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A nonlocal Boussinesq equation is deduced from the local one by using consistent correlated bang method. To study
various exact solutions of the nonlocal Boussinesq equation, it is converted into two local equations which contain the
local Boussinesq equation. From the N-soliton solutions of the local Boussinesq equation, the N-soliton solutions of the
nonlocal Boussinesq equation are obtained, among which the (N = 2,3, 4)-soliton solutions are analyzed with graphs. Some
periodic and traveling solutions of the nonlocal Boussinesq equation are derived directly from the known solutions of the
local Boussinesq equation. Symmetry reduction solutions of the nonlocal Boussinesq equation are also obtained by using

the classical Lie symmetry method.
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1. Introduction

Nonlocal equations have attracted much attention in non-
linear field since Ablowitz and Musslimani!!! introduced and
investigated a PT symmetric nonlocal Schrédinger equation

ig:(x,1) = que(x,1) £ q(x,1)q" (—x,1)q (%, 1), ()
with * denoting complex conjugate and g being a com-
plex valued function of the real variables x and f. Equa-
tion (1) is integrable in the sense of having infinite number
of conservation laws and some soliton solutions of it are ob-
tained by using the inverse scattering transform method in
Ref. [1]. Since then, many nonlocal equations with certain
space time symmetries have been introduced and investigated,
such as the nonlocal Korteweg—de-Vrise (KdV) systems, *! the

131 nonlocal Schrodinger

nonlocal Davey—Stewartson systems,
equation,*7! and so on. Among the methods of solving non-
linear systems the Hirota’s bilinear method!®°! plays an im-
portant role, which is developed recently to get N-soliton solu-
tions for both (1 + 1)-dimensional integrable equations!'”! and
(2 + 1)-dimensional integrable equations.!!'=!#! For nonlocal
systems, the Hirota’s bilinear method can also be used to get

[6.15.16] [ the same time various methods

N-soliton solutions.
for solving nonlocal nonlinear systems have also been devel-
oped, such as inverse scattering transformation,!"-'”) Darboux

transformations, '8-19

I symmetry analysis, ?"! ezc.

In recent years, Lou proposed a concept of Alice—Bob
(AB) system, in which two variables are linked by B = fA
with f being a combination of parity (P), time reversion (7),
and conjugation (C)-related operator, to describe two events
intertwined with each other and introduced 2 — 7' — C prin-

ciple and f = f~! equivalence principle to construct and
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solve nonlocal AB systems from known local ones.!?!! Many
nonlocal AB systems, including AB-KdV system,>??! AB—
mKdv[23-24] system, AB—KP system, [25] AB-Toda system, (21
AB-Schrodinger equation,[26] etc., have been introduced and
their integrable properties and exact solutions have also been
studied a lot.

It is known that the Boussinesq equation plays an im-
portant role in describing long wave propagation in shallow

[27-29

water. | Here, we take the Boussinesq equation in the

form

Upt — Uy — Uxoxx — 3(u2)xx =0, )

which is integrable and can be solved by using the inverse scat-
tering method. In this paper, we study a nonlocal Boussinesq
equation in the form of

9 3 9 3
Ay — 5A)% —3ABy+ BT — (1 +5A+ 23) A

3
+§(B —A)By — A =0, 3)
where
B=BTyA = A(—x+xp,—1 +19). )

The paper is organized as follows. In Section 2, we give
multiple soliton solutions of the nonlocal Boussinesq equa-
tion (3) using known soliton solutions of the local Boussinesq
equation. In Section 3, we obtain periodic solutions and trav-
eling solutions of Eq. (3) directly from known solutions of the
local Boussinesq equation. In Section 4, the symmetry reduc-
tion solutions of Eq. (3) are derived by using classical symme-

try method. The last section devotes to a summary.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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2. Multiple soliton solutions of the nonlocal
Boussinesq equation (3)

According to the consistent correlated bang method in
Ref. [30], the functions A and B in Eq. (3) can be written as

A=u+v, B=u—v, o)

where the functions u and v satisfy the following parity condi-
tion:

I%f“du =u, ﬁsfdv =—w (6)
So the nonlocal Boussinesq equation (3) is changed to

e =0, (7)
—Vxx = Oa (8)

Urt — Uxx — Uxxxx — 3(”

Vi — OVt — OV — 1205 V) — Vierx

where u = (A+B)/2, v= (A — B)/2 and equation (7) is just
the Boussinesq equation (2). To solve the nonlocal Boussi-
nesq equation (3), we can use the solutions of the Boussinesq

equation (2), which have N-soliton solution (271

N N
u=2(InF),y, F:Zexp (Z ngj-‘r Z V,'Vj@,'j), )
v j=1

1<i<j
with v; = 0,1 (lZ 1,...

done for all permutations and

,N), the summations of it should be

& =kix+ it + &,
|

,/1+k2./1+k2 (2k7 — 3kikj +2k3 +1)
1/1+k2,/1+k2 (2k7 + 3kikj +2k3 +1)

1+k12 and k;, g,'(), (iZ 1,...

exp(6,

; (10)

where [; = k; ,N) are arbitrary
constants.
In order to find P, Ty invariant solutions of « in Eq. (9), we

first rewrite the variables as

11 !
Z 6;j — Z 0jis (11)
z j+1
where
M=k (x=2) +1: (1= 2) +no (12)

with 1ng; being arbitrary constants. According to the invariance

of Eq. (9) under the transformation
F — Bexp (Kx+Qt+Xo)F, (13)

we finally get!?’]

1 N
=2 ]n;KVCOSh (2 Zl Vjﬂj)]
j=

=2(InFy)x, (14)

XX

where the summation of v should be done for all non-dual per-

mutations of v, = 1,—1, (i=1,...,N) and

KV_H\/,/1+/¢2,/1+1<2 (2K = 3V;vjkikj+2k3 + 1).

i>j

For N = 2,3, we give their explicit expressions of Fy as

= 512 cosh |: ((k1 +ka)x+ (I + D)t ):| + 512_].;. cosh [; ((k1 —ko)x+ (I — lz)t):| ,

s5)

(16)

= Oip,— 513523003}1[ (ki +ka+k3)x+ (L + L+ )t )} + 6124013 +52;cosh{ ((ky —ky —k3)x + (I —12—13)1)]

1
+0812,4+013,— 623 4 cosh { (ki —kp+k3)x+ (L — I +l3)t)} + 012,613+ 623 1 cosh [2((/61 +hky—k3)x+ (I + 1 —13)l)] )

with

Sijr= \/\/1+k,.2, J1+15 — (2k7 +3kik; +2k5 +1). (18)

The solutions of Eq. (8) with Eq. (6) can be obtained from

the symmetry of the Boussinesq equation (7), here we give a

simple example
19)

V= —ClUr — CoUy

with arbitrary constants c; and ¢;. It can be seen from the ex-
pression of u in Eq. (14) that it is an even function under the

a7

operator of P, Ty, which means v in Eq. (19) being an odd func-
tion, so the condition of Eq. (6) is satisfied. Now we have a

special form of solution of Eq. (3)

A =u—ciu — cly, (20)

with Eq. (14).

Substituting Egs. (16) and (17) into Eq. (20) with Eq. (14)
we get 2-soliton and 3-soliton solutions of the nonlocal
Boussinesq equation (3), which are shown in Figs. 1(a)-1(c).

Similarly, we can get any arbitrary N soliton solutions of

050201-2
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Eq. (3), Fig. 1(d) is a plot of 4-soliton solution. In Fig. 1,
the parameters are fixed as follows: k; =1, ko =4, xg =ty =
Nio = N2 = 0, c; = 1,6‘2 =1 for Fig. 1(a); ki=1, kp =3,
ks =4, x0=1 =10="m0="MN30=0, c; =1,c0 =2 for
Figs. 1(b) and 1(c); and ky = —1, kp = =2, k3 =4, ks = 6,
Xo =1fo =110 =M = N30 =Nao =0, c1 =4, ¢ = -2 for
Fig. 1(d). From Fig. 1, we see that for any 2-soliton, 3-soliton,
and 4-soliton solutions, the interaction between solitons are
elastic with phases changed.

(a) (b)

(@ 10
+ 0
—10

-10 0 10 20

x

Fig. 1. The density plots of N soliton solutions of Eq. (3) with (a) N =2, (b)
N =3, (d) N =4, panel (c) is a three-dimensional (3D) plot of N = 3 case.

3. Periodic wave solutions and traveling wave
solutions of the nonlocal Boussinesq equa-
tion (3)

To solve the Boussinesq equation (7), the author of
Ref. [27] obtained some kinds of exact solutions, including
soliton solutions, traveling wave solutions, plane periodic so-
lutions, etc. Here, we use these known solutions, which all
satisfy the parity condition (6), to obtain corresponding solu-
tions of the nonlocal Boussinesq equation (3).

(i) Soliton solution 1

When we take
1
u= (= sech’(Xy), (2> 1),
1 1 1

by substituting it into Eq. (20) we get a soliton solution of
Eq. (3)
1 2 2 3 2
A= 3 sech”(X))[tanh(—X;)(c” —1)2(cc1 — c2)+c”—1]. (22)

(ii) Soliton solution 2
When we take

cc—1

(1-3tanh*(X3)) (¢* < 1),

] () I

2 2

by substituting it into Eq. (20) we get a soliton solution of
Eq. (3)

A= 71(62—1)[\/1fcz(clcfcz)(tanh3(X2)

6
—3tanh(X2)) — 3tanh?(X,) + 1} . 24)
(iii) Travelling wave solution 1
We take
1
u:fi(czfl)cschz(Xl), (?>1), (25)

which leads to
1
A —Ecschz(xl) Coth(xl)(6271)3/2(c16762)+0271} . (26)

(iv) Travelling wave solution 2
We take

cc—1

u=— (1—3coth’(X»)), (2 <1), 27)

which leads to

21
P — - {3 V1= (cre— c2)coth(X) (coth?(Xa) — 1)
“3coth?(Xs) + 1} . (28)
(v) Plane periodic wave solution 1
When taking
-1 5 2
u= sec(Xa), (¢-< 1), (29)
we get
2
—1
A= sec?(Xo)[(cre — ) V1 — c2tan(X) + 1) (30)
(vi) Plane periodic wave solution 2
When taking
-1 2 2
u=— (1+3tan”(Xy)), (c”>1), @31)
we get
1— 2
A= 20 [\/ 2 —1(cic—cz) tan(X; ) (tan®(X;) 4+ 1)
1
+tan?(X;) + 3} . (32)
(vii) Plane periodic wave solution 3
When taking
2—1 5 2
u= csc’(Xp), (¢”< 1), (33)
we get
!
A= {cot(Xg)\/l “2(cie—ca) + 1} esc2(Xa). (34)
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(viii) Plane periodic wave solution 4

When taking
2 —1 2 2
u=—S= (14300l (X)), (> 1), (35)
we get
1
A= —E(cz—l) Vet —1(cie —c3) cot® (X1) 4 cot® (X; )
1
+ C2*1(C16762)C0t(X1)+§ . (36)

Figure 2 is a 3D plot of two single soliton solutions of the
nonlocal Boussinesq equation (3): Fig. 2(a) for Eq. (22) with
parameters being fixed as

ci=1, =2, c=2, x=0, tr=0; 37
Fig 3 for Eq. (24) with parameters being fixed as
ci=1, =2, ¢=0.5, x=0, tp=0. (38)

Figure 3 is density plots of two plane periodic solutions
of the nonlocal Boussinesq equation (3): Fig. 3(a) for Eq. (30)
with parameters being fixed as Eq. (38); Fig. 3(b) for Eq. (32)
with parameters being fixed as Eq. (37).

(a)

—10

t

—10 10

Fig. 2. The 3D plot of two single soliton solutions of Eq. (3): panel (a) is
for Eq. (22) with parameters being fixed as Eq. (38); panel (b) is for Eq. (24)
with parameters being fixed as Eq. (37).

(a) 15 / ®
5 2
+ = 0
-5 9
/ —4
—15
—15 —5 5 15

€T

-4 -2 0 2 4

Fig. 3. The density plot of two plane periodic solutions of Eq. (3): panel (a) is
for Eq. (30) with parameters being fixed as Eq. (37); panel (b) is for Eq. (32)
with parameters being fixed as Eq. (38).

4. Symmetry reduction solutions of the nonlocal
Boussinesq equation (3)

Symmetry analysis plays an important role in solving
nonlinear equations, in this section we seek Lie point sym-

metry of the nonlocal Boussinesq equation (3) by using the

31,32

classic Lie group method.*13%! To this end, we assume that

the Lie point symmetry of Eq. (3) is in the form

d d d d

where X, T, I, A are functions of x, ¢, A, B, which means that

equation (3) is invariant under the transformation
{x,t,A,B} = {x+eX,t +eT,A+el,B+eA}, (40)

with the infinitesimal parameter €. Equivalently, the symmetry
of Eq. (39) can be written in a function form as

04 = XA, +TA, — T,
O =XB,+TB, —A.

(41a)
(41b)

From definition of symmetry, o4, op in Egs. (41a) and (41b)
satisfy linearized equations of Eq. (3) and its 2,7 counterpart
by exchanging A and B in Eq. (3)

OA i — 3(30-A,x + 0-B7x)Ax - 3<0-A,x - O-B7x)Bx

3 3
_§(3O_A + O'B)Axx - E(GA - GB)Bxx — OA xxxx
9 3 3
—(14+ZA4+ZB| 0o —=(A—B)op =0, (42a)
2 2 2
O-B,tt - 3(30-3,)( + GA,X)BX - 3(GB,X - GA,x)Ax
3 3
—5(30'3 + 04 )Byy — E(GB —0A)Ax — OB xxxx
9 3 3
—|1+-B+ A OBxx — 7(B _A)GAA,xx =0, (42b)
2 2 2
o4 = op(—x+x0,—1 +1p). (42¢)

To solve for X, T, A, B, in Eq. (39), by substituting
Egs. (41a) and (41b) into Eqgs. (42a) and (42b) and eliminat-
ing A/, B;; by Eqgs. (3) and its P, Ty counterpart, respectively,
after vanishing all the coefficients of the independent partial
derivatives of variables A, B, a system of over determined lin-
ear equations are obtained. After solving these equations us-
ing software like Maple and considering the relation (42c), we
obtain

1 1
X= K€% T=et, A= _(31+62)A+€23—661,

1
I'=—(e;+e2)B+erA— 661’

where e and e; are arbitrary constants. So the explicit expres-
sions of Egs. (41a) and (41b) are
e 1
o) = EIXA" oAt (e1 +e2)B-eA+ e, (430)
e 1
O = EIXBX+€1IBt+(€1 +e)A—eB+ 861. (43b)

The invariant solutions of the nonlocal Boussinesq equa-
tion (3) can be obtained by assuming 64 = op = 0 in Egs. (43a)
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and (43b), which is equivalent to solving the characteristic

equation
dr  dr dA
el ot 1
Ex eit 7(61 +€2)B+82A* 661

= 5 . (44)

—(61 + 62)A +eB— 66’1

After some calculations, we get the symmetry reduction
solutions of the nonlocal Boussinesq equation (3)

A= g+t(61+2€2)/€1H_ 7 (45)

B = = _fat2ea)/ay

1
6
1
h 4
G’ (46)

t
¢
t
where G, H are invariant functions of & = x/+/z.

Substituting Egs. (45) and (46) into the nonlocal Boussi-

nesq equation (3) and its BTy counterpart, we get the symme-
try reduction equations for G and H

24G; —7§Ge — (§° —24G)Geg —8G +4Geege =0, (47)
486%H5 Gg +e1é(e +882)H5 +246%G55H

+61(24G — E*)Hy g +4eTHzes e

—862(61 + 26’2)1‘1 =0, (48)
H(E) = (-1))H(iE), G(E)=-G(i§), (49)

with G(—&) = G(&), H(E) = (—1)*2/1 H(—&) under the
condition e; # —e>.

As a concrete example, under the condition e; = —ey /2,
we see that equations (47)—(49) admit the following solution:

1 12
ngé"‘m, H:d254+?d2, (50)

with arbitrary constants d; and d,. Substituting Eq. (50) into
Egs. (45) and (46), we have a special solution of Eq. (3)

 30dax* — 507 + 5657 + 72yt
B 301 ’

B 30drx* + 585 — 563x% + 72dot?
3085 ’

A

B= (S

which can be verified easily.

5. Conclusion

In summary, a nonlocal Boussinesq equation is investi-

gated by converting it into two local equations. Using a known

N-soliton solutions of the local Boussinesq equation, a general
form of multiple soliton solutions is obtained, among which
the N = 2, 3, 4 soliton solutions are plotted and analyzed.
Some kinds of single soliton solutions, travelling wave solu-
tions, and plane periodic solutions of the nonlocal Boussinesq
equation are derived directly from known solutions of the lo-
cal Boussinesq equation. The symmetry reduction solutions of
the nonlocal Boussinesq equation are also obtained by apply-

ing the classic Lie symmetry method on it.
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