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The conservation law for first-order coherence and mutual correlation of a bipartite qubit state was firstly proposed by
Svozilik et al., and their theories laid the foundation for the study of coherence migration under unitary transformations. In
this paper, we generalize the framework of first-order coherence and mutual correlation to an arbitrary (m ® n)-dimensional
bipartite composite state by introducing an extended Bloch decomposition form of the state. We also generalize two kinds of
unitary operators in high-dimensional systems, which can bring about coherence migration and help to obtain the maximum
or minimum first-order coherence. Meanwhile, the coherence migration in open quantum systems is investigated. We take
depolarizing channels as examples and establish that the reduced first-order coherence of the principal system over time is
completely transformed into mutual correlation of the (2 ®4)-dimensional system-environment bipartite composite state. It
is expected that our results may provide a valuable idea or method for controlling the quantum resource such as coherence

and quantum correlations.

Keywords: first-order coherence, mutual correlation, coherence migration, high-dimensional

PACS: 03.65.Yz, 03.67.—a, 34.80.Pa

1. Introduction

Coherence, being an inevitable consequence of the su-
perposition principle, is one of the most important concepts
in quantum optics research, which can be used to describe
the interference capability of interacting fields and the char-

[1-5]

acteristics of photon stream. It even plays an impor-

tant role in some interdisciplinary fields, such as quantum

s,[0-8 9111 and quantum

thermodynamics, [®# quantum metrology,'
biology.!'>~14l To quantify coherence of a quantum state, many
measurements have been proposed from different perspec-
tives. Some are based on quantum optical methods,!'>1%! and
others are based on the viewpoints of resource theory.[!7-20]
Although coherence is usually considered to be the charac-
teristics of the whole physical system, we need to investi-
gate the internal distribution of coherence between subsys-
tems and their correlations for predicting coherence evolu-
tion (migration). For a composite quantum state, coherence
between subsystems can be looked as its ability to create

[21.22] Therefore, it is of great significance to ex-

entanglement.
plore the rule of coherence migration for a bipartite composite
system.

In 2015, Svozilik et al. proposed a conservation law be-
tween the first-order coherence and mutual correlation for ar-
bitrary bipartite qubit states under global unitary transforma-
tions. They analyzed the characteristics of coherence migra-
tion and introduced two unitary operators for obtaining mini-

mum or maximum first-order coherence for a given bipartite
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qubit state.l15] Meanwhile, Ge et al. studied coherence mi-
gration and conservation relation of nonclassicality and entan-
glement for Gaussian states in a beam splitter.!?*! Especially,
Cernoch et al. demonstrated the theory of coherence migration
through two interesting experimental schemes, among which,
one is based on linear optical controlled-phase quantum gate
and the other employs nonlinear optical process.>*l Despite
the inspiring success in theory and experiment, the conserva-
tion law for coherence and correlation are carried out only for a
bipartite qubit state. It is then natural to question whether there
is a more general conclusion for high-dimensional bipartite
composite state. Inspired by the aforementioned research, we
consider such a problem in this paper. We firstly construct an
extended Bloch decomposition form of an arbitrary (m ® n)-
dimensional bipartite composite state, and then generalize the
concepts such as first-order coherence, mean coherence, mu-
tual correlation and the conservation law to an arbitrary high-
dimensional system. Meanwhile, coherence migration under
global unitary transformations in high-dimensional systems is
investigated, and two kinds of unitary operators are general-
ized. We also show through explicit examples its capacity for
obtaining the maximum and minimum first-order coherence.
On the other hand, the evolution of quantum states in open
systems is an important research content of quantum informa-
tion science.!?! It goes without saying that the inescapable
interaction between a quantum system and its surrounding en-
vironment may lead to decoherence.?3!' A popular method

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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to investigate the dynamics of an open quantum system is to
regard the principal system and the interacting environment as
a larger composite closed quantum state, whose evolution can
be described by a unitary transformation.>! Here, this com-
posite state is called as system-environment bipartite compos-
ite state. In general, the dimensions of the principal system
and the environment are not the same. With assuming that the
dimension of the system is d, the environment can be mod-
eled in a Hilbert space of no more than n (n < d*) dimensions.
Therefore, the system-environment state can be regarded as a
typical (d ® n)-dimensional bipartite composite state. In this
work, we explore the coherence migration of an arbitrary qubit
system in a depolarizing channel in detail. The results show
that the reduced first-order coherence of the principal system
over time is transformed into mutual correlation of the system-
environment bipartite composite state. The study of coherence
migration in high-dimensional systems helps us not only un-
derstand the characteristics of first-order coherence and mu-
tual correlation from the perspective of resource theory, but
also design different schemes to enhance or weaken coher-
ence. It is worth mentioning that our results might present
a new mind of manipulating coherence and quantum correla-
tion.

2. Conservation law of coherence and correla-
tion in high-dimensional bipartite systems

The qubit is a fundamental concept of quantum computa-
tion and quantum information. Any single qubit state can be
graphically represented by the Bloch vector.[>9 If we extend
the concept of qubit from two dimensions to finite dimensions,
we use qudit to represent a quantum state in d-dimensional
Hilbert space. In this section, we first review the decomposi-
tion form of a qudit state, and propose an extended Bloch rep-
resentation for any (m ® n)-dimensional bipartite composite
state. Then, we generalize the framework of first-order coher-
ence, mean coherence, mutual correlation, and conservation
law for coherence and correlation.

2.1. High-dimensional bipartite composite state

An arbitrary single qudit state in the finite d-dimensional
Hilbert space can be decomposed as!*?!

d2 1

1
p= E]Id"" A= 7]Id+ Z riki, (1)
where 1 is the d x d identity matrix, v{ri,r2,...,rp_,} is
the extended Bloch vector of the state with r; = Tr(p4;), and

{M,22,...,

For example, {A;,A2,43} (the most commonly used sym-

Ap_,} are generators of the Lie algebra SU(d).

bols are {0y,02,03}) are Pauli matrices for d = 2, and
{A1,22,..., A} are Gell-Mann matrices!*3! for d = 3.

The systematic construction of generators of SU(d) are

given by 32!

AT = {ugviewi}, )

Jls vie = =1([J) k[ = [k) (1), wi =
INGI=1l+1){I+1]) with 1 < j < k < d and

where uj = [j) (k| + [k)(

Vi (S

1 <1<d-1,inwhich {|1),]2),...,|/)
thonormal basis of the d-dimensional Hilbert space H.

d .
f-pisa complete or-

Consider an arbitrary bipartite state in a composite Hilbert
space Ha ® Hp with dimHa = m and dimHg = n. Any
(m ® n)-dimensional bipartite composite state p,, can be ex-

panded as
1 1
Pap = %(Hm@ﬂn)"’%(x')‘@}ln)

1 1

+%(Hm®y-A)+Z(TA®A)

1 1 mil

= —[x®L)+ (xidi @1,)

mn m n 2}’1 P 124} n

1 n? l

= l

EM‘

i LM ©A}), (3)

2m

—_

where L, is the m x m (n x n) identity matrix,

m271} and y{y17y27 oo
sponding extended Bloch vector of subsystems A and B with

x{x1,x0,...,% ,Y2_1} are the corre-

xi =Tr(ppAi ®1,), yj = Tr(p,sLn ® A;), and T is the corre-

lation tensor of composite system with #;; = Tr(p,; Ai ® 4;).

2.2. Conservation law for coherence and correlation

For a (m ® n)-dimensional bipartite composite state p,,
as shown in Eq. (3), composed of subsystems A and B, we can
calculate the reduced matrices of each subsystem as a partial
trace, i.e., p, = Trg(p,,) and p, = Tra(p,,). By promoting
the definition of Ref. [15], the degree of first-order coherence
of each subsystem can be written as

m
D} =mTr(p}) — 1= |z, (4)
n
Dy = nTr(pg) —1 = lyl*, (4b)
where |z|* = f” 7'x? and |y)? = Z’; ;' y3 are the square of

the vector modules of subsystems A and B, respectively. It
should be pointed out that the physical meaning of the first-
order coherence for each subsystem represents the length of
the extended Bloch vector. When m = n = 2, the definition
of the first-order coherence in Eqs. (4a) and (4b) return to the
original definition in Ref. [15]. Therefore, the mean coher-
ence of first-order coherence for the bipartite composite state

is defined as

Di +Dj

_ mlz|* +nly|?
mn 2mn ’

D=

&)
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On the other hand, we also generalize the definition of the
mutual correlation between the two high-dimensional subsys-
tems in Ref. [24] as

T:—+12 Y i (6)

Obviously, the mean coherence is only determined by the pa-
rameters of subsystems and independent of the mutual corre-
lation between two subsystems. For the bipartite composite
state p,, there is a concise conservation law between mean
coherence and mutual correlation

D+T="P, ()

where P = Tr(piB) is the purity of the high-dimensional bi-
partite composite state. We know that if the evolution of the
composite state is unitary transformation, the purity will re-
main unchanged. That indicates when the mean coherence
decreases (increases), the mutual correlation increases (de-
creases). We refer to the change of coherence between sub-

systems in this process as coherence migration.

3. Coherence migration under global unitary
transformations

For simplicity, we assume that the dimensions of the
two subsystems of the bipartite composite system are con-
sistent. Now the research object p,, is limited to an arbi-
trary bipartite state in a composite Hilbert space Ha ® Hp
with dimH = dimHp

closed quantum system are described by a unitary transforma-

= d. We know that the dynamics of a

tion, which does not change the purity of the system. There-
fore, if the global unitary operator acting on the quantum state
p,g 1s represented by U, the evolution state can be expressed

as ppp =Up,U

3.1. Maximum first-order coherence

Any (d ® d)-dimensional density matrix p,, can always
be diagonalized in its eigenvectors {|‘lfk>}Z2:1 spanned by its
corresponding eigenvalues { xk}gil, which is called spectral

decomposition,
d2
= 2 X W) (Wil = VEVT, @®)
k=1
where the diagonal matrix E = diag{x1,x2,..., X2} con-
tains the eigenvalues with Zﬁl Xx = 1, and the matrix V =

{lv1),|v2),...,|W2)} consists of the corresponding eigen-
vectors, which constitute a complete set of the orthogonal ba-
sis.

For any (d ® d)-dimensional bipartite composite state
When

it acts on p,, and transforms it into the evolution state p} 5 =

p,g- there exists a global unitary operator U; = V.

U1p,g UlwL
ence. The certification process is given in Appendix A. The

=K, pAB will obtain the maximum first-order coher-
reduced matrix of the subsystem of the evolution state is rep-

resented by p), = Trg(pap) and py = Tra(pjp), respectively.
So the degree of first-order coherence of each subsystem can

2
<Zx,+l 1d ) -1, (%a)

2
d [ d

Dy (pag) = Z (Z Xj+(il)d> - L (9b)
i=1

be written as

D; x(pap) =d

™=

i=1

Therefore, the mean coherence of the maximum first-order co-
herence is easily acquired with
2 2
Dy (p'ap) + Di (P aB)
d? '
This value is also known as the maximal accessible first-order

Dimax = (10)

coherence, which can be obtained by the global unitary trans-
formation. The increased coherence comes from the decrease
of mutual correlation between the two subsystems. Through-
out the process, the purity of the bipartite composite system
remains unchanged with the value of P = ):k 1 7(1 Simulta-
neously, the mutual correlation between subsystems reaches

the minimum as

7:nin :P_Dmax~ (11)

Next, we consider a typical mixed state, the isotropic
state.!*¥ The isotropic state is of the form p,, = p|¥)(¥|+
(1= p)Lp/d?* in which [¥) = Y9, |jj)/vd is the (d ® d)-
dimensional maximally entangled state, {]| j)}‘;zl denotes the
computational basis on d-dimensional Hilbert space, and p €
[0,1] is a parameter describing the mixing coefficient. The
isotropic state here is also called Werner state for d = 2. For
the (3 ® 3)-dimensional case, the isotropic state is defined as

Py = PI¥)(¥]+(1-p)ly/9, (12)

where the 3-dimensional maximally entangled state |¥) =
(J11) +122) +33))/+/3. Obviously, the degree of first-order
coherence of each subsystem D3 (p, ) = D3(p,;) = 0, so the
mean coherence of first-order coherence and the mutual corre-
lation between the two subsystems can be rewritten as

1
D(p) =0, T(p)= P(pf§)—9(1+8p2)- (13)

= V7 can be obtained by
spectral decomposition of the isotropic state. According to

The global unitary operator U

Egs. (10) and (11), we can calculate the maximum of mean
coherence and the minimum of mutual correlation as

4
Dmax = §P27 7:nin =

The mean coherence and mutual correlation as a func-

$<1+4p2). (14)

iso

tion of parameter p of the isotropic state p,;7 are shown in

060308-3
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Figs. 1(a) and 1(b). In these figures, the dashed lines and solid
lines represent the value of the original state and evolutionary
state by the global unitary operation, respectively. The gray ar-
eas represent allowable values achievable by arbitrary global
unitary transformations. We prepare 80000 random unitary
operators by numerical simulation, and each gray point in the

figures represents the evolution state after a possible unitary

transformation.

0.5 1.0

o

g o4 L 08 (b)
o +~
o 03 % 06
= [o)
£ o2 504
8 0.1 8 0.2

0

0 02 04 06 08 1.0
p p

Fig. 1. The (a) mean coherence and (b) mutual correlation as a function of
parameter p of the isotropic state. Purple dashed line and brown dashed line
depict the values of the mean coherence and the mutual correlation of the
original state. The maximum of mean coherence and the minimum of mutual
correlation are marked by purple solid line and brown solid line, respectively.
The gray areas represent allowable values achievable by arbitrary global uni-
tary transformations.

3.2. Minimum first-order coherence

For the (d ® d)-dimensional composite Hilbert space,
there are d> mutually orthogonal maximally entangled states
denoted as {|‘1",>}§i2 The matrix M = {|'¥1),|¥),....|¥p)}
consists of the maximally entangled states. There exists a
= MV that acts on the initial
(d ® d)-dimensional bipartite composite state p,, and turns it
Y %) (.
pap is called the Bell diagonal state, so that the first-order co-

global unitary operator U,
into a new composite state pip = U2, U; =

herence of each subsystem and the mean coherence vanish and
the mutual correlation can reaches the maximum

d2
ﬁnax:P:ZXiz- (15)

i=1
In this process of the global unitary transformation, all the
first-order coherence of the bipartite composite system is
transformed into the mutual correlation and the purity of the
system remains unchanged.

Now let us take the maximally coherent state as an exam-
ple. A (d ® d)-dimensional maximally coherent state is given
by |®) = (1/d)X¢ i j—11ij) and any (d ® d)-dimensional state
may be prepared from |®) with incoherent operations.!7-33]
For the (3 ® 3)-dimensional case, the density matrix of the
maximally coherent state can be written as

poes = Z Z |ij)(mn]. (16)

i,j=1 mn=1
According to Egs. (4a) and (4b), we can calculate the de-
gree of first-order coherence of each subsystem as DX ( pPs) =
D} (PLy*) = 2. Thus the mean coherence and the mutual cor-
relation can be calculated as

mces 4 mces 5
(pAB ):§7 T(pAB ):9 (17)

In (3 ® 3)-dimensional composite Hilbert space, the 9

mutually orthogonal maximally entangled states can be given
[36]
as

kgl
|

)= (111) +22) +33))/V3,

) = (|11) +e*™/3]22) +e*™/3(33)) /1/3,
) = (|11) +e*3(22) +-¢27/3(33)) /v/3,
)= (12) +123) + [31))/V3,

) = (/12) +2™3(23) +¢*73(31)) /v/3,
) =(/12)

)= ([13)

) =(/13)

) =(|13)

E:ﬁ

E;S

112) +e*7/3123) 4 e2™/3|31)) /V/3,

[13) +]21) +132))/V/3,

113) +e2™/3)21) +¢*1/3|32)) /V/3,

113) 4+ e*/3)21) +-e27/3|32)) /v/3.  (18)

QE

¥

|
¥

;,e

These states form the matrix M = {|¥}), |¥5),...,|¥)}, thus
we can get the expression of the global unitary operator U, =
MVT, which can help us obtain the minimum of mean coher-
ence and the maximum of mutual correlation. After simple
calculation, the effect of Uj is to transform the maximally co-

herent state p,7°*

into the maximally entangled state |} ) (¥} |.
Therefore, the mean coherence disappears and the mutual cor-
relation reaches the maximum 7Tp.x = 1. We say that all the

lost coherence migrate into correlation.

4. Coherence migration in open quantum sys-
tems

The dynamics of open quantum systems studies the in-
teraction between the quantum system and its surrounding en-
vironment. A common method to investigate the dynamics
of an open quantum system is to regard the principal system
and the interacting environment as a larger composite closed
quantum state, whose evolution can be described by a unitary
transform. >3] Suppose we have a principal quantum system
ps in d-dimensional Hilbert space, which is subjected to a
dynamical evolution. Meanwhile, we assume that {|ig)}} ,
is an orthonormal basis for the state space of environment,
which can be modeled in a Hilbert space of no more than
n (n < d*) dimensions. There is no loss of generality in as-
So that
P = |1g) (1g| represents the initial state of interacting environ-

suming that the environment starts in a pure state.

ment. The system-environment bipartite composite state is a

=ps ®[1g)(1g].
Assume that the global unitary operator acting on the com-

typical (d ® n)-dimensional product state pg,

posite state is denoted by U, whose specific form depends on
the actual physical situation and system-environment interac-
tion. Then the evolution state of the principal system can be
obtained by performing a partial trace over the environment,

ps (1) = Tre[U (ps ® |1E) (18] )U ZKpSK* (19)
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where K; = (ig|U|ig) is customarily known as the Kraus oper-
ator on the state space of the principal system, which satisfies
a normalization condition ) ; K; K; = L. Further, we can easily
obtain the evolution state of the environment and the compos-
ite state,
1) = ZTr(K,-psK,T) lie) (el, (20)
i,j
P (1 ZKpsK/®|lE><JE‘ 2
ij
There is no loss of generality in assuming that the principal
system is a general initial single qubit state p; = (I, +7-0) /2,
where o{0}, 02,03} denotes the vector of Pauli matrices, and
r{ri,r,r3} is the Bloch vector of the state with r; = Tr(p, 0;).
Meanwhile, the depolarizing channel is an important type of
quantum noise, which causes the qubit depolarizing with prob-
ability p. That is, it is replaced by the completely mixed state
/2, while the qubit is left untouched with probability 1 — p
The Kraus operators of the depolarizing channel are given by

\)1_7]127 K2 \/>61a
K3 = \/>Gz, K4\/>G3, (22)

where the probability p = 1 — e~ can be considered as a
time-dependent parameter to describe the strength of chan-
nel noise, and Y is the corresponding decay factor. There-
fore, we should assume that the environment is 4-dimensional,
and {|1g),|2g8),|3E),|4E)} is an orthonormal basis for the
state space of the environment. The system-environment state
Pse = Ps @|1E)(1g| is a (2®4)-dimensional bipartite compos-
ite state.

By use of Eqgs. (19) and (20), we can calculate the evolu-
tion states of principal system and environment as

ps(t) = {(1=p)ri,(1=p)r2,(1-p)rs}, (23)
pe(t) = %[(473p)|1><1\+p(|2><2|+|3><3\+|4><4I)
p(4=3p)(r1[1)(2|+r2|1) (3] +r3[1)(4])
—ipr3|2) (3|4 ipra|2) (4] — ipri|3) (4]
+(H.C)nondiag | (24)

where (H.c.)nondiag means the Hermitian conjugate of only
the nondiagonal terms. The analytical form of system-
environment evolution state pg (f) is too complex to express
conveniently. By Egs. (4a), (4b), (5), and (6), we can calculate
the first-order coherence for the evolution states of principal
system and environment, the mean coherence and the mutual

correlation as

D(1) = (1= p)*|r[*, (252)
Dg(1) =3—p(2—p) (3-1I7*), (25b)
D(t) = [3-3p2—p)+|r[*] /8, (25¢)
T(t)=[14+3p(2—p)+3|r*] /8. (25d)

From the the above equations, we can find that the first-
order coherence of the principal system D3(t) decreases from
the initial |r|? to 0, while the first-order coherence of the en-
vironment D (¢) decreases from 3 to |r|? with the increase of
time. Therefore, the mean coherence D(¢) also monotonically
decreases from the initial (34 |r|?)/8 to |r|*>/8. Meanwhile,
the mutual correlation 7 (¢) increases monotonously from the
initial (1+3|r|?)/8 to (44 3|r|*)/8. Note that we regard the
principal system and the interacting environment as a larger
composite closed quantum state, hence, the evolution of the
open quantum system can be described by a unitary transform.
Therefore, the conservation law for mean coherence and mu-
tual correlation is still satisfied, i.e., D+7 =P = (1+|r|?)/2.
It means that with the evolution of time, the reduced mean co-
herence is all transferred to the mutual correlation of the com-
posite state.

Assume that the initial principal system is a general sin-
gle qubit state with p, = 7{0.7,0.5,0.4}. The coherence as
a function of time-dependent parameter Yyt under the depo-
larizing channel is shown in Figs. 2(a) and 2(b). As can be
seen from Fig. 2(a), with the passage of time, the first-order
coherence of the principal system gradually decreases from
the initial 0.9 to 0, while the first-order coherence of the en-
vironment gradually decreases from the initial 3 to 0.9. We
notice from Figs. 2(a) and 2(b), although the first-order coher-
ence of the environment may exceed 1, the mean coherence
and mutual correlation of the open quantum systems are al-
ways within the range of [0, 1]. The changes of coherence and
correlation are completely symmetrical, and the center of sym-
metry is P/2 = 0.475.

3 1.0

3 (a) s os|® =
g 2 b2 g 06
I . £ 04
@) _ Dg O 0.2 — D
Y1 2 3 4 Y01 2 3 4
Yot Yot

Fig. 2. (a) The first order coherence of the principal system (red line) and en-
vironment (blue line), (b) the mean coherence (purple line), and the mutual
correlation (green line) as a function of time-dependent parameter Y under
the depolarizing channel (assume the initial state is p; = 7{0.7,0.5,0.4}).

5. Summary and discussion

In summary, we have generalized the framework of the
conservation law for first-order coherence and mutual corre-
lation to an arbitrary (m ® n)-dimensional bipartite composite
state by introducing an extended Bloch decomposition form
of the state. Then, we investigate coherence migration un-
der global unitary transformations in high-dimensional sys-
tems, and generalize two kinds of unitary operators, which can
help us obtain the maximum or minimum first-order coherence
when they act on the quantum states. Moreover, we take de-
polarizing channels as a typical example to discuss coherent
migration in open systems.

060308-5



Chin. Phys. B 31, 060308 (2022)

It is worth discussing that in order to describe the non-
classical correlation of bipartite composite systems, we gen-
eralize the definition of the mutual correlation between the
two subsystems in Ref. [24] as Eq. (6). The research on the
nonclassical correlation of bipartite composite systems is not
only that, but also the violation of the CHSH inequality, [*!]
the discord,”! the intrinsic concurrence,®! the nonlocal ad-
vantage of quantum coherence,?**!! and so on. These non-
classical correlations can be regarded as a useful quantum
resource.!*?! It is still an open problem to study the trans-
formation of coherent and other quantum resources in high-
dimensional systems. We expect that our paper would present
a useful idea to regulate the quantum resource for quantum
information processing.
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Appendix A

To prove that the global unitary operator V' can make
the high-dimensional bipartite composite state p,, obtain the
maximum accessible first-order coherence, we first consider
the pure state.
state P, = |Yan){

P, = Tre(|was)(Was|) and p, = Tra(|Was)(Was|). The pu-
rity of the subsystem A is the same as the subsystem B,[?>! and

For an arbitrary (d ® d)-dimensional pure

we assume that Tr(pi) = Tr(pg) = p. Therefore, the mean co-
herence can be calculated by
D%+D% 2dp-2
D(pag) = Ad2 B — 2 (Al)

Since the purity p satisfies the relation 1/d < p < 1, the max-
imal accessible first-order coherence occurs p = 1, i.e.,
2d -2

dr
There is a unitary operator U which acts on the pure state

Dmax = (AZ)

P.s = |WaB)(Wag| and transforms it into a separable state

pag =UpuUT = [wi)(wi| @ |yh)(wh|. The subsystems of
the separable state pj 5 are also pure states pj = |y, ) (Y} | and
pg = |Wh)(Wg|. Obviously, Tr(p?2) = Tr(pg) = 1, the mean
coherence of p) reaches the maximum D(pjp) = Dmax. In
other words, the separable pure states reach the maximum co-
herence Dpax. In particular, considering such unitary opera-
tor U = V7, the final state can be given as phg =Vip,,V =
[1a)(1a|®|18)(18].

For an arbitrary (d ® d)-dimensional mixed state p,, it
can be expressed as a probabilistic mixed form of its eigen-
= X2 v (vl where (wilw)) = .
Here, we use {x,y} and {x,yi} to represent the extended

states, i.e., P,y

Bloch vectors of the states p,, and its eigenstates |y) (i,
respectively. It is obvious that these Bloch vectors satisify the
relations x = Zzil Xxxr and y = ZZ; XxYx- Equations (4a)
and (4b) shows that the first-order coherence is only related
to the Bloch vectors, i.e., D(p,;) = (1/2d)(|z|* +|y|*) =
(1/24d) Zgi’:l XX (k- +yi-y;). Next, we consider the
final state pr which is formed by performing a global unitary

operator U,
d2
Pas =UPysUT = Y. 26l W/ i) (Wi, (A3)
k=1
where [y;) = Uly). Obviously the prue state

|y;) is the eigenvector of the final state p,p, since
WAV = (WIUTUIY = (W) = dw for all
and k.  Thus, the coherence of the final state pjp
can be given by D(phg) = (1/2d)(|2'|*+|y'|*) =
(1/2d) ZZj(/=1%klk/(w§<'w;</ + ¥, Yp)- This shows that the
coherence of the state p),p, is positively correlated with the co-
herence of these pure states {|y’ k}g;. According to the con-
dition of the pure state |Wap){Wap| achieving the maximum
coherence, one obtain that the state pj ; reaches the maximum
coherence if and only if these pure states {|y’ k>}z2 | are sep-
|yk|2

(2d —2)/d for all k). In particular, considering such unitary

arable (the condition can also be written as |avk|2

a 2
operator U = V7, these pure states {|y’;) }Zzl are exactly right
) =lia)®|j8) (i,j=1,2,...,d). Therefore,
the subsystems of the state p ; can be written as

ZZ%}+I ldllA lB|

i=1j=

i

So the maximal accessible first-order coherence can be ob-

separable, i.e.,

(Ada)

(A4b)

w\
|

7 Mg

]+(i71)d|jA> (Jnl-

tained by

Dmax =

BEp) Bt

e (AS)
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