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The multi-phase field model of grain competitive growth during directional solidification of alloy is established. Solv-
ing multi-phase field models for thin interface layer thickness conditions, the grain boundary evolution and grain elimination
during the competitive growth of SCN-0.24-wt% camphor model alloy bi-crystals are investigated. The effects of different
crystal orientations and pulling velocities on grain boundary microstructure evolution are quantitatively analyzed. The ob-
tained results are shown below. In the competitive growth of convergent bi-crystals, when favorably oriented dendrites are
in the same direction as the heat flow and the pulling speed is too large, the orientation angle of the bi-crystal from small
to large size is the normal elimination phenomenon of the favorably oriented dendrite, blocking the unfavorably oriented
dendrite, and the grain boundary is along the growth direction of the favorably oriented dendrite. When the pulling speed
becomes small, the grain boundary shows the anomalous elimination phenomenon of the unfavorably oriented dendrite,
eliminating the favorably oriented dendrite. In the process of competitive growth of divergent bi-crystal, when the growth
direction of favorably oriented dendrites is the same as the heat flow direction and the orientation angle of unfavorably
oriented grains is small, the frequency of new spindles of favorably oriented grains is significantly higher than that of un-
favorably oriented grains, and as the orientation angle of unfavorably oriented dendrites becomes larger, the unfavorably
oriented grains are more likely to have stable secondary dendritic arms, which in turn develop new primary dendritic arms
to occupy the liquid phase grain boundary space, but the grain boundary direction is still parallel to favorably oriented
dendrites. In addition, the tertiary dendritic arms on the developed secondary dendritic arms may also be blocked by the
surrounding lateral branches from further developing into nascent main axes, this blocking of the tertiary dendritic arms
has a random nature, which can have aninfluence on the generation of nascent primary main axes in the grain boundaries.

Keywords: multi-phase field model, directional solidification, grain competition growth, grain boundary ori-
entation

PACS: 81.30.Fb, 81.10.Aj DOI: 10.1088/1674-1056/ac4486

1. Introduction
With the development of computer science, numerical

simulation of the microstructure formed during the solidifica-
tion of materials has become an important method of study-
ing materials. The phase-field method is a powerful tool
developed in recent years to study the microstructure evolu-
tion process. A large number of phase-field simulations have
been carried out for the tissue evolution process in the direc-
tional solidification process, and a series of research results
has been achieved to explain the law and the mechanism of
evolution of tissue morphology.[1,2] Zhu et al. investigated
the growth kinetics of dendrites with the specified growth
direction, i.e., the vertical direction, and the morphological
transformation during directional solidification by the phase-
field method, and analyzed the effects of perturbation and
anisotropic strength on the solidification organization, as well
as the growth mechanism of the interfacial morphology and
the transformation mechanism of the seaweed organization
during the directional solidification.[3] Sakaneet et al. inves-

tigated the three-dimensional morphology of tilted equiaxed
crystal growth in Al–Cu alloy under forced convection condi-
tion using the phase-field-lattice Boltzmann method, and the
simulation results showed that the angle between the actual
growth direction and the preferred growth direction indicated
a significant variation with the angle between the preferred
growth direction and the upstream growth direction.[4] Among
the traditional research methods, it is of great scientific and
engineering significance to study the crystal evolution of al-
loy directional solidification in depth, in which the dendrite
competition due to the instability of grain boundary morphol-
ogy is a key link to reveal the grain boundary evolution and
dendrite elimination. For directional solidification converg-
ing bi-crystal competition growth, Walton and Chalmers de-
scribed the competitive growth process between dendrites of
different orientations based on the analysis of the relative po-
sition of the dendrite tips and the tip sub-cooling, and con-
cluded that the preferentially oriented dendrites must elimi-
nate the unfavorably oriented dendrites.[5] Esaka[6] and Rap-
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paz and Gandin[7] expounded the main mechanism of compet-
itive grain growth during directional solidification by study-
ing the grain evolution structure of thin film samples in trans-
parent alloy experiment, further summarized and graphically
explained the research of Walton and Chalmers, and put for-
ward Walton–Chalmers theory. D’Souza et al. investigated the
competition between the electively oriented dendrite dendrites
and the unfavorably oriented dendrites in the CMSX4 nickel-
based high temperature alloy and showed that the unfavorably
oriented dendrites are eliminated when they are close to the
favorably oriented dendrites and the secondary arm growth of
the favorably oriented dendrites was also inhibited by the un-
favorably oriented dendrites and the grain boundary direction
remained parallel to the heat flow direction, a result that also
confirms the Walton–Chalmers classical theory.[8] In recent
years, with the in-depth study of the problem of grain com-
petition in directional solidification, some scholars have ques-
tioned the Walton–Chalmers theory. Zhou et al.[9] suggested a
convergent competition growth model in contrast to that raised
by Walton–Chalmers when studying the experimental conver-
gent growth of nickel-based high-temperature alloy IN792 and
CMSX4 bi-crystals by the seed crystal method, and the re-
sults showed that under low pulling speed conditions, unfa-
vorably oriented dendrites can also block the growth of fa-
vorably oriented dendrites, making favorably oriented den-
drites obsolete. Li et al. conducted a quantitative simula-
tion study of the convergent competitive growth process based
on the phase-field simulation. The reasons for the abnormal
elimination phenomenon were explained by analyzing the fac-
tors affecting the dendritic competitive growth, such as pri-
mary dendrite spacing and pulling speed.[10] Yu et al. per-
formed in situ observations in a transparent alloy of SCN-2-
wt%Ace, and the same anomalous elimination was found.[11]

For the competitive growth of directionally solidified diverg-
ing bi-crystal, the evolutionary mechanism plays a role mainly
through the secondary dendritic arms generated by the grains
at the grain boundaries and the nascent spindles developed
from the tertiary dendritic arms. Rappaz and Gandin[7] exper-
imentally pointed out that during the growth of directionally
solidified divergent bi-crystals, the favorably oriented den-
drites generate secondary dendritic arms at the grain bound-
aries and then develop into new primary dendritic arms, the
grain boundaries are continuously shifted toward the unfavor-
ably oriented dendrites, and eventually the unfavorably ori-
ented dendrites are eliminated, which is consistent with the
classical Walton–Chalmers model regarding the phenomenon
of divergent bi-crystal competition. However, Zhao et al.[12]

found the opposite phenomenon in an experiment on DD407
nickel-based high-temperature alloy directional solidification,
indicating that when the favorably oriented dendrites and un-
favorably oriented dendrites are biased in the same direction,

there exists an angle between the favorably oriented dendrites
and the heat flow direction, the favorably oriented dendrites
eliminate the unfavorably oriented dendrites; when the growth
direction of the favorably oriented dendrites and the unfavor-
ably oriented dendrites deviate from each other and both devi-
ate from the heat flow direction, usually the unfavorably ori-
ented dendrites eliminate the favorably oriented dendrites. In
recent years, there have been continuous in-depth studies of
the competitive growth of directionally solidified dendrites,
and Zhao et al. studied the effect of tilt angle on the growth
of tilted dendrites in Al–Zn alloys, and the simulation results
showed that with the increase of tilt angle, the phenomenon
of competitive growth among dendrites occurs.[13] Hui et al.
used a binary alloy oriented multiphase field model to investi-
gate the growth competition between columnar dendrites and
degenerate algae during oriented solidification.[14] It can be
seen that there are no consistent results for the study of the
competitive growth of directionally solidified bi-crystals, and
differences in the studied object and studied parameters may
have large effects on the experimental results or even com-
pletely opposite results, so it is particularly important to sys-
tematically quantify the studied material. To address the prob-
lems of the current study, in this work, we take the SCN-0.24-
wt% camphor model alloy as the research object and inves-
tigate the morphological evolution behavior of the competing
growth processes of converging and diverging double grains
between columnar dendrites of different angles in the direc-
tional solidification process by the phase-field method, and
quantitatively analyze the effects of different crystal orienta-
tions, thermal gradient and pulling speeds on the evolution of
grain boundary organization.

2. Mathematical model
2.1. Phase field equation and solute field eqnarray

The multi-phase field model arises from the need of sim-
ulating polycrystalline system. In a polycrystalline system,
because different grains have different orientations, the differ-
ence in orientation cannot be described only by single phase
field variable. In the multiphase model, multiple order param-
eters can be introduced to characterize multiple grains with
different orientations. In order to better simulate the compet-
itive growth and crystal boundary evolution of dendrites with
different orientations in the directional solidification process,
In this study, we adopt the quantitative multi-order parameter
phase field model of dilute binary alloys developed by Ofori–
Opoku and Provatas,[15] where a continuous variable ordered
parameter ϕi varying from−1 to 1 is introduced to define each
grain i (1≤ i≤ N, N is the total number of grains), thus form-
ing a phase field parameter 𝜙 = (ϕ1,ϕ2,ϕ3, . . .ϕN), where ϕi

with 1 represents a large number of solids in the i-th grain and
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ϕi with −1 refers to a large number of liquids or solids in the
other grains. A well-characterized SCN-0.24-wt% camphor
model alloy[16] is used as the object of study on the assump-
tion that solute diffusion in the solid phase is neglected, and
the temperature is replaced by using the approximation of the
condensation temperature T = Tref +G(x−VPt) where Tref is
the reference temperature and the position above the solidifi-
cation axis is denoted by x. The interface energy anisotropy is
expressed as the following equation:

a(ψ) = as

(
1+

4ε4

as

)
[cos4(θ −Θi0)+ sin4(θ −Θi0)], (1)

where as = 1−3ε4, θ is the angle between the direction of the
thermal gradient and the direction perpendicular to the grain
interface, and Θi0 is the top angle of the first grain.

For the orientation simulation of SCN-0.24-wt% camphor
model alloy, owing to the influence of the interface width se-
lection, too small a simulation scale of the phase-field method
model, and the difficulties in implementing the process, the
thin interface theory analysis is used so that the interface width
is selected to be greater than the width of the actual interface,
and when the interface width increases, solute trapping will
be generated, and this situation will bring the calculation error
to a certain degree, in order to reduce the error generated in
this part, the anti-trapping current term given by Karma et al.
will be introduced into the solute equation.[17] The phase field
equation used in this paper is given below:

τ (T )
∂ϕi

∂ t
= ∇ ·

[
W 2 (θ)∇ϕi

]
+∂x

(∣∣∇ϕi
∣∣2 W (θ)

∂W 2 (θ)

∂
(
∂xϕi

) )
+∂y

(∣∣∇ϕi
∣∣2 W (θ)

∂W 2 (θ)

∂
(
∂xϕi

) )
+ϕi−ϕ

3
i +λ

(
1−ϕ

2
i
)2
(

U +
T −Tref

|m|(1− k)c0
l

)
, (2)

with

τ (T ) = τ0a2 (θ −Θi0)

[
1− T −Tref

|m|c0
l

]
. (3)

Here, c0
l = c0/k is the concentration on the liquid side of the

solid–liquid interface, and the coupling constant λ denotes the
width of the diffusion interface, d0 = a1W0/λ is the solute
capillary length, τ0 is the interfacial relaxation time, x and y
are the horizontal axis and vertical axis respectively, k is the
solute partition coefficient, R the cooling rate, G the temper-
ature gradient, and Γ the Gibbs–Thomson coefficient, and ε4

the anisotropic strength of the interfacial free energy. The di-
mensionless solute supersaturation U in Eq. (2) is obtained
by solving the solute conservation equation. The solute field
equation is given below:[

1+ k
2
− (1− k)

2 ∑
i

ϕi

]
∂U
∂ t

= ∇ · [Dlq(𝜙)∇U−𝑗at ]+
1
2
[1+(1− k)U ]∑

i

∂ϕi

∂ t
, (4)

where q(𝜙) = (1−Σiϕi)/2 is used to regulate the diffusion
of the solute at the interface, w(θ) =W0a(θ −Θi0); the actual
internal composition C of the solid and liquid phases can be
obtained from

U =
(2kc/c∞)

/[
1+ k− (1− k)∑i ϕi

]
−1

1− k
. (5)

Since the solidification velocity during directional solidifica-
tion is relatively small, the interfacial kinetic effects are ne-
glected in the model. When a sample is fixed with a given
temperature gradient G and cooled at a cooling rate R, the rate
of movement of the isotherm is called the draw-down velocity
VP = R/G, The anti-trapping current term 𝑗at in Eq. (4) is

𝑗at =−W0 [1+(1− k)U ]∑i ∂tϕi∇ϕi/ |∇ϕi|/2
√

2. (6)

2.2. Numerical simulation and physical parameters

In this work, we explore the explicit finite difference
method on a uniform grid to discretize the multiphase field
model, and in the time discretization an explicit first-order for-
ward Euler equation is used to solve phase field equation and
solute field equation, and in the Laplace operator a nine-point
scheme is used to reduce the effect of grid anisotropy. The grid
spacing is set to be ∆x = 0.8W0 and the time step is assumed
to be ∆t = 0.002τ0. To ensure the adequate growth of den-
drites and the convergence of results, the computational do-
main is set to be 1500 µm×2600 µm and the simulation starts
from two spherical seeds at the wall of the numerical domain.
No-flux (or reflection) boundary conditions are applied to the
domain boundary, and a sufficiently small diffusion interface
thickness ξ =W0/d0 is chosen to obtain accurate results.

In order to facilitate the calculation, the governing equa-
tion needs to be nondimensionlized, and in Eqs. (2) and (3) W0

is used spatially and τ0 temporall for dimensionless process-
ing. τ0 = a1a2W 3

0 /(d0Dl), where a1 and a2 are taken from the
results derived by Karma and Rappel for the asymptotic anal-
ysis of thin interfaces,[17–19] a1 = 0.8839 and a2 = 0.6762. It
has been confirmed that a value of the dimensionless interface
width ξ = 38–54 is small enough to obtain quantitative results
in numerical simulation, W0 = ξ ·d0. The pulling velocity is
VP = R/G, and the dimensionless expression is ṼP =VPτ0/W0.
The thermal length is lt = |ml |c0(1− k)/G, and the dimen-
sionless expression is l̃t = lt/W0. Assuming that the solute in
the initial liquid phase is uniformly distributed, average solute
concentration is c0, the physical parameters and other calcula-
tion parameters of SCN-0.24-wt% camphor model alloy used
in the simulation are shown in Table 1.[16]
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Table 1. Calculation parameters used in simulation.

Physical parameter Parameter value

Solute diffusion coefficient in liquid, Dl 2.7×10−4 cm2/s
Initial liquid temperature, Tl 647 ◦C
Gibbs–Tomson coefficient, Γ 6.48×10−6 cm·K
Liquidus slope, m −1.365 K/wt%
The initial concentration, C0 0.24 wt%
Pulling speed, VP 18 µm/s
Solubility partition coefficient, k 0.21
Interface layer width parameter, ξ 54
Anisotropy strength, ε4 0.01
Time discrete step size, dt 0.002τ0

3. Results and discussion
3.1. Analysis of convergent competitive growth process of

bi-crystals

In the directional solidification convergent bi-crystal con-
figuration and the divergent bi-crystal configuration, the den-
drite with a small angle of deviation from the heat flow di-
rection is favorably oriented dendrite, and the dendrite with
a large angle of deviation from the heat flow direction is un-
favorably oriented dendrite. The favorable tilt angle and un-
favorable tilt angle are denoted by the symbol ΘF0 and ΘU0,
respectively, and are defined to be positive when the deflection
direction is clockwise and negative when the deflection direc-
tion is counterclockwise. The process of elimination of direc-
tionally solidified grains is closely related to the tilted growth
of dendrites. The classical Walton–Chalmers theory suggests
that during the convergent growth of bi-crystals, the favorably
oriented dendrites whose growth direction is closer to the heat
flow direction will inevitably eliminate the unfavorably ori-
ented dendrites whose growth direction deviates significantly
from the heat flow direction. However, some experimen-
tal and simulation studies in recent years have demonstrated
that the convergent growth of bi-crystals may undergo a para-
doxical elimination phenomenon of unfavorably oriented den-
drite elimination of favorably oriented dendrites under some
conditions.[20–22] In order to study the analysis of the effect of
changing only the tilt angle of unfavorably oriented grains on
the competition of converging bi-crystals under all other con-
ditions, the pulling speed and temperature gradient are fixed
as Vp = 18 µm/s and G = 0.001 K/µm, respectively, and the
growth angle ΘF0 is set to be 0, i.e. ΘF0 = 0 for the favorably
oriented grains along the heat flow direction, and the inclined
growth angle θU0 of unfavorably oriented grains is taken sep-
arately as −5◦, −10◦, −20◦, −30◦. Figure 1 shows the mi-
crostructures of convergent bi-crystals corresponding to differ-
ent tendency angles (ΘU0 = −5◦, ΘU0 = −10◦, ΘU0 = −20◦,
ΘU0 = −30◦) set for unfavorably oriented dendrites, the blue
dendrites are the dendrites of favorably oriented grains, and
the red parts are the dendrites of unfavorably oriented grains.
As can be seen from Fig. 1(c), when ΘU0 = −10◦ and t =

5×104∆t, the dendrite b1 of the unfavorably oriented grain b
gradually approaches to the dendrite a1 of the favorably ori-
ented grain a. The elimination phenomenon occurs, and the
dendrite b1 continues to grow after having been blocked by
a1. The trunk of the a1 dendrite at the white dashed circle has
a significant bend, which is caused by the interaction between
the solutes of the two dendrites. When the tip of the unfavor-
ably oriented dendrite b2 meets the tip of the favorably ori-
ented dendrite a1, b2 is also blocked from growth, while the
growth of the favorably oriented dendrite a1 is not affected,
and similarly the unfavorably oriented dendrite b3 is elimi-
nated when it meets the favorably oriented dendrite a1. It can
be seen that when ΘU0 = −10◦, the competitive growth be-
tween the converging bi-crystals is consistent with the classi-
cal Walton–Chalmers model phenomenon, where the contact
between favorably oriented dendrites and unfavorably oriented
dendrites results in the elimination of the latter by the former,
but the two grains do not eliminate each other and coexist for
a long time. Figure 2 shows the structures and mophologies
of the grain boundary when ΘU0 = −10◦, calculation time
is t = 1.4× 105∆t and t = 1.5× 105∆t, respectively. From
Fig. 2(b), it can be seen that when the time is t = 1.4×105∆t,
the tip of b3 dendrite does not meet with a1 dendrite, the tip
position of a1 dendrite and the tip position of a2 dendrite ba-
sically remain the same, and the solute interaction between
the two dendrites is weaker. With the increase of the calcu-
lation step, when the time is t = 1.5× 105∆t, it can be seen
from Fig. 2(c) that the unfavorably oriented dendrite b3 meets
with the favorably oriented dendrite a1 and the dendrite b3
is blocked from growing, but the tip position of the a1 den-
drite and the tip position of the a2 dendrite remain basically
unchanged, and the solute interaction between them remains
weak. This indicates that as the unfavorably oriented dendrite
b3 approaches to the favorably oriented dendrite a1 until it is
eliminated, the whole process does not affect the growth of
the favorably oriented dendrite a1, i.e. the solute interaction
between both is too small to affect the growth of the favorably
oriented dendrite. When ΘU0 is −20◦ and −30◦, separately,
it can be seen from Figs. 1(a) and 1(b) that unfavorably ori-
ented dendrites are eliminated when unfavorably oriented den-
drites meet with favorably oriented dendrites at both angles,
and there is no effect on the growth of favorably oriented den-
drites, which is consistent with the elimination phenomenon
occurring at ΘU0 = −10◦. During the evolution of the direc-
tional solidification bi-crystal convergence, with the increas-
ing orientation angle of the unfavorably oriented dendrites, as
shown by the yellow dashed circles in Fig. 1, the open area
between unfavorable dendrites and computation area bound-
ary is also increasing. The unfavorably oriented dendrites will
generate the developed secondary dendrite arms in space, and
then develop into tertiary dendrite arms to occupy the open
area.
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Fig. 1. At Vp = 18 µm/s, evolution of convergent bi-crystalline organization under four different unfavorable orientations: (a) ΘU0 =−30◦, (b)
ΘU0 =−5◦, (c) ΘU0 =−10◦, and (d) ΘU0 =−20◦.

Figure 3 shows the relationship between the frequency of
new tertiary dendrite arms of unfavorably oriented dendrites
and the growth orientation angle of unfavorably oriented den-
drites. It can be seen that the γ value of unfavorably oriented
grains gradually increases with the increase of ΘU0, i.e., the
cubic dendrite arms are more easily formed in the open space
between the non-preferred dendrite and the boundary of the
computational domain.

In order to quantitatively describe the elimination process
of unfavorably oriented dendrites by favorably oriented den-
drites, figures 4–6 show the evolution law of the primary arm
spacing λ and tip height difference ∆H between the favorably
oriented dendrite a1 at the grain boundary and its adjacent fa-
vorably oriented dendrite a2 when ΘU0 is −10◦, −20◦, and

−30◦, separately. It can be observed that the primary arm
spacing λ decreases with time going by. This is because the
solute field at the tip of the favorably dendrite a1 is affected
by the solute field at the tip of the adjacent favorably dendrite
a2. When it is reduced to the corresponding value, it will os-
cillate around this fixed value and remain basically constant.
The tip height difference ∆H between the favorably dendrite
a1 and a2 is relatively large at the beginning of a period of
time. The tip height of a2 dendrite is obviously lower than
that of a1 dendrite. At about t = 5×104∆t, the tip height dif-
ference ∆H remains around 0. This is due to the fact that the
grain boundaries are not stable when the dendrites first start
to grow, and when the time reaches about t = 5× 104∆t, the
dendrite interface reaches a basically stable state. As can be
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seen from Fig. 6, when ΘU0 =−3◦, the calculated step size is
about t = 5× 104∆t after which the difference in height ∆H
between the tips of favorably oriented dendrites a1 and a2 ba-
sically remains oscillating around 0, i.e., the tips of dendrites
a1 and a2 are basically at the same height. As can be seen
from Fig. 5, the tip height difference between a1 and a2 at
ΘU0 = −2◦ is basically the same as the state at ΘU0 = −3◦,
and also after t = 5× 104∆t, the height difference ∆H fluctu-
ates in a very small range around 0. Figure 4 shows the evolu-
tion of the primary arm spacing λ and the tip height difference
∆H at ΘU0 = −1◦. In general, the variation of the tip height
difference ∆H for the favorably oriented dendrites a1 and a2
is basically the same as that for ΘU0 of −30◦ and −20◦, but
it can be observed in Fig. 4 that the values of height differ-

ence ∆H in the three intervals marked by red dashed circles
are all obviously positive, and the states of the corresponding
dendrites in these three ranges are the states of the tips of un-
favorably oriented dendrites b1, b2, and b3 near the favorably
oriented dendrite a1 in Fig. 1(c), respectively. This is due to
the fact that when the orientation angle of the unfavorably ori-
ented dendrite is large, the tip height difference between the
unfavorably oriented dendrite and the favorably oriented den-
drite will be influenced by the subcooling, leading to a larger
tip height difference, so the tip solute interaction between the
unfavorably oriented dendrite and the favorably oriented den-
drite is limited when the two are close to the favorably oriented
dendrite.
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Fig. 2. At ΘU0 = −10◦, unfavorably oriented dendrite b3 close to favorably oriented dendrite a1: (a) t = 1.4× 105∆t dendrite state, (b)
t = 1.4×105∆t dendrite tip region solute field, (c) t = 1.5×105∆t dendrite tip region solute field, and (d) t = 1.5×105∆t dendrite state.
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On the contrary, when the orientation angle of the unfa-
vorably oriented dendrite is small, the difference in subcooling
between the unfavorably oriented dendrite and the favorably
oriented dendrite is small, and the tip of the favorably oriented
dendrite at the grain boundary is subjected to some growth re-
striction due to the interaction between the solutes at the tips
of the two when the unfavorably oriented dendrite is close to
the favorably oriented dendrite.
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Fig. 7. At ΘU0 = −5◦, primary arm spacing λ and tip height differ-
ence ∆H between favorably oriented dendrite a1 and favorably oriented
dendrite a2 varying with calculated steps.

Figure 7 shows the time evolution of the primary arm
spacing λ and the tip height difference ∆H between the fa-
vorably oriented dendrite a1 and its neighboring unfavorably
oriented dendrite b1 at the grain boundary at ΘU0 = −5◦. It
can be seen that the unfavorably oriented dendrite b1 gets
closer to the favorably oriented dendrite a1 as time goes by,
and the primary arm spacing λ gradually decreases. When

the time is about t = 1.3× 105∆t, the tip of the unfavorably
oriented dendrite b1 touches the favorably oriented dendrite
a1, the dendrite b1 blocke growing a1, and the primary arm
spacing λ also tends to stabilize. Figure 8 shows the states of
grain boundary evolution at ΘU0 =−5◦ at t = 1.3×105∆t and
t = 1.4× 105∆t, respectively. From Fig. 8(b), it can be seen
that when the time is t = 1.3× 105∆t, the solute interaction
between the unfavorably oriented dendrite b1 and the favor-
ably oriented dendrite a1 is weak, and at this time the dendrite
b1 is not enough to influence the dendrite a1, and with the in-
crease of the calculation time, the dendrite b1 is getting closer
and closer to dendrite a1, as can be seen from Fig. 8(c), when
the time is t = 1.4×105∆t, the interaction of solutes between
dendrite b1 and dendrite a1 is strengthened, and the lateral
solutes between the two cannot diffuse out, producing an en-
richment of solutes, which affects the growth of dendrite a1.
Figure 9 gives the tip concentration curves for t = 1.3×105∆t
and t = 1.4× 105∆t, respectively. It can be seen that as time
passes, the slope of the tip concentration curve of dendrite
a1 gradually becomes slower due to the proximity of dendrite
b1, and the solute gradient decreases accordingly, resulting in
a smaller growth drive of dendrite a1, which will affect the
growth of dendrite a1. The growth of the favorably oriented
dendrite a1 is affected, and the unfavorably oriented dendrite
b2 has the potential to eliminate a1 to occur as a paradoxical
elimination phenomenon.
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Fig. 8. At ΘU0 = −5◦, grain boundary evolution, separately, at t = 1.3× 105∆t and t = 1.4× 105∆t: (a) t = 1.3× 105∆t dendrite state, (b)
t = 1.3×105∆t dendrite tip region solute field, (c) t = 1.4×105∆t dendrite tip region solute field, and (d) t = 1.4×105∆t dendrite state.

When the drawing speed and temperature gradient are

fixed at Vp = 18 µm/s and G = 0.001 K/µm, respectively, and

the values of ΘU0 of unfavorably oriented grains are taken

as −5◦, −10◦, −20◦, and −30◦, respectively, no anomalous

elimination occurs in the simulation results, but the simula-

tion results show that when the tilt angle is small, there may

be the unfavorably oriented dendrites eliminating the favor-

ably oriented dendrites. The reason for the absence of anoma-
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lous elimination in the simulation results may be that the
given drawing speed is too large, the length of solute diffu-
sion is relatively short, and the solute interaction between the
dendrites is weak, which leads the unfavorably oriented den-
drites to fail to eliminate the electrically oriented dendrites
in a limited time. By reducing the original pulling speed to
Vp = 4 µm/s, figure 10 shows the simulation results of con-
verging bi-crystals when the orientation angle of unfavorably
oriented dendrites is −10◦. At this time, red grains are unfa-
vorably oriented dendrites and blue grains are favorably ori-
ented dendrites. It can be seen that as the unfavorably ori-
ented dendrite b1 gradually approaches to the favorably ori-
ented dendrite a1 at the grain boundary, the favorably ori-
ented dendrite a1 is eliminated and anomalous elimination oc-
curs, and as the grain boundary evolves, the unfavorably ori-
ented dendrite b1 eliminates the favorably oriented dendrite a2
again. Yu et al. also observed the anomalous elimination oc-
curring in the convergent competition growth process through
the directional solidification in-situ experiment of transparent
alloy SCN-2-wt%Ace.[11] The experimental results are shown
in Fig. 11(a). The materials used in the simulations of this
work and the materials used in the experiments of Yu et al. are
transparent alloys, and the simulation results of this study are
compared with the experimental results of Yu et al. in Fig. 11
with a good fit. It can be seen that the occurrence of anoma-
lous elimination phenomenon is greatly related to the pulling
speed: the smaller the pulling speed, the stronger the interac-
tion between the tip solute occurs, and the more likely to occur
the anomalous elimination phenomenon is.
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Fig. 9. Grain boundary evolution, separately, at t = 1.3× 105∆t and
t = 1.4×105∆t for tip concentration curves of favorably oriented den-
drite a1 and favorably oriented dendrite a2.
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Fig. 11. Comparison of anomalous elimination simulation results with the
experimental results of Ref. [11]: (a) anomalous elimination results obtained
experimentally by Yu et al.[11] and (b) nomalous elimination results obtained
by simulation.

Figure 12 shows the interfacial morphologies of converg-
ing bi-crystals at three different angles with thermal gradi-
ents of G = 0.00025 K/µm, G = 0.0005 K/µm, and G =

0.001 K/µm, respectively. In the low thermal gradient state,
such as G = 0.00025 K/µm, the number of dendrites within
the interface is less, the morphological levels of the dendrites
at the two different angles are more distinct, and the dendrites
have a strong branching capability, and more than three den-
dritic arms such as the same secondary dendritic arm appear-
ing on the unfavorably oriented dendrites. In the high thermal
gradient state, such as G = 0.001 K/µm, the number of den-
drites in the interface gradually increases and the branching
capability of two different angles of dendrites decreases. It
can be seen that the magnitude of the thermal gradient G is
strongly related to the dendritic primary spacing. Dendritic
primary spacing decreases with the increases of the thermal
gradient, which is consistent with classic theory of primary
spacing.[23]

3.2. Analysis of divergent competitive growth process of
bi-crystals

Divergent growth refers to two sets of dendritic columns
in which the favorable and unfavorable dendrites are far away
from each other in the growth process, and the evolution pro-
cess is mainly that the two grains in the growth process, the
frontal grain boundary will continue to produce “V” open
space, the two grains will be on the side towards the grain
boundary so that the solute is fully diffused, and will not
be affected by the other dendritic solute field. Both grains
will be on the side towards the grain boundary to allow suf-
ficient solute diffusion, and will not be affected by the so-
lute field of other dendrites. Both favorable and unfavorable
grains may generate secondary and tertiary arms at the di-
verging grain boundary and eventually develop into new pri-
mary arms to occupy the grain boundary space. The classical
Walton–Charmers model suggests that during the directional
solidification of the diverging bi-crystal, new secondary arms
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are formed at the grain boundaries of the favorably oriented
dendrites and then develop into new primary dendritic spin-
dles, with the grain boundaries advancing in the direction of
the unfavorably oriented dendrites and eventually eliminating
the unfavorably oriented dendrites.

0.00025

0.00050

0.00100

G (K/mm)

(a) θU=−10Ο (b) θU=−20Ο (c) θU=−30Ο

Fig. 12. Competitive growths of grain a and grain b at various thermal gra-
dients for three cases: (a) ΘU0 =−10◦, (b) ΘU0 =−20◦, (c) ΘU0 =−30◦.

The Walton–Charmers theory has been corroborated
experimentally.[24–26] However, Wagner et al.[27] investigated
the anomaly in experiment on CMSX4 high-temperature alloy
diverging bi-crystal, where no new secondary dendrite arms
appeared at the grain boundaries for the favorably oriented
dendrites, and the grain boundaries were oriented in the same
direction as the favorably oriented dendrites, and they con-
cluded that the secondary dendrite arms formed by the un-
favorably oriented had greater subcooling because the angle
with respect to the heat flow direction was smaller than the
favorably oriented secondary dendrite arms, so the unfavor-
ably oriented dendrites were more likely to form secondary
dendrite arms at the grain boundaries. This shows that the
evolution of the grain boundary of the disperse bi-crystal in
the directional solidification process has a certain randomness,
and this randomness is essentially determined by the new pri-
mary arm generated by the grains in the middle of the disperse
double crystal, and the new primary arm is developed by the
tertiary dendritic arms, and the tertiary dendritic arms are de-
rived from the developed lateral branching, so the randomness
of the new primary arm is closely related to the developed lat-
eral branching.

In order to study the effect of changing only the tilt angle
of unfavorably oriented grains on the competition of diverging
bi-crystals, with all other conditions being equal, the extrac-
tion speed and temperature gradient are set to be Vp = 18 µm/s
and G = 0.001 K/µm, respectively, and the growth of the fa-
vorably oriented grains in the direction of heat flow (ΘF0 = 0◦)
and the tilt angle of unfavorably oriented grains were set to be
ΘU0 = 10◦, ΘU0 = 20◦, ΘU0 = 30◦, the blue part is for the
dendrites of the favorably oriented grains and the red part is
for the dendrites of the unfavorably oriented grains. As can
be seen from Fig. 13, the unfavorably oriented grains are tilted
at angles of 10◦ and 20◦, and new primary dendrite arms are
generated at the black dashed circles for both the favorably
oriented dendrites, and the yellow dashed line in the figure
marks the direction of the grain boundary from the favorably
oriented grains to the direction of the unfavorably oriented
grains, which is inconsistent with the Walton–Charmers model
nor with the anomaly found by Wagner, where both favorably
and unfavorably oriented dendrites generate new primary den-
drite spindles at the grain boundary. However, the develop-
ments of new primary arms from favorable dendrite in diverg-
ing grain boundary are still in the initial stage, the direction
of grain boundary only slightly deflected, which cannot elim-
inate them. When ΘU0 = 10◦, the unfavorably oriented den-
drite generates only one new primary dendrite arm in the grain
boundary, and the time reaches t = 1.8×105∆t, the favorable
newborn primary dendrite a1′ with the unfavorably oriented
newborn primary dendrite b1′ at the grain boundary “V” where
the undeveloped secondary dendrite arms grow slowly. When
ΘU0 = 20◦, the secondary dendrite arms of unfavorably ori-
ented dendrites at the grain boundary “V” are more developed
and can form more stable primary dendrite arms. The above
phenomenon is due to the fact that when the growth orienta-
tion of the unfavorably oriented dendrite is small, the space
at the “V” formed by the favorably oriented dendrite and the
unfavorably oriented dendrite is small, which is not conducive
to the development of the secondary dendrite arms, and the
angular difference between the secondary dendrite arms and
the heat flow direction of the grain boundary is large, result-
ing in a smaller subcooling degree, and the secondary dendrite
arms are not developed and do not easily develop into new
primary dendrite arms. When the tilt angle of unfavorably ori-
ented grains is ΘU0 = 30◦, the favorably oriented grains do
not produce new primary dendrite arms, and the grain bound-
ary direction is still along the growth direction of the favorably
oriented grains; while the unfavorably oriented dendrites have
more developed secondary dendrite arms due to the increase
of the “V” shaped liquid-phase region at the grain boundary
and the smaller angle between the secondary dendrite arm and
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the heat flow, which leads to the larger subcooling degree: the
larger the orientation angle, the more easily the stable sec-
ondary dendrite arms in the region develops than the other two
unfavorably oriented smaller dendrites. During the simulation
of the growth of diverging bi-crystals at different angles, some
of the tertiary dendrite arms generated on the developed lateral
branches are eliminated due to the blockage of the surrounding
dendrites as shown in Fig. 13(b), where the tertiary dendrite
arms developed by the favorably oriented dendrites are elimi-

nated due to the blockage of their own primary dendrite arms
at ΘU0 = 20◦ as shown by the yellow dashed circles. The yel-
low dashed circles in Fig. 14 indicate that at ΘU0 = 28◦, the
tertiary dendrite arms developed by the unfavorably oriented
dendrites are blocked and eliminated by the surrounding lat-
eral branches, which shows that not all tertiary dendrite arms
develop into nascent main axes during the growth of the di-
verging bi-crystal, and such tertiary dendrite arms are blocked
with a random nature.
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Fig. 13. Evolutions of diverging bi-crystalline organization under three different unfavorable orientations: (a) ΘU0 = 10◦, (b) ΘU0 = 20◦, (c) ΘU0 = 30◦.

In order to understand more intuitively the growth pattern
of divergent bi-crystals with different growth orientations of
unfavorably oriented dendrites, the growth process of diver-
gent bi-crystals is simulated when the tilt angle of unfavorably
oriented dendrites ΘU0 is 22◦ and 28◦, separately. As shown
in Fig. 14, when ΘU0 = 22◦, compared with ΘU0 = 2◦ no new
primary dendrite arm appears in the favorably oriented den-

drite a1. It can be seen that there is a correlation between a
new primary dendrite arm appearing in the favorably oriented
dendrite and the tilt angle of the unfavorably oriented dendrite
during the growth of the diverging bi-crystal: as the tilt angle
of the unfavorably oriented dendrite increases, the probabil-
ity of developing a new primary dendrite arm in the favorably
oriented dendrite becomes smaller.
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Fig. 14. Tissue evolution of ΘU0 = 22◦ and ΘU0 = 28◦ diverging bi-crystal.

Figure 15 shows the variation of the average newborn pri-
mary dendrite arm spacing λ and the average newborn inter-
primary dendrite distance ∆L with the tilt angle ΘU0 of the
unfavorably oriented dendrites. It can be seen that the aver-
age nascent primary dendrite arm spacing λ decreases as the
tilt angle ΘU0 of the unfavorably oriented dendrite increases,
and the decrease in λ is 56.17% when ΘU0 increases from 20◦

to 22◦, and 28.61% when ΘU0 increases from 28◦ to 30◦. It
can be seen that there is a strong correlation between the pri-
mary arm spacing of unfavorably oriented dendrites at the di-
vergent grain boundaries and the tilt angle of unfavorably ori-
ented dendrites: λ decreases monotonically as ΘU0 increases
and the decrease tends to moderate. ∆L also shows monoton-
ically decreasing with the increase of ΘU0, which shows that
with the gradual increase of the tilt angle of the unfavorably
oriented dendrites, the new primary dendrite arms appearing in
the unfavorably oriented dendrites increase, while the distance
between the average new primary dendrites becomes smaller.
The new spindle frequency γ is defined as the number of new
dendritic spindles per unit length.
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Fig. 15. Evolution of average newborn primary dendrite arm spacing
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Figure 16 shows the relationship between the new spindle
frequency and the growth orientation of unfavorable dendrites.
It can be seen that the new spindle frequency of the favorably
oriented grains is significantly higher than that of the unfavor-
ably oriented grains when ΘU0 is small at first, but with the

increase of ΘU0, the γ value of the favorably oriented grains
shows monotonically decreasing, roughly at ΘU0 = 28◦ the
new spindle frequency is 0. On the contrary, the γ value of un-
favorably oriented grains increases significantly, which shows
that as the difference of bi-crystal growth direction becomes
larger, the ability of favorably oriented grains to occupy the
grain boundary space becomes smaller, and it is difficult to de-
velop new primary dendritic arms to occupy the liquid phase
grain boundary space, while the unfavorably oriented grains
are more likely to generate new spindles, which further con-
firms the previous conclusion.
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Fig. 16. Variation of the new frequency of the main axis of dendrite
with ΘU0 for grain a and grain b.

4. Conclusions
The competitive growth process between grains of differ-

ent orientations in the directional solidification process is nu-
merically simulated using the phase-field method. The branch-
ing behavior due to different grain boundary orientations of
convergent and divergent bi-crystals and the growth pattern in
the case of large-scale calculations are investigated and con-
cluded as follows.

(i) In the process of convergent bi-crystal competition
growth, the growth direction of favorably oriented dendrites
is consistent with the direction of heat flow. When the pulling
speed is too large, the orientation angle of the unfavorably ori-
ented dendrites varying from small to large value is the normal
elimination phenomenon of the favorably oriented dendrites
blocking the unfavorably oriented dendrites: no anomalous
elimination occurs and the grain boundary extends along the
growth direction of the favorably oriented dendrites. When
the pulling speed becomes small, the anomalous elimination
phenomenon of unfavorably oriented dendrites eliminating fa-
vorably oriented dendrites occurs at the grain boundaries. The
thermal gradient also has a great influence on the growth of
dendrites. In the low thermal gradient state, the number of
dendrites within the interface is less, the morphological levels
of the dendrites at the two different angles are more distinct,
and the dendrites have a strong branching capability, and more
than three dendritic arms such as the same secondary dendritic
arm will appear on the unfavorably oriented dendrites. In the
high thermal gradient state, the number of dendrites in the in-
terface gradually increases and the branching capability of two
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different angles of dendrites decreases. When the bi-crystal
converges, the space is formed between the unfavorably ori-
ented dendrites and computation area boundary. The unfavor-
ably oriented dendrites will generate the secondary dendrite
arms in this area, which then develop into tertiary dendrite
arms to gradually occupy the space, and as the angle of unfa-
vorable orientation increases, the more tertiary dendrite arms
are produced by the unfavorably oriented dendrites.

(ii) During the competitive growth of the evanescent bi-
crystal, the growing direction of the favorable dendrites is con-
sistent with the heat flow direction. When the orientation angle
of the unfavorable grains is small, the frequency of spindle ad-
dition of the favorable grains is significantly higher than that
of the unfavorable grains. As the orientation angle of unfa-
vorable dendrites becomes larger, the unfavorable grains are
more likely to develop stable secondary dendritic arms, and
then the new primary dendritic arms occupy the liquid-phase
grain boundary space, the grain boundary deviates from the fa-
vorable dendrites and tilts in the direction of unfavorable den-
dritic growth, but the grain boundary direction is still parallel
to favorably oriented dendrites. In addition, the tertiary den-
drite arms on the developed secondary dendrite arms may also
be stopped by the surrounding lateral branches from further
developing into nascent main axes, and this blocking of the
tertiary dendrite arms has a stochastic nature, which in turn
has an influence on the generation of primary dendrite arms in
the grain boundaries.
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