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There are two distinct phases in the evolution of drift wave envelope in the presence of zonal flow. A long-lived
standing wave phase, which we call the Caviton, and a short-lived traveling wave phase (in radial direction) we call the
Instanton. Several abrupt phenomena observed in tokamaks, such as intermittent excitation of geodesic acoustic mode
(GAM) shown in this paper, could be attributed to the sudden and fast radial motion of Instanton. The composite drift
wave — zonal flow system evolves at the two well-separate scales: the micro-scale and the meso-scale. The eigenmode
equation of the model defines the zero-order (micro-scale) variation; it is solved by making use of the two-dimensional
(2D) weakly asymmetric ballooning theory (WABT), a theory suitable for modes localized to rational surface like drift
waves, and then refined by shifted inverse power method, an iterative finite difference method. The next order is the
equation of electron drift wave (EDW) envelope (containing group velocity of EDW) which is modulated by the zonal
flow generated by Reynolds stress of EDW. This equation is coupled to the zonal flow equation, and numerically solved
in spatiotemporal representation; the results are displayed in self-explanatory graphs. One observes a strong correlation
between the Caviton–Instanton transition and the zero-crossing of radial group velocity of EDW. The calculation brings out
the defining characteristics of the Instanton: it begins as a linear traveling wave right after the transition. Then, it evolves
to a nonlinear stage with increasing frequency all the way to 20 kHz. The modulation to Reynolds stress in zonal flow
equation brought in by the nonlinear Instanton will cause resonant excitation to GAM. The intermittency is shown due to
the random phase mixing between multiple central rational surfaces in the reaction region.

Keywords: zonal flow, drift wave, Instanton, L–H mode
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1. Introduction
Zonal flows are ubiquitous in nature and in the

laboratory.[1,2] In a plasma torus like tokamak they appear
in two distinct manifestations: the toroidal low frequency
zonal flow (TLFZF) and GAM. The latter, usually, is observed
as ‘intermittent excitation’,[2] that does not persist. Though
the existence of intermittent excitations has been reported
in many simulations,[3–6] no physical mechanism has been
clearly identified. There are many theories for GAM onset,
but none of them would lead to an intermittent excitation until
recently.[7] In that paper we proposed and hopefully showed
that the Caviton to Instanton transition, developed in a previ-
ous paper[8] for drift wave — zonal flow system, may trigger
the ‘intermittent excitation’ of GAM for ambient ITG turbu-
lence. One may wonder if what the situation would be for
ambient turbulence in the electron direction. The present pa-
per is prepared for answering this question. It is not simply to
reproduce the procedure in Ref. [7] which has already adopted

many results derived in Ref. [8]. Instead, the present paper
is essentially self-contained in a sense that it begins with the
multi-scale manipulation for mode in electron direction; con-
taining both micro-scale and meso-scale equations. On the
other hand, more details regarding the motion of Caviton and
Instanton are explored and analyzed; leading to the conclusion
that GAM is excited by resonant Instanton.

One must confront at the outset that the best-known drift
waves in the electron direction — namely the collisionless-
trapped electron mode (CTEM or simply TEM) and
dissipative-trapped electron mode (DTEM)[9,10] — are not
likely to be major constituents of the L-mode turbulence be-
cause of high collisionality in the edge region where GAM ac-
tivity is observed (see Appendix A of Ref. [7]), however, TEM
and DTEM have been reportedly observed in I- and/or H-
mode. In this paper, we will resort on the instability associated
with the relatively simple but well-known δe-model;[11–13] it
will be examined as a candidate for edge turbulence. We
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choose this model for its relative simplicity, even though more
realistic models, such as impurity-driven drift waves, do ex-
ist in literature.[14] Notice that the description of the latter re-
quires the simultaneous treatment of several fields: the per-
turbed density, temperature, and parallel velocities for elec-
trons, main ions, and impurities. A two-dimensional (2D) the-
ory (for example, in the 2D ballooning representation) for such
a system is quite complicated. No doubt that these complex-
ities could be significant, but a first attempt with a simpler
model is quite appropriate. We expect that the fuller models
may be essential to predict linear growth rates and marginal
stability criteria, but quantities like Reynolds stress and group
velocity (determined by the structure of the mode potential)
may be well approximated in the simpler model. The last but
not the least reason for the simpler approach is that a lack of
experimental knowledge on impurities (at the L–H transition
threshold) would be a serious impediment to the analysis of
the impurity driven mode. For brevity, the toroidal electron
drift wave in δe-model will be called δe-mode.

In this paper, the δe-mode will be treated as a 2D sys-
tem. In order to obtain the 2D structure of the mode it
is important to keep all the translational symmetry breaking
(TSB) terms.[13,15] When TSB terms are neglected, the result-
ing 1D equation yields two branches: the slab-like Pearlstein–
Berk branch[16] stabilized by the magnetic shear,[17,18] and
the Chen–Cheng branch,[12,19] an intrinsic toroidal branch that
disappears in the slab limit. For the latter branch the shear
stabilization is greatly reduced owing to ‘tunneling’;[12] con-
sequently the finite non-adiabatic part of electron density can
render the mode unstable. The growth rate of the latter branch
is, likely, greater than the former one for same δe. There-
fore, in this paper δe-mode solely refers to the intrinsic toroidal
branch.

The remaining part of the paper is organized as follows.
In Section 2 the multiple scale derivative expansion method in
spatiotemporal configuration is applied to δe-mode. In Sec-
tion 3 the micro-scale equation is solved by making use of
the 2D WABT.[15] The solution is then chosen to be the initial
guess of an iterative finite difference method to acquire more
accurate results in Section 4. Use is made of the two types of
solutions to obtain the spatiotemporal structure of Reynolds
stress and group velocity in Section 5. This sets the stage
for substituting the principal ingredients into the drift wave —
zonal flow equations (37) and (38), which do not contain the
high frequency branch — GAM in zonal flow equation. The
information regarding Instanton is given in Section 6. Sec-
tion 7 begins with introducing the zonal flow equation contain-
ing the high frequency branch — GAM for EDW in existing
literature. It is followed by two sub-sections. The causal rela-
tionship of GAM excitation to Instanton frequency is depicted
in Subsection 7.1 for GAM pertaining to single central ratio-

nal surface. In Subsection 7.2, the intermittency is explained
by nonlinear coupling between multiple central rational sur-
faces. We will show that this coupling introduces the random
phase mixing between multiple central rational surfaces in the
reaction region, which leads to the intermittency of GAM ex-
citation. Discussion and conclusions are given in Section 8.

2. Multiple scale derivative expansion method
for δe-mode
The δe-mode of this paper is built on a large-aspect-ratio,

up-down symmetric tokamak equilibrium with concentric cir-
cular magnetic surfaces. We start from the first two linear
moment equations — the continuity equation of warm ion
fluid, and ion parallel momentum equation under modulation
of zonal flow(

∂

∂ t
+ ῡ ·∇

)(
1− iδe−ρ

2
s ∇

2
⊥
)

ϕ

+ i
⌢
ω∗iρ

2
s ∇

2
⊥ϕ + i

⌢
ω∗eϕ−2i (1+δτ)

⌢
ωdeϕ +∇‖u‖ = 0, (1)(

∂

∂ t
+ ῡ ·∇

)
u‖+(1+δτ)c2

s ∇‖ϕ = 0, (2)

where the perturbed density is defined by (1− iδe)ϕ , δe rep-
resents the non-adiabatic response of electron density, a small
number in this paper, ῡ ≡ ρscs𝑏×∇ϕ̄ is the zonal flow, ϕ

(ϕ̄) is the dimensionless perturbed (zonal) electrostatic poten-
tial normalized to electron thermal energy, u‖ is the perturbed

ion parallel velocity, ρs ≡
√

miT
(0)

e /eB is the ion Larmor ra-

dius at electron temperature, cs ≡
√

T (0)
e /mi is the ion sound

speed,
⌢
ω∗e≡ iρscs𝑏×∇ lnn(0) ·∇ (

⌢
ω∗i = η̄i

⌢
ω∗e) is the electron

(ion) diamagnetic frequency operator,
⌢
ωde ≡ −iρscsκ × b ·∇

is the curvature frequency operator, 𝑏 is the unit vector along
the equilibrium magnetic field, 𝜅 is the magnetic curvature.
Warm ion effect is considered here, η̄i ≡ τi (1+ηi), ηi ≡
d lnT (0)

i /d lnn(0), τi ≡ T (0)
i /T (0)

e , where n(0) is the equilib-
rium density, T (0)

e (T (0)
i ) is the equilibrium electron (ion) tem-

perature. δτ ≡ τi (1− iδe).
The methodology of Ref. [8] begins with the multiple

scale expansion method in which the derivatives take the
form[20]

∂

∂ t
→ ∂

∂ t̃
+ εE

∂

∂ t
→−iω + εE

∂

∂ t
,

∂

∂𝑟
→ ∂

∂ 𝑟̃
+ εE

∂

∂𝑟
,

ϕ (t,𝑟)→ φ̄ (t,𝑟)ϕ (t̃, 𝑟̃) , (3)

where t̃, 𝑟̃ (t,𝑟) denotes fast (slow) scale variables (in toroidal
coordinate 𝑟 ≡ (r,ϑ ,ζ ), corresponding to the radial, poloidal,
and toroidal directions respectively), εE � 1 is introduced
for bookkeeping. The δe-mode potential ϕ (t̃, 𝑟̃) varies
on fast scale (usually with high frequency ω : ϕ (t̃, 𝑟̃) =
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ϕ (𝑟̃)exp(−iω t̃)), while the drift wave envelope φ̄ (t,𝑟)
which is modulated by zonal flow 𝜐̄ has slow variation. The
zonal flow in slow scale is treated to be small quantity, 𝜐̄ ·∇→
εEῡ (∂/∂ ỹ). Here y ≡ r jϑ and ∂/∂ ỹ → −i (m+ l)/r j ≈
−ikϑ , kϑ ≡ m/r j (negative in this paper), m (l) is the central
(sideband) poloidal number and r j denotes the position of ra-
tional surface. The differential operators of interest, calculated
to order εE, are

∇
2
⊥ =

∂ 2

∂ r̃2 − k2
ϑ +2εE

(
∂

∂ r
∂

∂ r̃
− ikϑ

∂

∂y

)
≡ ∇

2
⊥,0 +2εE

(
∂

∂ r
∂

∂ r̃
− ikϑ

∂

∂y

)
, (4)

⌢
ω∗e = −i

ρscs

Ln

(
−ikϑ + εE

∂

∂y

)
≡ ⌢

ω∗e,0 + εE
⌢
ω∗e,1,

⌢
ω∗i =

⌢
ω∗i,0 + εE

⌢
ω∗i,1, (5)

⌢
ωde = −i

ρscs

R

[
sinϑ

(
∂

∂ r̃
+ εE

∂

∂ r

)
+ cosϑ

(
−ikϑ + εE

∂

∂y

)]
≡ ⌢

ωde,0 + εE
⌢
ωde,1, (6)

∇‖u =

[
1+ εE

1
iω

(
∂

∂ t
− ikϑ ῡ

)]
(1+δτ)

c2
s

iω
∇

2
‖ϕ. (7)

Substituting Eqs. (4)–(7) into Eq. (1) yields

[
−iω + εE

(
∂

∂ t
− ikϑ ῡ

)]{
1− iδe−ρ

2
s

[
∇

2
⊥,0 +2εE

(
∂

∂ r
∂
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− ikϑ

∂
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)]}
ϕ

+iρ2
s

(
⌢
ω∗i,0 + εE

⌢
ω∗i,1

)[
∇

2
⊥,0 +2εE

(
∂

∂ r
∂

∂ r̃
− ikϑ

∂

∂y

)]
ϕ + i

(
⌢
ω∗e,0 + εE

⌢
ω∗e,1

)
ϕ

−2i (1+δτ)
(

⌢
ωde,0 + εE

⌢
ωde,1

)
ϕ +

[
−iω + εE

(
∂

∂ t
− ikϑ ῡ

)]
(1+δτ)

c2
s

iω
∇

2
‖ϕ = 0. (8)

For the multiple scale wave function ϕ (t,𝑟)→ φ̄ (t,𝑟)ϕ (𝑟̃) (assuming stationary background micro-turbulence), the zeroth
order equation [(

1+
⌢
ω∗i,0

ω

)
ρ

2
s ∇

2
⊥,0− (1− iδe)+

⌢
ω∗e,0

ω
−2(1+δτ)

⌢
ωde,0

ω
− (1+δτ)

c2
s

ω2 ∇
2
‖

]
ϕ (𝑟̃) = 0 (9)

corresponds to Eq. (A1) in Appendix A. From the first order equation

∂ φ̄ (t,r,ϑ)

∂ t
+υgr (ϑ)

∂ φ̄ (t,r,ϑ)

∂ r
+υgy (ϑ)

∂ φ̄ (t,r,ϑ)

r j∂ϑ
= ikϑ ῡ (t,r) φ̄ (t,r,ϑ) , (10)

we calculate the radial group velocity

υgr (ϑ)≡−
2(ω−υ∗η̄ikϑ )ρ2

s 〈Kr〉+2(1+δτ)
ρscs

R sinϑ

1− iδe +ρ2
s k2

ϑ
+ρ2

s 〈K2
r 〉− (1+δτ)

c2
s

ω2

〈
∇2
‖

〉 , (11)

and the poloidal group velocity

υgy (ϑ)≡
υ∗
[
1− η̄iρ

2
s
(〈

K2
r
〉
+3k2

ϑ

)]
+2ωρ2

s kϑ −2(1+δτ)
ρscs

R cosϑ

1− iδe +ρ2
s k2

ϑ
+ρ2

s 〈K2
r 〉− (1+δτ)

c2
s

ω2

〈
∇2
‖

〉 , (12)

where Kr ≡−i (∂/∂ r̃), 〈· · ·〉 ≡
∫

d r̃ϕ∗ (𝑟̃) · · ·ϕ (𝑟̃)/
∫

d r̃ϕ∗ (𝑟̃)ϕ (𝑟̃) denotes average over the radial fast scale r̃.

Before ending this section it is appropriate to point out
that the explicitly different notation for two different scales
makes sense only for derivative expansion in a singular pertur-
bation theory. Such distinctions (r̃t̃) will not appear in the rest
of the paper.

3. WABT for solving δe-mode

In the toroidal coordinates (r,ϑ ,ζ ), the two-dimensional
mode can be expressed in the (x, l) representation near the ra-

tional surface r j

ϕ (𝑟) ≡ ϕ (r,ϑ ,ζ )

= exp [i (nζ −mϑ)]∑
l

ϕl (x)exp(−ilϑ), (13)

where n is the toroidal mode number (a good quantum number
in this paper), m = nq(r j) is the poloidal mode (integer) num-
ber, q is the safety factor of the tokamak. The rational surface
r j is called central rational surface of the local mode, uniquely
defined by the pair of integers (n,m) and monotonic q(r) to
make it distinctive to other rational surfaces contained in the
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local mode (called sidebands). The (x, l) is a prestigious rep-
resentation for studying the toroidal modes localized at cen-
tral rational surface r j, including multiple sidebands. The
extended δe-model,[11–13] including the translational symmet-
ric breaking (TSB) terms, comes from the zeroth order equa-
tion (9). In (x, l) representation, where x ≡ kϑ ŝ(r− r j) and
ŝ≡ d lnq(r j)/d lnr is the magnetic shear, it reads

k̂2
ϑ ŝ2 ω̂

ω̂s

(
1+

η̄i

ω̂

)
∂ 2ϕl

∂x2

− ω̂

ω̂s

(
1− iδe + k̂2

ϑ −
1
ω̂

+
η̄i

ω̂
k̂2

ϑ

)
ϕl

+ (1+δτ)
ω̂s

ω̂
(x− l)2

ϕl

− (1+δτ)
ω̂de

ω̂s

[
ŝ

∂

∂x
(ϕl+1−ϕl−1)+(ϕl+1 +ϕl−1)

]
+

{
− ω̂

ω̂s

[
2k̂2

ϑ +(1− iδe)
1
ŝ

r j

LTe

]
ϕl

+ k̂2
ϑ

η̄i

ω̂s

[
−3− 1

ŝ
r j

Ln
+

(
1+

1
ŝ
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)
ŝ2 ∂ 2
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]
ϕl

+
1

ω̂s

(
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1
ŝ
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)
ϕl− (1+δτ)

ω̂de

ω̂s
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}(
l
m

)
+

{
1

ω̂s

1
ŝ

r j

Ln

(
1+

1
ŝ

r j

Ln

)
ϕl

− ω̂

ω̂s

[
k̂2

ϑ +(1− iδe)
1
ŝ2

r2
j

L2
Te

]
ϕl

+ k̂2
ϑ

η̄i

ω̂s

[
−3− 1

ŝ
r j

Ln

(
3+

1
ŝ

r j

LPi

)
+

1
ŝ

r j

Ln

(
1+

1
ŝ

r j

LPi

)
ŝ2 ∂ 2

∂x2

]
ϕl

}(
l
m

)2

= 0. (14)

Equation (14) is derived in Appendix A, where k̂ϑ ≡
ρs, jkϑ , ω̂ ≡ ω/ω∗e, j, ω̂s ≡ cs, j/qRω∗e, j, ω̂de ≡ ωde, j/ω∗e, j,
subscript j denotes equilibrium quantities on rational sur-
face r j, the electron (ion) diamagnetic frequency ω∗e ≡
−kϑ T (0)

e /eBLn (ω∗i = η̄iω∗e) and the curvature frequency
ωde ≡ −kϑ T (0)

e /eBR, R is the major radius, B is the equilib-
rium magnetic field, Ln, LTe and LPi are the density, electron
temperature, and ion pressure gradient length respectively, and
e is the unit electric charge. The remaining part of this section
will be written in such a manner that is more accessible to
readers who are not familiar with WABT and/or the 2D bal-
looning theory; some known facts may need to be repeated for
better readability.

For a high n local mode pertaining to a given rational sur-
face r j the monotonic safety factor q(r) can be expanded up to
the first order: q(r)≈ q(r j)+(dq/dr)(r− r j)≡ q(r j)+x/n.
Then, one may develop the 2D theory by invoking the 2D
Fourier-ballooning transform[13,15,21–23]

ϕl (x) =
1

2π

∫
π

−π

dλ

∫ +∞

−∞

dk e ik(x−l)−iλ l
ϕ (k,λ ) . (15)

For WABT, we may assume ϕ (k,λ ) : = ψ (λ )χ (k,λ ), where
ψ (λ ) is a fast varying function in λ , known as Floquet phase
distribution (FPD), χ (k,λ ) is the solution of ballooning equa-
tion (parameterized by λ through sinλ and cosλ ). ψ (λ ) is
localized around some λ∗. In the limit ψ (λ )→ δ (λ −λ∗)

(δ denotes Dirac delta function), equation (15) reduces to the
Lee–Van Dam representation.[24] Notice that equation (15) is
the mathematical transform (the inverse transform does exist
and unique). The 2D ballooning equation for the δe-model in
WABT is expanded to the second order of εB ≡ (1/n)(d/dλ )[

L0 (k,λ ; ω̂)+
iL1 (k,λ ; ω̂)

n
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[ŝk sin(k+λ )+ cos(k+λ )] ,

(18)

L1 (k,λ ; ω̂) =
1
q

{
k̂2

ϑ

η̄i

ω̂s

[
−3− 1

ŝ
r j

Ln
−
(

1+
1
ŝ

r j

Ln

)
ŝ2k2

]
+

1
ω̂s

(
1+

1
ŝ

r j

Ln

)
− ω̂

ω̂s

[
2k̂2

ϑ +(1− iδe)
1
ŝ

r j

LTe

]
−2(1+δτ)

ω̂de

ω̂s
cos(k+λ )

}
, (19)

L2 (k,λ ; ω̂) =
1
q2

{
k̂2

ϑ

η̄i

ω̂s

[
−3− 1

ŝ
r j

Ln

(
3+

1
ŝ

r j

LPi

)
− 1

ŝ
r j

Ln

(
1+

1
ŝ

r j

LPi

)
ŝ2k2

]
+

1
ω̂s

1
ŝ

r j

Ln

(
1+

1
ŝ

r j

Ln

)
− ω̂

ω̂s

[
k̂2

ϑ +(1− iδe)
1
ŝ2

r2
j

L2
Te

]}
. (20)

In addition to small εB, WABT requests another small param-
eter Ξ ≡ L̄1/2L̄2. This issue will be discussed in Appendix B.

The lowest order of Eq. (16)

[L0 (k,λ ; ω̂)−Ω (λ )]χ (k,λ ) = 0 (21)

is, traditionally, called the ballooning equation with Ω (λ )

representing the (λ -parameterized) effective local eigenvalue.
The ballooning equation has two salient features: (i) its
counter-part in the (x, l) representation (calculated after re-
moving all TSB terms from Eq. (A4) such as l/m→ 0 and
f (x) → f (0)) is translational-invariant under the transform
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(x, l)→ (x+1, l +1), and (ii) the combined parity (CP) con-
servation, exhibited in L0 (k,λ ; ω̂)=L0 (−k,−λ ; ω̂) forces the
“eigenvalue” Ω (λ ) to be an even function of λ .

Substituting the solution of Eq. (21) into Eq. (16), and
taking average over the first ballooning variable k, yields the
differential equation governing ψ (λ ) (the 2D system is being
solved in a series of two 1D equations)[

iL̄1 (λ ; ω̂)

n
d

dλ
+

L̄2 (λ ; ω̂)

n2
d2

dλ 2

+ · · ·Ω (λ )−Ω (ω̂)

]
ψ (λ ) = 0, (22)

where L̄s (s = 1,2, . . .) are k-averages of L1,2 (k,λ ; ω̂).
For the WABT approximation, the Floquet phase function

obeys

d2ψ (λ )

dλ 2 +P(λ )
dψ (λ )

dλ
+Q(λ )ψ (λ ) = 0, (23)

with

P(λ )≡ n

L̄(0)
2 (λ ; ω̂)

[
iL̄(0)

1 (λ ; ω̂)+
2L̄(1)

2 (λ ; ω̂)

n

]
, (24)

Q(λ )≡ n2

L̄(0)
2 (λ ; ω̂)

[
Ω (λ )−Ω (ω̂)

+
iL̄(1)

1 (λ ; ω̂)

n
+

L̄(2)
2 (λ ; ω̂)

n2

]
, (25)

L̄( j)
s (λ ; ω̂)≡

∫
∞

−∞
dkχ∗ (k,λ )Ls (k,λ ; ω̂) ∂ jχ(k,λ )

∂λ j∫
∞

−∞
dkχ∗ (k,λ )χ (k,λ )

,

(s = 1,2, j = 1,2). (26)

For the numerical calculation, we will use the edge param-
eters corresponding to an L-mode discharge in the DIII-D
tokamak,[25] the basic equilibrium parameters are listed in Ta-
ble 1 (where R (a) is the major (minor) radius of tokamak, Ln

(LTe ) is the density (electron temperature) gradient length, B,
q, ŝ, ne, and Te are the equilibrium magnetic field, safety fac-
tor, magnetic shear, electron density, and temperature at the

position of rational surface r j respectively, τi is the ratio of ion
to electron temperature).

At large k, the ballooning equation (21) becomes a
Weber–Hermite equation allowing the asymptotic boundary
condition for an outgoing wave[16]

χ (k,λ )→ exp

[
i

√
(1+ η̄i/ω̂)

(1+δτ)

ω̂kϑ ŝ
ω̂s

k2

2

]
. (27)

The two coupled 1D ordinary differential equations (21) and
(23) will be solved by an iterative method, because the bal-
looning operator L0 (k,λ ; ω̂), and the averaged L̄1 (k; ω̂) and
L̄2 (k; ω̂) all contain the (2D global) eigenvalue ω̂ which re-
mains unknown until equation (23) for ψ (λ ) is solved. The
steps in the iterative procedure (same as in Ref. [15]) are listed
below.

(I) Begin with an initial guess, ω̂ → ω̂(0) to solve equa-
tion (21),[

L0

(
k,λ ; ω̂

(0)
)
−Ω

(0) (λ )
]

χ
(0) (k,λ ) = 0 (28)

by imposing the boundary condition equation (27) for all λ .
(II) Substitute χ(0) (k,λ ) into Eq. (26) to compute

L̄(0)
1 (λ ; ω̂(0)) and L̄(0)

2 (λ ; ω̂(0)), and consequently obtain the
equations for Φ (0) (λ ) (see Appendix B)

d2Φ (0) (λ )

dλ 2 +
n2

L̄(0)
2

(
λ ; ω̂(0)

){Ω
(0) (λ )−Ω(ω̂(1))

+

[
L̄(0)

1 (λ ; ω̂(0))
]2

4L̄(0)
2

(
λ ; ω̂(0)

) }Φ
(0) (λ ) = 0. (29)

This equation is solved with evanescent boundary conditions.
(III) The global eigenvalue ω̂(1) follows from Eq. (17) by

substituting the eigenvalue of Eq. (29) Ω(ω̂(1)).
Repeat the procedures (I)–(III) to obtain ω̂(i+1) from ω̂(i)

until |1− ω̂(i+1)/ω̂(i)| < ε with ε ≡ 10−4 as the convergence
condition.

Table 1. Basic equilibrium parameters.

a (m) R (m) r j (cm) Ln (cm) LTe (cm) B (T) ne (1019 m−3) Te (eV) q ŝ n τi δe

0.6 1.7 54 12 6 1.8 1.2 140 3 1.5 –8 0.5 0.1

The convergence was usually achieved after 5 iterations. The 2D eigenvalue ω̂WABT = 0.758+ 0.068i. It is close to the
1D ballooning solution at λ = 0, ω̂ = 0.793+ 0.073i (in both the real frequency and the growth rate). The potential structure
V (k,λ ) and wave function χ (k,λ ) at λ = 0 and λ = ±0.74 are displayed in Fig. 1. Here the potential structure is defined in
Eq. (18): L0 (k,λ ; ω̂)→ ∂ 2/∂k2−V (k,λ ).

In Fig. 2 the averaged L̄(0)
1 (λ ), L̄(0)

2 (λ ), and Ω (λ ) are presented, the blue and red lines stand, respectively, for the real
and imaginary parts. One can see that, L̄(0)

1 (λ ) is almost a constant, L̄(0)
2 (λ ) varies in λ , but only slightly. The second small

parameter of WABT Ξ ≡ L̄1/2L̄2 ≈ 0.06 is small enough to warrant the validity of WABT (see the end of Appendix B). The
potential Ω (λ )is an even function of λ .

The Floquet phase ψ (λ ) is shown in Fig. 3. The real part of ψ (λ ) is Gaussian located at λ = 0. The imaginary part looks
like a dipole with two peaks around λ =±0.74 and breaks the λ -inversion symmetry (resulting from the small parameter Ξ ).
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Fig. 1. Potential structure V (k,λ ) and wave function χ (k,λ ) at (a) λ =−0.74, (b) λ = 0, and (c) λ = 0.74.
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Fig. 2. (a) Average higher order coefficient L̄(0)
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2 (λ ), (b) local
eigenvalue Ω (λ ).
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Fig. 3. The Floquet phase distribution (FPD) ψ (λ ).

The two small parameters required by the WABT struc-
ture (defined at the end of Appendix B) are, a posteriori,
shown to be small:

√
Ω1/2nL̄2 ≈ 0.08 � 1 and Ξ

√
n ≈

0.18� π/2 (L̄1 ≈−0.3, L̄2 ≈−2.2, and Ω1 ≈−0.25).

4. Iterative finite difference method for δe mode
In order to expose the spatial structure of the δe mode, we

must convert the 2D wave function ϕ (k,λ ) = χ (k,λ )ψ (λ )

(obtained in ballooning space) into the (x, l) representation

by making use of the 2D Fourier-ballooning transform equa-
tion (15),

χ̄ (x− l,λ ) =
∫ +∞

−∞

dk exp [ik (x− l)]χ (k,λ ), (30)

ϕl (x) =
1

2π

∫
π

−π

dλ exp(−ilλ )ψ (λ ) χ̄ (x− l,λ ). (31)

On substituting χ̄ (x− l,λ ) into Eq. (31) and integrating over
λ , we get the WABT wave functions ϕl (x) correspond-
ing to the poloidal mode number l; ϕl (x) for various l =
−4,−3, . . . ,4,5 are displayed in Fig. 4(a). This solution can be
used as an initial guess in the shifted inverse power method[26]

to solve the 2D eigenvalue problem equation (14) on the (x, l)
grid by the iterative finite difference method. In fact, the
WABT solution provides not only the radial boundary of each
rational surface to be outgoing waves, but also the phase rela-
tion between neighboring rational surfaces, as natural bound-
ary condition for the 2D local eigenmode.[27]

-6 -2

0

0.1

0

0.1

2 6
x

-6 -2 2 6
x

(a) WABT (b) FD

-4
-3

-2

-1

0 1

2

3

4
5 -4

-3

-2

-1

1

2

3

4
5

0

ϕl(x) ϕl(x)

Fig. 4. Wave functions ϕl (x) (l =−4,−3, . . . ,4,5) of (a) WABT and (b) iter-
ative finite difference solution, the solid and dashed lines are real and imag-
inary parts respectively. The position of central rational surface is shown by
x = 0. This local mode contains 9 sidebands marked by non-zero l.

The 2D eigenvalue problem equation (14) is put in the
form as T [∂/∂x, l; ω̂]ϕl (x) = Ω (ω̂)ϕl (x), where T is a dif-
ferential operator with derivative of x, it also depends on l

045202-6



Chin. Phys. B 31, 045202 (2022)

and the eigenvalue ω̂ . The spatial discrete grids are xk ≡
k · h (k = −K,−K + 1, . . . ,K − 1,K), the step size is h =

(xr− xl)/2K, xl(xr) is the left (right) boundary. The l grids
are l = −L,−L+ 1, . . . ,L− 1,L, and ϕl (x) is cut-off at large
|l|> L. Use is made of the central difference for derivative of
x to yield the matrix equation

𝑀 (ω̂) ·𝛷= Ω (ω̂)𝛷, (32)

where

𝛷= (𝛷−L,𝛷−L+1, . . . ,𝛷L−1,𝛷L)
T ,

𝛷l =
(
ϕl,−K ,ϕl,−K+1, . . . ,ϕl,K−1,ϕl,K

)T
, ϕl,k ≡ ϕl (xk) .

𝑀 is a block tri-diagonal matrix and its dimension is
(2L+1)(2K +1)× (2L+1)(2K +1).

The eigenvalue problem equation (32) can only be solved
by an iterative method because it is nonlinear in ω̂ . The itera-
tive procedure is listed below.

(i) It begins with the eigenvalue of WABT solution as
initial guess, ω̂WABT → ω̂(0) to compute the matrix 𝑀 (0) =

𝑀(ω(0)) and eigenvalue Ω (0) = Ω(ω(0)) (see Eq. (17)).
(ii) Wave functions ϕl (x) of WABT solution at discrete

grids 𝛷(0) are normalized, 𝛷(0) = 𝛷(0)/‖𝛷(0)‖2, the matrix
equation (𝑀 (0)−Ω (0)) ·𝛷(1) =𝛷(0) is solved for 𝛷(1) by LU
decomposition.

(iii) Compute ∆Ω (1) = (𝛷(1))† · (𝑀 (0)−Ω (0)) ·
𝛷(1)/(𝛷(1))† ·𝛷(1) and go back to step (II), 𝛷(0)→𝛷(1) until
δ = ‖∆Ω (1) ·𝛷(1)−𝛷(0)‖∞ < 10−6.

(iv) Substitute the new eigenvalue Ω (1) = Ω (0)+∆Ω (1)

into Eq. (17) to obtain the global eigenvalue ω̂(1).
In the preceding lines, 𝛷† stands for the Hermitian con-

jugate of 𝛷, ‖𝛷‖2 ≡
√

∑
i

Φ2
i and ‖𝛷‖

∞
≡ max

i
|Φi| are the

2-norm and ∞-norm of vector 𝛷 respectively.
(v) Repeat the Steps (i)–(iv) to obtain ω̂(i+1) from ω̂(i)

until |1− ω̂(i+1)/ω̂(i)|< ε , with ε ≡ 10−4 as the convergence
condition.

After 5 iterations, the eigenvalue converged to ω̂FD =

0.745+0.065i. The difference of iterative finite difference so-
lution and WABT solution, |ω̂FD− ω̂WABT|/ |ω̂WABT| ≈ 1.7%,
was within the expected error (∼ 1/n = 12.5%). The wave
functions ϕl (x) of the iterative finite difference solution, dis-
played in Fig. 4(b), are in good agreement with the WABT
solution.

The wave function in (r,ϑ) representation, ϕ (r,ϑ) =

exp(−imϑ)∑
l

ϕl (x)exp(−ilϑ), is shown in Fig. 5; the 2D

mode structure ϕ (r,ϑ) and the close-up in bad curvature re-
gion for both WABT and iterative finite difference solution are
highlighted. The mode structure, embodied in the wave func-
tion, is the crucial input to compute Reynolds stress and group
velocity of δe mode in Section 5.

One may have noticed that the dumbbell radial structure
shown in Fig. 5 is consistent with the almost equal height of
l = 0 and l = 1 in Fig. 4, feathering inward shift of the EDW
mode structure. The position of r j = 54 cm is equivalent to
ρ = 0.9. The actual ‘center of mode’ is always less than
ρ = 0.9 as shown in Fig. 5, implying an inward shift. It is
consistent with the results shown in Fig. 4. Positive sideband
number corresponds to radial shift inward in our convention
that the toroidal number is negative. For example, center of
mode for l = 1 in Fig. 4 is around x = 1, corresponding to
radial shift ∆ρ =−0.025.
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Fig. 5. 2D mode structure ϕ (r,ϑ) of (a) WABT solution, (b) its close-up
in bad curvature regime, and (c) iterative finite difference solution, (d) its
close-up in bad curvature regime, where ρ ≡ r/a is the normalized minor
radius. The central rational surface of the 2D local mode pertaining to is
displayed by dashed lines.

5. Reynolds stress and group velocity for δe-
mode
The Reynolds stress is defined by ℜϑ ≡ 〈ũrũϑ 〉, where

〈· · · 〉 stands for ensemble average, which is equivalent to the
average over the poloidal angle.[27,28] For perturbed electro-
static potential ũ = ρscsb× ∇ϕ , the explicit expression of
(poloidal) Reynolds stress pertaining to the rational surface r j

is

ℜϑ , j (r) =−ρ
2
s c2

s

∮
dϑ

∂ϕ (r,ϑ)

r j∂ϑ

∂ϕ (r,ϑ)

∂ r
. (33)

The intensity of drift wave for δe-model is defined as Im (r)≡∮
dϑϕ (r,ϑ)ϕ (r,ϑ), here Im (r) describes the radial distribu-

tion of drift wave. When computing the physical quantity, we
only retain the real part of ϕ (r,ϑ).

The Reynolds stress and intensity of drift wave, com-
puted by the 2D mode structure of WABT and iterative fi-
nite difference solution in Section 4 by direct numerical in-
tegration, are displayed in Fig. 6, where I (r)≡ Im (r)/Im (rm)
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and R(r) ≡ ℜϑ , j (r)/ρ2
s c2

s k2
ϑ

ŝIm (rm), rm is the peak position
of Im (r). One can see that I (r) is a Gaussian envelop plus
fine-scale radial structure (due to sideband coupling). The
Reynolds stress R(r) has the shape of monopole instead of
dipole obtained earlier in the fluid ITG model.[27]

0.8 0.9 1.0

0

0.5

1.0

0.8 0.9 1.0
-0.10

-0.05

0

(a) (b)

ρ ρ

WABT
FD

Fig. 6. (a) The intensity of drift wave, (b) Reynolds stress computed by
WABT solution (red solid lines) and iterative finite difference solution (blue
dashed lines).

The radial and poloidal group velocities are functions
only of the poloidal angle because the drift wave in tokamak is
a standing wave in radial direction. The characteristic line in
poloidal direction of Eq. (10) is given by dϑ/dt = υgy (ϑ)/r j,
that yields mapping time to poloidal angle ϑ (t). As a result,
the radial group velocity becomes a periodic function of time,
υgr (t) = υgr (ϑ (t)). To explore the structure of group veloc-
ity, the average of three operators over fast scale shown in
Eqs. (11)–(12) must be computed:

〈Kr〉 ≡ −ikϑ ŝ
∫

dxϕ∗ (x,ϑ)∂xϕ (x,ϑ)∫
dxϕ∗ (x,ϑ)ϕ (x,ϑ)

, (34)

〈
K2

r
〉
≡−k2

ϑ ŝ2
∫

dxϕ∗ (x,ϑ)∂ 2
x ϕ (x,ϑ)∫

dxϕ∗ (x,ϑ)ϕ (x,ϑ)
, (35)

〈
∇

2
‖

〉
≡− 1

q2R2

∫
dxϕ∗ (x,ϑ)∑

l
(x− l)2

ϕl (x)exp(−ilϑ)∫
dxϕ∗ (x,ϑ)ϕ (x,ϑ)

.

(36)

It is done by substituting the 2D mode structure of WABT so-
lution and iterative finite difference solution into Eqs. (34)–
(36); the three averaged normalized operators K̂r ≡ 〈Kr〉/kϑ ,
K̂2

r ≡
〈
K2

r
〉
/k2

ϑ
, and K̂2

‖ ≡
〈

∇2
‖

〉
/k2

ϑ
are displayed in Fig. 7.

For real and regular group velocities in stationary back-
ground micro-turbulence, the drift wave envelope

∣∣φ̄ ∣∣ is in-
variant, as being proved in lines below Eq. (13) of Ref. [8]. It
means that the amplitude modulation is absent, only the phase
modulation survives. In the eikonal form φ̄ ∼ exp(iΘ) with
real Θ . The imaginary part iδe and the growth rate (Imω) in
Eqs. (11)–(12) will not contribute to group velocity. In Fig. 8,
the ϑ dependence of the radial and poloidal group velocity is
displayed. Use is made by t =

∫
ϑ

0 r j dϑ ′/υgy (ϑ
′) to generate

the mapping ϑ (t), then the radial group velocity is plotted as
a function of time t as shown in Fig. 8(c). One can see that
the period of radial group velocity is about 7 ms. Each pe-
riod consists of two consecutive distinct phases: a long slowly
varying and a short rapid zero-crossing. There is a little differ-
ence from the counterpart of ITG.[7,8] For ITG group velocity,
both up-zero-crossing and down-zero-crossing are rapid. For
δe-mode, the rapidity of up-zero-crossing is high, but is much
lower for down-zero-crossing.
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FD
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Fig. 7. Three normalized operators, (a) K̂r ≡ 〈Kr〉/kϑ , (b) K̂2
r ≡
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〉
/k2

ϑ
, (c) K̂2

‖ ≡
〈
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/k2
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, the red solid and blue dashed lines are solution

of WABT and iterative finite difference respectively.
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Now, we are ready to study the interplay between zonal
flow and phase function in meso-scale provided that the am-
bient turbulence is EDW. The study is to solve the zonal flow
equation and the envelope equation jointly by making use of
the Reynolds stress and group velocity obtained in this section
for EDW.

6. Remarks on Instanton in δe-mode
In a torus like tokamak the geodesic curvature introduces

high frequency branch into the zonal flow equation via cou-
pling to sound wave. It also modifies the slab low frequency
zonal flow (SLFZF) into TLFZF. This has been shown in lit-
erature for electron drift wave[29] (also see Eq. (C10) in Ap-
pendix C). However, the Reynolds stress as the source of zonal
flow equation is also modulated by the drift wave envelope,
not a static one. It is precisely the purpose of this section to
demonstrate that such a modulation plays the key role to in-
termittent excitation of GAM. The modulation by drift wave
envelope is to replace ℜϑ , j (r) by ℜϑ , j (r)cos2 Θ in the zonal
flow equation, where Θ consists of two phases,[8] because am-
plitude modulation is absent for drift wave–zonal flow system.
A long-lived standing wave phase, which called the Caviton
and a short-lived traveling wave phase (in radial direction),
called the Instanton. In Caviton phase Θ varies slowly in time.
The corresponding modulation has little impact on the high
frequency branch of zonal flow (GAM). Right after the group
velocity crosses zero, the Caviton transits to Instanton as a lin-
ear traveling wave in radial. Then, it evolves to nonlinear stage
rapidly with increasing frequency. As soon as the frequency is
resonant to GAM frequency, the GAM is excited. The key
processes leading to GAM excitation will be presented in this
section.

When the modulation is included in the TLFZF equation
in collisional regime given in Refs. [30,31] and Eq. (C10) in
Appendix C, it becomes(

1+2q2) ∂ ῡ

∂ t
−µ

∂ 2ῡ

∂ r2 +
∂

∂ r

[
ℜϑ , j (r)cos2

Θ
]
= 0, (37)

where Θ represents the phase (eikonal) of drift wave envelope
φ̄ = exp(iΘ) in Eq. (10), and ℜϑ , j (r) is the Reynolds stress
defined in Eq. (33). µ is the perpendicular viscosity; for classi-
cal fluid model, µ→ µB ≡ 3νiiρ

2
i /10, where νii is the ion–ion

collision frequency and ρi is the ion Larmor radius. For a real
plasma, the viscosity is likely to be anomalous, µ = aµ µB, aµ

being the measure of anomaly, which is set to be aµ = 3.
As derived in Ref. [8], a formal inhomogeneous solution

of Eq. (10) is

Θ (r, t) = kϑ

∫ t

0
dt ′ῡ

(
r−

∫ t

t ′
dsυgr (s), t ′

)
, (38)

where υgr (s) is the radial group velocity of EDW as a function
of time, which has been calculated and shown in Fig. 8(c). In

this section the numerical results are obtained from the solu-
tion of Eqs. (37–(38). The numerical results related to GAM
excitation will be presented in the next Section 7. The normal-
ization and numerical methods for the zonal flow equation set
are introduced in Appendix D and will not be repeated else-
where.

6.1. Correlation between occurrence of spikes and zero-
crossing of radial group velocity

Equations (37)–(38) are numerically solved with param-
eters listed in Table 1, and Im (rm), the intensity of turbulence,
is chosen to be 10−3.
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Fig. 9. The time evolution of 40 ms for 5 distinct spatial positions to display
the relationship of zonal flow kinks, phase spikes and zero-crossing of radial
group velocity for Im (rm) = 10−3.

The vertical dotted line 1 (2) in Figs. 9, 10 and 14–17 de-
notes the time point upon downward (upward) zero-crossing
of radial group velocity. One can clearly see the huge dif-
ferences in temporal structure between near zero-crossing and
away from zero-crossing. Near zero-crossing structure looks
spiky in Θ , kinky in ῡ ; away from zero-crossing structure
looks smooth in both Θ and ῡ as shown in Figs. 9(b) and 9(c).
The similar structures have been shown in Fig. 6 of Ref. [8] for
ambient turbulence of ITG, where the spiky phase is named In-
stanton and the smooth phase is named Caviton. The nomen-
clature can be understood by seeing the spatial structure in
Fig. 10 of Ref. [8]. The close-up temporal structure of Θ for
5 radial positions is displayed in Figs. 10(a) and 10(b), very
much like that shown in Fig. 7 of Ref. [8]. By picking up three
radial positions “yellow (ρ = 0.90) — red (ρ = 0.89) — blue
(ρ = 0.88)” in Fig. 10(a) one can see a traveling wave mov-
ing inward. By the same token, what shown in Fig. 10(b) is a
traveling wave moving outward. The 3D structures shown in
Figs. 10(c) and 10(d) depict spatiotemporal structure of EDW
envelope square cos2 Θ in real space. Although the inten-
sity represented by color does not seem accurate to satisfac-
tion (dark region means Θ = 0), it does have roughly shown

045202-9



Chin. Phys. B 31, 045202 (2022)

the locus of the traveling wave; moving inward is shown in
Fig. 10(c) and moving outward is shown in Fig. 10(d). Hence-

forth, moving inward (outward) traveling wave is referred to
be ingoing (outgoing) Instanton.
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Fig. 10. The time evolution of phase Θ and spatiotemporal structure of EDW envelope square cos2 Θ near periods 1 and 2 in Fig. 9.

6.2. The transition of Caviton to Instanton

The Caviton refers to the phase of drift wave envelope as
a slowly moving nonlinear standing wave (smooth phases be-
tween spikes in Fig. 9(c)). The spatial structure of Caviton is
shown in Fig. 11 at three moments 33 ms, 37 ms, and 40 ms.
They look like monopole structure in contrast to the dipole
structure for ITG ambient turbulence (Fig. 4 of Ref. [8]). The
three moments in time are chosen to accommodate two transi-
tions – at 34.65 ms, and at 38.15 ms. The cyan line marks
the structure before transition 1. The blue line marks the
structure between transitions 1 and 2. The red line marks
the structure after transition 2. Apparently, transition 1 alters
the negative-Caviton (negative peak) to positive-Caviton (pos-
itive peak) and transition 2 alters the positive-Caviton back
to negative-Caviton without obvious change in shape. Such
a change of spatial structure can also be seen in Fig. 10(a)
from 34 ms to 35.5 ms, e.g., the bottom blue line at 34 ms
becomes the top blue line at 35.5 ms, similarly in Fig. 10(b)
from 38 ms to 38.6 ms. As a rule of thumb the relationship
between the sign of the Caviton and zero-crossing is that the
downward (upward) zero-crossing leads to positive (negative)
sign of Caviton. This rule is valid as long as the sign of ra-
dial group velocity remains the same until next zero-crossing
occurs (in this paper kϑ < 0). The spatial structure of Caviton
during the period of time when away from the zero-crossing, is
approximately determined by radial integration over the zonal
flow (υgr (t) [∂Θ (r, t)/∂ r] = kϑ ῡ (r, t)), because the time vari-
ation of Caviton is small in the envelope equation and can be

neglected in that time duration, as shown in Figs. 10(a) and
10(b). As a result, the dipole like zonal flow (the spatial struc-
ture of ῡ looks like dipole as shown by the black dash–dot line
in Fig. 13(a) by ignoring details of higher moments) leads to
monopole Caviton.

Θ

ρ
0.75 0.80 0.85 0.90 0.95 1.00

-0.2

-0.1

0

0.1

0.2
t/.

t/.

t/.

Fig. 11. The spatial structure of Caviton at 33 ms, 37 ms, and 40 ms.

In Fig. 12 displayed is the spatiotemporal structure of Θ

around transitions 1 and 2, where red–black and blue–white
represent crest and trough respectively. The travelling waves
of ingoing and outgoing Instanton are marked clearly by the
strokes in non-green colors. The alternative sign of Caviton
is displayed by the change in color within the reaction region,
corresponding to r ∈ [50,54] cm in Fig. 12. The change from
yellow to cyan (cyan to yellow) represents the change of posi-
tive to negative (negative to positive) Caviton.
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Fig. 13. Snapshots of zonal flow ῡ and EDW envelope square cos2 Θ of 6 time points. The time evolution for 34 ms–40 ms can be seen via the link
http://staff.ustc.edu.cn/∼lzy0928/spatiotemporal%20evolution.mp4 ‘spatiotemporal evolution’ (Multimedia view).

The transition of Caviton to Instanton can also be pre-
sented in the movie ‘spatiotemporal evolution’ in the caption
of Fig. 13 (Multimedia view). This presentation demonstrates
vividly that Caviton is a slow nonlinear standing wave and In-
stanton is a fast traveling wave. Six snapshots of the movie
are selected as shown in Fig. 13. In Fig. 13(a) displayed is the
Caviton starts to grow at 34.20 ms from Θ ≈ 0. The grow-
ing continues until 34.65 ms when υgr crosses zero. The early
stage Instanton is shown in Fig. 13(b). Then, the ingoing In-
stanton is shown in Fig. 13(c). One can clearly see that the
major portion of Instanton moves outside the reaction region
till it totally disappears. In Figs. 13(d)–13(e) displayed are the
similar process, however, for outgoing Instanton. One may
have noticed that the intensity of outgoing Instanton is much
weaker than the ingoing one. This is consistent with the in-
tensity shown in Figs. 10(c) and 10(d). It could be attributed
to the fact that the lifetime of ingoing (outgoing) Instanton is

about 0.55 ms (0.25 ms) due to lower (higher) rapidity of zero-
crossing.

Now the general information regarding transition from
Caviton to Instanton can be summarized as follows. Before the
downward zero-crossing 1 occurs, the eikonal Θ is a negative
Caviton in shape of monopole. The zero-crossing 1 induces
transition from Caviton to ingoing Instanton. As it disappears,
a new positive Caviton emerges to grow. It lasts till upward
zero-crossing 2 occurs. The zero-crossing 2 induces transition
from positive Caviton to outgoing Instanton. As it disappears
in reaction region, a new negative Caviton emerges to grow.

Before ending this sub-section, it may be appropriate to
briefly describe the physics involving transition of Caviton to
Instanton, and the key role played by zero-crossing of radial
group velocity.

As shown in Eq. (38), the zonal flow ῡ modulates drift
wave envelope in phase (φ̄ ∼ cosΘ , where φ̄ is the drift wave
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envelope). The radial group velocity υgr appears as the ar-
gument of ῡ under integral, describing the movement of drift
wave envelope along the radial characteristic line. Accord-
ing to Eq. (38) the finite υgr makes a shift of radial argu-
ment of ῡ from r to r−

∫ t
t ′ dsυgr (s). As shown in Fig. 9(a)

the υgr always consists of two consecutive distinct phases: a
long slowly varying phase having a large

∣∣υgr
∣∣ on top and but-

ton and a short phase with rapid zero-crossing. Notice that the
zonal flow ῡ is localized around the region where the Reynolds
stress is not small (reaction region). Before crossing zero, υgr

is large, the shift would make the argument of ῡ run out of the
reaction region depending on the reference position r, where
ῡ is too small to contribute to the integral in Eq. (38). This
process corresponds to formation of Caviton as Θ is slowly
varying. Upon υgr zero-crossing, the sign is changed, mak-
ing the shift smaller, and pulling the local integrand ῡ back to
the reaction region, making ῡ contribute to Θ again. Such a
process occurs on different instants at different reference po-
sitions; it simulates wave propagation, just like pattern propa-
gation shown in Figs. 10(a) and 10(b).

6.3. The nonlinear traveling Instanton with increasing fre-
quency to decades kHz

In this subsection we begin with showing the analytic so-
lution of Instanton near zero-crossing, and compare it with the
numerical solution. This study helps us to understand that the
spatial structure of zonal flow plays key role in the nonlinear
evolution of Instanton, even though it does not change very
much during the lifetime of Instanton. We then shall demon-
strate that the nonlinear Instanton may evolve to the state con-
taining the spectrum to decades kHz range.

Equation (38) can be cast into the following form:

Θ (r, t) =Θ
(
r, tg
)
+ kϑ

∫ t

tg
dt ′ῡ

(
r−

∫ t

t ′
dsυgr (s), t ′

)
. (39)

Denoting tg to be the instance at zero-crossing of radial group
velocity υgr

(
tg
)
= 0, and assuming the interval

[
tg, t
]

is suffi-
ciently small ≈ ε . Then υgr (s) is expanded up to linear func-
tion

υgr (s) =
(

∂υgr

∂ s

)
tg

(
s− tg

)
+ · · · . (40)

Defining rg
(
t, t ′, tg

)
≡
∫ t

t ′ dsυgr (s), and making use of Eq. (40)
to obtain

rg
(
t, t ′, tg

)
=

1
2

(
∂υgr

∂ s

)
tg

[(
t + t ′

)
−2tg

](
t− t ′

)
∼ ε

2. (41)

Finally we have

Θ (r, t) = Θ
(
r, tg
)
+ kϑ ῡ

(
r, tg
)(

t− tg
)

− kϑ

3

(
∂ ῡ
(
r, tg
)

∂ r

)(
∂υgr

∂ s

)
tg

(
t− tg

)3
+ · · · . (42)

It is the traveling wave expressed for sufficiently small ε with
‘linear frequency’ ωg ≡ kϑ ῡ

(
r, tg
)
. The rapidity

(
∂υgr/∂ s

)
tg

plays a role at the order of O
(
ε3
)
. The comparison of Eq. (42)

with the numerical results is shown in Fig. 14. The agreement
holds for a short interval. However, the perturbative solution
breaks down because of the oscillatory structure of zonal flow.
Let us take the yellow line (ρ = 0.9) in Fig. 14(a) as the exam-
ple. The perturbative solution departs from the numerical one
around 34.82 ms. The expansion to higher order does not help
altering such a trend. When we look at Fig. 3(b) near ρ = 0.9,
∂ ῡ (r)/∂ r is negative. However, the true argument of zonal
flow in Eq. (39) is not r, but r− rg

(
t, t ′, tg

)
. The negative rg

pushes true argument of zonal flow to ρ = 0.905 at 34.82 ms.
It is precisely the position where ∂ ῡ (r)/∂ r reverses sign. It
thus alters up-trend to down-trend. In other words, the fine ra-
dial structure of zonal flow in the reaction region breaks up the
Taylor expansion-based perturbative solution.

It is also very interesting to see in Fig. 14 that at the late
stage of Instanton life, say 35.1 ms in panel (a), the lines mark-
ing radial position are in the same order as defined by the blue
line for Caviton in Fig. 11. It implies that the spatial structure
of Caviton inherits that generated by the preceding Instanton.
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Fig. 14. Comparison of analytic results Eq. (42) (dashed lines) to numerical
results (solid lines) of Figs. 10(a) and 10(b).

Now, we come to the most important information regard-
ing Instanton, the time evolution of Instanton frequency shown
in Fig. 15. It suggests that for GAM frequency in a range of
10 kHz–20 kHz the turbulence level at Im (rm) = 10−3 is ade-
quate to make Instanton resonant to the GAM frequency, since
our numerical results have shown that the maximum of Instan-
ton frequency increases with turbulence level (details are ne-
glected). This implies that static Reynolds stress (no modula-
tion by drift wave envelop) alone does not generate GAM. The
causal relationship between GAM excitation and frequency of
Instanton will be presented in the next section.
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Fig. 15. The time evolution of frequency ∂Θ/∂ t and its spatiotemporal structure in periods 1 and 2 in Fig. 10.

7. The intermittent excitation of GAM by non-
linear Instanton
In order to demonstrate the intermittent excitation of

GAM by nonlinear Instanton it is appropriate to use the zonal
flow equation derived by Chakrabarti et al.[29] for EDW. In
Appendix C the single equation in terms of zonal flow is given
by Eq. (C9). Apparently, it is the zero-dispersion equation,
and zero propagation. It means D(τe) = 0 in the dispersion
relation in Fourier representation[32]

ω
2 = ω

2
G
[
1+D(τe)ρ

2
i k2] ,

ω
2
G ≡ 2(1+ τi)

c2
s

R2

(
1+

1
2q2

)
. (43)

It has been shown that in cold ion limit D(τe)ρ2
i →−ρ2

s . With
increasing τi, D(τe) becomes positive.[32,33] Many derivations
based on gyro-kinetics do not have cold ion limit and yield
positive D(τe).[32,34] The generic fluid model can only yield
negative D(τe). However, it may yield positive D(τe) by in-
voking finite Larmor radius correction.[33] In GAM experi-
ments the GAM wave length is typically much longer than
ion Larmor radius ρi,[35,36] it suggests that the specific value
of D(τe) is not so important. Then the GAM zero dispersion
is modified to be

∂ 2

∂ t2 →
∂ 2

∂ t2

(
1+D(τe)ρ

2
i

∂ 2

∂ r2

)
. (44)

As a result, equation (C8) becomes

∂ 2

∂ t2

(
1+D(τe)ρ

2
i

∂ 2

∂ r2

)
χ +

(1+ τi)

q2
c2

s

R2 χ− 2
R

∂ ῡ

∂ t
= 0. (45)

On the other hand, since the EDW envelope is modulated
by cosΘ , resulting in cos2 Θ modulation to Reynolds stress,

equation (C7) should be replaced by

∂ ῡ

∂ t
−µ

∂ 2ῡ

∂ r2 =−(1+ τi)
c2

s

R
χ− ∂

∂ r

[
ℜϑ , j (r)cos2

Θ
]
. (46)

The sound wave equation (45) and the zonal flow equation (46)
combined with the envelope equation (38), constitute the ba-
sic equation set to illustrate the intermittent excitation of zonal
flow by nonlinear Instantons in the next two subsections. They
are numerically solved with the same parameters in Section 6
and D(τe) = 1 for illustration.

7.1. GAM excitation by nonlinear Instanton for single cen-
tral rational surface

The time evolution of radial group velocity, zonal flow ῡ

and phase Θ are displayed in Fig. 16 respectively.
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Fig. 16. The time evolution of 40 ms for 5 distinct spatial positions to dis-
play the relationship of zonal flow including GAM, phase spikes and zero-
crossing of radial group velocity.
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Comparing with results in Fig. 9, one can clearly see that besides the TLFZF defined by Eq. (C10) in Appendix C, a high
frequency packet emerges abruptly around the zero-crossing time of radial group velocity. The close-up temporal structure of
Instanton frequency ∂Θ/∂ t and zonal flow in periods 1 and 2 are displayed in Fig. 17. It is apparent that the high frequency
zonal flow arises from the rapid variation of the phase Θ . We have also analyzed results for lower turbulence intensity, e.g.,
Im (rm) = 10−4 (details are neglected), there is almost no GAM excited since the maximum of ∂Θ/∂ t is around 3 kHz, far below
the local GAM frequency ωG = 13.64 kHz at ρ = 0.9.
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Fig. 17. The time evolution of frequency ∂Θ/∂ t and the close-up of zonal flow in periods 1 and 2 in Fig. 16.

f
 (

k
H

z
)

0.94

0.92

0.90

0.88

t (ms)

38.2 38.4 38.6 38.8

t (ms)

38.2 38.4 38.6 38.8

t (ms)

38.2 38.4 38.6 38.8

ρ

0.94

0.92

0.90

0.88

ρ

20

10

15

5

2.0

1.0

1.5

0.5

0
0.88 0.90 0.92 0.94

ρ

κ
 (

c
m

-
1
）

Instanton

(a) (b)

(c) (d)

Fig. 18. Spatiotemporal structure of (a) Instanton Im (r) ∝ cos2 Θ and (b) ῡGAM for D(τe) = 1 in period 38.05 ms–39 ms and ρ = 0.87–0.94, (c)
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The excitation of GAM by Instanton is also illustrated in
Fig. 18 corresponding to period near 2 in Fig. 17(d). This is the
example that outgoing Instanton induces outward propagating
GAM. Among others the wave length of GAM is about 1 cm.
It is at the same order of that observed in experiments,[35,36]

however, much longer than the ion Larmor radius. It suggests
that the spatial structure of Instanton could be more important
than the dispersion coefficient in determining the wave length
of GAM.

7.2. Nonlinear coupling between multiple central rational
surfaces and GAM intermittency

In practice, zonal flow could be driven by nonlinear cou-
pling between multiple central rational surfaces, where the
‘coupling’ refers to share of the same zonal flow for each
individual central rational surface. For EDW in this paper,
there are about 5 rational surfaces within the reaction region
(where Reynolds stress in Fig. 6 is not small), all of them con-
tribute to a poloidal torque ℜϑ , j (r) ( j = 0,±1,±2), resulting
in the total torque ∑ j ℜϑ , j (r)cos2 Θ j. Here Θ j represents the
contribution from the j-th central rational surface. The rela-
tive phase between different Θ j is indefinite, because the ini-
tial value of integration along the poloidal characteristic line
dϑ/dt = υgy (ϑ)/r j, could not be pre-determined in [0,2π].
For brevity, this is called random phase mixing between mul-
tiple central rational surfaces in the reaction region. It results
in the indefinite zero-crossing time of radial group velocity
for those rational surfaces shown in Fig. 19(a). As a result,
GAMs are triggered asynchronously for different central ra-
tional surfaces, forming a rather intricate pattern displayed
in Fig. 19(b). Corresponding frequency-time spectrogram is
shown in Fig. 19(c), very similar to experimental measures of
GAM intermittency.[25,37–44]
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Fig. 19. (a) Temporal evolution of radial group velocity pertaining to 5 ratio-
nal surfaces, (b) zonal flow at ρ = 0.9, and (c) corresponding spectrogram.

8. Summary and on the motion of drift wave en-
velope
In this paper the full toroidal drift wave — zonal flow

system, driven by turbulence associated with an EDW (fluid
δe-model), is derived and investigated. By making use of
derivative expansion, the two-scale system is constructed. The

micro-scale mode structure is solved by making use of 2D bal-
looning theory, namely WABT. The mode structure is used to
calculate two significant meso-scale qunatities in spatiotem-
poral representation, Reynolds stress, and group velocity.

They are then substituted into the meso-scale Eqs. (37)–
(38) in Section 6 to study salient features of EWD — zonal
flow sytem, in particular, the evolution of Caviton–Instanton
are analyzed and displayed in graphs. Right after zero-
crossing of radial group velocity υgr, the linear traveling wave
(linear Instanton) emerges from the standing wave Caviton, as
shown by ∆Θ (r, t) = kϑ ῡ

(
r, tg
)(

t− tg
)
, then it keeps grow-

ing to the nonlinear stage as shown by Eq. (42). The fre-
quency of Instanton is also growing to its maximum as shown
in Figs. 15(a) and 15(b). The intermittent excitation of GAM
by nonlinear Instanton has been unambiguously demonstrated
in Section 7. It would, now, be appropriate to summarize the
new physics extracted and highlighted in this paper.

(i) The EDW envelope is not always in the standing wave
(Caviton) phase. Interactions with the zonal flow may lead to
the sudden emergence of the short-lived traveling wave in the
radial direction (Instanton). This Caviton to Instanton transi-
tion, occurring upon the zero-crossing of radial group velocity,
is a major event in the evolution of the system.

(ii) The Caviton could be positive (bump) or negative
(trough). The Caviton to Instanton transition results in sign
reversal, the sign of next Caviton becomes opposite to that of
the previous one. The spatial structure of Caviton inherits the
radial integration over zonal flow; its sign is determined by the
sign of radial group velocity.

(iii) Similarly, there are two types of Instanton, ingoing
and outgoing. The ingoing (outgoing) is induced by down-
ward (upward) zero-crossing. It is also associated with the
sign of Caviton. The positive (negative) Caviton comes after
ingoing (outgoing) Instanton.

(iv) The initial Instanton is a linear traveling wave in ra-
dial direction, and, then, it evolves to a nonlinear traveling
wave. The amplitude and frequency in the nonlinear stage in-
creases with time initially, it reaches a peak, then oscillates
due to the fine radial structure of zonal flow; finally, it falls off
because the Instanton travels out of the system.

(v) The maximal frequency of Instanton depends on the
turbulence level. For the parameters in this paper Im (rm) =

10−3 (Im (rm) = 10−4), the maximal frequency of Instanton is
20 kHz (3 kHz). Since 20 kHz is high enough to the GAM
frequency ωG (13.64 kHz), the GAM is excited by resonance.

(vi) The lifetime of resonance-excited GAM is not long
enough to form the ‘WKB eigenmode’.[45] The eigenmode
formation would require several times of back and forth re-
flection between the two boundaries.

(vii) The resonance-excited GAM propagates radially
with a wave length much longer than the Larmor radius. This
is consistent with observations in experiment.[35,36]

(viii) GAM intermittency follows from the nonlinear cou-
pling between multiple central rational surfaces. The integra-
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tion along the poloidal characteristics brings in the indefinite
initial values pertaining to each central rational surface. It can
be called ‘random phase mixing’ between several to decades
of central rational surfaces, because the relative phases be-
tween the components participating in the coupling are indef-
inite. For each discharge they are different. Therefore, the
pattern as shown in Fig. 19(c) is not repeatable.

Appendix A: Derivation of δe-model in (x, l) rep-
resentation

The δe-model equation (the zeroth order equation (9) de-
rived in Section 2) is[(

1+
⌢
ω∗i
ω

)
ρ

2
s ∇

2
⊥− (1− iδe)+

⌢
ω∗e
ω

−2(1+δτ)

⌢
ωde

ω
− (1+δτ)

c2
s

ω2 ∇
2
‖

]
ϕ (𝑟̃) = 0. (A1)

In the (x, l) representation, substituting Eq. (13) into Eq. (A1),
the differential operators are

∇
2
⊥ϕ → k2

ϑ

[
ŝ2 ∂ 2

∂x2 −
(

1+
l
m

)2
]

ϕl (x) ,

∇‖ϕ =
1

qR

[
∂

∂ϑ
+q(r)

∂

∂ζ

]
ϕ → i

qR
(x− l)ϕl (x) . (A2)

The three frequency operators are

⌢
ω∗e,iϕ → ω∗e,i

(
1+

l
m

)
ϕl (x) ,

⌢
ωdeϕ → ωde

×
[

i ŝsinϑ
∂

∂x
+ cosϑ

(
1+

l
m

)]
ϕl (x) , (A3)

Use is made of the linear density profile, fn (x) ≡
n(0)/n j = 1− (r j/Ln)(x/mŝ), temperature profile fTs (x) ≡
T (0)

s /Ts, j = 1− (r j/LTs)(x/mŝ) (s = i,e), ion pressure pro-
file fPi (x) ≡ P(0)

i /Pi,j = 1− (r j/LPi)(x/mŝ), P(0)
i ≡ n(0)T (0)

i .
The density, electron temperature, and ion pressure gradient
length: Ln ≡ (d lnn(0)/dr)−1

r j
, LTs ≡ (d lnT (0)

s /dr)−1
r j

, LPi ≡
(d lnP(0)

i /dr)−1
r j

. ρ2
s = ρ2

s, j fTe (x) and c2
s = c2

s, j fTe (x) also de-
pend on electron temperature, subscript j denotes equilibrium
quantities on rational surface r j. The sideband l/m and slow
variation of equilibrium profile in radial direction violate the
translational invariance.

After introducing the dimensionless parameters defined
below Eq. (14), the equation for ϕl (x) is

k̂2
ϑ

ω̂

ω̂s

[
1+

η̄i

ω̂

fTi (x)
fPi (x)

(
1+

l
m

)][
ŝ2 ∂ 2

∂x2 −
(

1+
l
m

)2]
ϕl

− 1
ω̂s

[
(1− iδe)

ω̂

fTe (x)
− 1

fn (x)

(
1+

l
m

)]
ϕl

+(1+δτ)
ω̂s

ω̂
(x− l)2

ϕl− (1+δτ)
ω̂de

ω̂s

×
[

ŝ
∂

∂x
(ϕl+1−ϕl−1)+

(
1+

l
m

)
(ϕl+1 +ϕl−1)

]
= 0. (A4)

To simplify the derivation, we assume derivatives are ap-
plied only on the wave functions, not on the equilibrium quan-
tities, and the TSB terms x in the equilibrium profile can be
replaced by l, f (x) ≈ f (l). Since translational invariance is
the leading symmetry, all TSB terms are small enough to be
retained up to the second order O

(
l2/m2

)
. Then the δe-model

expanded to include TSB terms in the (x, l) representation is
obtained as Eq. (14).

Appendix B: The conditions for valid WABT
Let us starting with Eq. (23) and introducing the trans-

form

ψ (λ )≡Φ (λ )exp
[
−1

2

∫
λ

dλ
′P
(
λ
′)] . (B1)

Then the equation for Φ (λ ) follows from Eqs. (23) and (B1)

d2Φ

dλ 2 +

[
Q(λ )− P2

4
− 1

2
dP
dλ

]
Φ = 0. (B2)

In the large n limit

P(λ )≈ in
L̄(0)

1 (λ ; ω̂)

L̄(0)
2 (λ ; ω̂)

→ in
L̄1

L̄2
,

Q(λ )≡ n2

L̄(0)
2 (λ ; ω̂)

[Ω (λ )−Ω (ω̂)]→

n2

L̄2
[Ω (λ )−Ω (ω̂)] . (B3)

In the second step we neglect the λ dependence in L̄(0)
1 and

L̄(0)
2 , i.e. L̄1 and L̄2 are constants. Further approximation is

Ω (λ )≈Ω0 +Ω1 cosλ ≈Ω0 +Ω1

(
1− λ 2

2

)
. (B4)

Then we obtain the following analytic solution for eigenvalue
and wave function:

Ω (ω̂) = Ω0 +Ω1 +
L̄2

1
4L̄2

, (B5)

ψ (λ ) = Φ (λ )exp
(
−in

L̄1

2L̄2
λ

)
,

Φ (λ ) = exp

(
−
√

Ω1

2L̄2

nλ 2

2

)
. (B6)

This is the WABT solution. For L̄1 = 0 it reduces to hori-
zontal ballooning theory (HBT).[15] It exhibits fast variation
of FPD with Gaussian width ∆λ ∼ 1/

√
n. Therefore, the true

small parameter in large n limit is εB≡ (1/n)(d/dλ )∼ 1/
√

n.
For finite L̄1 6= 0 (AWABT) the exponential factor in the first
equation of Eq. (B6) introduces a fast variation unless Ξ ≡
L̄1/2L̄2� 1, otherwise the higher order derivative would con-
tribute, and WABT becomes invalid. In case such a parameter
regime comes true, the observed flavor could be vertical bal-
looning theory (VBT).[15]
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At the end of this appendix, we would like to draw
the reader’s attention to the difference between the eigen-
mode accessible in WABT as distinct from what exists in
the literatures, in particular, with the modes discussed in
the alternative higher order ballooning theories of authors
like Connor–Hastie–Taylor (CHT),[46–48] Dewar,[49,50] and
Zonca–Chen.[51] These earlier models create eigenmodes of
two very different kinds: (i) the eigenmode is limited to a sin-
gle position in the radial coordinate,[47,48] (ii) or the eigen-
mode results from applying ad hoc boundary conditions at the
edge of the domain defined by the equilibrium scales. What
WABT, however, is designed to do is neither singular like the
first case (coined as isolated mode in Ref. [48]) nor dependent
upon the ad hoc values of the mode characteristics in the do-
main which is of little relevance to turbulence. The WABT
eigenfunction, though localized at the central rational surface
(defined by integers m = nq(r j), m± 1 = nq

(
r j±1

)
, . . .) cov-

ers a finite domain containing rational surfaces at r j of those
phase-independent components. What is equally important is
that the eigen-structure is dictated by the asymptotic behavior,
i.e., natural boundary conditions like evanescence. In some
sense the the eigenmode is more spread out than the singular
case and much less spread out than the one with boundaries
defined on equilibrium length scales. A typical example for
the evanescent WABT mode for large k and λ (in the 2D bal-
looning representation[13,15,21–23]) is shown in Figs. 1 and 3.
This is in contrast to the modes built on the equilibrium scale,
requiring boundary condition provided by radial equilibrium.
The associated mode can only be the global mode within the
bounded area, not the local mode pertaining to specific rational
surface with natural boundary condition. For a given toroidal
number n, there is only one coherent mode. However, there
are many radially adjacent local toroidal modes signified by
a series of poloidal numbers (m, m± 1, . . ., statistically inde-
pendent to each other) corresponding to a given n number, just
like the multiple central rational surfaces shown in Subsec-
tion 7.2; each of the them consists of central rational surface
defining parameter of ballooning equation, and multiple side-
bands due to TSB terms. In a sense the central rational surface
here is very much like the single rational surface in sheared
slab model; the only difference is that each one is a toroidal
mode not slab mode. The reason for such a discrepancy be-
tween the two different types of higher order theories could
be traced back to the construction of the lowest order — the
ballooning equation. In WABT the ballooning equation is as-
sumed to be translational invariant.[52] As a result, the TSB
terms are used to construct the higher order theory in micro-
scopic scale. No similar concept of translational invariance
and the broken symmetry (TSB terms) in Refs. [46–51] have
ever been introduced.

Appendix C: The zonal flow equation for elec-
tron drift wave

The zonal flow equation for EDW containing both the
low–high frequency branches has been derived in Ref. [29].
Since that version is written in Fourier representation, the
equations have to be cast into the spatiotemporal representa-
tion before being applied to this paper. We shall use the same
basic equations, Eqs. (21)–(23) of Ref. [29]. They are the gov-
erning equations for GAM in dimensional form provided va-
lidity of scale separation. The three equations are the continu-
ity equation

∂ n̄G

∂ t
+∇‖ūG−

2ρscs

R
sinϑ

∂ϕ̄

∂ r
= 0, (C1)

the vorticity equation

∂

∂ t
ρ

2
s ∇

2
⊥ϕ̄ +(1+ τi)

2ρscs

R
sinϑ

∂ n̄G

∂ r
−µρ

2
s

∂ 4ϕ̄

∂ r4

= ρ
3
s cs

∂ 2

∂ r2

〈
∂ϕ

r∂ϑ

∂ϕ

∂ r

〉
en
, (C2)

and the parallel momentum equation

∂ ūG

∂ t
=−c2

s (1+ τi)∇‖n̄G, (C3)

where n̄G and ūG are density and parallel velocity fluctua-
tions in meso-scale associated with GAM respectively, both
are axisymmetric with m = 1, n = 0, ϕ̄ is the zonal electro-
static potential, with m = 0, n = 0. The term on the right-hand
side of Eq. (C2) is the ensemble average of Reynolds stress in
spatiotemporal representation,[28] where ϕ is the EDW eigen-
mode defined in Eq. (13). This term represents the process
that two microscale electrostatic potentials (like drift waves)
ϕ are annihilated into (poloidal) torque in meso-scale, known
as ‘three-wave interaction’ in literature. What will be different
from Ref. [29] is the vorticity equation, we retain the perpen-
dicular viscosity term which is important for numerical com-
putation.

Substituting Eq. (C3) into Eq. (C1) eliminates ūG,

∂ 2n̄G

∂ t2 − (1+ τi)c2
s ∇

2
‖n̄G−

2ρscs

R
sinϑ

∂

∂ t
∂ ϕ̄

∂ r
= 0. (C4)

This equation mathematically suggests that the only relevant
component to the density response in meso-scale is the si-
nusoidal one. Therefore, it leads us to the solution n̄G =

χ (r, t)sinϑ . In the toroidal coordinates ∇‖ → (1/qR)∂/∂ϑ ,
equation (C4) becomes

∂ 2χ

∂ t2 +
(1+ τi)

q2
c2

s

R2 χ− 2ρscs

R
∂

∂ t
∂ ϕ̄

∂ r
= 0. (C5)

This is the sinusoidal sound wave coupled with zonal flow.
The zonal flow equation is obtained by making use of

poloidal averaging (in meso-scale) over the vorticity equation.
Then we have

ρ
2
s

∂ 2

∂ r2
∂ ϕ̄

∂ t
+(1+ τi)

ρscs

R
∂ χ

∂ r
−µρ

2
s

∂ 4ϕ̄

∂ r4
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= ρ
3
s cs

∂ 2

∂ r2

(∮
dϑ

∂ϕ

r∂ϑ

∂ϕ

∂ r

)
. (C6)

The quantity behind the second order radial derivative on the
right-hand side of equation (C6) is the well-known Reynolds
stress.[28] By defining the zonal flow speed ῡ ≡ ρscs∂ ϕ̄/∂ r,
equation (C2) becomes

∂ ῡ

∂ t
−µ

∂ 2ῡ

∂ r2 =−(1+ τi)
c2

s

R
χ− ∂

∂ r
ℜϑ , j (r) , (C7)

where ℜϑ , j (r) is defined by Eq. (32), and equation (C5) be-
comes

∂ 2χ

∂ t2 +
(1+ τi)

q2
c2

s

R2 χ− 2
R

∂ ῡ

∂ t
= 0. (C8)

Through eliminating χ in Eqs. (C7) and (C8) we get the single
equation for zonal flow as[

∂ 2

∂ t2 +2(1+ τi)

(
1+

1
2q2

)
c2

s

R2

]
×
[

∂ ῡ

∂ t
−µ

∂ 2ῡ

∂ r2 +
∂

∂ r
ℜϑ , j (r)

]
= 2(1+ τi)

c2
s

R2

[
−µ

∂ 2ῡ

∂ r2 +
∂

∂ r
ℜϑ , j (r)

]
. (C9)

In low frequency limit, the temporal derivative in the first term
can be neglected, which yields TLFZF equation with the iner-
tia 1+2q2, instead of 1 for SLFZF,(

1+2q2) ∂ ῡ

∂ t
−µ

∂ 2ῡ

∂ r2 +
∂

∂ r
ℜϑ , j (r) = 0. (C10)

The dispersion of high frequency branch can be obtained from
the left-hand side of Eq. (C9)

ω
2 = ω

2
G ≡ 2(1+ τi)

c2
s

R2

(
1+

1
2q2

)
, (C11)

the same as Winsor dispersion relation.[53]

Appendix D: Numerical methods for the dimen-
sionless zonal flow equation set

In this appendix the normalization and numerical meth-
ods for the zonal flow equation set are introduced in detail.
The zonal flow speed is normalized to ῡz ≡ ρscskϑ ŝ

√
Im (rm)

(ῡ = V ῡz), time is normalized to ωZ ≡ ῡzkϑ (tωZ = τ), the
dimensionless micro-radius is defined as x = kϑ ŝ(r− r j). The
zonal flow Reynolds number[8] is defined as Rz ≡ ωZ/µk2

ϑ
ŝ2

(µ = 3aµ νiiρ
2
i /10), and the dimensionless Reynolds stress de-

fined in Section 5 is R(x) ≡ ℜϑ , j (r)/ρ2
s c2

s k2
ϑ

ŝIm (rm). Then
we define the dimensionless sinusoidal component of sound
wave to be X ≡ kϑ Rχ . By introducing the sound frequency
ϖ2

G ≡ (1+ τi)c2
s/q2R2 varying in equilibrium scale, and ϖ̂G ≡

ϖG/ωZ , the sound wave equation (45) and the zonal flow equa-
tion (46) combining with the envelope equation (38) can be
cast into the dimensionless form

∂ 2

∂τ2

(
1+δ

2 ∂ 2

∂x2

)
X+ fTe (x) ϖ̂

2
GX−2

∂V
∂τ

= 0, (D1)

∂V
∂τ
− 1

RZ

∂ 2V
∂x2 =− fTe (x)q2

ϖ̂
2
GX− ∂

∂x

[
R(x)cos2

Θ
]
,

(D2)

Θ (x,τ) =
∫

τ

0
dτ
′V
(

x− ŝ
∫

τ

τ ′
dσυ̂gr (σ),τ ′

)
, (D3)

where υ̂gr ≡ υgr/ῡz, δ ≡ ρikϑ ŝ
√

D(τe), fTe (x) describes the
(linear) electron temperature profile which has been defined in
Appendix A, and is important for GAM propagation.[45]

The solution of the initial value problem is worked out for
the initial conditions: V (x,0) = 0, Θ (x,0) = 0, and X (x,0) =
0. Since the phase modulation of drift wave envelope is sig-
nificant only inside the reaction region, the boundary condi-
tion for drift wave envelope is not important; the latter is rele-
vant only in the Instanton phase that has a vanishing coupling
to zonal flow outside reaction region. However, the signal of
phase function Θ could propagate to a place far away from the
reaction region denoted by x±∞, where the cut-off has been in-
troduced (Θ (x±∞,τ) = 0).[8] In computation x−∞ and x+∞ are
set to be ρ = 0.75 and ρ = 1 respectively.

The boundary condition for the zonal flow equation set
has to be set up differently with respect to left and right sides
in contrast to Ref. [8], since the data of GAM are measured
not too far away from plasma edge, and edge effects on GAM
could be important. On the right side, the zero Dirichlet (re-
flecting) boundary condition is chosen at the plasma edge for
V
(
xedge,τ

)
= 0, χ

(
xedge,τ

)
= 0, where xedge denotes the po-

sition of plasma edge (ρ = 1), for the reason that GAM cannot
propagate outside the last closed magnetic surface. On the left
side, an absorptive boundary condition is set up since GAM
suffers from Landau damping in low q region.[54]

The dimensionless set of Eqs. (D1)–(D3), combined with
the assumed initial and boundary conditions, constitutes a
well-posed initial value problem, which is solved by making
use of the finite difference methods, where the spatiotemporal
grids are discretized as (rk, tm), rk ≡ r1 + k ·∆r, tm ≡ m ·∆t,
k = 0,1, . . . ,K and m = 0,1, . . . ,M are integers. In this paper
we choose K = 600, M = 20000, ∆r = (r2− r1)/K, ∆t = 2 µs,
r1 and r2 are the positions of the left and right boundaries,
corresponding to ρ = 0.75 and ρ = 1 respectively. The di-
mensionless spatiotemporal step sizes are ∆x ≡ |kϑ ŝ| ·∆r and
∆τ ≡ ωZ ·∆t. Equations (D1) and (D2) are solved by mak-
ing use of the section order Crank–Nicolson method.[55] The
envelope equation (D3) is directly integrated as shown in Ap-
pendix C of Ref. [8].

As for the nonlinear coupling between multiple central
rational surfaces, equations (D2) and (D3) should be replaced
by

∂V
∂τ
− 1

RZ

∂ 2V
∂x2

=− fTe (x)q2
ϖ̂

2
GX− ∂

∂x

[
jmax

∑
j=− jmax

R(x+ j)cos2
Θ j

]
, (D4)
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Θ j (x,τ) =
∫

τ

0
dτ
′V
(

x+ j− ŝ
∫

τ

τ ′
dσυ̂gr (τ j +σ),τ ′

)
,

(D5)

where τ j represents the arbitrary initial phase of each ratio-
nal surface. It is reasonable to assume the mapping between
the time and poloidal angle ϑ (τ j) to be a random number
in [0,2π]. Since the interval of adjacent rational surface is
∆x = 1, the radial argument x is replaced by x+ j. jmax = 2 is
set for illustration in Section 7.
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