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Having a large number of timely donations during the early stages of a COVID-19 breakout would normally be con-
sidered rare. Donation is a special public goods game with zero yield for donors, and it has the characteristics of the
prisoners’ dilemma. This paper discusses why timely donations in the early stages of COVID-19 occurred. Based on the
idea that donation is a strategy adopted by players during interconnection on account of their understanding of the environ-
ment, donation-related populations are placed on social networks and the inter-correlation structures in the population are
described by scale-free networks. Players in donation-related populations are of four types: donors, illegal beneficiaries,
legal beneficiaries, and inactive people. We model the evolutionary game of donation on a scale-free network. Donors,
illegal beneficiaries and inactive people learn and update strategies under the Fermi update rule, whereas the conversion
between legal beneficiaries and the other three types is determined by the environment surrounding the players. We study
the evolution of cooperative action when the agglomeration coefficient, the parameters of the utility function, the noise
intensity, the utility coefficient, the donation coefficient and the initial states of the population on the scale-free network
change. For population sizes of 50, 100, 150, and 200, we give the utility functions and the agglomeration coefficients
for promoting cooperation and study the corresponding steady states and structural characteristics of the population. We
identify the best ranges of the noise intensity K, the donation coefficient ¢ and the utility coefficient § for promoting co-
operation at different population sizes. Furthermore, with the increase of the population size, the donor traps are found.
At the same time, it is discovered that the initial states of the population have a great impact on the steady states; thus the
upper and lower triangle phenomena are proposed. We also find that the population size itself is also an important factor for
promoting donation, pointing out the direction of efforts to further promote donation and achieve better social homeostasis

under the donation model.

Keywords: donation, public goods game, evolutionary game, scale-free network
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1. Introduction

On January 23, 2020, Wuhan was closed down for 76
days for pneumonia caused by COVID-19. At the early stage
of the pneumonia, the medical equipment used for COVID-19
treatment was in serious shortage, and there was also a tempo-
rary shortage of general goods. It was at this time that a large
number of donations including medical devices, protective de-
vices, daily necessities, basic living materials and money were
provided. Many donations were spontaneous and even anony-
mous. The phenomenon of voluntary donation is rare in nor-
mal society. Donation seems to be an irrational action, so
how did this massive donation happen during the closure of
Wuhan?

Donation can be regarded as a special form of the multi-
subject public goods games; its particularity is manifested in
the fact that the yield of the public goods for suppliers is zero,
and donation only produces income to individuals other than
the suppliers.l'=3] From a rational point of view, the multi-
subject public goods game is the prisoner dilemmas’ game,
and so naturally donation is also the prisoners’ dilemma game.
We refer to the action of providing supply in the multi-subject
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public goods game as the “cooperative action”.!*! Under com-
plete rationality, the irrational action of cooperation in a multi-
subject public goods game is impossible and cooperative ac-
tion is unlikely to arise. However, in reality, especially during
the closure of Wuhan in 2020, a large number of donation (co-
operative action) occurred naturally. We speculate that this
irrational cooperative action arises from the continuous learn-
ing and evolution of the population on social networks under
finite rationality.

Donation is affected by the strategies of neighbors, and
this mutual relationship structure between players in the pop-
ulation constitutes a social network.>~1% Due to limits im-
posed by geographical factors, players in society can not have
the same opportunity to contact and communicate, and each
player’s ability to connect with other players is also different.
The more contacts that a player has with others, the more eas-
ily they affect other players in society. The few players that are
associated with a great number of others can be very influen-
tial. Bearing in mind these properties of social networks, this
paper considers the donation model on complex networks. It is
generally believed that the properties of social networks such

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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as these can be characterized by scale-free networks, which are
a type of complex networks. As a part of the generation pro-
cess, the new nodes added to the network are connected to the
original nodes with some probabilities, which is directly pro-
portional to the degrees. The scale-free network has sufficient
heterogeneity because the numbers of players’ neighbors are
different, and the players joining later are randomly connected
according to the degree distribution of the existing players.

This paper suggests that there are four possible strategies
or types of players in the social network. Players have four
strategies: donation, corruption, disaster and inaction. These
strategies correspond, respectively, to four types, donors, il-
legal beneficiaries, legal beneficiaries, and inactive people.
Donors donate free of charge. Illegal beneficiaries represent
institutions or individuals who embezzle medical or essential
materials during the course of epidemics. Legal beneficiaries
represent victims of epidemics. Inactive people neither donate
nor benefit.

The strategy or type of a player in a social network de-
pends upon her strategy update rules under finite rationality,
and the strategy update rule is based on her learning rule or
is influenced by the overall environment. There are less bar-
riers to changing their strategies among those not in the epi-
demic, i.e., donors, illegal beneficiaries, and inactive people.
If a donor, for example, finds that her neighbor who chooses
inaction gains more, then she may update her strategy with a
certain probability and become an inactive person. However,
updating strategies depends not only on the will of the player,
but more on the types of her neighbors. If a legal beneficiary
isin a very serious epidemic, then it is most likely that she will
continue to be a victim. Correspondingly, even if a player does
not want to be caught in the epidemic, she is highly likely to
be infected if she has many infected neighbors. Thus donors,
illegal beneficiaries and inactive people update strategies by
the Fermi update rule. When the proportion of donors among
the neighbors of a legal beneficiary reaches a certain thresh-
old, the legal beneficiary’s income can naturally be enough to
bring her out of trouble. At this time, the legal beneficiary will
choose the strategy that is most common among her neighbors.
Meanwhile, when the proportions of legal beneficiaries among
the neighbors of donors, illegal beneficiaries, or inactive peo-
ple reach certain thresholds, these three types will convert into
legal beneficiaries. Otherwise, they can only update strategies
under the Fermi update rule among themselves. The renewal
of players’ strategies at each time step determines the state of
the entire population at that time, and this is the evolution of
population states under the players’ strategy updating rules. In
this paper, we study the results of the dynamic evolution of a
special public goods game on the scale-free network.

What follows is a review of the previous classical litera-
ture from four aspects: games, donation, scale-free networks
and the cooperative evolution on scale-free networks. The

analysis of the four-strategy donation evolution game on the
scale-free network is an innovation.

Game theory provides a widely applicable theoreti-
cal framework for studying interactions between players or
groups.[!I=14! Evolutionary game is developed from game the-
ory, combines the game theory and the dynamic evolution
process, and studies the dynamic balance of populations in

(15.16] Tn many theoretical models, the public goods

evolution.
game (PGQG) is a general model that can illuminate multi-
player decision-making action.!!”! The dilemma of public land
tragedy cannot be avoided without any interference mecha-
nisms in the typical public goods game model.

Early researchers used experimental methods to con-
firm the impact of different family backgrounds on donation.
Dawes et al. and Van de Kragt et al. successively used the ex-
perimental method to verify the authenticity of the above cases
in a simulated experimental environment.!'8) After studying
numerous donation game experiments, Bagnoli and Lipman
raised the question of donor incentives, and asked whether
the donor had at least one constant incentive for her contin-
uous donation, thus maximizing the group gain. In a later
study, Bagnoli further confirmed that the number of donations
gradually tended to a dynamic equilibrium.!"®! Chaudhuri fo-
cused on donation game experiments after 1995 and focused
on failed experiments. In a large number of failed experiments,
the hitchhiking effect emerged as a very important factor. [>]
Similarly, there are many studies on altruism. Experiments
by Wilkinson showed that unrelated bats exchanged blood
with each other in captivity.[?!! Some studies have highlighted
the importance of friendliness in solving social difficulties. !
Wang et al. found that reducing anonymity could effectively
promote cooperation, thereby bringing higher returns to col-
laborators, and thus inhibition ultimately favored betrayal.[?*!
At present, there is still very little research on donation moti-
vation in China, and those that exist are mainly in the form of
standardized research and questionnaire surveys.

Studies on complex networks are currently very
popular.?#261 Barabasi and Albert presented a scale-free
network model (BA) satisfying the power-law distribu-
tion, and proposed two generative mechanisms (growth and
preference).l?’! Scale-free networks are typically heteroge-
neous networks, characterized by different degrees of nodes.
These scale-free networks can be both robust and fragile.282°]
Holme and Kim studied and proposed models capable of
regulating the agglomeration coefficient of networks, and
through which they were able to generate a scale-free network
with tunable agglomeration coefficients.** Anna Brodio and
Clauset devised a statistical method to test whether networks
obey scale-free properties. They performed rigorous tests for
nearly 1000 networks to conclude that scale-free networks are
not universal in the real world.3!! Subsequently, Barabsi also
responded to the challenge on Barabdsi Lab. The degree dis-
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tributions of many (or even the large majority of) large-scale
networks have long tail features, where the degrees of a small
number of nodes are relatively large. In other words, scale-
free networks are indeed very common if they are defined as
networks with long-tail degree distribution.

Network reciprocity is an important mechanism for pro-
moting cooperation.*?l Nowak and May believed that col-
laborators on networks are able to form close clusters to
defend against the betrayal of invaders. Since then, net-
works have become an important tool for researchers explor-
ing cooperation.!” Santos er al. investigated the effects of so-
cial diversity on cooperative evolution in the BA scale-free
network, and found that the structures of heterogeneous net-
works could facilitate cooperation to a higher degree than
those of regular networks. 33! Gardene et al. also investigated
the evolution of cooperation under the prisoner’s dilemma
game model in scale-free and ER stochastic networks.3*! Perc
and Szolnoki considered scaling factors with uniform, expo-
nential, and scale-free distributions, thus distinguishing the ef-
fects of three different aspects of social diversity on cooper-
ation in the spatial prisoner’s dilemma game.*> Rong et al.
investigated the effects of correlations of degrees on the evo-
lution of cooperation in scale-free networks, and found that
cooperators with greater degrees could support each other to
jointly defend against betrayal.!*®! Xu et al. found that in addi-
tion to cooperative and betrayal strategies, blackmail strategies
could form a stable alliance structure with cooperative strate-
gies and together resist the invasion of betrayal strategies. 7]
Assenza et al. investigated the promoting effect'3®! of cluster-
ing on the evolution of cooperative action on scale-free net-
works. Du et al. studied the effects of asymmetric cost on
the cooperative behavior in the snowdrift game on scale-free
networks.*! Li et al. introduced a return redistribution mech-
anism, interpreted as compassion that facilitated the evolution
of cooperation. 40!

As mentioned earlier, researches on donation have usu-
ally been conducted in the form of experiments, and the topic
of cooperation on networks is usually modeled with external
mechanisms in a prisoners’ dilemma or simply considers the
impacts of network structures on cooperation. However, do-
nation, as a special public goods game with zero income for
cooperators, has its own characteristics, and is also worth us
building models on scale-free networks for analysis. There-
fore, this paper builds a four-strategy evolutionary game model
on a scale-free network to study donation in the epidemic,
which is a fusion of those researches fields mentioned above.
Each player in this model has four strategies, thus we divide
them into four types based on whether they pay costs for do-
nation, whether they benefit from the allocation of donations,
and whether they get utilities from victims. Then we calculate
the benefits of each player in combination with networks. In
addition, phase diagrams of two parameters is mostly studied

at home and abroad. This paper innovatively introduces the
expression of the steady-state equilibrium under three param-
eters.

The second part of this paper introduces our theoretical
model, which is primarily the donation model and its evo-
lution on the scale-free network; the third part discusses the
evolutionary dynamics and its robustness under different pa-
rameters. At last, this paper concludes and gives the realistic
significance of the model, clarifies our limits and raises future
work.

2. Donation model on the scale-free network and
its evolution

2.1. Scale-free network

Here N is the number of players in the population,
namely, the number of nodes in the network; Py is the set
of players, and also the set of nodes in the network; E is the
connection between these nodes. The scale-free network can
be represented as G = (Py, ;|i € Py), and each node i repre-
sents each player 7 in the population, while €2; represents the
neighbors of the player i, Q; = {j|j € Py, (i, j) € E}. Defining
N different groups in the scale-free network, each including
player i and her k; neighbors, k; = |Q;|,i € Py, the groups can
be represented as {i} U ;. The sizes of these groups are dif-
ferent and the number of neighbors of each player fluctuates
around the average connectivity of scale-free networks. The
probability that a player has k neighbors follows the power
law P(k) ~ k=7, 2 <y < 3. Each player i participates in k; + 1
group games, and the central players participate in much more
group games.

The following is a simple overview of generating BA

scale-free networks: [27)

(i) Growth: Start with a fully-connected network with my
nodes. Add one node to the network each time, and se-
lect m nodes existing for connection, where m < my.

(i1) Preference connection: When the new node selects
nodes existing for connection, the probability that the

node i is selected is I'; = i
Ljkj

(iii)) Repeat steps (i) and (ii), and after N —my steps, get a net-
work with N nodes and m(N — my) +A,2no edges, where
A,zn0 is the permutation of 2 nodes from mp nodes.

In this paper, mp = 3 and the initial network is fully con-
nected. m = 2 means when the new node joins she selects
two existing nodes to connect. The new node is connected to
the neighbor of the selected node with probability ¢, or it is
connected according to the connection mechanism of the BA
model with probability 1 —¢g. The value of the agglomeration
coefficient g represents the agglomeration level of the scale-
free network, and the greater the value, the higher agglomera-
tion level of the network.
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2.2. The donation model on the scale-free network

After building the BA scale-free network, we want to
combine the public goods game with the network. The dona-
tion model on scale-free networks focuses on how each player
updates strategies, thus leading to the evolution of the popula-
tion and facilitating donation.

At each round, every player in the population is a
donor, an illegal beneficiary, a legal beneficiary, or an in-
active person, and the population states p' = {p.,pl,pi},
ph = 1—pL—pi—pl, where p.,pl, p|, p, are the proportions
of donors, illegal beneficiaries, legal beneficiaries and inactive
people in round ¢.

In round #, the player i plays k; + 1 games in the k; + 1
groups centered on {i} U £;, and adopts the same strategy.
After completing each round, the player i calculates her to-
tal gain, f;(¢). If the player is a donor, she will pay ¢ for each
of the k; + 1 groups. Her total cost is (k; + 1)c in round .

As shown in Table 1, x; denotes whether player i pays c in
the donation game. x; = 1 when i is a donor, and x; = 0 when

N
r ( )y Ajhxhc—l—xjc)
h=1

i is other types. y; denotes whether player i benefits from the
allocation of donations. y; = 1 when i is a beneficiary, other-
wise, y; = 0. z; denotes whether player i obtains utilities from
the benefits of legal beneficiaries. z; = 1 when i is a donor or
an illegal beneficiary, and z; = 0 when i is an other types.

Table 1. Income components.

Type Cost (x)  PGG benefit (y)  Utility (z)
Donor 1 0 1
Illegal beneficiary 0 1 1
Legal beneficiary 0 1 0
Inactive person 0 0 0

According to the ideas proposed by Brandt and
Sigmund,*'1 and extended researches by Wang et al.'*?! and
Szolnoki and Perc,*3 this paper combines with scale-free net-
works and then obtains formulas (1)—(3) and (5), which are
benefits of legal beneficiaries, donors, illegal beneficiaries, and
inactive people, respectively. Then the benefit of a legal bene-
ficiary i in round ¢ is f (1),

fil) =

N

N
LA
L

J

Here A;; is the adjacency matrix of the network. A;; =Aj;; =1
if i and j are connected; otherwise, A;; =0, and A;; = 1. ris
the synergistic coefficient and r > 1.

The benefit of a donor i in round 7 is f7(¢),

N N
@) =U. (ZAU' ZAthh(t)> —gic,
h=1

j=1
-

The former term of formula (2) is utilities that the donor ob-

fi(#), if i is a legal beneficiary,
0, otherwise.

2

tains from legal beneficiaries among her neighbors and her
neighbors’ neighbors. The latter term is the cost the donor

N
+al Y A

kj _hglAjhxh —hZ Ajn(L=xp)(1 = yn) +yj—x;

ey

N

=1

pays in donation games centered on her and her neighbors.
In each round, as long as there is a beneficiary in the donor’s
group, the donor will pay c in this group to donate. g repre-
sents the number of groups where donor i donates. Although
the donor donates in groups having legal beneficiaries or il-
legal beneficiaries, her utilities depends only on the incomes
of legal beneficiaries. When a legal beneficiary belongs to the
group centered on donor i as well as the groups centered on
i’s neighbors, then donor i cannot repeat the utilities from the

legal beneficiary.

The benefit of an illegal beneficiary i in round # is f3(z),

N
r ( Y Ajhxhch —|—XJ'C]')
h=1

N N
f(t) = BUq <ZAij ZAthh(f)>
s R |

The first item in formula (3) is the utilities from the benefits
of legal beneficiaries among i’s neighbors and her neighbors’
neighbors, which can be explained by the subjective and objec-
tive benefits that institutions and individuals embezzling med-
ical supplies derive from the control of the outbreak. The lat-
ter item in formula (3) is the incomes from donations which
can be understood as institutions and individuals disguised as

transit platforms or people affected by the epidemic can obtain

3

N

. N
=tk —hZIAjhxh _hZIAjh(l —xp)(1=yn) +yj —x;

donations and profit from them.

The o is the the donation coefficient of illegal beneficia-
ries and o > 0. f is the utility coefficient, § > 0. The donation
coefficient measures the public goods that illegal beneficiaries
can get from donation games relative to legal beneficiaries.
The utility coefficient measures the utilities that illegal benefi-
ciaries can derive from the benefits of legal beneficiaries rela-

tive to donors.
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The U(-) is the utility function in formula (4), indicating
that as the benefits of legal beneficiaries increase, the utilities
of donors or illegal beneficiaries also increase. Utility func-

441 and also have many

tions are widely used in many areas|
5.1 There are three parameters in the power function

and this paper adopts the power function as the utility func-

form

tion. Then, as the parameters change, we may include con-
cave functions, convex functions, additive functions, subtrac-
tion functions and so on. According to the previous analysis,
both donors and illegal beneficiaries use the power function

U(x) =a+ (bx)". 4)

Inactive people are neither involved in the donation nor distri-
bution. In each round, their benefits are 0O,

fi(6) =0. 5

In each round, players update their strategies according to the
Fermi update rule. Overall, this makes players tend to update
to higher-yielding strategies in the current state, but also al-
lows for the occurrence of mutations. The Fermi update rule
is widely used in the study of evolutionary games.*®°1 In
each round, players compare their own benefits with those of
their neighbors, and formula (5) shows that the state transfer
probability of players from strategy X to strategy Y, Wx_,y, is
negatively associated with the difference between the two ben-
efits. That is to say, the greater the benefit of a player choosing
strategy X and the grater the revenue gap between strategy X
and strategy Y, the smaller the probability that the player will
move from strategy X to strategy Y. When (Px — Py) is nega-
tive infinity, the probability of players moving from strategy X
to Y is close to 1; when (Pxy — Py) is 0, the probability of play-
ers moving from strategy X to Y is 0.5; and when (Px — Fy)
is close to positive infinity, the probability is almost 0. As in-
dividuals update strategies, the proportions of the four types
change and the state of the population changes accordingly in
each round. Therefore, the state transfer can be determined
to obtain the population state in the next round. The Fermi
update rule can be represented as follows:

1
I +exp[(Px — Py)/K]
Here Wx_.y indicates the state transfer probability of players

from strategy X to strategy Y. Py indicates the benefits of the
player who adopted the strategy X, and Py indicates the bene-

(6)

Wx .y =

fits of her neighbor, who adopted strategy Y. K is the noise in-
tensity, reflecting to what extent players want to receive higher
payments when updating strategies. If K = 0, players always
update considering their neighbors’ benefits, but when K — oo,
payment is inconsequential.

There are no restrictions on conversion among donors,
illegal beneficiaries and inactive people, but conversion be-
tween legal beneficiaries and other types cannot be simply de-
termined by the Fermi update rule. This is because when the

benefits of legal beneficiaries reach a certain threshold, victims
get enough help. Then these victims may convert into other
types. In other words, the proportion of legal beneficiaries in
the population should be negatively related to their benefits.
Here, when the proportion of donors among the neighbors of a
legal beneficiary reaches a certain threshold, the benefit of the
legal beneficiary naturally reaches the corresponding thresh-
old. Then the legal beneficiary will choose the strategy most
common among her neighbors. Meanwhile, when the propor-
tions of legal beneficiaries among the neighbors of donors, il-
legal beneficiaries and inactive people reach another thresh-
olds, these three types convert into legal beneficiaries. The
idea that decisions may be influenced by network structures
(neighbors) can be seen in some researches.2%->1]

In each round when the following formula is satisfied, le-
gal beneficiaries transfer into donors, illegal beneficiaries, or
inactive people:

N
j;l A,’ jx j
E— >0.5. @)
Here, x; = 1 when i is a donor, and x; = 0 when i is a legal
beneficiary, an illegal beneficiary, or an inactive person.
When the following is satisfied, donors, illegal beneficia-
ries or inactive people transfer into legal beneficiaries:

N
L Aijy(1=2))
= >05. (8)

ki -

Here, y; = 1 and z; = 0 when i is a legal beneficiary, and oth-
erwise when i is a donor, an illegal beneficiary, or an inactive
person.

Figure 1 shows the strategy transfer process of a player.
If the strategy chosen by a player at round ¢ is donation, then
the strategies that the player can choose at round ¢+ 1 are
donation, corruption, disaster and inaction. According to the
above, the state transfer probability for a donor to become an
illegal beneficiary, a legal beneficiary or an inactive person is

Weissds WC’i _,1» or Wei_p, so the probability that she remains a
donor at the next round is 1 — W,;_,q — WC’,- 1 — Weizsn. Sim-

ilarly, the probability that an illegal beneficiary transfers to
a donor, a legal beneficiary, or an inactive person is Wy;_c,
W4, 1> or Waj—sn, so the probability that she remains an illegal
beneficiary in the next round is 1 — Wyj_c — Wéj_ﬂ — Waj—n-
The probability that a legal beneficiary transfers to a donor,
an illegal beneficiary, or an inactive person is W}, _, ., Wj;_, 4, or
Wj;._,,» s0 the probability that she remains a legal beneficiary in
the next round is 1 — Wy, _,. — W}, 4 — W;_,,,- The probability
for an inactive person to become a donor, a legal beneficiary or
an illegal beneficiary is Wy cs Wam—d, OF Wr:m Y
ability that she remains an inactive person in the next round is
1- an—>c — Wnm—d — Wr{m*)]‘

The discrete state-transfer equations of the population are

so the prob-

as follows:
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N-p; N-pg N-p| N-ph
— go (Wci—)d + WC/,—)I + WC,“?“) + ;0 deg)c + kgo m;_x: + ;O an*)(;
E(pi") = — = - = , ©)
N
N-p N-pg ) N N-ph,
) WC,'ﬁd - ;O (deﬁc + deﬁl + dean) + kZO ‘/Vlkad + gownmad
E(pi;r]) _ 1= J= = m= ’ (]O)
N
Npt / N7 / N / / / N /
'ZO Wciﬁl + 'ZO deel - kZO (‘/Vlk%c + VVlkHd + ‘/Vlk%n) + Z(J anal
+1 = J= = m=
E(pi") = N : (in
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Fig. 1. The strategy transfer process of a player. If the strategy chosen by
a player at time ¢ is donation, then the strategies that the player can choose
at time ¢ + 1 are donation, corruption, disaster and inaction. According to
above, the state transfer probability for a donor to become illegal, legal or in-
active is Wei—sq, W/;_,;, or Weisn, so the probability that she remains a donor

at the next stage is 1 —Weisa — W.i_,) — Weisn.

[ Build the scale-free network]

[ Set the initial state ]

[ Calculate the benefits of nodes ]

Times rounds

[ Nodes update strategies ]

[ The population gets a new state ]—

Fig. 2. The evolutionary process of the donation game on a scale-free net-
work. First, build a scale-free network in a population of size N under some
agglomeration coefficient. Second give a strategy for each node to set the ini-
tial state of the population. After that, enter an iteration in which play games
for Times rounds, and the state of the population will achieve steady. In each
round, we calculate the benefits of nodes. Then nodes update their strategies,
and consequently, the state of the population updates.

N Y

Thus the static states of the population can be defined.
States of the population can be considered stationary when
the proportions of all four types are changeless, or at least
when regular fluctuations of these proportions are in a mini-
mal range.

Altogether, the algorithm tree in this paper is shown in
Fig. 2. We first build a scale-free network in a population with
size N under some agglomeration coefficient. Then we give a
strategy for each node to set the initial state of the population.
After that, people play games for Times rounds and the state of
the population will achieve steady. In each round, we calculate
the benefits of nodes on the scale-free network based on for-
mulas (1)—(5). Then nodes update their strategies according to
formulas (6)—(8).When the strategies of all players (nodes) in
the population have been updated, the state of the population
updates in accordance with formulas (9)—(12).

3. Evolution of the donation model

In the simulation conducted in this paper, when there are
no beneficiaries among groups centered on a donor and her
neighbors, the donor does not donation. In addition, donations
are allocated between beneficiaries, but the benefit of a donor
is affected only by legal beneficiaries. This is because the util-
ity part of the donor is a function of the benefits of all the legal
beneficiaries in groups centered on the donor and her neigh-
bors (if a legal beneficiary is both in the group centered on the
the donor and the group centered on the donor’s neighbor, cal-
culation should not be repeated. And if a legal beneficiary is
simultaneously in the groups centered on different neighbors
of the donor, calculation should not be repeated, too). The
utility components of illegal beneficiaries are calculated in the
same way.

A legal beneficiary can repeat getting profits in all groups
she is involved in, and the same applies to the incomes from
donations of illegal beneficiaries.
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3.1. The utility function and the agglomeration coefficient

This section identifies the intervals where the utility func-
tion and the agglomeration coefficient ¢ maximize the propor-
tion of donors in steady states at different population sizes,
and focuses on the evolutionary characteristics of the popula-
tion within this interval. Parameters are set from the actual
situation of the society with a epidemic. we set the initial pro-
portion of donors as p; = 0.3, the initial proportion of illegal
beneficiaries as p, = 0.07, the initial proportion of legal ben-
eficiaries as p3 = 0.08, the coefficients of illegal beneficiaries
as o = § = 0.25, the noise intensity as K = 1000, and not-
ing that K makes benefits have a weak influence on strategy
update; the synergistic coefficient as » = 2; and the cost of a
single donation in a group as ¢ = 1 and it does not affect the
results.

Figure 3 shows changes of the proportion of donors for
different parameters of the utility function and agglomeration
coefficients at population sizes of 50, 100, 150, and 200. The
axes represent three parameters of the utility function (for-
mula (4)): the abscissa a, the ordinate b, and the high axis
v. The size of circles represents the proportion of donors, and
the larger these circles, the more donors there are in the steady
state. Changes in circle size are less obvious when the pop-
ulation size increases. This indicates that the donation is less
sensitive to parameters of the utility function as the popula-
tion size increases. Only a few parameters enable the propor-
tion of donors to reach 0.9 at the population size of 50 in the
steady state, while the proportion of donors in the steady state
can reach 0.9 for most parameters tested at the population size
of 200. The phenomenon whereby donation is less sensitive
to parameters with increasing population size also appears in
later sections.

At the population size of 50, a higher proportion of donors
appears with lower values of agglomeration coefficient ¢ and
higher values of v. In addition, utility functions are subtraction
functions. This phenomenon weakens with increasing popula-
tion size. A higher proportion of donors can also be reached
with negative values of v at population sizes of 200, and the
utility functions are additive functions. According to formu-
las (2) and (3), the benefits of legal beneficiaries have more
significant effects on the utility part of illegal beneficiaries in
smaller population sizes, while the benefits of legal beneficia-
ries have more significant effects on the utility of donors in
larger population sizes, when the utility from legal beneficia-
ries will promote donation.

Next this paper selects combinations of parameters dis-
cussed in Subsection 3.1 that can promote donation at different
population sizes, and we consider population structures in or-
der to analyse evolutionary trends. We select parameters from
Fig. 3 to reach higher proportions of donors at different popu-
lation sizes, and analyze the evolution of populations accord-
ing to these the parameters.

Figure 4 shows the evolution at different population sizes
under parameters from Table 2. Obviously the proportion of
donors increases with population sizes increasing.

Fig. 3. Changes of the proportion of donors for different parameters of the
utility function and agglomeration coefficients at population sizes of 50 (blue
circles), 100 (red circles), 150 (yellow circles), and 200 (purple circles). The
axes represent three parameters of the utility function: the horizontal axis a,
the longitudinal axis b, and the high axis v. The size of the circles represents
the proportion of donors in steady states, and the larger these circles, the more
donors there are in the steady state. Other parameter settings are p; = 0.3,
p2=0.07, p3 =0.08; c =1, r =2, K =1000; oc = 0.25, B = 0.25. Note that
detailed data can be found in Appendix A.
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Fig. 4. (a)—(d) The evolution under parameters from Table 2 at population
sizes of 50, 100, 150, and 200, respectively. The proportion of donors in-
creases with population sizes increasing. Parameter settings are p; = 0.3,
p2 =0.07, p3 =0.08; c=1,r=2, K =1000; o = 0.25, § = 0.25.

15

N=100

20

10
15

10
5

Degree
Degree

0 OO 20 40 60 80 100

Number of nodes

0 10 20 30 40 50

Number of nodes

25 257
20k N=150 () 20
15 15
10 10
5

N=1200 (@

Degree
Degree

OO 50 100 150

OO 40 80 120 160 200

Number of nodes Number of Nodes

Fig. 5. Degree distributions under the parameters from Table 2. Panels (a)-
(d) correspond to the population sizes of 50, 100, 150, and 200, respectively.
Parameter settings are p; =0.3, p» =0.07, p3 =0.08; c=1,r=2, K =1000;
o=0.258=0.25.
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Table 2. Parameter values (N = 50, 100, 150, and 200).

Population size Parameter name Parameter values

Utility function The proportion of donors

a* —250

53 b* (3)§ U(x) = =250 — (0.8x)33 0.92893
Vv .
q* 0.2
a* —550

103 b* 513 U(x) = —550 — (5.1x)10 0.973
v
q 0.1
a* —210

153 b* 15'2 U(x) = —210— (1.2x)° 0.976
v
q* 0.3
a* —400
b > -

203 X 1 U(x) = —400 — (5x) 0.977
v }
q* 0.1

Fig. 6. Networks under the parameters from Table 2. As in Fig. 4, red repre-
sents donors, green represents illegal beneficiaries, blue represents legal ben-
eficiaries, and yellow represents inactive people. Panels (a)—(d) correspond
to the population sizes of 50, 100, 150, and 200, respectively. Parameter set-
tings are p; = 0.3, po =0.07, p3 =0.08; c =1, r=2, K =1000; ot = 0.25,
B=0.25.

Figures 5 and 6 explore the characteristics of network
structures under g* at different population sizes. It can be
seen that the degree distribution of the network fulfills the
characteristics of scale-free networks. As seen from Fig. 6,
the legal beneficiaries or inactive people in the steady state
are usually some nodes with core influence, which can be ex-
plained according to the model. First, donors that are not con-
nected with beneficiaries do not play donation games, there-
fore, there is no motivation for these donors to convert into
other types. When donors connected with legal beneficiaries
play donation games, they may coexist with legal beneficia-
ries in homeostasis if the proportion of donors around legal
beneficiaries is below the threshold, or the proportion of legal
beneficiaries around donors is below the other threshold. Fur-

thermore, legal beneficiaries are more likely to exist in nodes
with high degrees in a steady state. Nodes with low degrees
are more likely to be affected by neighbors because of the fact
that there are fewer neighbors. However, nodes with high de-
grees are connected with more neighbors, thus the required
transfer threshold is high. Generally speaking, it is more dif-
ficult for high-degree nodes to shift from legal beneficiaries to
other types.

Proposition 1 The promoting effects of donors’ utilities
to the proportion of donors in homeostasis outweighs the in-
hibitory effects of illegal beneficiaries’ utilities to the propor-
tion of donors with population sizes increasing. Therefore, if
it is a small outbreak, the concern of the population for the epi-
demic or the social praise for donation will not have a very sig-
nificant incentive for the donation. However, if the epidemic
breaks out in a large-scale society, the love to victims or the
praise for donation will promote donation to a large extent.

Proposition 2 Nodes with high degrees are more likely to
become legal beneficiaries. That is, people who are active in
society are more likely to fall into the epidemic. This is consis-
tent with reality, where in society, those who are more active
can get more help but they also have a greater probability to
get in touch with patients. Once they are sick, if they do not
been isolated (change their original network structures), they
find it difficult to recover and are very prone to reinfection.

3.2. The noise intensity and coefficients of illegal beneficia-

ries

We study the proportion of donors in steady states un-
der different noise intensity K, the donation coefficient o
and the utility coefficient . We set the initial proportion of
donors as p; = 0.3, the initial proportion of illegal beneficia-
ries as pp = 0.07, the initial proportion of legal beneficiaries
as p3 = 0.08, the utility function as U (x) = —20 4 (0.2x)%3,
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(b) N=100
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Fig. 7. The proportion of donors in a steady state when the donation coefficient ¢ (horizontal axis), the noise intensity K (longitudinal axis), and the
utility coefficient B (high axis) change. Panels (a)—(d) correspond to the population sizes of 50, 100, 150, and 200, respectively. Parameter settings
are ¢ =0.04, a = —20,b=0.2,v=0.35; p; =0.3, p» =0.07, p3 = 0.08; graphical rotation angles are AZ = 3, EI = 3. Note that, for analysis, the
first value of noise intensity K is 0.5, and the subsequent values of K correspond with the coordinate.
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Fig. 8. The proportion of donors in the steady state when the donation coefficient ¢ (horizontal axis), the noise intensity K (longitudinal axis), and the
utility coefficient f (high axis) change. Panels (a)—(d) correspond to the population sizes of 50, 100, 150, 200, respectively. Parameter settings are g = 0.04,
a=-20,b=0.2,v=0.35; p; =0.3, p» =0.07, p3 =0.08; AZ = —86, EI = 3. Note that, for analysis, the first value of noise intensity K is 0.5, and other
values of K correspond with the coordinate.
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the agglomeration coefficient as g = 0.04, the synergistic co-
efficient as » = 2, and the cost of making a single donation
¢ = 1. Note that the utility function and the agglomeration co-
efficient are chosen arbitrarily, and we believe that their values
have no effects on our conclusions of this section. It is seen
from Figs. 7 and 8 that the proportion of donors generally in-
creases in steady states as the population size increases.

As the population size increases, the proportion of donors
basically increases. K = 0.5 is a relatively special value: at
K=0.5, o — B+ 1.2 <0, the proportion of donors decreases
significantly, which is the donor trap. We do further analysis in
Fig. 8. It can be seen that when the parameters meet the condi-
tions & — 8 + 1.2 < 0, the proportion of donors is significantly
smaller than that of others.

Proposition 3 A certain portion of the donation coeffi-
cient o and the utility coefficient 8 will form the donor trap
and make donors reduce. Populations should avoid falling into
the parameters of the donor trap regardless of their sizes. All
of these mean that donors are more likely to die out when the
utility coefficient of corrupt people is much larger than the
donation coefficient. The donor trap may be contrary to our
common sense — when corrupt people in society have much
sympathy for the victims or benefit much from the control of
the epidemic, and they do not profit much from corrupt do-
nations, donors are relatively fewer when the society reaches
a steady state. We further analyzes that when the value of o
is large illegal beneficiaries will invade their donor-type and
inaction-type neighbors very quickly, forming a stalemate be-
tween illegal beneficiaries and legal beneficiaries. This phe-
nomenon is determined by heterogeneous networks together
with the strategy update rule in the donation of this paper. De-
tailed descriptions will be presented in our subsequent papers.

3.3. The initial states

Some anomalies are observed during operation. There-
fore, the effects of initial states on evolution will be discussed
in this section. We consider changes of steady states when
initial proportions of donors, illegal beneficiaries, and legal
beneficiaries are within the interval [0, 1/3]. We set the utility
function as U (x) = —200 + (0.6x)%; the agglomeration coef-
ficient as g = 0.5; the discount coefficient as a = f§ = 0.25;
the noise intensity as K = 1000; and the synergistic coefficient
as r = 2; the cost of a single donation as ¢ = 1. Note that, the
utility function and the agglomeration coefficient can be cho-
sen arbitrarily, and we believe that their values have no effects
on the conclusions of this section.

First, we can intuitively observe that green blocks in-
crease in the top and right of Fig. 9. This represents when
initial proportions of donors (p;) and legal beneficiaries (p3)
are both close to 1/3, inactive people in the steady state die
out and only donors and legal beneficiaries exist. Therefore,
if there are a great number of victims and donors in society at
the beginning, it is easier, in a larger population, to encourage
people to participate in epidemic control.

Blue blocks are mainly on the left of Fig. 9 where ini-
tial proportion of donors (p;) is close to 0. The blue blocks
on the left decrease and the yellow and green blocks increase
with population sizes increasing. This means that if donors are
very few at the beginning, it is almost impossible for donation
to exist in stable states. However, the larger the social scale,
the more likely it is for the society to reach a better state. That
is to say, even if there is almost no donation at the beginning,
large social scales can promote donation and even eliminate
the outbreak of an epidemic in steady states. We present the
upper and lower triangle phenomena regarding donation in fur-
ther analysis, below.

In addition, the turquoise blocks appear only at the bot-
tom of Fig. 9. Turquoise blocks represent the fact that there
are donors and inactive people in the stable state, which is the
best steady state for society. Societies can not only eliminate
the epidemic, but also have a good capacity to resist future
epidemic in the best steady state. Further analysis will be per-
formed below. The turquoise blocks represent the fact that
there are no legal beneficiaries in a steady state, which equates
to the end of the epidemic. Furthermore, there are no illegal
beneficiaries, which means that society has formed a good at-
mosphere and is well prepared for resisting the next disaster.
This is an ideal social state. We can see from Fig. 9 that this
case exists almost only when p3 = 0, and we provide further
analysis in Fig. 10.

When donors’ initial proportion (p;) and legal benefi-
ciaries’ initial proportion (p3) are both close to 0.333, there
are more green blocks in Fig. 10. Meanwhile, yellow blocks
transition to green blocks as population sizes increase. Green
blocks are mainly concentrated on the upper right, which grad-
ually increases with population size. We call this phenomenon
as the upper triangle phenomenon, which means inactive peo-
ple decrease in the steady state when p; + p3 —c1 > 0 (¢
is non-negative and decreases when the population size in-
creases).

When the initial proportion of donors (p;) is close to 0,
there are many blue blocks. The same applies when the initial
proportion of legal beneficiaries (p3) is close to 0. Blue blocks
are distributed mostly on the lower left of Fig. 10, and gradu-
ally narrows with population sizes increasing. Here we define
the lower triangle phenomenon: there is little donation in the
steady state when p; ~ 0, and relatively less donation when
p1+ p3—c2 <0 (c is non-negative and decreases when the
population size increases).

In Fig. 11, the turquoise blocks increase when p; (ini-
tial proportion of donors) and p; (initial proportion of illegal
beneficiaries) satisfy that p; — p» +c¢3 > 0, p3 = 0 (c¢3 is non-
negative and increases when the population size increases).

Proposition 4 It is easier for the population to achieve a
better steady state when the population size increases.

Proposition 5 The upper and lower triangle phenomena.

The upper triangle phenomenon: Inaction decreases in
the steady state when p; 4 p3 —c1 > 0 (¢ is non-negative and
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decreases when the population size increases). This shows that
if the total number of victims and donors is above a certain
threshold at the beginning of an outbreak (the larger the popu-
lation size, the smaller the threshold will be), it is easier to call
on onlookers to donate, and thus the society can further reduce
the impact of epidemics.

The lower triangle phenomenon: When p; = 0, very little
donation exists in the steady state. Furthermore, donation is
relatively less when p| + p3 — ¢y < 0 (¢, is non-negative and
decreases when the population size increases). The lower tri-
angle phenomenon shows that if there is no donation at the
beginning, it is difficult for the society to make donation arise
in the natural course of evolution. Furthermore, when the to-

tal number of donors and legal beneficiaries is below a cer-
tain threshold (the larger the population size, the smaller the
threshold will be), the results of natural evolution are detri-
mental to donation.

It can be seen that the upper and lower triangle phenom-
ena have a lot to do with the sum of the initial proportions
of donors and legal beneficiaries. Overall, the increase of
(p1 + p3) will promote donation even from scratch. Perhaps,
in practice, this combination of p; and p3 is not necessarily
linear, and their weights in combination are not necessarily
the same, but it is certain that the positive combination has

significance in terms of promoting donation.

(a) N=50 (b) N=100
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Fig. 9. Homeostasis when the initial proportion of donors p; (horizontal axis), the initial proportion of illegal beneficiaries p, (longitudinal axis), and the
initial proportion of legal beneficiaries p3 (high axis) change. Panels (a)—(d) correspond to the population sizes of 50, 100, 150, and 200, respectively.
Parameter settings are ¢ = 0.5; a = —200; b = 0.6; v = 0.5; K = 1000; o« = 0.25; = 0.25. Note that different colors correspond to homologous values
representing the existence of different types in the steady state: 1 represents that there only being inactive people in the steady state; 2 represents there only
being legal beneficiaries; 3 represents there being legal beneficiaries and inactive people; 4 represents there only being illegal beneficiaries; 5 represents there
being illegal beneficiaries and inactive people; 6 represents there being beneficiaries; 7 represents there being illegal beneficiaries, legal beneficiaries and
inactive people. In the above 7 stable states, donors die out. In states 1 and 5, however, there are no donors, or legal beneficiaries, which means that the
outbreak is under control. Legal beneficiaries still exist in states 2 and 3, but donors are extinct, which means that society has not reached a good states. In
state 4 there are only illegal beneficiaries, which means that the epidemic has been controlled but the whole of society is vulnerable to the next outbreak. 8
represents there only being donors; 9 represents there being donors and inactive people; 10 represents there being donors and legal beneficiaries; 11 represents
there being donors and illegal beneficiaries; 12 represents there being donors, legal beneficiaries and inactive people; 13 represents there being donors, illegal
beneficiaries and inactive people; 14 represents there being donors, and beneficiaries; 15 represents all the four types coexisting in steady state. The figure
contains only the following color blocks and corresponding steady states: deep blue on behalf of steady state 1, which contains only inactive people; deep
medium blue on behalf of steady state 2, which contains only legal beneficiaries; light medium blue on behalf of steady state 3, which contains legal
beneficiaries and inactive people; light blue on behalf of steady state 7, which contains illegal beneficiaries, legal beneficiaries and inactive people; turquoise
on behalf of steady state 9, which contains donors and inactive people; green on behalf of steady state 10, which contains donors and legal beneficiaries; earth
yellow on behalf of steady state 12, which contains donors, legal beneficiaries and inactive people; yellow on behalf of steady state 15, which contains all the
four types in a steady state.
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Fig. 10. Homeostasis when the initial proportion of donors p; (horizontal axis), the initial proportion of illegal beneficiaries p, (longitudinal axis), and
the initial proportion of legal beneficiaries p3 (high axis) change. Panels (a)—(d) correspond to the population sizes of 50, 100, 150, and 200, respectively.
Parameter settings are ¢ = 0.5; a = —200; b = 0.6; v = 0.5; K = 1000; a = 0.25; 8 = 0.25; graphical rotation angles are Az = —8, Ei = 3.
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Fig. 11. Homeostasis when the initial proportion of donors p; (longitudinal axis) and the initial proportion of illegal beneficiaries p, (horizontal
axis) change. Panels (a)—(d) correspond to the population sizes of 50, 100, 150, and 200, respectively. Parameter settings are ¢ = 0.5; a = —200;
b=0.6;v=0.5; K =1000; o« = 0.25; f = 0.25; p3 = 0; Az= —90, Ei = —90.

Proposition 6 Best social homeostasis effect. conditions p; — p2 +¢3 > 0 (c3 is non-negative and increases

When the initial proportions of legal beneficiaries are ~ when the population size increases), society is more likely to
close to 0 (p3 ~ 0), and the initial proportions of donors (p;) achieve the best social homeostasis, where we can both pro-
and the initial proportions of illegal beneficiaries (p;) meetthe =~ mote donation and eliminate the epidemic.
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These initial states for best social homeostasis show that
if the initial number of victims is nearly zero, and corruption
is not much more than donation at the beginning (the differ-
ence is less than a threshold), then the society is more likely to

achieve the best social homeostasis after a period of time.

4. Conclusion and perspectives

The model constructed in this paper aims to truly re-
flect the generation and development of donation in social net-
works, and the six propositions indicate the direction of ef-
forts to further promote donation and thus achieve better so-
cial homeostasis. We find that the promoting effects of utilities
to the proportion of donors in homeostasis will enhance with
population sizes increasing. Furthermore, nodes with high de-
grees are more likely to become legal beneficiaries. That is,
people that are active in society fall more easily into the epi-
demic.

Based on this, we have discussed effects of the combina-
tion of the noise intensity K, the donation coefficient ¢ and the
utility coefficient § on promoting donation at different popu-
lation sizes, and have proposed the donor trap. In other words,
some combination of the donation coefficient o, the utility co-
efficient 3 and the noise intensity K will form the donor trap
and make the proportion of donors reduce. Regardless of pop-
ulation sizes, we should avoid falling into the donor trap.

In addition, we find that the initial states of the population
have a great impact on the steady states, and their effects vary
with population sizes increasing. This paper has explored the
critical initial states that make for the demise of donors, and
proposed the upper and lower triangle phenomena. Moreover,
we conclude that donation is less sensitive to the parameters
proposed in all three parts of this paper as population sizes
increase. Therefore, the population size is an important factor
for promoting donation, and larger populations are more likely
to achieve better homeostasis.

The work of this paper has two main limitations. First,
due to the analytic complexity, evolutionary games on scale-
free networks are mainly studied by computer technology for
simulation analysis. Second, due to the limited computing
power of our workstation, the utility function is only in the
form of the power function. Furthermore, population sizes are
50, 100, 150, and 200, without studies on larger population
sizes.

In future studies, we plan to further explore the analyti-
cal solutions on complex networks by pair approximation pro-
posed by Zhang et al.!'%! Second, we can take diverse forms of
utility functions and appropriately expand the population size.
Moreover, in this paper, we focus on the influence of some

parameters on the homeostasis. In the subsequent study, the

influence of the external mechanism can be tried, and results
can be verified combined with management experiments.

Appendix A

Table Al. Data in Fig. 3.

N a b v g Proportion of donors in homeostasis

-225 01 28 09 0.65975
—-240 02 24 08 0.68868
—260 14 16 0.1 0.6993
-280 15 1.8 04 0.7012
—-300 08 1.7 04 0.71981
—-330 025 16 04 0.7355
—340 0.125 19 09 0.74717
-330 02 27 0.1 0.76415
—-300 02 29 0.1 0.76824
50 =290 04 3.1 0.1 0.77233
-320 02 15 09 0.7739
—-270 12 14 0.1 0.78679
-260 12 12 0.1 0.80346
-225 04 39 06 0.81918
—340 025 1.8 03 0.822
-290 13 19 02 0.83176
-210 1.2 4 0.1 0.86478
—-250 0.8 35 02 0.88145
—-150 2 8 06 0.8956
-340 0.1 24 02 0.93082
-350 96 20 0.5 0.818445
—450 8.1 20 07 0.828
—-650 17 20 0.1 0.87314
—550 14 20 1 0.887

—450 9.6 10 09 0.911

100 —550 3.6 10 0.6 0914
—-550 11.1 10 1 0.916
—450 20 30 02 0.929
—450 1.1 6 02 0.932
=550 2.1 10 02 0.937
-550 5.1 10 0.1 0.94
—650 155 20 0.1 0.98
—-110 0 15 0.6 0.8279

-210 04 1.1 03 0.84
—-190 0.1 0.1 05 0.865
—80 4 20 09 0.87538
—60 8 6 03 0.89

240 12 5 1 0.8917
160 03 —03 05 0.911329
130 160 09 —03 0.1 0.913
80 8 120 04 0.923
240 12 3 03 0.96405
80 6 12 0.1 0.965
240 2 7 06 09677
210 125 03 0.969
~160 03 —0.1 06 0.973
30 7 3 01 0.975
200 4 2 09 0.876
600 3 —1 0.1 0.945
800 0 11 02 0.9578
200 —400 5 -1 01 0.9703
600 4 1 02 0.9705
2100 3 303 0.972
600 3 5 02 0.97225
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