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Nearfield acoustic holography in a moving medium is a technique which is typically suitable for sound sources iden-
tification in a flow. In the process of sound field reconstruction, sound pressure is usually used as the input, but it may
contain considerable background noise due to the interactions between microphones and flow moving at a high velocity. To
avoid this problem, particle velocity is an alternative input, which can be obtained by using laser Doppler velocimetry in a
non-intrusive way. However, there is a singular problem in the conventional propagator relating the particle velocity to the
pressure, and it could lead to significant errors or even false results. In view of this, in this paper, nonsingular propagators
are deduced to realize accurate reconstruction in both cases that the hologram is parallel to and perpendicular to the flow
direction. The advantages of the proposed method are analyzed, and simulations are conducted to verify the validation. The
results show that the method can overcome the singular problem effectively, and the reconstruction errors are at a low level
for different flow velocities, frequencies, and signal-to-noise ratios.

Keywords: nearfield acoustic holography, moving medium, particle velocity, nonsingular propagator
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1. Introduction
Nearfield acoustic holography (NAH)[1–4] is a powerful

acoustic imaging technique firstly introduced by Williams and
Maynard in 1980s. It allows sound source identification and
sound field visualization by backward or forward projecting
sound pressure or particle velocity measured over a surface in
the nearfield of sources.

Usually, the NAH technique is applied to the sources lo-
cated in a static medium. As for the sources located in a flow,
such as wind tunnel applications, the conventional implemen-
tation of NAH cannot be applied directly because of the flow
effects. In order to address this problem, Ruhala et al.[5,6] pro-
posed a new NAH procedure in a moving medium, including
two cases that the hologram is parallel to and perpendicular
to the flow direction. Due to the simplifying assumption that
the particle velocity perpendicular to the flow direction is not
influenced by the moving medium, the method is valid at low
Mach numbers (M < 0.2) but becomes inaccurate at higher
Mach numbers, leading to significant reconstruction errors.
In view of this, Kwon et al.[7] further proposed an improved
NAH procedure without any simplifying assumptions, making
it applicable to flows at arbitrary subsonic velocity. To realize
accurate reconstruction with a relatively small hologram aper-
ture, Kim et al.[8] proposed an improved statistically optimal
NAH procedure in a moving medium, and Dong et al.[9] devel-
oped a patch NAH in a moving medium based on sound field
extrapolation. Considering the reconstruction of nonstation-
ary sound field, Zhang et al.[10] proposed a NAH procedure
in a moving medium using the time-domain equivalent source

method, and Dong et al.[11] developed a real-time NAH in a
moving medium using derived convective impulse responses,
including two cases that the hologram plane is parallel to and
perpendicular to the flow direction.

In the above-mentioned NAH procedures in a moving
medium, sound pressure measured by microphones is taken
as the acoustic input. In fact, due to the interaction be-
tween the microphones and the flow, the measured signals
contain additional noise. For low Mach numbers, the inter-
action is limited and the noise can be effectively removed
by post-processing techniques.[7] However, for higher Mach
numbers, the additional noise and disturbances of the flow
pattern by an in-flow microphone array could yield signif-
icant reconstruction errors. To avoid this problem, Parisot-
Dupuis et al.[12,13] proposed a non-intrusive planar NAH pro-
cedure in a moving medium with the particle velocity as the
input, which can be measured by laser Doppler velocimetry.
As pointed out by Parisot-Dupuis et al., due to the singu-
lar problem of the wavenumber-domain velocity-to-pressure
propagator firstly derived by Kwon et al., real-space convec-
tive propagators are used instead to realize pressure recon-
struction from particle velocity. Since there is no real-space
velocity-to-pressure backward propagator, the reconstruction
is realized by two steps, where the particle velocity on the
hologram plane is firstly transformed to pressure by using the
velocity-to-pressure propagator, and then the pressure is back-
ward reconstructed by using the pressure-to-pressure propaga-
tor. In this procedure, the particle velocity gradient in the flow
direction has also to be known by finite difference method,
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thus the measurement interval should be relatively small to
ensure accuracy, and further it is difficult to realize reconstruc-
tion in the case that the hologram plane is perpendicular to the
flow direction. In order to realize sound field reconstruction
for sources with complicated geometry, Bi et al.[14] proposed
an equivalent source method-based NAH in a moving medium.
By establishing an analytical relationship between the normal
particle velocity on the hologram surface and the equivalent
source strength, the NAH procedure can also use the particle
velocity as the acoustic input. Due to the restriction that the
hologram surface should be parallel to the flow direction, this
method cannot realize reconstruction in the case that the holo-
gram surface is perpendicular to the flow direction.

To realize an accurate non-intrusive NAH procedure ap-
plicable to both the cases that the hologram plane is parallel
and perpendicular to the flow direction, a NAH procedure in
a moving medium based on particle velocity input using non-
singular propagator is presented. By virtue of Laplace trans-
form, new complex-frequency wavenumber-domain velocity-
to-pressure propagator without singular problem can be de-
rived. With the new propagator, the reconstruction procedure
can be implemented as the conventional NAH does, without
any other information needed, such as the particle velocity
gradient. Besides, two propagators corresponding to the par-
allel case and perpendicular case are obtained, and thus the
proposed method can realize the reconstruction with the two
cases accordingly.

This paper is organized as follows: The basic theory of
the proposed method is described in Section 2. Numerical sim-
ulations are conducted to test the performance of the proposed
method in Section 3. Finally, conclusions are summarized in
Section 4.

2. Theory
In the Cartesian coordinate, the convective wave equation

in a uniformly moving medium can be represented as[6]

1
c2

(
∂

∂ t
+𝑉 ·∇

)2

p(x,y,z, t) = ∇
2 p(x,y,z, t), (1)

where c, t and p represent the sound velocity in a static
medium, the emission time and the sound pressure, respec-
tively, 𝑉 represents the velocity of a moving medium, ∇2 de-
notes the Laplace operator defined as ∇2 = ∂ 2

∂x2 +
∂ 2

∂y2 +
∂ 2

∂ z2

and ∇ is defined as ∇= ∂

∂x 𝑖+
∂

∂y𝑗+
∂

∂ z𝑘, in which 𝑖, 𝑗 and 𝑘

represent the unit vectors in x, y and z directions, respectively.
According to the relationship of relative position between the
hologram plane and the flow direction, two cases that the holo-
gram plane is parallel to and perpendicular to the flow direc-
tion are analyzed, respectively. In the following, the hologram
plane is supposed to be in the x–y plane.

2.1. Parallel case

Assuming that the flow direction is in the positive x direc-
tion, Eq. (1) can be represented as

∇
2 p(x,y,z, t) =

1
c2

(
∂

∂ t
+V

∂

∂x

)2

p(x,y,z, t), (2)

where V is the amplitude of 𝑉 .
By using the Laplace transform

F(s) =
∫

∞

0
f (t)e−st dt, (3)

Eq. (2) can be expressed as

∇
2 p(x,y,z,s) =

1
c2

(
s+V

∂

∂x

)2

p(x,y,z,s), (4)

in which s = σ + iω denotes the variable in the complex fre-
quency domain, σ is the convergence factor and ω is the an-
gular frequency.

Then, by applying the three-dimensional Fourier trans-
form

F(kx,ky,kz) =
∫

∞

−∞

f (x,y,z)e i(kxx+kyy+kzz)dxdydz, (5)

Eq. (4) can be rewritten as

−(k2
x + k2

y + k2
z )P(kx,ky,kz,s) =

1
c2 (s− iV kx)

2P(kx,ky,kz,s),
(6)

and this equation further yields

k2
z =−

1
c2

[
(s− iV kx)

2 + c2(k2
x + k2

y)
]
. (7)

Substituting s = σ + iω into Eq. (7), it can be obtained as

k2
z =−

(
k2

x + k2
y
)
+

(ω−V kx)
2−σ2

c2 − 2σ(ω−V kx)

c2 i. (8)

It is known that, kz denoting the wavenumber component
in z direction is complex, and it can be generally represented
as

kz = kR + ikI, (9)

where kR and kI are constant, and denotes the real part and the
imaginary part respectively. Consequently, it obtains

k2
z = k2

R− k2
I +2ikRkI. (10)

On the basis of the relationship that the real parts and the
imaginary parts in Eqs. (8) and (10) should be equal corre-
spondingly, it yields k2

R− k2
I =−

(
k2

x + k2
y
)
+ (ω−V kx)

2−σ2

c2 ,

kRkI =
σ(V kx−ω)

c2 .
(11)

From Eq. (11), the specific expressions of kR and kI can be
deduced as  kR =

√
−a+
√

a2+b2

2 ,

kI =

√
a+
√

a2+b2

2 ,

(12)
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in which {
a = (k2

x + k2
y)+

σ2−(ω−V kx)
2

c2 ,

b = 2σ

c2 (ω−V kx) .
(13)

By substituting Eq. (12) into Eq. (19), the specific expression
of kz can be obtained.

Considering that the flow direction is in the positive x di-
rection and the hologram plane is in the x–y plane, the rela-
tionship between the pressure and the normal particle velocity
on the x–y plane can be deduced from the convective Euler’s
equation as[13]

ρ

(
∂

∂ t
+V

∂

∂x

)
uz(x,y,z, t) =−

∂

∂ z
p(x,y,z, t), (14)

where ρ is the density of the fluid medium, and uz refers to the
particle velocity in z direction.

By applying the Laplace transform and two-dimensional
spatial Fourier transform to Eq. (14), it yields

ρ(s− iV kx)Uz(kx,ky,z,s) = ikzP(kx,ky,z,s), (15)

in which kx, ky and kz represent the wavenumber components
in x, y and z directions, respectively, and P and Uz are the
spectra of the pressure and the particle velocity in z direction
in complex-frequency wavenumber domain, respectively.

Therefore, the spectra of the pressure and the normal par-
ticle velocity on the x–y plane can be related as

P(kx,ky,z,s) =
ρ(s− iV kx)

ikz
Uz(kx,ky,z,s). (16)

The relationship between the pressure spectrum on the re-
construction plane z= zr and that on the hologram plane z= zh

can be represented as

P(kx,ky,zr,s) = P(kx,ky,zh,s)e−ikz(zh−zr). (17)

By combining Eqs. (16) and (17), the pressure spectrum on the
reconstruction plane can be calculated from the particle veloc-
ity spectrum on the hologram plane, i.e.,

P(kx,ky,zr,s) =Uz(kx,ky,zh,s)GP(kx,ky,zh− zr,s), (18)

where

GP(kx,ky,zh− zr,s) =
ρ(s− iV kx)

ikz
e−ikz(zh−zr), (19)

is the convective velocity-to-pressure propagator for the paral-
lel case.

For comparison, the conventional convective velocity-
to-pressure propagator for the parallel case first derived by
Kwon et al. is given as[7]

G′P(kx,ky,zh− zr,ω) =
ρc(k−Mkx)

k′z
e−ik′z(zh−zr), (20)

in which k′z =
√

k2− (1−M2)k2
x −2kMkx− k2

y , k = ω/c is

the wavenumber and M =V/c is the Mach number.
It can be observed from Eq. (20) that, there is a singu-

larity on the radiation ellipse with k′z = 0, and this means
aliasing will occur from sampling of the conventional propa-
gator, resulting in reconstruction errors. As for the deduced
velocity-to-pressure propagator shown as Eq. (19), the de-
nominator ikz is a complex number that is easily proven
to be always non-zero, and thus there is no singularity any
more. That is to say, by using the Laplace transform in the
time domain instead of Fourier transform as the conventional
method does, the deduced propagator is presented in complex-
frequency domain rather than frequency domain, and the sin-
gular problem can be avoided. The comparisons of the two
propagators along kx = 7.27 and ky = 24.47 are shown in
Fig. 1. Here, the Mach number is 0.3, the measurement
intervals in x and y directions are 0.05 m, the propagating
distance is 0.06 m, the sampling frequency is 12.8 kHz and
the number of sampling points is 128. As for the conver-
gence factor σ , although Wilcox et al.[15] suggest an em-
pirical choice that equals to the angular frequency interval
∆ω , it needs to be selected according to the actual condition,
and in this paper σ is selected to be 0.1∆ω . From Fig. 1,
it can be observed that the conventional velocity-to-pressure
propagator presents singularity at some wavenumber compo-
nents, while the deduced propagator in the proposed method
is much smoother, which makes it easier to sample accurately
in practice. In fact, the singular problem was also noticed
for the velocity-to-pressure propagator in the static medium,
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Fig. 1. The comparisons of the two propagators along kx = 7.27 (a) and
ky = 24.47 (b).
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and an integrated average form of the propagator was proposed
to resolve the problem. However, there is no integrated form
of the convective propagator, which is pointed out by Parisot-
Dupuis et al. Thus, the proposed method provides another
effective way to avoid the singular problem analytically.

2.2. Perpendicular case

Assume that the flow direction is in the positive z direc-
tion, and Eq. (1) can be written as

∇
2 p(x,y,z, t) =

1
c2

(
∂

∂ t
+V

∂

∂ z

)2

p(x,y,z, t). (21)

By using the Laplace transform with respect to t, it yields

∇
2 p(x,y,z,s) =

1
c2

(
s+V

∂

∂ z

)2

p(x,y,z,s) . (22)

Then, take the three-dimensional Fourier transform with
respect to x, y and z, and Eq. (22) can be represented as

−(k2
x + k2

y + k2
z )P(kx,ky,kz,s) =

1
c2 (s− iV kz)

2P(kx,ky,kz,s).
(23)

From Eq. (23), the wavenumber component in z direction
for perpendicular case can be obtained as

kzN =
i Ms

c +
√
− s2

c2 − (1−M2)(k2
x + k2

y)

1−M2 . (24)

Substitution of s = σ + iω into Eq. (24) yields

kzN =
−Mk+M σ

c i + kn

1−M2 , (25)

in which

kn =

√
ω2−σ2

c2 − (1−M2)
(
k2

x + k2
y
)
− 2σω

c2 i. (26)

Due to the component in the root symbol is complex, it is nec-
essary to determine the specific expression of the root square.

Consider kn is complex, and it has the form

kn = knR + iknI, (27)

where knR and knI are the real part and imaginary part of kn,
respectively. Therefore, the square of kn can be represented as

k2
n = k2

nR +2iknRknI− k2
nI. (28)

Combining Eqs. (27) and (28) yields{
k2

nR− k2
nI =

σ2−ω2

c2 +
(
1−M2

)(
k2

x + k2
y
)
,

knRknI =−σω

c2 .
(29)

After some mathematical operations and combining the prop-
erties of sound wave propagation, the expressions of knR and
knI can be obtained as knR =

√
an+
√

a2
n+b2

n
2 ,

knI =

√
−an+
√

a2
n+b2

n
2 ,

(30)

where {
an =

ω2−σ
2

c2 −
(
1−M2

)(
k2

x + k2
y
)
,

bn =
2σω

c2 .
(31)

According to Eqs. (25), (27) and (30), the specific expres-
sion of kzN can be acquired consequently.

For the perpendicular case, the relationship between the
pressure and the normal particle velocity on the x–y plane can
be represented as

ρ

(
∂

∂ t
+V

∂

∂ z

)
uz(x,y,z, t) =−

∂

∂ z
p(x,y,z, t). (32)

Apply the Laplace transform and two-dimensional spatial
Fourier transform, and Eq. (32) can be rewritten as

ρ(s− iV kzN)Uz(kx,ky,z,s) = ikzNP(kx,ky,z,s). (33)

By combining Eqs. (17) and (33), the pressure spectrum
on the reconstruction plane and the normal particle velocity
spectrum on the hologram plane can be related as

P(kx,ky,zs,s) =Uz(kx,ky,zh,s)GN(kx,ky,zh− zr,s), (34)

in which

GN(kx,ky,zh− zr,s) =
ρ(s− iV kzN)

ikzN
e−ikzN(zh−zr) (35)

is the convective velocity-to-pressure propagator for the per-
pendicular case.

To illustrate the advantage of the deduced propagator bet-
ter, the conventional convective velocity-to-pressure propaga-
tor for the perpendicular case is given as[13]

G′N(kx,ky,zh− zr,ω) =
ρc(k−Mk′zN)

k′zN
e−ik′zN(zh−zr), (36)

where k′zN = [−Mk+
√

k2− (1−M2)
(
k2

x + k2
y
)
]/
(
1−M2

)
.

It can be observed that there is a singular problem for
G′N(kx,ky,zh− zr,ω) when k′zN = 0, while the problem can be
avoided for the deduced propagator GN(kx,ky,zh− zr,s), due
to the denominator ikzN is a non-zero complex number which
is easy to be proven. The comparisons between the conven-
tional convective velocity-to-pressure propagator and the de-
duced one are shown in Fig. 2. Here, the simulation parameter
settings are the same as those in the parallel case. The results
show that the deduced propagator can effectively suppress the
singularity at some wavenumber components corresponding
to k′zN = 0, and the magnitude of the deduced propagator at
other wavenumber components are very close to those of the
conventional propagator.

With the help of the above deduced propagators, the NAH
procedure using the particle velocity as input without singular
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problem can be realized, including both cases that the holo-
gram plane is parallel to and perpendicular to the flow direc-
tion. The procedure is basically the same as the conventional
NAH procedure. It is worthwhile to note that, to obtain the re-
constructed pressure, the inverse Laplace transform and the in-
verse two-dimensional Fourier transform should be applied to
the pressure spectrum. Furthermore, to restrain the noise com-
ponents, the wavenumber-domain convective low-pass filter[7]

is used in the reconstruction process.
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Fig. 2. The comparisons of the two propagators along kx = 15.21 (a) and
ky = 21.83 (b).

3. Numerical simulations

In this section, numerical simulations are carried out
to test the performance of the proposed method. The
sound source consists of two monopoles located at S1 =

(0.1 m,0.1 m,0 m) and S2 = (−0.1 m,−0.1 m,0 m). The
hologram plane and the reconstruction plane are located at
zh = 0.06 m and zr = 0 m, respectively. The dimension of the
hologram plane is 0.55 m×0.55 m with 12×12 measurement
points, corresponding to a measurement spacing of 0.05 m.
By considering the parallel and perpendicular cases, the flow
direction is assumed to be in the positive x direction and z di-
rection, respectively. At first, the frequency of 1500Hz is an-
alyzed, and the Mach number is set to be M = 0.3, roughly
corresponding to the velocity of high-speed train. To simulate
the practical measurement conditions, Gaussian white noise
with the signal-to-noise ratio (SNR) of 30 dB is firstly added
to the measured particle velocity. The convective velocity po-
tential at 𝑟 = (x, y, z) radiated from each monopole source is

given as

Φ(𝑟) =
A

4πR1
e ik[R1−M(x−x0)]/β 2

, (37)

where R1 =
√
(x− x0)2 +β 2[(y− y0)2 +(z− z0)2], β =√

1−M2, 𝑟0 = (x0, y0, z0) are the monopole source coordi-
nates, and the constant A is set to be A = 10−3. Based on
the convective velocity potential, the particle velocity compo-
nent in z direction and pressure at 𝑟 = (x, y, z) can be obtained
as[13]

uz (𝑟) = ∂Φ (𝑟)/∂ z, (38)

p(𝑟) =−ρ

(
−iω +V

∂

∂x

)
Φ(𝑟), (39)

in which uz represents the particle velocity component in z di-
rection, i.e., in the direction normal to the hologram plane. The
sampling frequency is set to be 12.8 kHz, and the number of
sampling points is 128. To reduce the wraparound errors asso-
ciated with the two-dimensional spatial Fourier transform, the
particle velocity on the hologram plane is zero padded, and the
size after zero-padding is eight times of the size of the holo-
gram plane.

In order to illustrate the proposed method better, the con-
ventional NAH procedure in a moving medium presented in
Ref. [7] are also used to realize the reconstruction, and the
comparisons between this method and the proposed method
are performed. The reconstructed and theoretical pressures on
the reconstruction plane zr for the parallel case are shown in
Fig. 3, while the results for the perpendicular case are shown
in Fig. 4. From Fig. 3, it can be observed that although the
two monopoles can be identified by the proposed method and
the conventional method, the differences between the recon-
structed results by the conventional method and the theoreti-
cal ones are apparently larger than those between the results
by the proposed method and the theoretical ones. From Fig. 4,
it can be seen that the pressure reconstructed by the conven-
tional method significantly deviates from the theoretical ones,
while the pressures reconstructed by the proposed method are
in good agreement with the theoretical ones. For quantitatively
describing the reconstruction accuracy, the reconstruction er-
ror is defined as

e =

√
N

∑
i=1

(
∣∣pt

i

∣∣− ∣∣pr
i

∣∣)2

/√
N

∑
i=1

∣∣pr
i

∣∣2×100%, (40)

where N represents the number of reconstruction points, pt
i is

the theoretical pressure, and pr
i is the reconstructed pressure.

The reconstruction errors by the conventional method and the
proposed method are 29.38% and 12.75% for the parallel case,
respectively, while the reconstruction errors are 30.52% and
10.46% for the perpendicular case, correspondingly. There-
fore, the performance of the conventional method is not as
good as that of the proposed method, and this is because
the conventional method is affected by the singular problem.
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Here, the minimum magnitudes of the wavenumber compo-
nent in z direction for the conventional propagators and the
proposed ones are calculated, which can indicate the singular-
ity. The values are 0.09 and 2.81 for the parallel case, respec-
tively, and the values are 0.16 and 0.75 for the perpendicular
case, respectively. Obviously, the values for the conventional
propagators are close to zero in both cases, which could result
in singular problem, while the values for the proposed prop-
agators are much larger, which can effectively suppress the
singularity.
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Fig. 3. The pressures on the reconstruction plane for the parallel case at
1500 Hz: the theoretical pressure (a), the reconstructed pressure by the
conventional method (b), and the reconstructed pressure by the proposed
method (c).
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Fig. 4. The pressures on the reconstruction plane for the perpendicular case
at 1500 Hz: the theoretical pressure (a), the reconstructed pressure by the
conventional method (b), and the reconstructed pressure by the proposed
method (c).

In the following, to analyze the influences of the flow ve-
locity to the reconstruction results, the reconstruction errors at
a variety of Mach numbers are calculated. The effective flow
velocity for analysis is related to the analyzed frequency and
the measurement spacing. The parameters other than Mach
number are the same as above. According to Eq. (30) in
Ref. [7], under the current setup, the range of Mach number
is determined to be from 0 to 0.5, with an interval of 0.05.
The reconstruction errors at different Mach numbers for the
parallel case and perpendicular case are shown in Fig. 5.

For the parallel case, as shown in Fig. 5(a), it can be seen
that the reconstruction errors by the proposed method are at
a low level (within 15.6%) and stable at different Mach num-
bers. In contrast, although the reconstruction errors by the
conventional method are similar to the errors by the proposed
method at most Mach numbers, it is unstable and has a sud-
den increase at M= 0.3, where the error is almost two to three
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Fig. 5. The reconstruction errors at different flow velocities by the proposed
method (solid line) and by the conventional method (dashed line) for the
parallel case (a) and perpendicular case (b).

times that at other Mach numbers. The reason is that the singu-
larity at M= 0.3 is much stronger than the singularity at other
Mach numbers, leading to larger reconstruction errors. For
the perpendicular case, from Fig. 5(b) it can be found that,
the reconstruction errors by the proposed method are satis-
factory and stable, less than 12.5% in the range of the ana-
lyzed Mach numbers. However, the reconstruction error by
the conventional method increases rapidly as the flow veloc-
ity increases, which is also caused by the singular problem.
The minimum magnitudes of the wavenumber component in
z direction for the conventional propagators and the proposed
ones at the analyzed Mach numbers are shown in Fig. 6. It
can be found from Fig. 6(a), in the parallel case, the value
for the conventional propagator at M = 0.3 is much closer to
zero than those at other Mach numbers, resulting in singular
problems, which is consistent with the results of reconstruc-
tion errors. From Fig. 6(b), in the perpendicular case, it can be
seen that the value for the conventional propagator decreases
as the Mach number increases, especially the values at Mach
numbers greater than 0.2 are close to zero, leading to larger
reconstruction errors. In addition, it can be observed that the
reconstruction error by the conventional method in the perpen-
dicular case is seemingly more sensitive to the singularity than
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that in the parallel case. This is presumably due to that in NAH
procedure the normal particle velocity on the hologram plane
is used as the input, and that the particle velocity in the flow
direction is more affected by the flow effects than the particle
velocity in directions perpendicular to the flow direction. It
is concluded that the reconstruction errors by the conventional
method can be amplified at different flow velocities, while the
reconstruction errors by the proposed method can keep stable
at a low level, whether in the parallel case or the perpendicular
case.
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Fig. 6. The minimum magnitudes of the wavenumber component in z di-
rection at different Mach numbers for the proposed method (solid line) and
conventional method (dashed line) in the parallel case (a) and perpendicular
case (b).

Furthermore, the performance of the proposed method
and the conventional method at different frequencies are tested
when M = 0.3. The flow effects will change the effective fre-
quency range for NAH. According to Eqs. (45) and (46) in
Ref. [6], here the analyzed frequency range is determined to
be from 400 Hz to 2500 Hz, with an interval of 100 Hz. The
reconstruction errors by the proposed method and the conven-
tional method at different frequencies for the parallel case and
perpendicular case are presented in Fig. 7.

500 1000 1500 2000 2500

Frequency (Hz)

0

10

20

30

40

E
rr

o
r 

(%
)

Proposed method

Conventional method

500 1000 1500 2000 2500

Frequency (Hz)

0

50

100

150

200

E
rr

o
r 

(%
)

Proposed method
Conventional method

(a)

(b)

Fig. 7. The reconstruction errors at different frequencies by the proposed
method (solid line) and by the conventional method (dashed line) for the
parallel case (a) and perpendicular case (b).

As shown in Fig. 7(a), for the parallel case, it can be seen
that the reconstruction errors by the proposed method are sta-
ble and at a low level, within 16.9% in the analyzed frequency
range. Comparatively, the reconstruction errors by the con-
ventional method have considerable increases at 500 Hz and
1500 Hz, due to that the singularity at these two frequencies
is much stronger than that at other frequencies. For the per-
pendicular case, from Fig. 7(b), it can be observed that the
reconstruction errors by the proposed method keep stable, less
than 15.3% at different frequencies. However, the reconstruc-
tion errors by the conventional method have severe fluctua-
tions, and the reconstruction errors at some frequencies are
close to or exceed 100%, such as 602.56% at 1100 Hz and
332.78% at 2400 Hz. It should be noted that, to make the lines
in the figure clearer, the errors are only displayed within 200%.
The minimum magnitudes of the wavenumber component in z
direction for the conventional propagators and the proposed
ones at the analyzed frequencies are shown in Fig. 8. It can
be observed that the values at some frequencies are close to
zero in both parallel case and perpendicular case, which indi-
cates that there are greater reconstruction errors at these fre-
quencies due to singular problems. In fact, as for the cases
with large errors, the reconstruction results will be completely
wrong, which means the conventional method would be in-
valid at these frequencies. The reconstructed pressures on the
reconstruction plane by the proposed method and the conven-
tional method for the perpendicular case at 1300 Hz are shown
in Fig. 9.

024303-7



Chin. Phys. B 31, 024303 (2022)

500 1000 1500 2000 2500

Frequency (Hz)

0

1

2

3

4
Proposed method

Conventional method

500 1000 1500 2000 2500

Frequency (Hz)

0

0.5

1.0

1.5
Proposed method

Conventional method

k
z
 (
m

-
1
)

k
z
 (
m

-
1
)

(a)

(b)

Fig. 8. The minimum magnitudes of the wavenumber component in z direc-
tion at different frequencies for the proposed method (solid line) and con-
ventional method (dashed line) in the parallel case (a) and perpendicular
case (b).
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Fig. 9. The pressures on the reconstruction plane for the perpendicular case
at 1300 Hz: the theoretical pressure (a), the reconstructed pressure by the
conventional method (b), and the reconstructed pressure by the proposed
method (c).

From Fig. 9, it can be seen that the sound field distribution
on the reconstruction plane by the conventional method is to-
tally different from the theoretical one, and the two monopoles
cannot be recognized any more. In contrast, the pressure re-
constructed by the proposed method agrees with the theoreti-
cal one very well, including the sound field distribution and
the amplitude level. The reconstruction errors by the pro-
posed method and the conventional method are 7.33% and
135.95%, respectively. The reason for this phenomenon is that
there is a strong singularity for the conventional method, while
the singularity can be effectively suppressed for the proposed

method. To illustrate it better, the conventional velocity-to-
pressure propagator and the proposed one along ky =−0.6614
are given in Fig. 10. It can be found that there are two singular
points for the conventional propagator along ky = −0.6614 ,
where the magnitudes are up to 0.77× 106, while the magni-
tudes at the same points are 1.4× 104 for the proposed prop-
agator. That is to say, the magnitudes at the two points for
the proposed method is smaller than that for the conventional
method by nearly two orders. Therefore, the proposed method
can realize an accurate reconstruction.
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Fig. 10. The conventional and proposed propagators for the perpendicular
case at 1300 Hz along ky =−0.6614.

To examine the influence of background noise, the perfor-
mance of the proposed method and the conventional method
under condition of different SNRs are conducted. Here, the
SNR spans from 0 dB to 30 dB, with an interval of 5 dB. The
Mach number is set to be 0.3, and the frequency is 1500 Hz.
The reconstruction errors by the proposed method and con-
ventional method with the analyzed SNRs for parallel case and
perpendicular case are given in Fig. 11. It can be observed that
although the reconstruction errors by the conventional method
can keep relatively stable under the condition of SNRs higher
than 10 dB, the reconstruction error increases apparently for
SNRs lower than 10 dB in both parallel case and perpendic-
ular case. In contrast, the reconstruction errors by the pro-
posed method is insensitive to noise in the range of the an-
alyzed SNRs, and the errors are at a low level (within 14%)
for both the parallel case and perpendicular case. The rea-
son is that the background noise is not over-amplified by the
proposed method in reconstruction process, since the singular
problem associated with extremely high magnitudes of con-
ventional propagators at some wavenumber components are
suppressed effectively, and the wavenumber-domain convec-
tive low-pass filter is used as well.

Based on the above analysis in this section, it can be
found that the singular problem could result in significant re-
construction errors for the conventional method in both par-
allel case and perpendicular case, although sometimes the re-
construction errors by the conventional method are similar to
those by the proposed method when the singularity is weak.

024303-8



Chin. Phys. B 31, 024303 (2022)

The singularity is related to the flow velocity and the fre-
quency, and in practice it is difficult to predict and avoid the
singularity for the conventional method. Owing to the de-
duced nonsingular velocity-to-pressure propagators, the pro-
posed method can realize accurate reconstruction, whether in
the parallel case or the perpendicular case.
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Fig. 11. The reconstruction errors at different SNRs by the proposed method
(solid line) and conventional method (dashed line) for the parallel case (a)
and perpendicular case (b).

4. Conclusions
NAH in a moving medium based on particle velocity

input using nonsingular propagator is presented in this pa-
per, to realize accurate sound field reconstruction in a mov-
ing medium, such as wind tunnel applications. Two cases that
the hologram plane is parallel to and perpendicular to the flow
direction are analyzed. By virtue of the Laplace transform
and the spatial Fourier transform, two nonsingular velocity-to-
pressure propagators in complex-frequency wavenumber do-
main are derived, corresponding to the parallel case and per-
pendicular case. Due to the deduced propagators are presented

in the complex-frequency domain instead of the frequency do-
main, the denominators of the propagators are always non-
zero, and thus the singular problem can be resolved. Numeri-
cal simulations are conducted to examine the effectiveness and
validity of the proposed method, and the conventional method
is also performed for comparison. The reconstruction results
show that the singular problem could result in significant er-
rors for the conventional method, especially for the perpen-
dicular case, the reconstruction results could be completely
wrong. In contrast, the proposed method can realize accu-
rate reconstruction at different Mach numbers, frequencies and
SNRs, whether for the parallel case or the perpendicular case,
which shows the proposed method is stable and valid. In ad-
dition, the selection criteria of convergence factor for NAH is
worthwhile to be studied further, and the relevant researches
will be done in the future.
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