels on
quantum coherence,[25–28] quantum teleportation,[29] quantum
Fisher information,[30] and measurement uncertainty[31] have
been explored recently.

In this paper, the robustness of entanglement for two-
and three-qubit pure states in different correlated noisy
channels are studied. For the two-qubit states, we use
concurrence[32–36] as a measure of entanglement, while for the
three-qubit states, we use negativity[37,38] as a measure of en-
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tanglement. We use the degree of decoherence noise that in-
duces the entanglement of the time-evolved state decays to 1/c
(c > 1) of the initial entanglement as a measure of the robust-
ness during decoherence. The main purpose of this paper is
to study how the robustness of entangled states changes when
one varies the correlation strength of the channels.

This paper is arranged as follows. In Section 2, we re-
view briefly the correlated decoherence models. In Section 3,
we investigate the robustness of entanglement for the Bell-
like states and random two-qubit pure states in four typical
correlated noisy channels, respectively. Then in Section 4,
we investigate the robustness of two special three-qubit states
and random three-qubit pure states in in four correlated noisy
channels. Finally, Section 5 summarizes the main results ob-
tained in this paper.

2. The model of a correlated quantum channel
We start with some preliminaries related to the classically

correlated quantum channels, which provide a proper mathe-
matical tool to describe the correlations between consecutive
actions of the channel ℰ on the sequence of qubits.[22–24]

We send N qubits through the channel, and the state of
the N qubits is described by the density operator ρ0. If the
channel acts independently and identically on each qubit, the
corresponding output state of the system is given by

ℰ(ρ0) = ∑
i1···iN

Ei1···iN ρ0E†
i1···iN , (1)

where the Kraus operators Ei1···iN =
√pi1···iN σi1 ⊗·· ·⊗σiN de-

scribe the action of transmission channels, satisfying the nor-
malization condition ∑i1···iN E†

i1···iN Ei1···iN = 1. The joint prob-
ability distribution function is given by pi1···iN = pi1 · · · piN ,
with pin ≥ 0 and ∑in pin = 1 (n = 1,2, . . . ,N). σ0 is the 2× 2
identity matrix and σin are the Pauli operators in x,y, and z di-
rections. Such a model describes a quantum channel ℰ , which
has no memory on the history of its actions on the sequence of
qubits.

For the two-qubit system, the Kraus operators Ei j =√pi jσi ⊗σ j and the joint probability distribution function is
given by pi j = pi p j. However, for a channel with partial mem-
ory between two consecutive uses, the joint probability distri-
bution takes the the following form:[22]

pi j = (1−µ)pi p j +µ piδi j. (2)

The channel memory coefficient 0 6 µ 6 1 denotes the cor-
relation strength between successive actions of the channel on
the two adjacent qubits. In other words, µ can be interpreted
as the probability that the same Pauli rotation is applied to the
two adjacent qubits. The correlation strength µ = 0 and µ = 1
correspond to the uncorrelated and the fully correlated chan-
nels, respectively.

Similarly, for a three-qubit quantum system, it is easy to
obtain the following Kraus operators:

Ei jk =
√

pi jkσi ⊗σ j ⊗σk, (3)

with pi jk = pi p j|i pk| j, p j|i = (1−µ)p j+µδ ji, and likewise for
pk| j.

In the following, we will consider four different corre-
lated noisy channels, including the correlated depolarizing, bit
flip, bit-phase flip, and phase flip channels. These four chan-
nels have different probability distributions, but they all be-
long to the class of Pauli channels of Eq. (1). The depolar-
izing channel has the probability distribution p0 = 1− 3p/4
and p1 = p2 = p3 = p/4 with p ∈ [0,1]. The bit flip channel
has the probability distribution p0 = 1− p/2, p1 = p/2, and
p2 = p3 = 0. The bit-phase flip channel has the probability dis-
tribution p0 = 1− p/2, p2 = p/2, and p1 = p3 = 0. The phase
flip channel has the probability distribution p0 = 1 − p/2,
p3 = p/2, and p1 = p2 = 0.

3. Robustness of Bell-like states in correlated
quantum channels
We now begin our discussion about how the correlations

between consecutive uses of the channel affect the robustness
of entanglement of the two-qubit states. To this end, we use
concurrence to quantify the amount of entanglement associ-
ated with the density matrix ρ . As stated by Wootters,[32] the
concurrence is defined as

C(ρ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (4)

where λi (i = 1,2,3, and 4) are the eigenvalues of the Hermi-
tian operator R = ρ(σ2 ⊗σ2)ρ

*(σ2 ⊗σ2) in decreasing order
and ρ* is the complex conjugate of the density matrix ρ .

We take the input state of the channels in the following
form:

|ψ⟩= cosθ |01⟩+ sinθ |10⟩, (5)

where θ ∈ [0,π/2] and the initial entanglement of the state |ψ⟩
is C0 = sin(2θ).

3.1. The correlated depolarizing channel

Firstly, we consider the correlated depolarizing channel.
For the input state |ψ⟩, the nonzero elements of density matrix
for the output state can be obtained as

ρ11,44 =
p
2

(
1− p

2

)
(1−µ),

ρ22 =

(
3p
4

)2

+

(
1− 3p

2

)
cos2

θ +
3p
4

(
1− 3p

4

)
µ,

ρ33 =

(
3p
4

)2

+

(
1− 3p

2

)
sin2

θ +
3p
4

(
1− 3p

4

)
µ,

ρ23,32 = sinθ cosθ [µ +(1−µ)(1− p)2]. (6)
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Fig. 1. Robustness of entanglement for |ψ⟩ in correlated depolarizing
channel. We plot the depolarizing degree p(c,µ) when the entangle-
ment decreases to C0/c (c = 2,4,8,16) in (a), (b), (c) and (d), respec-
tively. The ten color curves (from bottom to top) correspond to the
correlation strength µ = 0,0.1,0.2, . . . ,0.9, respectively.

By substituting the density matrix (6) into Eq. (4), the
concurrence for the time-evolved state can be obtained as

C = (1−4α)C0 −2α, (7)

with

α =
p
2

(
1− p

2

)
(1−µ). (8)

The robustness of entanglement can be understood as a
measure of the amount of noise required to disrupt the en-
tanglement of the system. We use the degree of decoherence

noise that induces the entanglement decrease to 1/c of its ini-
tial value to indicate the robustness of the system in the process
of decoherence. The degree of depolarizing when the concur-
rence decreases to C0/c can be obtained analytically as

p(c,µ) = 1−

√
2C0(1/c−µ)+(1−µ)

(2C0 +1)(1−µ)
. (9)

To reveal the effect of correlations on the robustness of the
two-qubit entangled states in the correlated depolarizing chan-
nel, we show the C0 dependence of the depolarizing degree
p(c,µ) with different correlation strength when the entangle-
ment decays to C0/c (c = 2,4,8,16) in Fig. 1.

It can be seen from the plots in Fig. 1 that the depolariz-
ing degree p(c,µ) has a monotonic relationship with the ini-
tial entanglement C0 and the entanglement of two-qubit sys-
tem will become more robust as the correlation strength in-
creases. This indicates that the classical correlation in the
correlated channels is beneficial to the robustness of entan-
gled states, so it may reduce the speed of entanglement decay.
As can be seen from Eq. (9), there exists a critical correlation
strength µc,1 = (c+2)/3c. When µ < µc,1, p(c,µ) has a max-
imum value p(c,µ)m = 1−

√
[2(1/c−µ)]/[3(1−µ)]+1/3.

When the correlation strength µ ≥ µc,1, the maximum value
of p(c,µ) is 1. At this time, the maximum value of initial con-
currence can only take the value C0,µ = (1−µ)/[2(µ −1/c)].

0

0.2

0.4

0.6

0.8

1.0

C0

p
↼c
↪0
.7
5
↽

0

0.2

0.4

0.6

0.8

1.0

p
↼c
↪0
.5
0
↽

0

0.2

0.4

0.6

0.8

1.0

p
↼c
↪0
.2
5
↽

C0 C0 C0

0 0.40.2 0.6 0.8 1.0 0 0.40.2 0.6 0.8 1.0 0 0.40.2 0.6 0.8 1.0 0 0.40.2 0.6 0.8 1.0

Fig. 2. Robustness of entanglement for |ψ⟩ (solid lines) and 50000 random two-qubit pure states (black dots) in the correlated depolarizing
channel. We plot the depolarizing degree p(c,µ) for c = 2,4,8, and 16 corresponding to (ai), (bi), (ci), and (di), respectively. Here i = 1,2, and
3 correspond to correlation strength µ = 0.25, 0.50 and 0.75, respectively.

In order to study the robustness of two-qubit states sys-
tematically, we explore the decoherence process of all two-
qubit pure states in the correlated depolarizing channel. We
generate a large number of randomly distributed two-qubit
pure states according to the Haar measure.[39] Both the real

and the imaginary parts of each state vector elements are
Gaussian random numbers with a zero mean and unit vari-
ance. Then we normalize the vectors and calculate their con-
currence. We show the depolarizing degree p(c,µ) for the
state |ψ⟩ and 50000 random two-qubit pure states in correlated
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depolarizing channel with different correlation strength when
the concurrence decreases to C0/2, C0/4, C0/8, and C0/16 in
Fig. 2, respectively.

By comparing with 50000 random two-qubit pure states,
as shown in Fig. 2, the degree of depolarizing p(c,µ) of the
Bell-like state is the upper bound of all the two-qubit pure
states during decoherence in the correlated depolarizing chan-
nel. It is obvious that the Bell-like state is always the most
robust state, irrespective of the strength of the classical corre-
lation.

3.2. The correlated bit flip, bit-phase flip, and phase flip
channels

Next, we consider the case of the correlated bit flip chan-
nel. For the input state |ψ⟩, the nonzero elements of the den-
sity matrix of the output state can be obtained as

ρ11,44 =
p
2

(
1− p

2

)
(1−µ),

ρ14,41 =
p
2

(
1− p

2

)
(1−µ)sin(2θ),

ρ23,32 = sinθ cosθ

[
1+(1−µ)

(
1− p

2

)2
+

p2

4

]
,

ρ22 =
p2

4
+(1− p)cos2

θ +
p
2

(
1− p

2

)
µ,

ρ33 =
p2

4
+(1− p)sin2

θ +
p
2

(
1− p

2

)
µ, (10)

then by substituting the density matrix (10) into Eq. (4), the
entanglement of the output state can be obtained as

C = (1−4α)C0. (11)

For the bit-phase flip channel, a further calculation shows
that the density matrix and the concurrence of the output state
have completely the same form to those for the bit flip channel,
so we do not list the corresponding results here. For the cor-
related phase flip channel, the nonzero elements of the density

operator for the output state can be obtained as

ρ22 = cos2
θ , ρ33 = sin2

θ ,

ρ23,32 = sinθ cosθ [µ +(1−µ)(1− p)2], (12)

from which one can get that the concurrence of the output state
is exactly the same as Eq. (11). So the influence of correla-
tions between consecutive actions of the three channels on the
robustness of two-qubit states is exactly the same. In the fol-
lowing, we take the phase flip channel as an example, and the
results also apply to the other two channels.

The phase flip degree when the concurrence C0 decreases
to C0/c can be easily obtained as

p(c,µ) = 1−

√
1− cµ

c(1−µ)
, (13)

from which one can see that when the concurrence decreases
to C0/c, there exists a critical correlation strength µc,2 = 1/c.
When µ > 1/c, there is no solution to p(c,µ).

We can see from Figs. 3(a) and 3(b) that the entanglement
of two-qubit states can become more robust as the correlation
strength increases, and the influence of correlation on robust-
ness is independent of the initial entanglement. In addition,
for different c, the upper limit of correlation strength is 1/c.
Similarly, we plot the phase flip degree p(c,µ) for the Bell-
like state |ψ⟩ and 50000 random two-qubit pure states in the
correlated phase flip channel with µ = 0.1 when the entan-
glement decreases to C0/2 and C0/4 in Figs. 3(c) and 3(d),
respectively. It is obvious that the phase flip degree of all the
random pure states do not exceed the two blue lines which de-
scribe the robustness of the Bell-like states. In the correlated
bit flip, bit-phase flip and phase flip channels, the state |ψ⟩ in
Eq. (5) is the most robust state in the process of decoherence,
irrespective of the strength of the classical correlation.
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C0
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Fig. 3. Robustness of entanglement for |ψ⟩ (solid lines) and 50000 random two-qubit pure states (black dots) in the correlated phase flip channel. The
phase flip degree p(c,µ) of |ψ⟩ when the entanglement decreases to C0/c (c = 2,4) with different µ are plotted in (a) and (b), respectively. The solid
black, blue, red, green and purple lines (from bottom to top) correspond to µ = 0, 0.1, 0.2, 0.3, and 0.4, respectively. The phase flip degree p(c,µ) for
|ψ⟩ and 50000 random two-qubit pure states with µ = 0.1 when the entanglement decreases to C0/c (c = 2,4) are shown in (c) and (d), respectively.
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4. Robustness of three-qubit states in correlated
quantum channels
For a three-qubit state ρ with the three qubits being de-

noted by A, B, and C, we concentrate on the bipartition A|BC
of the system. Then the negativity is defined as twice of the
sum of the absolute values of the negative eigenvalues of the
partial transpose of ρTA , which can be written as[38]

N(ρ) = ‖ρ
TA‖1 −1, (14)

where TA denotes the partial transpose with respect to the sub-
system A.

We consider the three-qubit pure state[17]

|Ψ⟩= cosθ√
2
(|001⟩+ |010⟩)+ i

sinθ√
2
(|100⟩+ |111⟩), (15)

where θ ∈ [0,π/2], and the following pure state which is lo-
cally unitarily equivalent to |Ψ⟩, i.e.,

|Φ⟩= e iθ

2
(|000⟩+ |111⟩)+ e−iθ

2
(|011⟩+ |100⟩). (16)

In the following, we focus on the robustness of three-
qubit states in the correlated phase flip and bit flip channels.
For the correlated phase flip channel, the negativity of the out-
put state for the input state |Ψ⟩ can be obtained as

N = (1−4α)N0, (17)

where α is given in Eq. (8) and N0 = sin(2θ) is the initial neg-
ativity of |Ψ⟩. When the negativity decreases to N0/c (c ≥ 1),

we can obtain the phase flip degree as follows:

p(c,µ) = 1−

√
1− cµ

c(1−µ)
. (18)

We find that Eqs. (17) and (18) have exactly the same form
as Eqs. (11) and (13) corresponding to the Bell-like state in
the correlated phase flip channel, respectively. Similarly, there
exists a critical correlation strength µc = 1/c. When the nega-
tivity decreases to N0/c, the upper limit of correlation strength
is 1/c.

We do not list the analytical expression of the negativity
of state |Φ⟩ here due to its complexity. Instead, we numeri-
cally solve the entanglement evolution of |Ψ⟩ and |Φ⟩ and plot
the degree of phase flip p(c,µ) when the negativity decreases
to N0/c (c = 2,4) with different µ in Figs. 4(a) and 4(b). It
can be seen that the influence of correlations on |Ψ⟩ is com-
pletely different from that on |Φ⟩. For the state |Ψ⟩, the phase
flip degree p(c,µ) is independent of N0 and increases with the
increasing correlation strength µ in the range of µ ∈ (0,1/c).
For the state |Φ⟩, p(c,µ) increases with the increase of N0 in
the whole region of µ . As a comparison, we plot the degree of
bit flip p(c,µ) when the negativity decreases to N0/c (c= 2,4)
with different correlation strength in Figs. 4(c) and 4(d). Obvi-
ously, the effect of correlated correlations on state |Φ⟩ (|Ψ⟩) in
correlated phase flip channel is the same as that of correlated
correlations on state |Ψ⟩ (|Φ⟩) in correlated bit flip channel.
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Fig. 4. For the correlated phase flip [(a) and (b)] and bit flip [(c) and (d)] channels, we plot the degree of decoherence p(c,µ) when the
negativity decreases to N0/2 and N0/4 for |Ψ⟩ (red dotted lines) and |Φ⟩ (blue dotted lines), respectively. For each state, the dotted lines from
bottom to top correspond to the increase of µ from 0 with an equal interval 0.1.

In order to study the robustness of all three-qubit pure
states, we randomly sampled 50000 three-qubit pure states
and plot the phase flip degree p(c,µ) when the negativity de-
creases to N0/c (c = 2,4) in Figs. 5(ai) and 5(bi), respectively.
As a contrast, the degree of bit flip p(c,µ) when the negativity
decreases to N0/c (c = 2,4) are plotted in Figs. 5(ci) and 5(di),
respectively. Here i = 1 and i = 2 correspond to correlation

strength µ = 0.1 and µ = 0.2, respectively.

Obviously, the phase flip degree of all the randomly sam-

pled pure states are between the red dotted lines and the blue

dotted lines. Regardless of the value of µ , |Ψ⟩ is always the

most robust state, while |Φ⟩ is always the most fragile state

in the correlated phase flip channel. On the contrary, we can
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see that in the correlated bit flip channel, the state |Φ⟩ is al-
ways the most robust state and the state |Ψ⟩ is always the most
fragile state.

For the correlated depolarizing and bit-phase flip chan-
nels, the robustness of the state |Ψ⟩ is exactly the same as
that of state |Φ⟩, and their robustness in these two channels is

slightly different, as shown in the first row in Fig. 6. The sec-
ond row in Fig. 6 shows the comparison of the robustness of
states |Ψ⟩ and |Φ⟩ with 50000 random three-qubit pure states
in the two correlated channels when the correlation strength
µ = 0.1. We can see that state |Ψ⟩ and state |Φ⟩ are neither
the most robust nor the most fragile states.
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Fig. 5. Robustness of entanglement for three-qubit pure states in correlated phase flip [(ai) and (bi)] and bit flip [(ci) and (di)] channels with
i = 1 and 2 corresponding to µ = 0.1 and 0.2, respectively. We plot the degree of decoherence p(c,µ) when the negativity decreases to N0/2
and N0/4, respectively. The state |Ψ⟩, |Φ⟩, and 50000 random sampled pure states are shown with red dotted lines, blue dotted lines, and black
dots, respectively.
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Fig. 6. Robustness of entanglement for |Ψ⟩ (red dotted lines), |Φ⟩ (blue dotted lines), and 50000 random sampled pure states (black dots) in
correlated depolarizing [(ai) and (bi)] and bit-phase flip [(ci) and (di)] channels. (a1)–(d1) p(c,µ) (c = 2,4) with µ increases from 0 to 1 with
an equal interval 0.1. (a2)–(d2) p(c,µ) (c = 2,4) for the state |Ψ⟩, |Φ⟩, and 50000 random three-qubit pure states with µ = 0.1, respectively.
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5. Conclusion
In summary, we have explored the robustness of entan-

gled states in different correlated quantum channels. It is
found that the robustness of entangled states can be enhanced
due to the correlations between consecutive actions of these
noisy channels. Moreover, the robustness of the entangled
state increases gradually when the correlation strength in-
creases at equal intervals. Firstly, we consider the Bell-like
state and random two-qubit pure states in the correlated depo-
larizing, bit flip, bit-phase flip, and phase flip channels, respec-
tively. We show explicitly that the entanglement depends on
the type of quantum channels as well as the decoherence de-
gree and the correlation strength. The Bell-like state is always
the most robust state, regardless of the correlation strength,
and the increase of correlation strength can enhance the ro-
bustness of quantum states. On the other hand, the effects of
the correlated actions of the depolarizing channel on the ro-
bustness of the two-qubit states is completely different from
that in the other three channels: (i) For the correlated depolar-
izing channel, the decoherence degree p(c,µ) always behaves
as an increasing function of µ and C0. (ii) For the correlated
bit flip, bit-phase flip, and phase flip channels, the decoherence
degree p(c,µ) increases with the increase of µ , and it does not
depend on the initial entanglement C0. Moreover, there exists
a limit for the value of correlation strength µc,2 = 1/c.

For the three-qubit states, we numerically study the ro-
bustness of entanglement for two locally unitary equivalent
states and random three-qubit pure states in four correlated
channels. For the correlated phase flip and bit flip channels,
we find that the most robust state and the most fragile state
during decoherence in these two typical correlated channels
are the same as those in the uncorrelated channels in Ref. [18].
Although the two states are locally unitary equivalent, they ex-
hibit different robustness in these two different channels. The
effects of the correlated actions on the most robust state is dif-
ferent from that on the most fragile one, while it has the same
effect on the most robust states in two different channels, al-
though the most robust states in different channels are differ-
ent. The same is true for the most fragile state. We see that the
robustness of entangled states can be changed by local unitary
transformation. We hope that the analysis presented here can
help to construct effective schemes to enhance the robustness
of entangled states in open quantum systems.
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