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Voter model is an important basic model in statistical physics. In recent years, it has been more and more used to
describe the process of opinion formation in sociophysics. In real complex systems, the interactive network of individuals
is dynamically adjusted, and the evolving network topology and individual behaviors affect each other. Therefore, we
propose a linking dynamics to describe the coevolution of network topology and individual behaviors in this paper, and
study the voter model on the adaptive network. We theoretically analyze the properties of the voter model, including
consensus probability and time. The evolution of opinions on dynamic networks is further analyzed from the perspective
of evolutionary game. Finally, a case study of real data is shown to verify the effectiveness of the theory.
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1. Introduction
The models of statistical physics have been successfully

used to understand complex systems and collective social phe-
nomena, such as the emergence of cooperation, the formation
of opinions, and the spread of information or diseases, mo-
tivated by the fact that statistical physics can describe how
global complex properties arise from purely local rules.[1–4]

Using the concepts of nonlinear dynamics, critical phenom-
ena, and phase transitions, statistical physics attempts to grasp
the basic characteristics of emergent social behavior by con-
sidering some simple rules.

Voter model[5,6] is an important and concise statistical
physics model. It describes the evolution to consensus in
a group of agents with discrete opinions. The voter model
is similar to the kinetic Ising model with zero-temperature
Glauber dynamics,[5] in which the individual (or spin) asso-
ciated with a lattice site r can have two different opinions
σr = ±1. The dynamics of the system is realized by ran-
domly selecting an individual and using the spin values of
randomly selected neighbors. Through repeated updates, a
finite and initially diverse group will reach a consensus over
a period of time. In physics, some prominent properties of
voter model have been studied, such as magnetization conser-
vation. It is found that the study of voter model is helpful
to understand a large class of nonequilibrium phenomena.[7]

In particular, voter model produces nontrivial ordering phe-
nomena through the iteration of simple rules. Because of this
connection with nonequilibrium spin systems and its practi-
cal value in the study of interacting particles[5] and interactive
systems,[6] voter models have been widely studied in physical
literature[8–14] and beyond physics.[15]

The main reason why voter model has attracted exten-
sive attention is that from the theoretical point of view of
statistical physics, voter dynamics is one of the few stochas-
tic many-body systems that are solvable in any dimension.
Therefore, it can be used as a benchmark for the simulation
or perturbation solution of more complex models. In addi-
tion, its properties are also helpful to understand other spin
systems, such as Ising model and spin glasses.[1] Secondly,
it has a wide range of interdisciplinary applications. Voter
models and more complex variants of voter models, such as
Axelrod’s model,[16] have been found to have many applica-
tions in the emergent phenomena of collective organizations
in chemistry, population dynamics, evolutionary biology, and
sociophysics.[1,14,17–22] Voter models, combined with other
tools in statistical physics, such as mean-field-like methods
and numerical simulations,[10–12,22–25] are widely used to de-
scribe the spread of culture, language or opinions in social sys-
tems. In particular, the voter model is perhaps the simplest and
most completely solved of various models studying coopera-
tive behavior.[8]

The voter model and its variants are mainly studied in
the homogeneous and translationally invariant spatial struc-
tures, such as the regular lattices, in the research of classi-
cal physics. The regular lattice, however, can only provide
a rough approximation of geographical proximity in socio-
physics. Thus, people try to establish voter models on com-
plex networks.[8–10,26] But so far, few studies take into account
the fact that networks in real society have a dynamical nature,
and the evolution of networks may affect the interactive pro-
cess between nodes.[27–41] For example, the opinions of two
individuals will determine whether they will establish a rela-
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tionship. Hence, the opinion dynamics occur on an adaptively
changing network. On the other hand, the network topology
may affect the evolution of opinions. Therefore, the dynamics
of adaptive networks include the formation of opinions and the
evolution of network topology. The coupling between the two
processes forms a coevolution of nodes and links. It reflects
how people’s links affect their opinions and how their opin-
ions determine their new links. It is of great significance to
study the opinion dynamics on the evolving networks.[42–47]

The voter model represents the simplest model of opinion
formation in the context of sociophysics, in which individu-
als can change their opinions according to the state of their
neighbors. Accordingly, in the biological context, evolution-
ary game theory[48–52] provides a mathematical framework to
study group behavior. It can be used to analyze the conflict of
interest of rational individuals in the process of evolution over
time. Moran process is a classic evolutionary process.[53–63]

It represents a basic example of two species competing in
the same environment, wherein individuals with higher fitness
may be selected for reproduction. Although both models can
describe the stochastic evolution of two-state individual sets,
they have obvious differences, such as the order in which in-
teracting individuals are selected. A selected node will copy
the spin state of its neighbor in the voter model, however, indi-
viduals will transmit their state to adjacent nodes through re-
production and replace the corresponding neighbors in Moran
process. The internal relationship between these two typical
models in different fields is a topic worthy of in-depth explo-
ration.

The main innovations and contributions of this paper are
as follows. We propose a linking dynamics to model the
voter model on the dynamically evolving network. This exten-
sion makes the classical statistical physical model traditionally
studied on lattice and static networks more suitable for ana-
lyzing the spread of opinions in real complex networks. In
particular, this novel model can be used to describe the coevo-
lution of network topology and group decision-making. We
theoretically analyze the voter model on the adaptive network
and find some relationship between it and evolutionary game
dynamics. With the help of these relations, we can study the
statistical physical model on evolving networks from the per-
spective of game theory. This method makes it easy to inter-
pret the decision-making on complex dynamic networks with
classical game matrices. In this regard, we give some exam-
ples, including a case study of real data, to verify that the group
behavior on dynamic networks can be predicted.

2. Formulation of the model
We consider networks possessing N nodes and L links.

The voter model is defined as follows to characterize the dy-
namics of opinions. Each node in the network carries a spin,

which is endowed with two states: spin up and spin down. If
we use nodes to represent voters, a voter i can choose between
two different states (usually called opinions), σi = ±1. The
updating process of nodes in the network is as follows. Firstly,
a node is randomly selected in the network. Then, the spin
of the selected node is updated according to a simple major-
ity voting rule. The probability that the selected node adopts
a positive state +1 is proportional to the number of positive
spins in its adjacent nodes, i.e. k+/(k++ k−), where k± rep-
resents the number of nodes with spin ±1 in its neighbors,
respectively. This means that if the number of positive spins
connected to the focal node is more than that of negative, the
probability of the selected node being positive at the next time
is greater, regardless of its previous state. It is particularly
noteworthy that in this updating rule, the future state of the
node is independent of its initial state.

In the following, we propose a linking dynamics to study
the evolution of network structure over time. Herein, the spins
of nodes and the links between nodes coevolve. The existence
of a link depends on the states of spins at both ends of the link,
and the states of spins depend on the presence or not of links.
Thus, we call the network adaptive. At each time step, with
probability w, the state of spin updates as described above.
Otherwise, the links in the network update. We denote that
each link has a specified breaking probability k. Once a link
is broken, a new one will be formed. We assume that the total
number of links, L, remains constant during the evolution of
links, which implies a limited resource environment.[47,64–66]

The linking dynamics is described as follows:
(I) A link is selected randomly from all the present ties.
(II) The selected link breaks off with probability k.
(III) If it breaks indeed, selecting one node occupying the

two extremes of the broken link randomly. subsequently, the
node randomly connects to another node who is not its current
neighbor in the network.

Positive state: +1

Negative state: -1

A A A

FFFB B B

EEE

C C CD D D

S/S/S/

i0↪ T↼i0↽/⇁↩
i1↪ T↼i1↽/⇁↩

i2↪ T↼i2↽/⇁⇁

Fig. 1. Illustration of the linking dynamics. Initially, i.e., s= 0, a dashed
link i0 = ED is selected to evaluate whether it is broken. If i0 breaks
off, then D is selected between E and D to switch to a new partner.
Subsequently, F is chosen to connect with D. In this way, a new connec-
tion i1 = DF is established. Similarly, i2 = CD. Herein, T (i0) = +−,
T (i1) = +−, and T (i2) = ++.

058902-2



Chin. Phys. B 31, 058902 (2022)

There are three types of links in the network: ++,
+−, and −−. For the link of type XY , where XY ∈
{++,+−,−−}, it breaks off with probability kXY . Initially,
each link is assigned a name i, where i∈{1,2 . . . ,L}. We spec-
ify a link i0 randomly. Then linking dynamics happens. If i0 is
selected and breaks at the first time step, subsequently, another
newly born link comes into being according to the linking dy-
namics we propose, denoted as i1. Otherwise, if i0 does not
break, we denote that i1 = i0. In analogy to i1, is, where s > 0,
can be well-defined. In addition, we denote that is is of type
T (is), where T (is) ∈ {++,+−,−−} (see Fig. 1).

The linking dynamics is a Markov chain with state space
S = {++,+−,−−}. We define x± as the fraction of spins
with state ±1 in the system. If x+x−k++k+−k−− ̸= 0, the
Markov chain is irreducible and aperiodic. Thus there ex-
ists a unique stationary distribution, which is determined by
the normalized left eigenvector corresponding to the eigen-
value 1 of the transition matrix. The stationary distribution
describes the percentage of time spent by the population in
each homogeneous state in the long run. The stationary distri-
bution of the link with type XY (where XY ∈ S) is shown as
follows:[47,51,67–69]

πXY =𝒩 (2−δXY )xX xY

kXY
, XY ∈ {++,+−,−−}, (1)

where 𝒩 = (∑XY∈S (2−δXY )xX xY/kXY )
−1 > 0 is the normal-

ization factor, and δXY is the Kronecker delta.
We can consider an extended case, that is, directed net-

work. Then, the link XY in the undirected graph actually cov-
ers two directed links

−→
XY and

−→
Y X . Therefore, the above link-

ing dynamics can be characterized by a Markov chain defined
in the state space S̃ = {−→++,

−→
+−,

−→−+,
−→−−}. At this time, the

Markov chain has a unique stationary distribution, which is
given as follows:[47,67–69]

π−→
XY = 𝒩̃ xX xY

kXY
,
−→
XY ∈ {−→++,

−→
+−,

−→−+,
−→−−}, (2)

where 𝒩̃ is also the normalization factor.

3. Consensus probability
A basic property of the voter model is the consensus prob-

ability, which represents such a probability in a finite system:
starting from an initial density of positive spin, x+, and finally
reaching a consensus, for example, ending with all spins up-
ward. In some contexts, this quantity is also called exit prob-
ability. We study voter models on adaptive networks. With
probability w, the opinion updates, while, the linking dynam-
ics occurs with probability 1−w. If w ≪ 1, linking dynamics
are much faster than opinion dynamics. Therefore, the nodes’
states will not change until the linking dynamics reach the sta-
tionary regime. In other words, when considering the evolu-

tion of spin states of nodes, the link configuration of the net-
work is in its stationary state. We focus on the evolution of the
system under this assumption in this paper.

We define the number of spins with a positive state in the
system as N+. Accordingly, the number of spins with a neg-
ative state is N−. Thus, the voter model on the adaptive net-
work is a Markov chain with state N+ defined in the state space
{0,1, . . . ,N}. Wherein N+ = 0 and N+ = N are two absorb-
ing states, representing that all spins are positive and all spins
are negative, respectively. When all the nodes have reached a
consensus, the system based on the voter model will remain
unchanged. Therefore, the system described by state variable
N+ is a Markov chain with two absorbing states.

During the updating of the system, the state N+ is either
increased by 1, decreased by 1, or unchanged at each time
step. We take N+ increased by 1 as an example. At this time,
we need to flip a spin whose original state is negative. First, a
node in the system whose state is negative should be selected,
and the probability is (N −N+)/N. Next, the selected spin
flips. According to the definition in the model section, the
probability of flipping a negative spin into positive is based on
the majority voting rule, that is, the fraction of positive spins.
Thus, the probability is: π−−→−+/(π−−→−+ + π−−→−−). Therefore, the
probability that the number of spins with positive state in the
system increases by 1 is[69]

T+
N+

=
N −N+

N

π−−→−+

π−−→−++π−−→−−
. (3)

Similarly, the probability that the number of nodes with posi-
tive spin decreases by 1 is

T−
N+

=
N+

N

π−−→
+−

π−−→
+−+π−−→

++

. (4)

Since the sum of rows in the transition matrix of the stochas-
tic system is 1, the probability that the number of nodes with
positive spin state remains unchanged is: T 0

N+
= 1−T+

N+
−T−

N+
.

Subsequently, we calculate the consensus probabilities φi,
that is the probability of starting from i nodes of type +1 and
finally reaching a consensus status where all spins with posi-
tive state in the system. Obviously, the absorbing states, φ0 = 0
and φN = 1. For the intermediate states, the consensus proba-
bilities are given by[56,57]

φ j = T−
j φ j−1 +(1−T−

j −T+
j )φ j +T+

j φ j+1. (5)

Denoting y j = φ j −φ j−1, then y j+1 = φ j+1−φ j. Hence, based
on the above equations, we have: y j+1 = (T−

j /T+
j )y j. We de-

note γ j = T−
j /T+

j , then we can write recursive equations for
the difference between consensus probabilities,

y1 = φ1 −φ0 = φ1, (6)

y2 = φ2 −φ1 = γ1φ1, (7)

· · · ,
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yk = φk −φk−1 =
k−1

∏
j=1

γ jφ1, (8)

· · · ,

yN = φN −φN−1 =
N−1

∏
j=1

γ jφ1. (9)

We sum each side of the equations separately,

N

∑
k=1

yk = 1 =
N

∑
k=1

φ1

k−1

∏
j=1

γ j. (10)

Hence, the consensus probability of a single positive spin, φ1,
can be calculated as

φ1 =
1

1+∑
N−1
k=1 ∏

k
j=1 γ j

. (11)

Taking the above formula back to the previous iterative equa-
tions, we can get the general consensus probability φi as

φi =
i

∑
k=1

yk = φ1

i

∑
k=1

k−1

∏
j=1

γ j. (12)

Considering γ j = T−
j /T+

j , the consensus probability of
state +1 as the function of variable N+ can be given in the
following form:

φi =
1+∑

i−1
k=1 ∏

k
N+=1

T−
N+

T+
N+

1+∑
N−1
k=1 ∏

k
N+=1

T−
N+

T+
N+

. (13)

4. Consensus time
In the voter model, the states (opinions) of the nodes

stochastically change over time, so the system is evolving.
When all the nodes are in the same state (consensus), the con-
figuration is the absorbing state of the voter model. There-
fore, the average time required for all the nodes in the sys-
tem to reach a consensus is another basic property of the
model.[7–9,70–72] We define t+j as the consensus time, that is,
given that the system reaches the absorbing state with positive
spins only, how long does this take when starting in state j?

Based on the exit probability obtained above, we start to
derive the consensus time.

φ jt+j = φ j−1T−
j (t+j−1 +1)+φ j(1−T−

j −T+
j )(t+j +1)

+φ j+1T+
j (t+j+1 +1). (14)

Here, φ j is the exit probability of j nodes with type +1 at be-
ginning. Denoting θ

+
j = φ jt+j , then

θ
+
j+1 −θ

+
j = (θ+

j −θ
+
j−1)

T−
j

T+
j
−

φ j

T+
j
. (15)

We define ωk = θ
+
k −θ

+
k−1, and γ j = T−

j /T+
j , then

ω j+1 = ω jγ j −
φ j

T+
j
. (16)

By using calculations similar to the previous iteration, we can
get

ωk = θ
+
k −θ

+
k−1 = θ

+
1

k−1

∏
m=1

γm −
k−1

∑
l=1

φl

T+
l

k−1

∏
m=l+1

γm. (17)

Since φ0 = 0, then φ
+
0 = 0. On the other hand, because

t+N = 0, then θ
+
N = 0. Summing over ωk leads to ∑

N
k= j+1 ωk =

−θ
+
j . In particular, for j = 1, we obtain

t+1 =
N−1

∑
k=1

k

∑
l=1

φl

T+
l

k

∏
m=l+1

γm. (18)

For general j, we have

t+j =−t+1
φ1

φ j

N−1

∑
k= j

k

∏
m=1

γm +
N−1

∑
k=1

k

∑
l=1

φl

T+
l

k

∏
m=l+1

γm. (19)

5. Evolution of opinions

For the evolutionary dynamics of opinions on the net-
work, people are concerned about which opinion will become
the mainstream in the society, or what will be the result of
the spreading of opinions and the collision between different
opinions? As a typical example of opinion dynamics, we are
interested in the evolutionary trend of opinions in the voter
model. In adaptive networks, the propagation of opinions is
closely related to the change of network topology, which is
the biggest difference from the system with static structure.
In this section, we focus on the coevolution of networks and
opinions, and explore the evolutionary trend of opinions.

5.1. Dynamics

We first consider a large-scale system. By considering a
Kramers–Moyal expansion of the Master equation,[73,74] we
have

Pτ+1( j)−Pτ( j) = Pτ( j−1)T+
j−1 −Pτ( j)T+

j

+Pτ( j+1)T−
j+1 −Pτ( j)T−

j , (20)

where Pτ( j) denotes the probability to be in state j (number
of positive spins) at time τ and transition probabilities can be
obtained by Eqs. (3) and (4). To consider large N, we denote
x = j/N, t = τ/N, T±

j → T±(x), and the probability density
ρ(x, t) = NPτ( j). Equation (20) yields

ρ

(
x, t +

1
N

)
−ρ(x, t)

= ρ

(
x− 1

N
, t
)

T+

(
x− 1

N

)
−ρ(x, t)T+(x)

+ρ

(
x+

1
N
, t
)

T−
(

x+
1
N

)
−ρ(x, t)T−(x). (21)
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When the population size N ≫ 1, the probability density
and transition probability can be expanded into Taylor series
at x and t:

ρ(x, t +
1
N
) ≈ ρ(x, t)+

∂

∂ t
ρ(x, t)

1
N
, (22)

ρ(x± 1
N
, t) ≈ ρ(x, t)± ∂

∂x
ρ(x, t)

1
N
+

∂ 2

∂x2 ρ(x, t)
1

2N2 , (23)

T±(x± 1
N
) ≈ T±(x)± ∂

∂x
T±(x)

1
N
+

∂ 2

∂x2 T±(x)
1

2N2 . (24)

We substitute the above formulas into Eq. (21) and ignore
the higher-order terms of 1/N. We can obtain

∂

∂ t
ρ(x, t) = − ∂

∂x
[T+(x)−T−(x)]ρ(x, t)

+
1
2

∂ 2

∂x2
T+(x)+T−(x)

N
ρ(x, t). (25)

The above equation describes the deterministic time evolution
of probability distribution, which has the form of the Fokker–
Planck equation of the system. For N → ∞, the second term on
the right of the equation approaches to 0. At this time, only the
first term affects the dynamic process. Therefore, the change
of the system state is reduced to the form of the following de-
terministic differential equation:

ẋ = T+(x)−T−(x). (26)

Combining Eqs. (2)–(4) with Eq. (26), we can get the rate of
change of the number of positive spins in the voter model

ẋ+ =
x+x−
k+−

(
1

x+/k+−+ x−/k−−
− 1

x−/k+−+ x+/k++

)
. (27)

Denoting f−(x+) = x+/k+− + x−/k−− and
f+(x+) = x−/k+− + x+/k++. Obviously, multiplying
k+− f−(x+) f+(x+) on the right side of the equation will not
change the dynamics of the system, but will only affect the
evolutionary speed. So we have

ẋ+ = x+x−( f+(x+)− f−(x+)). (28)

It can be seen that the dynamic process represented by
the above formula can be characterized by the replicator
equation,[51,75–77] which is a classical evolutionary model de-
scribing the strategy evolution in a very large and unstructured
population. It governs the evolution of the densities of differ-
ent strategies through a differential equation. In the replica-
tor equation, the fraction of each strategy in the system is a
function of payoffs, and the payoffs depend on the composi-
tion of the population, that is, the fractions of all the strate-
gies in the population. Therefore, the dynamics is nonlinear in
general.[52]

For the stochastic dynamics in finite populations, accord-
ing to Eq. (13), the consensus probability φi of the voter model
is determined by T−

N+
/T+

N+. The transition probabilities can be

obtained by Eqs. (3) and (4). Therefore, the consensus proba-
bility of the voter model on the evolving network can be shown
as

φ̃i =

1+∑
i−1
k=1 ∏

k
N+=1

1
k+−

N+
N + 1

k−−
N−
N

1
k++

N+
N + 1

k+−
N−
N

1+∑
N−1
k=1 ∏

k
N+=1

1
k+−

N+
N + 1

k−−
N−
N

1
k++

N+
N + 1

k+−
N−
N

. (29)

Such consensus probability of the voter model on the
adaptive network has the same form as the fixation probability
of Moran process in the well-mixed populations with payoff

matrix M =

(
1/k++ 1/k+−
1/k+− 1/k−−

)
when w ≪ 1 (please see Ap-

pendix A for the proof).
Hence, it is found that the consensus probability and lim-

iting behavior of voter model on adaptive networks can be
characterized by evolutionary game dynamics. This points out
that we can analyze the evolution of opinions on evolving net-
works from the perspective of evolutionary game. In fact, each
item 1/kXY in the matrix M can be understood as the expected
duration time of different kinds of social link XY . Such a ma-
trix emerges from the voter model evolved on the adaptive net-
work. With the help of such an emergent matrix, we will show
how to study the evolution of opinions on adaptive networks.

5.2. Analysis

The evolution of adaptive networks depends on the con-
nection and disconnection of different types of links. In the
evolutionary process of opinions, the stability of social links
has different situations. In the following, we discuss them re-
spectively.

5.2.1. Like poles repel, unlike poles attract

The repulsion of the same magnetic pole and the attrac-
tion of different magnetic poles are common physical phenom-
ena in nature. This phenomenon also widely exists in social
groups, for example, heterosexual attraction. Such a situation
is called out-group bias. This case describes that individu-
als are more inclined to establish connections with individuals
holding different opinions. The practical significance of this
case is as follows. As a classical opinion dynamics model, a
very important application of voter model is to simulate the
evolution of opinions in the election process. During a cam-
paign, people try to persuade individuals with different opin-
ions, convince them and change their opinion, so as to achieve
the purpose of finally allowing them to join their own camp.
Therefore, more interaction with people with different opin-
ions is more meaningful to the diffusion of their own opinions.

In this case, according to the voter model on the adap-
tive network, we have k++ > k+− and k−− > k+−. Owing to
1/k++ < 1/k+− and 1/k−− < 1/k+−, thus the game matrix

A =

(
a11 a12
a21 a22

)
with relationship a11 < a21 and a22 < a12
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represents a coexistence game. In some contexts, it is also
called the snowdrift game.[78–80] For the coexistence game, the
Nash equilibrium can be obtained through analysis: (+1,−1)
and (−1,+1). The consensus probability of voter model can
also be obtained according to the fixation probability of the
Moran process in the evolutionary game theory. The limiting
behavior of the voter model can be predicted by the replicator
equation of a coexistence game. Therefore, by analyzing the
system based on the replicator equation, we can conclude that
the equilibrium point is

x*+ =
1/k−−−1/k+−

1/k++−2/k+−+1/k−−
. (30)

In Fig. 2, the consensus probability for increasing initial frac-
tion of positive spin in voter model on the adaptive network is
shown. Here, k++ = 0.6, k−− = 0.6, and k+− = 0.4. Thus
the equilibrium of replicator equation is x*+ = 0.5. At this
time, the equilibrium point is a stable internal equilibrium. In
other words, as long as different opinions exist at first, the sys-
tem will eventually show a trend of coexistence of opinions,
and the number of positive spins can be predicted through the
equilibrium point. Different population sizes N are consid-
ered. When N → ∞, the consensus probability is always 0.5,
regardless of the initial value. The evolutionary process of the
systems starting from different initial fraction of positive spins
over time can be seen in Fig. 3.
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Fig. 2. Consensus probability for the case k++ > k+− and k−− > k+−.
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Fig. 3. Evolution of opinions for the case k++ > k+− and k−− > k+−.

5.2.2. Like attracts like

The second case is the so-called in-group bias, which
refers to the case that an individual is more willing to connect
with an individual who has the same opinion as itself. This
situation is also very common in real society. As the saying
goes, “birds of a feather flock together.” For the adaptive net-
work, this situation is k++ < k+− and k−− < k+−. How do
the opinions evolve in this case? We will analyze it from the
perspective of evolutionary game.
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Fig. 4. Consensus probability for the case k++ < k+− and k−− < k+−.

According to the analysis in the former section, the voter
model on the adaptive network can be described by the evo-
lutionary game model. For the in-group bias case, owing to
1/k++ > 1/k+− and 1/k−− > 1/k+−, thus the game matrix

A =

(
a11 a12
a21 a22

)
with relationship a11 > a21 and a22 > a12

represents a coordination game, which is widely used to an-
alyze the emergence and maintenance of social customs.[81]

For the coordination game, it is easy to get the Nash equi-
librium through game analysis: (+1,+1) and (−1,−1). For
the evolutionary game model using this payoff matrix, such as
the stochastic Moran process, its fixation probability is easy
to calculate,[54,68] so the consensus probability of voter model
can be obtained accordingly. In Fig. 4, the consensus prob-
ability for increasing initial fraction of positive spin for the
in-group bias case is shown. In this case, the opinion dynam-
ics are described by the replicator equation of a coordination
game. By taking k++ = 0.4, k−− = 0.4, and k+− = 0.6, the
equilibrium point of the system can be obtained by Eq. (30).
Thus the equilibrium of replicator equation is x*+ = 0.5. How-
ever, such equilibrium is unstable. In other words, for a voter
model, if the initial number of positive spins in the system ex-
ceeds the equilibrium point, the system will eventually reach a
consensus state of all positive spins. Otherwise, the conclusion
is opposite. Through this theoretical analysis, we can predict
the evolutionary trend of opinions in the system described by
the voter model. Different population sizes N are considered
in the figure. The larger N is, the more the curve tends to the
form of step function. We also show the evolutionary process
of the systems starting from different initial values over time
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in Fig. 5. It can be seen that the system either evolves to a state
of all positive spin or all negative spin. The initial state will
directly affect which side the system is biased to.
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Fig. 5. Evolution of opinions for the case k++ < k+− and k−− < k+−.

5.2.3. Biased preference

Considering the diversity of individuals in the system, we
will study another special case, that is, for two different opin-
ions in the system, if one opinion, without loss of generality,
such as +1, is in-group bias, and the other opinion, that is −1,
is out-group bias in this case. This is similar to the prejudice
that individuals with positive opinion are more popular than
those with negative one. Then in this case, k++ < k+− < k−−.
Owing to 1/k++ > 1/k+− and 1/k−− < 1/k+−, thus the game

matrix A =

(
a11 a12
a21 a22

)
with relationship a11 > a21 and a12 >

a22 represents a dominant game. Prisoner’s dilemma is a typ-
ical dominant game.[82–84] For the dominant game, the Nash
equilibrium is simply (+1,+1). Therefore, the limiting be-
havior of the voter model can be predicted by the replicator
equation of a dominant game. At this time, the evolutionar-
ily stable strategy is all the spins with consensus state +1. In
other words, as long as positive spins exist at the beginning
of the system, the system will eventually show a consensus of
opinions. The consensus probability of voter model can also
be obtained according to the fixation probability of the evolu-
tionary game theory.

In Fig. 6, the consensus probability for increasing initial
fraction of positive spin in voter model on the adaptive net-
work is shown. If k++ = 0.4, k+− = 0.5, and k−− = 0.6, the
positive state is the evolutionarily stable strategy. With the
increase of N, the consensus probability tends to 1. When
N → ∞, the consensus probability is always 1, regardless of
the initial value. The evolutionary process of the systems start-
ing from different initial fraction of positive spins over time is
shown in Fig. 7. It can be seen that the system will eventually
be in a consensus state in which all spins are positive, as long
as the number of initially positive spins is not too small.
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Fig. 6. Consensus probability for the case k++ < k+− < k−−.
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Fig. 7. Evolution of opinions for the case k++ < k+− < k−−.

5.3. Discussion

Above, we have shown how to interpret voter model from
the perspective of evolutionary game through some examples.
In fact, it is worth mentioning that according to the relation-
ship found in our previous analysis, the method of analyzing
the fixation probability in the classic evolutionary game theory
can be analogously used to analyze the consensus probability
in the voter model. If both opinions are in-group bias, then
both consensus states are stable Nash equilibria, as shown in
Fig. 4. The problem, then, is to figure out which opinion ulti-
mately dominates the system. The existing theoretical results
in evolutionary game theory will help us calculate the possi-
bility of opinion +1 dominating the voting system.

Our results reveal the relationship between the voter
model on adaptive networks and evolutionary dynamics. If
the link breaking probabilities in the adaptive network are re-
duced to a minimum, the adaptive network degenerates to a
static network. Obviously, the voter model on static networks
(including complete graphs and regular lattices) can also be
analyzed by Moran process and replicator equation. In addi-
tion, the replicator equation is differentiable homomorphism
to the Lotka–Volterra equation, which is the well-known basic
equations in ecology with interacting species.[51,85] Therefore,
our results may also give some enlightenment on the connec-
tion between statistical physics model and ecological theory.
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6. Case study

We further apply our method to a temporal network
of contacts between students in a high school to show the
ability to predict group selection. The data were collected
in a high school of Lycée Thiers, Marseilles, France in
2011 and 2012 using a proximity-sensing platform based on
wearable sensors. The data is available on the webpage
(http://www.sociopatterns.org/datasets/) and more details can
be found in reference.[86]

The students involved in the study participate in a spe-
cial project driven course. Students will first choose to join
classes with different topics. We only consider two types of
classes: academic and engineering. The former mainly fo-
cuses on theoretical knowledge such as mathematics, physics
and chemistry. The latter focuses on engineering practice. All

students must prepare a small project for presentation to ob-
tain test results. In this process, several students can cooper-
ate to complete a project according to their mastery of rele-
vant knowledge and interest. Therefore, students may discuss
problems or analyze data with other students in the same class
or different classes through face-to-face communication. By
interacting with different counterparts, students may change
their interests in the process of learning. They can choose to
adjust their classes in the next course selection. The data is col-
lected through the measurement platform at contact times: it is
based on wearable sensors embedded in unobtrusive wearable
badges and detects whether the students wearing them are in
close contact. The data collection infrastructure will generate
a temporal network of contacts. Based on these data, we can
analyze the contact patterns between students and classes, and
further predict students’ interest in class topics in the future.
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Fig. 8. The contacts matrices between students in each class. The matrices show the cumulative duration of contact between students in different classes in
seconds throughout the study. Panel (a) shows the total duration of all contacts between individuals in the corresponding class. Panel (b) shows the average
duration of contact between an individual and students in each class. In panel (c), each element of the matrix in panel (b) is normalized, and the average
daily contact duration between each type of individual and students in each class is obtained in days.
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Fig. 9. Time evolution of the average cumulated time spent by a student in
contact with other students during the study. The average time spent with
students in the same class is shown in a blue triangle, and the average time
spent with students in different classes is shown in an orange circle. It can
be seen that the contact between classmates is significantly more than that
between different classes, and this gap continues to widen with the accumu-
lation of time. The inset is to more clearly show the contact time evolution
between students in different classes.

We first count the number of individual contact events
based on the data of 2011 and calculate the duration of var-
ious events (with the same class and different classes). Fig-
ure 8(a) shows the cumulative duration of contacts between
students in different classes calculated throughout the study

period. Figure 8(b) takes into account the different number of
students in each class. In 2011, 118 students (76 in the initial
academic class and 42 in the engineering class) participate in
the study. Figure 8(c) takes time into account because the data
were collected within 4 days. The larger values observed on
the diagonal of the matrix show that most contacts are students
involved in the same class and very few contacts are observed
between students of different classes, indicating that contacts
have strong in-group bias in class (also shown in Fig. 9).

According to the inverse relationship between breaking
probability of links and contact duration time, we can roughly
calculate the breaking probability k++ = 0.435 for classmates
in academic class, k−− = 0.6025 for classmates in engineering
class, and k+− = 0.962 for students in different classes. Thus,
according to Eq. (30), we can calculate a key equilibrium point
x* = 0.33. Based on the analysis of in-group bias in the previ-
ous section, it is inferred that when the number of students in
the academic class is greater than this value, students’ choices
will be greatly inclined to the academic class. Comparing the
data of the two years, as shown in Fig. 10, it can be seen that
the proportion of students in the academic class did increase in
the next year. Academic courses are becoming more and more
popular, which is consistent with our prediction. In fact, as can
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be seen from Fig. 9, with the learning process, i.e. system evo-
lution, the contact between classmates increases significantly
over time, while the contact between different classes does not
increase obviously. This means that the breaking probability
among students in the same class is decreasing day by day.
Therefore, according to Eq. (30), x* is also decreasing, which
reduces the threshold for the expansion of academic class.
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Fig. 10. The proportion of students in the two kinds of classes for the
successive two years.

7. Conclusions
In this paper, we study the voter model on the adaptive

network by proposing a linking dynamics. By theoretically an-
alyzing the voter model on evolving networks, we found that
the voter model on the adaptive network can be interpreted
from the perspective of evolutionary game. Utilizing the the-
oretical results, we can predict the evolutionary trends of the
system. The limitation of our work is that we separate the two
dynamics of network topology evolution and opinion evolu-
tion, so as to facilitate theoretical analysis. Therefore, a novel
theoretical framework that can better deal with this problem
at similar time scales is a research direction of great theoreti-
cal value in the future. Besides, it is necessary to consider the
cases of multiple opinions. The classical voter model of two
magnetized states could be extended to n states, which would
be more beneficial to modeling the formation and evolution of
opinions in real society.

Appendix A: Fixation probability of Moran pro-
cess

We study the Moran process in a well-mixed population
with finite size N. Each individual plays games with all the
individuals in the population to get its payoffs. Here, we de-

fine the game matrix as M =

(
1/k++ 1/k+−
1/k+− 1/k−−

)
. Therefore,

the average payoffs of individuals are

f1(N1) =
1

k++

N1

N
+

1
k+−

N2

N
, (A1)

f2(N1) =
1

k+−

N1

N
+

1
k−−

N2

N
, (A2)

where N1 and N2 respectively represent the number of holders
of the two strategies in the system. Obviously, N1 +N2 = N.

The Moran updating process is as follows. First, an in-
dividual is randomly selected in proportion to the individuals’
fitness. This individual reproduces a same offspring. In or-
der to keep the number of individuals in the population un-
changed, a randomly selected individual is removed from the
population before adding the offspring.

Thus, the system can be represented as a homogenous
Markov chain with the number of individuals holding strategy
1 as the state (i). The state space is {0,1,2, . . . ,N}. Obvi-
ously, there are two absorbing states in such an evolutionary
system, that is, all the individuals adopt strategy 1 (i = N) and
all the individuals adopt strategy 2 (i = 0). We define ρk as the
fixation probability, which represents the probability that the
system starts with k individuals holding strategy 1 and reaches
the state of all strategy 1 (i.e., i = N). Any state i and j be-
longing to the set {1,2, . . . ,N − 1} are transient, and state i
and state j are reachable to each other. Denote pi, j as the tran-
sition probability from state i to j. If |i− j|> 1, then pi, j = 0.
Hence the transition matrix is tri-diagonal. For stochastic sys-
tems satisfying the above conditions, the fixation probability
has the following form:[54,56,68,87]

ρk =
∑

k−1
i=0 ∏

i
s=1

ps,s−1
ps,s+1

∑
N−1
i=0 ∏

i
s=1

ps,s−1
ps,s+1

, (A3)

where k ranges from 0 to N.
For Moran process, the transition probability is

pi,i+1 =
i f1(i)

i f1(i)+(N − i) f2(i)
N − i

N
. (A4)

Wherein, the first item on the right represents the probability
of selecting individuals with strategy 1 to reproduce, while the
second item on the right represents the probability of individ-
uals with strategy 2 being replaced by the offspring. Similarly,

pi,i−1 =
(N − i) f2(i)

i f1(i)+(N − i) f2(i)
i
N
. (A5)

Therefore,

pi,i−1

pi,i+1
=

f2(i)
f1(i)

. (A6)

Thus, for 2×2 games with payoff matrix M, the fixation
probability ρ̃k of the Moran process is given by

ρ̃k =

∑
k−1
i=0 ∏

i
s=1

f2(s)
f1(s)

∑
N−1
i=0 ∏

i
s=1

f2(s)
f1(s)

. (A7)
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Combining Eqs. (A1) and (A2), the fixation probability
can be obtained as follows:

ρ̃k =

1+
k−1

∑
i=1

i

∏
N1=1

1
k+−

N1

N
+

1
k−−

N2

N
1

k++

N1

N
+

1
k+−

N2

N

1+
N−1

∑
i=1

i

∏
N1=1

1
k+−

N1

N
+ 1

k−−

N2

N
1

k++

N1

N
+

1
k+−

N2

N

. (A8)

In the calculation process, the relationship ∏
0
N1=1

f2(N1)
f1(N1)

= 1 is
considered for formal needs.

Comparing Eqs. (29) and (A8), it can be seen that the
consensus probability of the voter model on the adaptive net-
work is formally equivalent to the Moran game dynamics in
the well-mixed population.
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