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TOPICAL REVIEW — Interdisciplinary physics: Complex network dynamics and emerging technologies

Solutions and memory effect of fractional-order chaotic system:
A review

Shaobo He(%7/0¥%), Huihai Wang(¥ 2:#)", and Kehui Sun(#) 7o #%)
School of Physics and Electronics, Central South University, Changsha 410083, China
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Fractional calculus is a 300 years topic, which has been introduced to real physics systems modeling and engineering
applications. In the last few decades, fractional-order nonlinear chaotic systems have been widely investigated. Firstly,
the most used methods to solve fractional-order chaotic systems are reviewed. Characteristics and memory effect in those
method are summarized. Then we discuss the memory effect in the fractional-order chaotic systems through the fractional-
order calculus and numerical solution algorithms. It shows that the integer-order derivative has full memory effect, while
the fractional-order derivative has nonideal memory effect due to the kernel function. Memory loss and short memory
are discussed. Finally, applications of the fractional-order chaotic systems regarding the memory effects are investigated.
The work summarized in this manuscript provides reference value for the applied scientists and engineering community of

fractional-order nonlinear chaotic systems.
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1. Introduction

As with integer-order calculus, fractional-order calcu-
lus has been proposed for more than 300 years. In re-
cent years, with the increase of computing power, theo-
retical foundation and numerical simulation of fractional-
order calculus attracted widespread attention.!!!” Mean-
while, fractional-order calculus is very important in many
real engineering applications such as signal processing,?!
laser treatment,l! artificial intelligence,* control,®! bio-
logical information, (] turbulence,[”) non-Newtonian fluid
mechanic,!® image enhancement,®! chaos,['% ship power
system!!!] and complex network. 1!

Among these, fractional-order nonlinear chaotic systems
have been extensively studied by researchers. At the begin-
ning of the study, the fractional-order derivative is introduced
to the integer-order systems and dynamics of those systems are
investigated. Namely, suppose that the integer-order chaotic
system is denoted as

X1 = fi (x1,%2,...,Xa) s
?C.Q.sz(xl,)Q,...,xd), (1)
Xa = fa (x1,%2,...,xa),
then its fractional-order counterpart is defined by
DZ)]xl = f] (x1 s X2y e ,xd) y
DZ)ZXQZfQ (xl,xg,...,xd), (2)

e
dd .. . _

Dtoxd_fd(xla-XZa"'7-xd)7

where x1, xp, ..., x4 are the state variables, d is the sys-

tem dimension, and DZ) is the fractional-order derivative.

fCorresponding author. E-mail: wanghuihai_csu@csu.edu.cn
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There are many such systems such as fractional-order Lorenz
system,[!3] fractional-order Chen system,['*! fractional-order
Liu system, ! fractional-order Lii system!'® and fractional-
order hyperchaotic systems.!!”-11 It shows that, compared
with their integer-order counterparts, those systems also have
rich dynamics and the derivative order can be treated as a
bifurcation parameter. Since fractional-order derivative can
be used to model nonlinear systems, fractional-order chaos

(20221 And applica-

in the real systems has been investigated.
tions of fractional-order chaotic systems in information secu-
rity field show potential application value, for example, image
encryption??! and voice encryption.**!

As aresult, if we search the key word “fractional chaotic”
in Web of Science, it shows in Fig. 1 that the publications re-
garding fractional-order chaotic systems as well as their cita-
tions increase with year dramatically. As mentioned above,
researches of fractional-order chaotic systems have became to

a hot spot.

Times cited and publications over time
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Fig. 1. Times cited and publications over time with “fractional chaotic”
in the title through Web of Science (10t Dec. 2021).
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there is no uniform definitions for the
[25

However,
fractional-order calculus. At the early stage, Riemann!?! and
Liouville® laid the foundation for fractional definitions. And
later, Caputo et al.[*”] developed the work and enriched the
study of fractional calculus. At present, there are three clas-
sic definitions, namely, Riemann—Liouville definition, 28:2%1
Caputo definition?®! and Grunwald-Letnikow definition. ]
In recent years, there are also many other mathemat-
ical researchers who developed the fractional-order cal-
such

culus. Several new definitions are proposed,

as conformable definition, 37! Weyl definition,3!! fractal-

n[32331 and Caputo—Fabrizio definition.?*

fractional definitio
For fractional-order chaotic systems, Caputo fractional calcu-
lus are the most widely used and investigated. Other defini-
tions such as Grunwald-Letnikow definition and conformable
definition are also introduced to the chaotic systems. As a
result, there are also fractional-order chaotic systems investi-
gated with new derivatives, such as fractional derivative with
non-local and non-singular kernel!*! and fractalfractional

r.130] Based on these definitions of calcu-

differential operato
lus operators, the numerical solution algorithms of fractional
calculus operators mainly include the following categories.

1) Analytical method:

algorithm,*”) homotopy perturbation algorithm,[*8! differ-

Adomian decomposition

ential transformation algorithm®*! and variational iteration
algorithm,*" etc.

2) Finite difference method:
algorithm, (411 Crank—Nicholson format algorithm,[42] etc.

Prediction-correction

3) Transfer method: Frequency method*?! and Laplace
transform method. 441

4) Others: Meshless algorithm!*! and finite element
algorithm., (46

Moreover, Li et al.l*”) summarized the numerical solu-
tions for the fractional ordinary differential equation. As a re-
sult, for a given definition, the fractional-order chaotic systems
can be solved by different approaches. At present, frequency
method, prediction-correction algorithm and Adomian decom-
position are the most commonly-used methods to solve the
fractional-order chaotic systems. Since fractional-order cal-
culus and numerical solution algorithms are the key to the ap-
plications of fractional-order nonlinear systems, it is necessary
to summarize existing research and point out future directions.

There are not many review papers regarding fractional-
order chaotic systems. We just found three papers which
reviewed the work of fractional-order through different as-
pects. Tavazoeil*¥ indicated the history, achievements, ap-
plications, and future challenges of fractional-order chaotic
systems. Radwan et al.[*”) made a comparison with dif-
ferent chaotic systems as well as with their fractional order
counterparts. Tariq et al.l>*! reviewed the synchronization of

fractional-order chaotic system with sliding mode controller.

However, it is necessary to sort out the problems existing in
the research, which are listed as below:

1) How to select a proper fractional-order derivative for
the chaotic systems?

2) How to select a proper solution algorithm for a given
fractional-order chaotic system?

3) How is dynamics of the fractional-order chaotic sys-
tems determined by the memory effect?

The memory effect of the fractional-order chaotic systems
is affected by two aspects. One is the fractional-order deriva-
tive itself, the other is the used numerical solutions. Thus, in
this paper, we will review definitions and the most used solu-
tion algorithms for the fractional-order chaotic systems, and
will focus on the memory effect of the two aspects. Moreover,
due to the importance of the memory effect, applications of
the fractional-order chaos in real applications are discussed.

The rest of this paper is organized as follows. In Sec-
tion 2, definitions of fractional-order calculus are presented.
In Section 3, the most commonly used numerical solution al-
gorithms for fractional-order chaotic systems are discussed,
and a comparison is carried out. In Section 4, memory effect
in the fractional-order calculus, memory effect of different so-
Iution algorithms and short memory effect are discussed. In
Section 5, based on the memory effect of fractional-order cal-
culus, several aspects of applications are mentioned. Finally,
we summarize the results and present a clear direction for fu-
ture research.

2. Preliminaries

In this section, definitions of different fractional deriva-
tives for fractional-order nonlinear systems are presented, and
four definitions of fractional derivatives for the continuous
chaotic systems are considered.

Definition 1°%2° Caputo fractional derivative definition
is given by

1t (D)
Dl x(t) = { T(1=q) Jiy o d® 0<g <1, 3)
x(t)a q= 1,

where 0 <g<1,g€R.
Definition 2/232°1 The Riemann—Liouville fractional cal-

culus is defined by
_ 1 d(rxz)
RDZ)X(I) = F(lfq) dr ( to -1 dT) s 0 < q < 1, (4)
), 1
where 0 < g < 1,q€R.
Definition 3>®?° The R-L integral is defined by
Jix(t) = L/f (t— 1) x(1)dt "
o F(Q) i) )

where 0 <g<1,qg€R.
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Definition 412821 The G-L fractional calculus is defined

as

[(—10) /)
SDif(t)=limaAar? Y (1)k<Z>f(tkAt), (6)

Ar—0

where (Z) =W,0<q< land g €R.

Definition 513°! The conformable fractional calculus is
defined by
ft+e'=) — £ (1)

T7f (1) = lim _ , )

where 0 < g < 1 and g € R. When g = 1, its integral case is
denoted as
1£(1) :/t%dx. ®)
fo (x — to) 4

As mentioned in the abstract, until now, there is no uni-
form definition for the fractional calculus. Except the above
mentioned definition, there are also many other definitions.

Ortigueira and Machado!®!! discussed the issue on what
is a fractional-order derivative. It indicates that an operator
called fractional-order derivative should satisfy the wide sense
criterion including linearity, identity, backward compatibility,
the index law holding D91%92 f (1) = D91 D% f (¢) and the gen-
eralized Leibniz rule. Although there is no uniform definition
for the fractional-order calculus, Fernandez and Baleanu®?!
indicated that some operators can be rewritten as finite or infi-
nite sums of Riemann—Liouville differintegrals, which make it
possible to build a uniform definition for fractional-order cal-
culus.

3. Numerical methods for the fractional-order
chaotic systems

To employ the fractional-order calculus in the real appli-
cations, it is key to find a proper solution method for the built

1.14833] Dye to this non-idea memory ef-

fractional-order mode
fect, it is still a challenge to solve fractional-order differential
equation efficiently. At present, there are many different ap-
proaches used to solve the fractional-order chaotic systems.
Without loss of generality, we take the fractional-order sim-

plified Lorenz system[>*

as an example to show the analysis
results of different numerical methods, and the system is de-

fined by

Dix=10(y—x),
D?Oy = (24 —4c)x—xz+cy, 9)
Dg)z =xy—8z/3,

where DZ) is the fractional-order derivative. The integer-order
counterpart is proposed by Sun and Sprott,[>’! which is a
Lorenz system with only one parameter. Later, analog circuit

implementation,’®! DSP digital circuit implementation, ]
chaotification!®8! of this system are investigated.

According to Zhao,>? if a function f(¢) is absolutely in-
tegrable in (0,7) and satisfies the initial condition, the equa-
tion D{y(t) = f(t) has a unique solution in this interval. Thus
if the fractional-order chaotic system satisfies this condition,
it has a unique solution. For instance, the simplified Lorenz
system should have an unique solution. Moreover, since there
are many different approaches for fractional-order chaotic sys-
tems, solutions obtained based on those numerical methods are
approximations of the unique solution. Finally, the presented
example is the simplified Lorenz system, which is a typical
chaotic system. However, when the system has constant or
external disturbance, the system can be solved using the the
following methods, but there could be some processing skills.
For instance, when the system have trigonometric perturba-
tion, like, cos(wt), the system can be revised by adding one
more dimension to become an autonomous differential equa-
tion.

3.1. Frequency domain method

The principle of frequency domain (FD) approximation
algorithm is designed according to the Laplace transform of
the fractional-order calculus. It transfers the fractional-order
system from time domain to frequency domain. As a result,
we can use mature theories for the integer-order system to ap-
proximate the fractional-order system.>®! If the initial condi-
tions of the function is zero, the Laplace transform of the frac-
tional operator can be expressed by the transfer function in the

frequency domain as!!?!

H(0)

sq

H(s) = ; (10)

where s = jw is the complex frequency. Then the transfer func-
tion of a multi-frequency fractional-order extremum system
can be described as>%!

H(s):n&» (11)

(14 )"

i=1
where 0 < ¢; < 1,i=1,2,...,n, 1/py, is the relaxation time
constant of fractional-order dynamics system and g; is the
fractional power factor of the fractional dynamical system.
The above equation is the cascading form of multiple single-
fractional systems. However, there are fractional-order sys-
tems in the complex frequency domain with a single fractional
frequency. It is expressed as
1

H(s):@,

12)
here, p, = 0.01, 1/pr is the relaxation time constant of a
single-order fractional system. ¢ is the fractional power fac-
tor of a single fractional order system. Considering the actual
situation, the working frequency band of the dynamic system
is usually limited. So line segments of 0 dB and —20 dB are
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used to approximate in the calculation. And Eq. (12) can be
approximated as

N—1 s
1 . im0 (1+2)
H(s) = ———— ~ lim ———
T+ =) N, (1 )
IS+ 1
N o (13)
i:o(lﬂLg)

The number of extreme points in a fractional system is N + 1.
Thus, the solution of the fractional function expression is
transformed into the problem of solving the pole-zero pairs
of the system.

According to the frequency domain approximation
method of the Bode diagram, it is assumed that the calcula-
tion error of dynamic system variables is not more than y dB
(y > 0), then the pole-zero pair of dynamic system variables
can be obtained according to the following equation:
po = pr10/(204),

20 = pol0¥/(1001-4))
p1 = z010/(109)
21 = py 107/0100-9)) (14)

aN—1 = py—110¥/(100=a)),

pn = zy—110%/(100),

Here pg is the first singular value of the dynamic system,
which is determined by the calculation error y and pr. pn
is the last singular value of the dynamic system, which is
related to N. Set k = 10)’/(10(1_‘])), d = 10y/(10‘7), we get
kd = 100/(104(1=9)) "and

1 iy U+
(50" M (1+5)

H(s) =

N—1 S
i=0 (1 + i )

N S
M= (1 )

Let the maximum angular frequency in the system dynamic
system be wmax, then py_1 < wmax < pn, according to
Eqg. (15), we get

Wmax
log( o )

N—-1<——F"=—
log(kd)

<N. (16)

If wmax and pg are known, then N can be calculated by

_ | loe()
= { ogtid) | TV (17)

where |- | is the floor function.

The approximate solution of a fractional-order system can
be obtained by the above method. Based on the frequency-
domain approximation method of the Bode diagram, Ahmad et
al.!%% calculated and obtained the approximate expressions of
the transfer function in the frequency domain for error =2 dB
and error =3 dB, ¢ € [0.1,0.9], and the step size of derivative
order ¢ is 0.1. Later, Min et al.!°!! calculated the approximate
solutions, where error = 1 dB, ¢ € [0.8, 1) and the step size of
derivative order ¢ is 0.01. It can be found that, for different ¢,
when solving fractional-order chaotic system, it is necessary to
obtain the integer order approximation of the fractional-order
operator respectively, and the approximate process is compli-
cated and inflexible.

5 X
Constant Product 2
[T

X I—P

4 » X J
Product 4

Constant 2 Product

24

Constant 1 Product 1

Gain 2

|z = Az+ B
y=Cz+Du
State-Space
! (Ol
z' = Ax+Bu XY sraph
y=Cx+Du grap
State-Space 1 ’ <|H|
Scope
' = Axz+Bu
B y=Cx+Du []
State-Space 2 u
Outl
»( 2 )
Out2

L X »(3)
Product 3 Out3
:%

Fig. 2. Numerical model of fractional-order simplified Lorenz system using Simulink.
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For instance, when ¢ = 0.9, the transfer function is

1 1.2974(s+1125) (18)
s098  (54+1423) (s +0.01125)"

The Matlab/Simulink module “State-Space” is used to ap-
proach for this fractional-order derivative. Before the simula-
tion, the function “[A, B,C, D] = tf2ss([1.2974 1.4596¢ + 03],
[11.4230e +03 16.0087])” is employed for parameters set the
module “State-Space”

T
s [—1423 —16.0087}’ B {1} ’

. Here

! 0 0
12974
= [1459.6} » D=0. (19)

Using Matlab/Simulink module “State-Space”, the model for
fractional-order simplified Lorenz system is built as presented
in Fig. 2. The initial conditions can be set in the “State-Space”
modules. Thus the system is solved. Moreover, the transfer
function provides a reference for analog circuit implementa-
tion of fractional-order chaotic systems. Firstly, the analog
circuit implementation of fractional-order simplified Lorenz
system is reported in Ref. [56]. Secondly, there are also many
other researchers realized fractional-order chaotic systems us-

ing analog circuits, such as Jia, (6211 y,[63] Kingni, [64] Teng. (651

3.2. Predictor-corrector algorithm

Predictor-corrector algorithm is also called Adams—
Bashforth—-Moulton method, and it is widely used to solve
the fractional-order nonlinear systems. The algorithm is pro-
posed by Diethelm [ and Garrappa.[%”! Supposed that the

fractional-order nonlinear system is defined as

D x(t) = F(x,x(t), g(r)), 0<1<T,
x(k)(o):x(()k>7 k=0,1,2,...,fq1—1,

where x(k>(0) = x(()k> is the initial condition of the system,
0 < g <1, |[]is the ceil function and Df x(z) is the Caputo
derivative.

(20)

h
x(n+1)=x0+

q

y(n+1)=yo+

where

p
Xnt1 xO+F
p

yﬂ+1 y0+

P
L1 =20 + F

h
m{(24746)x5+1 +Cy5+1 —

Z 9jnt1[(24—4c)xj+cyj—

According to Diethelm and Ford, (8] system (20) is equiv-
alent to the Volterra integral equation

[q]-1 k
_ ( )t 1 4 _
0= X5 g 9 FE@g@)dn 2D
where
1 t _
(0 = 5 /0 (= 7)7x(7)d. 22)

Leth=T/N,tj=jh(j=0,1,...
tion of system (20) is

,N € ZT), the discrete solu-

[q]— tk
tn+1 Z n+1
- M p
+mF(t”“’xh(fn+l)7g(In+1)
hd
1) £ Z% et F (12400, 8(0), - (23)
in which
[ql—1 4k
X (tag1) = Z x(()k) r;:'l
k=0 :
1 n
+F(q)J;)(pj’”HF(tj’xh(tj)’g(tj))' (24)
Here,
he ] . .
Pjnt1 = ;[(n—ﬂrl)"—(n—f)"], 0<j<n, (25
nt —(n—g)(n+1)7,  j=0,
) (n=j+2) 4 (n— )t
¢]Jl+1 - _z(n_j+1)q+]’ l§j§n7 (26)

Applying the above solution algorithm to the fractional-
order simplified Lorenz system, we have

m{]o[yZH n+1 +Z‘P/n+1 10 (x; —x/)]}

n
x5+lzf1’+1+2(pj7n+l [(2474c)xj+cyjf)c,-zj]}7 27

J=0

h 8 u 8
1) = P o _ P . Vi —
Z(n+1) =20+ Tlg+2) [anr]ynJr] 3ont1 +ij0 Pjnt1 (xjyj 311)}7

Z 9jnt1 100y = xj)];

xjzj]; (28)

Z ¢jn+l (xjy] )
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Thus, the numerical solution of the proposed fractional-order
system is obtained. At present, Roberto Garrappal®®! from
University of Bari developed the algorithm. The function is
given by [t,y] = fdel2(alpha, fdefun,...), which is easy to
call and can be used to solve different fractional-order differ-
ential equations.

In fact, predictor-corrector algorithm is the most widely
used method to solve the fractional-order nonlinear systems.
According to different application situations, this method is
modified. Bhalekar et al.l’"! employed the predictor-corrector
algorithm to solve the time delayed fractional chaotic sys-
tem. Manoj and Varsha!”!l proposed a new predictor-corrector
method to solve the fractional-order chaotic systems which
has much less estimating time comparing with the classi-
cal ones. Deng!”?! considered the short memory principle
of fractional differential equations based on the Adams-type
predictor-corrector approach. Mekkaoui et al.l”3! extended
the predictor-corrector method to solve nonlinear fractal-
fractional differential equations. Shahbazi et al.’*! analyzed
the error and stability of the predictor-corrector method for
nonlinear systems. Fractional dynamics in practical applica-
tion models such as the HIV model,!”>! COVID-19 epidemic
model, 7% magnetorheological suspension system!””! and cen-
trifugal flywheel governor system!’®! are analyzed based on
the predictor-corrector method.

3.3. Semi-analytic algorithms

The analytic algorithms are designed to obtain exact
Ado-
mian decomposition algorithm,3”) homotopy perturbation

solution of fractional-order differential equations.

algorithm,®8! differential transformation algorithm!*! and
variational iteration algorithm (! are widely used analytic al-
gorithms. To simulate the fractional-order chaotic systems, re-
searchers divide the time into sub-intervals and semi-analytic
algorithms or multi-step algorithms are designed.

3.3.1. Adomian decomposition method

For a given fractional-order chaotic system with the form
of

{*Dz)w(t) = Lz(t) + Nz (1), (29)

X () =by, k=0,....m—1,

where x(t) = [x(¢),y(t),z(¢)]T are the state variable. Here,
m = ceil(q), by is a specified constant relating to the initial val-
ues, and Lz (r) and Nx(t) are the linear and nonlinear terms of

the fractional differential equations, respectively. By applying
the R-L fractional integral operator to both sides of Eq. (29),
the following equation is obtained:[”"!

m—1

k
r—1
x=Jlle+JINe+ ) 1= 10)
k=0

k'

(30)

where the definition of R-L fractional-order integral operator
J ist80

T x(t) = 1 / t (t—1)7 'x(1)d7. (31)

L(q) Ji

According to Ref. [81], the nonlinear terms can be evaluated
by

Al(w , L 7-"'71’.1) - H[WN(VI(A))]k:(b (32)

VI(A) = Lico()kat,
where i =0, 1,...,00. Then the nonlinear terms are expressed
as

Nz = Ai(:r,o,wl,...,aci). (33)
i=0

According to Ref. [37], the solution is derived by

x0 = ZZ:ol by (f—k’!o)k7

x! = J La® + J] A% (),

2 _ 1 100 .1
x —J,%L.’L' +JZ)A (z°,x"), 34)

9

x! :J%Lwl;] +J;§Ai’l($07wl,...,wi’]),

The analytical solution of the fractional-order system is pre-
sented by

w() =Y ' =F(x(n)). (35)
Because ADM converges fast, the first 6 terms are used to get
a satisfying solution of system (29). In the real cases, it is im-
possible to estimate the high accuracy value of  when ¢ takes
large value. So, it is necessary to design a time discretization
method. That is to say, for a time interval [fy, 7], we divide the
interval into subintervals [t,,#,+1]. Then we get the value of
@(t,+1) based on x(t,) by applying function F(-). Finally, the
numerical solution of the fractional-order chaotic system are
denoted as a discrete map x(n+ 1) = F(x(n)).

X(tny1) Co Cii Ci2 Ci3 Cig Ci5 Cis
Y(tng1) | = | Co Cu Cxn Gz Cu G5 Co
2(tns1) Gy Gy G G333 Gy G5 Csg
ha K24 134 na 159 wa 7

; (36)

VT Tg+D) TGg+1)

I'4g+1) T(5¢+1) T'(6g+1)
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Cio :x(tn)v

Gy ZJ’(tn)v 37)
G0 = 2(ta),

Ci1 = 10(Cy — Cyp),

Ca1 = (24— 4¢)Cio + cCao — C1Cio, (38)

G = —%C}o + C10Co,

C12 = 10(C21 _C11)7

Cy = (24 —4¢)Cyy + cCyy — C11C30 — C10C31, (39)
C32 = 7%C31 +C]]C2()+C10C21-

More items C; ; (i = 1,2,3 and j = 3,4,5,6) can be found in
Refs. [57,82]. For given initial conditions [x(z),y(t0),z(t0)],
we can get time series of the system.

In fact, it is Cafagna et al.who introduced ADM to solve
the fractional-order chaotic Chen system!®3 and fractional-
order Rossler systemlg‘” for the first time, in 2008 and 2009,
respectively. Then, He et al.!®?! solved the fractional-order
simplified Lorenz and analyzed dynamics of the system used
the Lyapunov exponents in 2014 and Wang et al.l>’! realized
the system using DSP digital circuit in 2015. At present,
ADM has been employed to solve fractional-order chaotic
systems for applications, like fractional-order chaotic systems
with line equilibrium,®! fractional-order Lorenz system and
fractional-order Lii system,[gé] variational iteration method
based on Adomian polynomials,!®”! fractional-order system

with delay, [¥3] fractional smoking habit model. (%]

3.3.2. Homotopy analysis method

Suppose that we have a fractional-order dynamical sys-
tem, and it is denoted as

Flx(t)] = D (1)~ f(x(1)) =0, (40)

where F(-) and f(-) are nonlinear functions of state vari-
able x(r). Meanwhile, the initial condition for the system is
x(to) = @ and g € (0,1]. Let [0,T] be the interval over which
we want to find the solution, and it is separated as subintervals
[tnstns1],n=0,1,2,.... M
Here x(t,) is the initial condition for the subinterval [f,,,2,+1],
n=0,1,2,....M
order deformation equations of the system (40) for ¢ € [t,,,#,+1]
by!°0]

— 1 with equal step size h =T /M.

— 1, thus we can construct the so-called zero-

(1=p)L{o (@,5:p) =2 (1) = pAF [¢ (x,1:p)],  (41)

where p € [0,1] is the embedding parameter, /i # 0 is an auxil-
iary parameter, L is an auxiliary linear operator, and ¢ (,t; p)
is an unknown function. In this way, it would be conceivable
to choose the auxiliary parameters and operators in homotopy
analysis method (HAM). When p =0 and p = 1, it is obvious
that Eq. (41) becomes

¢ (x,1;0)=x(t,—1), ¢(x,5;1)=ax(t), (42)

respectively. Thus, as long as p increases from 0 to 1, the
solutions ¢ (x,#; p) changes from the initial value x(,) to the
solution x(¢). If we expand ¢ (x,t;p) to Taylor series with
respect to the embedding parameter p, we obtain

oo

¢ (z,1;p) = (t) + Y «" (1) p", 43)
m=1
where
wipy_ 1270 (@.5p)
" (1) = o o . (44)

By choosing the auxiliary linear operator, the initial guess and
the auxiliary parameter / in a proper way, Eq. (44) converges
at p =1, and we have

=

x(tn)+ Y, " (1), (45)

m=1

(1) =

which must be one of the solutions of the genuine nonlinear
equation, as expressed by Liao.[°%-1]

According to Eq. (45), the governing equation can be re-
duced from the zero-order deformation equation. Define the

vector as

"= {0 ) (46)

Differentiating Eq. (41) m-times with respect to p, then arrang-

ing p = 0 and dividing by m!, we obtain the m™ linear equation
[90,91]
as

L [z" () — xmz™ ' ()] = hR™ (x" '), 47)
where
m m—1\ __ 1 amilF[d) (w?t;p)]
R (") = (m—1)! apT oo (48)
0, m<1,
Xim = {1, m> 1. (49)

It should be emphasized that x,,(¢) for m > 1 is governed by
linear equation (47) with the boundary condition that comes
from the problem.

By employing HAM to the fractional-order simplified
system, we have

qum 1— [lo(ymfl *xmfl)]7
n :D,qoym,] - [(24—4c)xm,1 +CYm—1
m—1
= ¥ -1, (50)
=0
m q N 8
R3 :Dtoszl - [Z Xi¥m—1—j — gszl} .
=0

When m = 0, [x°(¢),y°(¢),2°()] = [0,0,0].
Whenm =1, L [z! (1)] =#R" (z°).
= ni {R}} = I {Jx0 — [10 (vo —x0)] }
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= —h10(yo —xo) ét(q_tf)l) _C}l(“t(q-tl(-))l)’ eb
yi(t) = fqu {Ré}

= hJ,‘f, {D,nyo —[(24 —4¢) x4+ cyo —xoz()]}

(t =)
I'(g+1)

= —n[(24 —4c)xo + cyo — X020

B (t—t,,)
N r(+1) (52)

21 (1) = Wl {RY}

8
= hJ,(i {DZLZ() — {xoyo — 3Z0] }

8 1 (r—1,)?
= - o~ Sa] £
| (e —1,)"

= C3m7 (53)

A X (ty) +x1 (8) +x2 () +x3(8) -+,
y() =y () +y1 (@) +y2 (1) +y3(t)+---,
~z(ty)+z1(t)+2(t)+z3(1)+---

(54)

When t = 1,11, the solution of the system can be expressed as

& (ty1) = (ta) + Y " (tas1), (55)

m=1

where & = [x,y,z]T. Thus, we get the solution of fractional-
order simplified Lorenz system using the homotopy analysis
method.

However, there are not many works regarding the anal-
ysis of fractional-order chaotic systems based on the homo-
topy analysis method. Here, four papers are presented. Yu
et al.P?! firstly designed a multistage homotopy-perturbation
method to solve a classes of fractional-order hyperchaotic sys-

Alomari et al.[93:94]

tems. designed a step homotopy analy-
sis method and fractional-order Lorenz system and fractional-
order Chen system were analyzed. Veeresha et al.”>! proposed
a g-homotopy analysis transform method to solve nonlinear

models and chaos was observed.

3.3.3. Differential transform method

Differential transform method is one of the most ef-
fective methods for semi-analytic analysis of differential
equations.[%‘gg] Here, the fractional differential transform
method is introduced to solve the fractional-order simplified
Lorenz system.

Firstly, the basic principles of differential transform
method are presented. The analytical function f(¢) in terms

of a fractional power series is denoted as follows:

=

F6)=Y Fy (k) (e —10)", (56)

k=0

where 0 < g < 1 is the order of the fractional derivative and
F, (k) is the fractional differential transform of f(r) given as

Rk = g ) [CANID) (57)

I'(gk+1

(DZ))k = D} D] .--D] the k-times-differentiable fractional

k—times
derivative. In our calculations, we approximate the function
f(¢) by the finite series, which is given by
K

—10)k
=% s e w]. e

Secondly, for the fractional-order simplified Lorenz sys-
tem and when ¢ € [t,,%,+1], it can be approximated by

K
x(tpy1) = ¥ Xeht1,
k=0
Kk
Y(tar1) = k);onh a, (59

K
(1) = ¥ Zih*s3,
k=0
where K is the number of items, and the initial conditions are

XOZX(tn>7 Y():y(tn)7 ZOZZ(tn)' (60)

For X, Yy and Z;, they can be obtained by the following equa-

tions:
[(gk+1)+1)
T X = 10(Y — Xy,
F(qk—i—l) k+1 ( k k)
T(gk+1)+1) B
WYH]_(M 4¢) Xy + Yy — Fy (k), (61)
[(gk+1)+1) P
_ =5 (k)— 27
T(gk+1) <! 2(K) = 3%
with
ki
Fy (k) = ‘):0 ZOXk—iZn
i=0 j=
i (62)
E(k)=Y ¥ Xi.Y;
i=0 j=0

Currently, differential transform method has been em-
ployed to solve the fractional-order chaotic systems, but there
are not many reports. Alomari® introduced differential
transform method to obtained the analytic solution of frac-
Freihat et al.l'% ob-

tained numeric-analytic solution of fractional-order Rossler

tional chaotic dynamical systems.

chaotic and hyperchaotic systems. Momani et al.!'°! analyzed
fractional-order multiple chaotic FitzHugh—Nagumo neurons.
Mohammed et al.['%?! solved the fractional-order Lii chaotic
and hyperchaotic system using the multistep generalized dif-

ferential transform method.
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3.3.4. Relationship between different algorithms

The analytical methods are designed to obtain exact so-
Thus there
should be relationship between the three algorithms.

lutions of fractional-order differential equations.

Suppose that we have a system which is given by
D x = exp(x), (63)

where ¢ is the derivative order.
Firstly, the solution of the system is obtained using the
differential transform method, which is given by
K
X = Z Xk =
k=0 k

K
Y Xi(t —10)" (64)

and the differential transform method iterative approach is

given by
C(gk+1)+1)
— X1 =F,(k 65
Tgk+ 1) 1= Fy(k), (65)
where F; (k) is decomposed by
q(o) exp (Yo),
Fy(1) =Yiexp(Yo),
Fy(2) = Yaexp (Yo) + 311 Y1 exp (Yo), 66)
F;(3) =Ysexp (Yo) + YiYaexp (Yo) + ¢ Y1V1 Y1 exp (Yo) ,
Fq(4) Y4exp(Yo)+Y1Y3exp(Y0)+ Y2Y2€Xp(Y0)
+2Y2Y1Y16XP(Y0)+24Y1Y1Y1Y16Xp(Y()).
As a result, we have
X():x(to),
{XO—XOa 67
X L 0= exp(x0)
= = — X s
YT Y T g TPV (68)
x1 =X (r—1),
I(g+1) I'(g+1)
__ 1 2 (69)
= TP Kol
Xy = Xz(l‘ —l‘o)zq
F(2q+1)
Xs=—-7"7"—2F,(2
1—~< ) f]( )
_T'(2q+1)
Xzexp Xo + X1X16Xp(X0)
S T(3¢+1) (70)
exp ) 2q+1)
+1)]’
X3 =X3(l—t0)3q.

More items can be calculated by following the above laws.
Secondly, the solution based on the Adomian decomposi-
tion method is obtained which is denoted as

x—Zxk ch

I—l‘()

[(kg+1)’ 71

where
Xg = x(t()), (72)
x1 = JAF,(0) = J{ exp (xo)

B (t—10)?  (1—19)*

= exp(xo) Tq+1) —Clr(q+1)7 (73)
Xy = J,%Fq(l) :J;(I) [x1 exp (x0)]

_ (t—10)*  (t—10)*

= exp"(0) P Ty T g 1) (74)

1
x3 = JF2) =1 [xzexp (x0) + %11 eXp (xo)]
_+\2q 1 _+\2q
i czlst(zqt(_):l)exp(x0)+2c1cllgt2(qto_£l)exp(xo)]

_ L2g+1)] 5. (1)

- [1+°'5r3<q+1>]e"p 50 T g +1)

L (t—1)

= C3m. (75)

Obviously, differential transform method solution and
Adomian decomposition method solution are the same for the
given system, and the relationship between K and ¢y is de-
scribed as

Ck

T(kg+1) (76)

X =
Meanwhile, according to Ref. [103], the homotopy analysis
method solution is the same as the Adomian decomposition
method solution when # = —1. Thus, it shows that the solu-
tions of fractional-order chaotic systems by those three meth-
ods are the same. It shows that different approaches yield the
same answer.

3.4. Sayed’s discretization method

Firstly, discretize the simplified Lorenz system with

piecewise constant arguments as!!?4

ort) =10 (s ([3]1) ~=([3]1)).

Diy(r) = (2474c)x({ﬂ t) ,
I +o((),
t

~+([3)=([5 )
e =x([5])>([7]) - 5:(5

h
)
with the initial conditions x(¢y) = xo, y(f0) = yo and z(fp) = zo.
Secondly, we divide the time as t, =nh, n=0,1,2,..., N.
Steps of the discretization process for time delay systems are
given as follows, 1041051
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Step 1 When € [0,h),then € [0,1), and we have

Dilx(1) = 10(y(t0) — x(t0)),
Dtoy(t):(24_4c) x(to) —x(to) z(to) +cy (to),

Dijz(t) =x(to)y (to) — 52(to),
) —x(t))] = x

y(t0) +Ji [(24 —4c) x (10)

8
3¢
(to (t—19)?

x(t)
y(1) =

=x(t0) +J1 [10(y (to) +

— §Z(to) =z(to) +

z2(t) = z(to) +Jg) 3

x(t0) y (10)
Step 2 When 1 € [h,2h),then £

D x(t) =10(y(r1) —x(n)),
Dly(t) = (24—4c)x(n) —x(t1)z(t1) +cy (1),

DI (1) = x(0)y(0) — S2(n0),

€[1,2), and we have

3
x(r)
y(1)
z(t) =

= () + 100y () —x ()] = () + s

=y(t) +J [(24 —4c)x () —x (1) z(tr) +cy(n1)]

2(n) + x(t1)y(t1)—§z(t1) — 2(t0) +

T(g+1)
—x(to) z(t0) +cy(to)] =

(r—19)?
T+ "

(t—1)1

i

1

=y(n)+

(t—10)?
I'(g+1)

(78)

0(y(t0) —x(10))],

—x(t9)z(to) +cy (t0)], (79)

(80)

0(y(t1) —x(t1))],

(l‘—l‘])q
I'(g+1)

£(10)y (1) ~ 32(00) |

[24—4c)x (1) —x(t1)z(t1) +cy(r1)], (BD)

Thus we can carry out the above steps to step n. As a result, when t — (n+ 1) A, its solution is given by

h4
I(g+1)

hd
[(g+1)

h4
I(g+1)

x(tni1) = x (1) +

y(tn+l) = y(tn) +

Z(twt1) = z(tn) +

for t = t,41. When g = 1, the integer-order system has the
Euler solution. Moreover, it can be treated as semi-analytic
algorithm solutions with one item. Obviously, it has lower ac-
Due

Sayed’s discretization method has been

curate compared with the three multi-step algorithms.
to its simpleness,

widely used to solve fractional-order chaotic systems in real

applications.[106-109]

3.5. Solution for G-L fractional-order systems

In order to limit the memory for binomial coefficients,
short memory principle is used, and the G-L derivative order

[110,111]
( ) (t—jh), (83)

Iy

is denoted as

GDq

e 1

where # is the step size, and

N = min{ [ﬂ , {I}: (84)

10(y (tn) —x

(1)),

—x(ta) 2(tn) +cy ()], (82)

)3 (0) - 5200,

To numerically simulate the G-L fractional-order chaotic sys-
tem, the following coefficients are employed:

D)6,

As a result, the solution of the fractional-order simplified

14+¢q
J

q

)-(1-

J

Gl =

] (85)

Lorenz system is

N
ZGX Ty— j
j=1

X (1) z(tr—1) +cy (tx—1)]

x(tx) = 10[y (tr—1) —x(tx—1)
y(t) = [(24 —4c)x (tr—1) —
N
=) Gy ().
=

[ (1) y (tre—1) —

N
=) Glz (),
=1

(86)

z(ty) = 8z (tk—1) /3] h?

where N is the memory length.

060501-10



Chin. Phys. B 31, 060501 (2022)

3.6. Solutions for conformable fractional-order systems

Research of conformable fractional-order chaotic sys-
tems is a recent year hot topic. Those systems including
conformable fractional-order simplified Lorenz system,!!!?]
conformable fractional-order 4D fractional-order chaotic
system, 3] conformable fractional-order tumor model,!'!4]
conformable fractional-order two-machine interconnected
Meanwhile, slid-

and exponential quasi-

power system,!!'3] have rich dynamics.
ing mode control technique!'!'®!
synchronization!!'”l are investigated. = There are several
numerical solution algorithms!!!>118-1201" for conformable

fractional-order chaotic systems proposed.

3.6.1. Multi-step solutions

The multi-step solutions of fractional-order chaotic sys-
tems with conformable calculus are similar with the multi-
step solutions of the Caputo fractional-order chaotic systems.
The only difference is that the I'(-) functions are replaced

by the I'(¢ ([¢])). For instance, 1"(24%%

fractional-order system is replaced by the item

in the Caputo
[(3+1)
Te+DI(1+1)

whose value is 3. Thus, the solution of the conformable

fractional-order chaotic system is given by

Xm+1 Cio Ci1 Ci2 Ci3 Ciy Ci5 Cg
Ymtr1 | = | Coo Co1 Coa Gz Cog Cos Cog
Zm+1 C30 G31 G2 C33 C3y G35 Cse
q p2a pda pra pSa poa 7T
R SR S L .

where C1o = X, C20 = Y, C30 = zZm, and g € (0, 1]. The detail
results of C;; can be found in Ref. [112]. Meanwhile, solutions
based on the Adomian decomposition method and homotopy
analysis method of conformable fractional-order can be found
in Refs. [103,112].

3.6.2. Direct solution

The direct solution for the conformable fractional-order
chaotic system is reported by Wang.!'>! This solution is
obtained based on the characteristic of the conformable
fractional-order calculus which is given by 3"

1—q df (t )

L (88)

T () = (—10) L

However, Wang!'?! discussed that this solution will produce
“dynamics death” with + — . Suppose that the fractional-
order chaotic system is defined as T,/x (t) = g (x(r)), then this
system can be rewritten as

dx () 1

G O (89)

Obviously, we have

. dx(r)
Jim =4

= lim 1)1_qg (x(r))=0. (90)

1= (f —1

As a result, the dynamic of the system will be static with
t — oo,
According to the above method, the conformable

fractional-order simplified Lorenz system is converted to!!?!]

2 =171 [10(y —x)],
y=19"1[(24 — 4c)x — xz+ ¢y, oD
z=19""[xy —8z/3].

Until now, the conformable system is converted to a non-
autonomous integer-order chaotic system with time-varying
parameters. There are many methods for the integer-order dif-
ferential equation such as Runge—Kutta algorithm and Euler
algorithm. Since g € (0, 1], when 7 — oo, the right side of the
equations will become zero. Based on this scheme, the sys-
tem will become stable and chaos will disappear finally. Obvi-
ously, the system has two different solutions with two different
methods.

3.7. Other solution algorithms

At present, there are many different methods designed
to fractional-order differential equations, such as Laplace de-
composition method,'??! shifted Legendre polynomials,[!?3]
integral transforms,!'?# Legendre wavelets approach,[!>! and
intelligence algorithm.!'?®! Among these, the intelligence al-
gorithm has potential application value due to the fast develop-
ment of artificial intelligence science. For a given fractional-
order chaotic system, there are many different approaches to
solve it. So it is important to indicate which method is used
and what are the simulation conditions in the analysis. How-
ever, it is still a challenging research point to design an effec-
tive method to analyze the fractional-order nonlinear chaotic
systems.

3.8. Characteristics of different algorithms

Firstly, we summarize the characteristics of different al-
gorithms mentioned above and the results are presented in Ta-
ble 1. Three categories including frequency method, predictor-
corrector algorithm and multi-step methods are considered,
where Adomian decomposition method, homotopy analysis
method, differential transform method and Sayed’s discretiza-
tion method belong to the multi-step method category. It
shows that the predictor-corrector algorithm costs the most
computational resources. Frequency method can be used to
build simulation model and design analog circuit of fractional-
order chaotic systems, and multi-step methods can be used to
realize the fractional-order chaotic systems in the digital cir-
cuits including digital signal processor (DSP) and field pro-
grammable gate array (FPGA), while predictor-corrector al-
gorithm is used to do the numerical simulations only.
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Table 1. Comparison of three kinds algorithms for fractional-order chaotic systems.

Frequency method

Predictor-corrector algorithm  Multi-step methods

Domain Frequency domain

Time domain

Time domain

Time complexity — O(n) on?) O(n)

Space complexity  O(1) O(n) o(1)

Accuracy <3dB O(h?), e =min(2,1+q) Can be the exact solution
Application Simulation and analog circuit ~ Simulation Simulation and digital circuit

On the one hand, the semi-analytic solution is exact ap-
proach for the nonlinear system when takes infinite items. In
the real applications, finite items can deduce higher accuracy

On the other hand, there are no exact solutions
[127

solutions.
for the chaotic systems.!'?”] Thus it is impossible to estimate
the value of the chaotic systems for a long time. In the real
applications, the multi-step methods are introduced to solve
the chaotic systems. Generally, we divide the time interval
[0,T] into small subintervals [f,,t,11] where n =0,1,2,...,N.
Thus we only need to focus on the accuracy of the solution in
the subintervals. However, the accuracy presented in Table 1

for frequency method and predictor-corrector algorithm is the
global error.

Let ¢ =5, time step size & = 0.01, derivative order g =
0.98, initial conditions be [xo,y0,z0] = [1,1, 1] and N = 20000,
phase diagrams of the fractional-order simplified Lorenz sys-
tem with different solutions are presented in Table 2. It shows
that the butterfly chaotic phases are observed in most cases
except the case when the system is solved by Sayed’s method,
and when it is solved by the direct method with conformable

derivative, chaos will disappear with time.

Table. 2 Phase diagrams of the simplified Lorenz with different solution algorithm.

=y

20

FD

20

Predictor-corrector

20

Multi-step methods
20

20

—20
20

—10 0
Sayed’s method x

10 z 0 —10
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Table 2. Phase diagrams of the simplified Lorenz with different solution algorithm (continue).

=y

T—z—Y

20

G-L solution

20

Conformable 1

20

Conformable 2

4. Memory effect in the numerical approaches
4.1. The memory effect with kernel function

Here, we present an example to show that the fractional-
order calculus provides a natural way for modeling of real sys-
tems, and memory effect should be considered. Ahmed and

[128]

Elgazzar investigated a fractional order differential equa-

tions model for nonlocal epidemics. And the results are listed
as follow. Firstly, the system is defined as

d]:lgt):_lz/totg([—r)f(‘c)df. (92)

When g () = 0 (¢), the Laplace transformation is denoted as
© 1
L= [ Fwepsnar=1=g.  ©3
0

the system has no memory effect, and the solution of the sys-
tem is denoted by

f(6) = f (o) exp (=A%) (94)
i >
When g (1) = { (1)’ g ; - 8’ the system has the ideal memory

effect, and

f (1) = f(t9)cos(At). (95)

Its Laplace transformation is given by
- 1
L) = [ SOexp(=sr)dr = <. 96)
0

The above shows the two extreme cases. The memory effect
of the real situations should be with imperfect memory effect,
which can be described as

L(f)=~ o7

where ¢ is the derivative order. Then the evolution function is
denoted as
dfe) _ 1

dr @/,Ot (t—1)" " f(r)dr. (98)

Obviously, the kernel function is

g(t) == 99)

Letg =1, 0.7, 0.5 and 0.3, the curves of the kernel function are
illustrated in Fig. 3. It shows memory effort is different with
different derivative order g. When g = 1, the memory strength
If g <1, the
memory strength decreases with time and larger g decreases

keeps same over time and the value is one.

slower. Generally, researchers emphasize the memory effect in
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fractional calculus. However, both integer-order calculus and
fractional-order calculus have memory effect. Since the mem-
ory strength does not change with time, we hold the opinion
that integer-order calculus has “ideal memory effect”. Mean-
while, when the derivative order is not integer, the system has
“nonideal memory effect”.

5
—q=0.3
q=0.5
4 —q=07
_q:1
3
=
> |
2\
1 K
% 1 2 3 4 5

T (s)
Fig. 3. Memory effect with different order g.

4.2. Memory effects in the variable-order calculus

For variable-order fractional-order calculus, time is used
as the independent variable of most existing variable-order

(129

functions.!'?”! Variable-order fractional-order can express the

physical properties and memory characteristics of materials
in a certain period of time by changing different orders.[!3(]
Obviously, the memory of the variable-order fractional calcu-
lus changes with time. More details regarding variable order
fractional calculus can be found, and it has been employed to
model complex real-world problems including transport pro-
cesses, control theory and biology.!!3%131] A general definition
for variable-order calculus is presented in Definition 6.

Definition 6 The variable fractional-order calculus can
be derived from the existing definitions, but the derivative or-
der ¢ is a function of time ¢.

For instance, the variable-order fractional Caputo calcu-
lus is defined by

1 tx(7)
(1 *Q(t))/to (t— 7)1 I

DIV x(r) = (100)
where 0 < ¢ (t) < 1 is the variable order. The kernel function
is denoted as

t*‘](t)

y(t) = w (101)

Let ¢(¢) be different functions including constant, sinusoidal
function, increasing function and decreasing function. The
curves for the kernel function are presented in Fig. 4. Com-
pared with g(¢) = 0.5, the variable fractional order calculus
can accelerate or retard the memory through the kernel func-
tion. When ¢(¢) = 0.5 — 0.05¢, the tail of kernel function is
longer, which means that the system has a stronger memory for
the state further away from the current moment. When ¢(t) =

0.5+ 0.05¢, the tail of kernel function is shorter, which means
that the system has a weaker memory for the state further away
from the current moment. When ¢(¢) = 0.5 £ 0.05sin(27r),
the curves fluctuate around the curve with ¢(z) = 0.5, thus it
has wave memory effect.

2.0 . :
— q(t)=0.5
q(t) =0.5—0.05sin(27t)
1.5 — q(t) =0.5+0.05sin(2nt)
— q(t) =0.5-0.05¢
—~ — q(t) =0.54+0.05t
t 1.0
=
0.5
O s
0 1 2 3 4 5

T (s)

Fig. 4. Two different approaches for numerical solutions of fractional-
order chaotic systems.

Three different situations about ¢(¢) are considered.

(1) Constant order. Most research regarding fractional-
order calculus is carried out based on a fixed order, i.e., g(7) =
c. Since the evolution of the system does not affect the order,
it is called constant fractional order.

(2) Piecewise fractional order. The case where the order
remains the same for a period of time is called piecewise frac-
tional order.!'32! ¢(¢) is a piecewise constant function, before
and after the piecewise points, the functions have different val-
ues, and the expression for ¢(¢) is

q1, 0<r<n,

q2, h <t<i,

q(t) = (102)

e
qn, -1 <t <1y,
where qi,42, . ..,q, € (0,1] are constants.

(3) Transient fractional order. The time-varying variable-
order function ¢(#) corresponds to different orders over time.
Compared with the piecewise fractional order, transient frac-
tional order can describe the change process of physical quan-
tities with time more accurately. The difficulty lies in choos-
ing a appropriate g(z) according to the characteristics of the
physical quantity, which requires a combination of fitting and
estimation algorithms.

The selection of the specific order can be achieved by fit-

ting, e.g., Kang!133

used the quantum particle swarm opti-
mization algorithm to solve the order of fractional derivative
and accumulation, and Gao!'*! manually selects the optimal
order in different time periods by comparison. In addition,
the variable-order fractional-order model can also be used as

132] The variable-order increases the

a chaotification method,!
nonlinearity of the system. From the perspective of chaotifi-
cation, except for 0 < ¢ < 1, the form of ¢(¢) is free. And
the expression of the variable-order function can be a power

function, exponential function, trigonometric function or other
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types of functions.!!3>! Finally, to obtain numerical solution
of transient fractional order, it can also be defined based on
the piecewise constant function. Let us take the variable-order
fractional Caputo calculus as a example, the discrete variable-
order fractional Caputo derivative is given in Definition 7.

Definition 7!'3%) The discrete variable-order fractional
Caputo derivative is defined as

DIf(), n<i<n,

D?f’l)f(z), n<t<t,
(103)

DQ(’n I)f ([)

-1 1 <t <ly,

—ty1=h(n=0,1,2,..
val, and ¢(t) €

where ¢, .) is the width of time inter-

(0,1] can be a continues function.

4.3. Memory loss effect

Suppose that there is a integer-order chaotic system,
which is defined by

£(1)=f(t,x(1)), x(0)=x(t0), (104)
its solution is given by
x(tner) = xlo)+ [ F(ex(x)) de

fo
In

= x(0)+ [ fles@)acs [ pes(o) e
__x(%)+»r%+{f(@x(r))dr. (105)

When /i = tyy1 — 1 anr(Li h — 0, we have
K(tt) =)+ 1 (1). (106)

which is the Euler solution of the system. It is seen that the
value of x(#,+1) is decided by x(t,), but it is decided by all
the history data, essentially. According to the kernel func-
tion, we have discussed in Subsection 4.1 that the integer-order
derivative has ideal memory effect. Here it shows again that
the integer-order system has full memory effect denoted by
x(ts1) = x(10) + [ f (z.x(2)) d.

When it comes to the fractional-order system which is de-

fined by

Dix(t) = f(t,x(t)), 0<t<T,
(1) = (0.20) o
w()(O):wo ,

where DZ) is the Caputo calculus and k = 0,1,2...,[q] — 1,

the solution is

lg-1 k "
_ (k1 1 -l
0= X 20 1t g | =2 rex(eaz. 108

Then it can be rewritten as!”?!

x(tn) + oy /,tn+l (tns1 =) f (2,x (7)) d7

x(tn+l) = F(q)

tn
-1 q—1
(tni1 =7 = (=)
i Jy (o
f(zx(7))dt (109)
Obviously, it contains two parts. The first part

féng“am4—rwfv«nxu»dr

focuses on the sub-interval [,,, 1, 1], while the second part

considers the global memory. As a result, the solution of the
fractional-order has non-idea memory effect.

In terms of time scale, we divide the solution into two cat-
egories. If the solution of a fractional-order system is denoted
as

F(x(ty),x(ta-1),--.,x(t0)),

we call the solution as “non-local solution”. It means that the

x(thgr) = (110)

solution depends on all the history data. Figure 5(a) is the
schematic diagram of this case. For instance, the predictor-
corrector algorithm belongs to this kind of method. If the so-
lution of a fractional-order system is denoted as

F (x(a)),

then we call the solution as “local solution™.

X(tns1) = (111)

It means that
the solution focuses on the time interval [z,,,7,+1]. Figure 5(b)
is the schematic diagram of this case. If we focus on a short
time interval, the “local solution” can better approximate re-
sult. If in the long run, the “non-local solution” shows a global
memory effect. As for the memory effect of this two kinds of
methods, the “non-local solution” related to all the history data
directly, while the “local solution” related to the history step
by step. But it should be indicated out that “local solution”
losses some memory according to Eq. (109), which is given
by

X (fnt1)

1 Int1 -
= x(t,)+ F(q)/ (11— )"
f(z.x(2)) dr

Let us recall the multi-step numerical solutions for fractional-

(112)

order chaotic systems, the semi-analytic solution can be writ-
ten as

x(tn) —|—J,’flf(tn,x(t,,))
I (tnsx (1) -

x(tn1) =

= x(ta) + (113)

hd
I(g+1)
Obviously, this is the Sayed’s discretization solution,!'%* and
Eq. (113) is the solution of Eq. (112). Thus it verifies that
there is a memory loss effect in the Sayed’s discretization so-
lution. As a matter of fact, the loss of memory is found when
the fractional-order is simulated using the “local solution”.
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S
»

) ) )
to t1 ta i3 tn

T (tni1) = F(@(tn),x(tn-1);--, 2 (t1),2(to))

A .
) ) ) ) ) ) ) ) »
tn  tnt1 tnt2 thts tnta
x(tnr1) = F(z(tn))

Fig. 5. Two different approaches for numerical solutions of fractional-
order chaotic systems.

4.4. Short time memory effect

Since “local solution” methods solve the fractional-order
chaotic systems in the subintervals and loss some memory,
there is no rush to discuss the short time memory effect for
this kind methods. Here we focus on the “nonlocal solution”
methods which shown in Fig. 5(a). Those “nonlocal solution”
methods, for example, the predictor-corrector algorithm, need
all history data for each step of calculation, thus, for each step,
computing time increases with step number 7 as O(n*) and
storage space needed increases with step number n as O(n).
So it is difficult to employ this kind of methods in engineering
applications.

I 11 ] T ] | .
R >

" Vs s s 7 1
tn ton+L tn 2L

z(tn+r) = F@(tntr-1),2(tnyr—2),-x(tn))

1
tn +3L

|—|—|—|_|—| >

1 1 1 1 v
th—L tu{l L tni2-L
20 tn+] t77,+2

z(tnt1) = Fz(tn),x(tn-1),-- 2 (tn-r+1))

Fig. 6. Two schemes for short time memory effect of fractional-order
systems.

To reduce the amount of computation, short memory ef-
fect is considered in the real applications. In Refs. [136,137],
short memory effect for the fractional-order discrete chaotic
maps is investigated. Usually, the G-L fractional-order chaotic
systems are solved with short time memory effect.!13%1391 Nat-
urally, there exists two ways to handle the short time memory
effect,*?] and the schematic diagram is shown in Fig. 6. Fig-
ure 6(a) shows that time is divided into many slices with same
length, the fractional-order system is solved with full memory
effect in these time slices. Since the length of time slices is
limited, thus the fractional-order system can be solved faster.
For instance, to estimate Lyapunov exponents of fractional-
order chaotic systems, this kind short time memory effect is

(1411 Figure 6(b) illustrates that there are limited

considered.
number of data points are used to estimate the current state.
This method can be picturesquely described as the sliding win-
dow method. Obviously, it losses memory out of the window,
and will generate much errors. However, due to its stable solv-
ing speed, this method are employed to solve the fractional-

order chaotic systems,[138:139142]

5. Memory effects in the applications
5.1. Lyapunov exponents

The “local solution” of fractional-order chaotic system is

given by
Fi(z(t)),
B(x(t)),
2l = Fla() =4 2@ )
Fy(x(tn)) ,
where d is the system dimension, then the Jacoian matrix is
given by
dx; dxy T dxy
szs — 8x1 axz aXd (115)
L axl 8x2 8xd J
The QR method is employed to calculate the Lyapunov expo-
nents (LEs), and the process is[143]
griIuIy—1---J1]
= qr{IuIy-1---J2(J1Qo)]
= qrlIudy-1---J3(J2Q1)][Ri]
= qrIudu-1---Ji(Ji-1Qi-2)|[Ri-1--- Ry Ry]
= Qu[Ry---R:R || =QuR, (116)
and the Lyapunov exponents (LEs) are
1 N
Ly, = — ) In|R;(k,k 117
Vi Nhl-zl n| I( , )|a (117
where k = 1,2, ...,d. For instance, dynamics of the system is

investigated using Lyapunov esponents in Refs. [57,82].
Wolf method provides another way to estimate Lyapunov
exponents of fractional-order chaotic systems. Gram—Schmidt
reorthonormalization (GSR) process is necessary in calculat-
ing LEs of fraction order, and it allows the integration of the
vector frame for as long as is required for spectral conver-
gence. Supposing that a fractional-order system is dented as
Dilx = f(x), where x(0) = xo and r € [0,T], it can be molded
as the following variational equations which can be used to

define the LEs!'#4!
{ D@ (t) = fe (x) (1),

o) =1, (118)

where [ is an identity matrix and @ (t) = Dx¢ (fo,xo), in which
¢ (t0,x0) is the fundamental solution.

Let Ag(f), k= 1,2,...,n be the eigenvalues of & (),
where |A; (7)) <|Az2 ()] < -+ <|A,(f)|. Then LEs of the tra-
jectory x(t) obtained by system can be determined by

1
A = limsup—In|Ag (1), k=1,2,....d, (119
f—oo t
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where d is the dimension of the system. The resulting LEs
measure the rate of growth of infinitesimal d-dimensional
volumes. The Matlab code of this method is reported in

Ref. [141].

ZmaxX0.03, LEs

0—-10

xT

Fig. 7. Dynamics of the fractional-order simplified Lorenz system
with short memory effect. (a) Bifurcation diagram and Lyapunovs; (b)
g=092and L=1;(c)g=0.92and L =2.

Let h = 0.01, ty = 0, tfna = 100, yo = [1,1,1]T, memory
length L = 2, and the derivative order g increase from 0.9 to 1
with step size of 4 x 1074, Dynamics of the fractional-order
simplified Lorenz system versus derivative order g is analyzed
as shown in Fig. 7(a). It shows that bifurcation diagram and
Lyapunov exponents do not match well near ¢ =0.92. Accord-
ing to the bifurcation diagram, the system is not chaotic when
q < 0.93, but it shows that the system is chaotic according to
the Lyapunov exponents. As shown in Fig. 7(c), the system is
convergent with L = 2, but it shows in Fig. 7(b) the system is
chaotic with L = 1. It should be noted that, measuring result
itself is correct and chaos is indeed generated. Since Lyapunov
exponents do not agree with its corresponding bifurcation di-
agram and short memory effect could change the dynamics of
fractional-order chaotic system, the measuring results should
be verified by other methods such as phase diagram and bifur-
cation diagram. However, the method proposed in Ref. [141]
provides an effective tool for diagnosing chaos of fractional-
order chaotic systems when solved by the predictor-corrector
algorithm.

5.2. Physical implementation

Physical implementation of fractional-order chaotic sys-
tems is an important way for real applications.!''”! There
are two approaches which are the analog circuit implementa-
tion and the digital circuit implementation used to realize the
fractional-order chaotic systems. 4]

Firstly, analog circuit implementation can generate real

chaos due to nature of the electron components. The key is to

design the fractional-order integrating circuit which has frac-
tional memory effect. Figure 8 shows two different ways in-
cluding chain structure! !0 and tree (fractal) structure 47! to
design fractional-order capacitance for the integrating circuit.
Meanwhile, fractance which holds memory effect is employed
to design fractional-order systems where ladder circuit for
the fractional-order memory effect is introduced.!'*8! Analy-
sis and circuit implementation of fractional-order chaotic sys-

149-152] However, since

tems are the currently research topic.!
the frequency-domain solution is an approximation of the orig-

inal fractional-order, unreliability of this method in recogniz-

ing chaos in fractional-order systems is discussed.!>3]
Ca |
I (a)
1 = ol 00 0 o
Cst R (ot Cy Cy
Ry Ry R,

—
e =
= ¢ e

R, -

T
B S S

R7

Fig. 8. Analog circuit for the fractional-order calculus. (a) Chain struc-
ture; (b) tree (fractal) structure.

Secondly, the digital circuit implementation of fractional-
order chaotic systems is mainly carried out with the “local so-
lution”. For instance, Wang et al. (571 realized the fractional-
order simplified Lorenz system based on the Adomian de-
composition method using digital signal processor (DSP).
Meanwhile, DSP implementation of fractional-order chaotic
system with hidden attractor!'3*! with infinitely many coex-

5 [155,156 [157]
9’

isting attractor I with nonhyperbolic equilibrium

are carried out. FPGA implementation of fractional-order
chaotic systems provides another way which is far more ef-
fective due to the parallel arithmetic, such as fractional-order
financial chaotic system,!8! fractional-order neuron,!>°]

1381 variable-order frac-

fractional-order chaotic oscillators,
tional chaotic system,/'%! fractional-order chaotic sound en-
cryption system. !l It should be noted that the length of the
digital word can degrade the desired response due to the fi-
nite number of bits to perform computer arithmetic.!>% How-
ever, digital circuit implementation has the advantage includ-
ing repeatability, implementing simple, high level of integra-
tion, good stability and high reliability.
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5.3. Fractional-order memristor

As mentioned, the integer-order calculus has the ideal
memory effect, thus memristors modeling with integer-order
derivative have idea memory effect. However, it is na-
ture to have the non-idea memory effect in the real electron

1621 S0 modeling and application of memristors

components. [
using fractional calculus becomes more and more important.
Coopmans et al.['931941 did the pioneering work for designing
fractional-order memristor. Later different kinds of fractional-

[165-170

order memristor are reported. I At present, memristor

modeling with fractional-order difference becomes a new hot

¢.l17L1721 Here, we use an example to show how the frac-

topi
tional derivative order affect the dynamics of the memristor.

The memristor system is denoted as
v(e) =M@)i(r),
M(t) =a—blx(1)],
D x(t) =ki(t),

(120)

where ¢ is the derivative order, k = 1,a=1and b =0.1. Let
A=4, ®=0.1, and I = Asin(2nwt), hysteresis curves of
the fractional-order memristor with different order ¢ are pre-
sented in Fig. 9. The fractional-order equation is solved by
the predictor-corrector algorithm with step size of 27 = 0.01. It
shows that the area in the hysteresis loops decrease with the
decrease of derivative order. Since the fractional-order calcu-
lus has non-idea memory effect, dynamics of the memristor is
changed with shape and area of the hysteresis loops.

In 2010, Petras!'73! designed fractional-order memristor-
based Chua’s circuit and analyzed dynamics of the sys-

(a)

D)‘Zyi :Cfdxiz -yt

fo i

(b)

tem. Later, several simplest fractional-order memristor-
based chaotic systems are investigated by Cafagna,[!74
Leng!®! and Ruan.!'”! Meanwhile, there are many differ-
ent kinds of fractional-order memristor chaotic systems de-
signed, such as fractional-order delayed memristor chaotic

[176] FPGA implementation of fractional-order mem-

system,
ristor chaotic oscillator,[!””! fractional-order memristor with

smooth quadratic nonlinearity!!’8! and wien bridge oscillator

with fractional-order memristor. ['7°]
4
—qg=1
—q=0.9
—q=0.8
2 q=0.7

v(t)

—4 —2 0 2 4
i(t)
Fig. 9. Hysteresis curve of the fractional-order memristor with different
order.
5.4. Fractional-order chaotic neural networks

Based on the neural system proposed by Ma et al.[80]

a fractional-order chaotic neural network is given by Fig. 10,
where the network structure is reported by Yan et al.l'!] The
neural model is given in the blue part of Fig. 10(a), while the
structure of the network is decided by the red part. Obviously,
this is a coupled network.

D;:X, = y’ 7ax’3 + bxlz —z+ [Cxl *klx:P(Wr)+%Z(x;gNom 7x1)
D,
3A Z(y.%eNudcs *,V,)

[ D
Dz, = r[s(x, + 1.6)—z,:| +?32:(z3€mdcs —z’.)

D,
Diw, =X —k Wi +?4Z(W3emdes_wf)

N

Fig. 10. A possible fractional-order chaotic neural network. (a) Network model; (b) chaotic attractor;[!82] (c) structure of network.
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In fact, chaotic dynamics has been found and investi-
gated in neural systems and neural networks during the last

few decades. 183185

1 Moreover, by introducing the fractional-
order calculus to the neural networks, chaotic dynamics in
the fractional-order chaotic neural networks have been inten-
sively investigated.[!86-188] Tt shows that the fractional-order
derivative order can affect the dynamics of the neural net-
work since dynamics of the single is affected by the deriva-

Moreover, the fractional-order bidirectional as-
189]

tive order.
sociative memory! in the neural networks is a recent hot

topic. However, synchronization and control of fractional-

order chaotic neural networks are widely investigated!!90-192]
where the coupling controller is most used method and dif-
ferent spatiotemporal patterns can be observed with different

182

coupling methods.['8?! Chimera states which are related to the

actual neuronal activities are found in such as fractional-order

182,193

chaotic neural networks.! I However, to our knowledge,

this topic is still in the early stages of research.

6. Discussion and conclusion

This review paper provided a comprehensive overview of
fractional-order nonlinear chaotic systems from a memory ef-
fect perspective. As a result, memory effect to the dynamics
of the fractional-order nonlinear chaotic systems is discussed
based on the fractional-order calculus and numerical solution
algorithms.

It shows that the kernel function with ¢ = 1 is always
one over time, while the kernel function decreases with time
when g < 1. Thus the integer-order system has full memory
effect, while the fractional-order system has nonideal mem-
ory effect. When ¢ is a function of time, the memory ef-
fect changes with time. Thus the fractional-order chaotic sys-
tems have rich dynamics. However, since there are many dif-
ferent calculus, what is the physics significance to introduce
fractional-order derivatives to those systems becomes a crucial
issue. How memory effect in different calculus and numeri-
cal algorithms affects the dynamics of fractional-order chaotic
systems deserves further investigations. Meanwhile, stability
of fractional-order nonlinear systems!!”! related to the con-
troller design and dynamics is still a challenge to investigate.

Numerical solution algorithms, including frequency
method, predictor-corrector algorithm, semi-analytic algo-
rithms, Sayed’s discretization method, G-L fractional-order
solution, and conformable fractional-order solution of sim-
plified Lorenz system are presented and chaotic attractors
with same parameters but different approaches are summa-
rized. According to how the fractional-order chaotic is solved,
namely, solved over a long period of time or solved in a sub-
interval, solution algorithms are divided into two types. They
are “local solution” algorithms and “nonlocal solution” algo-
rithms. Different kinds of methods can be used for different

applications of fractional-order chaotic systems. It is found
that there are memory losses when the system is solved by
“local solution” algorithms or when the system has short term
memory. For a given fractional-order system and its obtained
results, the simulation conditions including definition of frac-
tional calculus, solution method, time step, system parame-
ters and initial condition should be illustrated clearly. Until
now, there are many different other kinds of methods proposed
to solve the fractional-order equations. It will be interesting
to investigate how to introduce those methods to solve the
fractional-order chaotic systems. For instance, the intelligence
algorithm!?%-1951 has been designed to solve the fractional-
order systems. How to establish a relationship between the
artificial intelligence and fractional-order chaotic systems will
be helpful to build better numerical models of fractional-order
nonlinear chaotic systems.

At present, fractional-order chaotic systems have been
employed to model physics process and used in the en-
gineering application field, such as circuit implementation,
fractional-order memristor chaotic systems, and fractional-
order neural networks. Although there are some progresses,
the further researches are still needed including more effective
solution algorithms, new dynamical behaviors, new fractional-
order chaotic systems, new fractional-order memristor chaotic
systems and networks.
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