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The fully developed turbulence can be regarded as a nonlinear system, with wave coupling inside, which causes the
nonlinear energy to transfer, and drives the turbulence to develop further or be suppressed. Spectral analysis is one of the
most effective methods to study turbulence system. In order to apply it to the study of the nonlinear wave coupling process of
edge plasma turbulence, an efficient algorithm based on spectral analysis technology is proposed to solve the nonlinear wave
coupling equation. The algorithm is based on a mandatory temporal static condition with the nonideal spectra separated
from the ideal spectra. The realization idea and programing flow are given. According to the characteristics of plasma
turbulence, the simulation data are constructed and used to verify the algorithm and its implementation program. The
simulation results and experimental results show the accuracy of the algorithm and the corresponding program, which can
play a great role in the studying the energy transfer in edge plasma turbulences. As an application, the energy cascade
analysis of typical edge plasma turbulence is carried out by using the results of a case calculation. Consequently, a physical
picture of the energy transfer in a kind of fully developed turbulence is constructed, which confirms that the energy transfer
in this turbulent system develops from lower-frequency region to higher-frequency region and from linear growing wave to

damping wave.

Keywords: bispectral analysis, wave coupling, algorithm, plasma turbulence, energy cascade
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1. Introduction

Digital bispectral analysis method can be applied
to the studying of fluid turbulence,!'! plasma saturated
turbulence, >~ and other nonlinear systems, which has proved
to be a very important data analysis technology in practice. In
the late 1980s, Ritz et al. studied this problem and presented
an algorithm using bispectral analysis technique.®®! In the
Ritz et al’s method the iterative technique is used to solve the
wave coupling equation, but the fourth-order moment in the
equation is approximated by a second-order moment. The in-
put signals can be non-Gaussian signals or Gaussian signals.
The typical application of this method is to deal with the tran-
siting flow.[”! Using the Ritz et al.’s algorithm, one can use ex-
perimental turbulence data to quantitatively estimate nonlinear
coupling coefficients or estimate the magnitude of energy cas-
cades between waves in a fully developed turbulence system.
However, because in the Ritz et al.’s method, the authors did
not take into consideration the non-ideal fluctuations, the cal-
culation results tend to have large systematic errors and often
produce large non-physical damping coefficients.

In order to make up for the defects of Ritz et al’s method,
Kim et al. reconstructed the power spectrum by retaining the
role of the fourth moment and proposed Kim ef al.’s algorithm
in 1996,1! where the spectrum is divided into ideal spectrum
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component and non-ideal spectrum component, and the spec-
trum components directly related to the quadratic nonlinear in-
teraction are called ideal spectrum, while the non-ideal spec-
trum does not participate in the linear coupling process nor
the tree-wave coupling process. Kim et al.’s method imposes
a time-static condition of “input ideal spectral power equals
output ideal spectral power” to include an assumption of local
homogeneity.

Nevertheless, in some nonlinear systems such as devel-
oping turbulent systems such as shallow ocean waves, the as-
sumption of Kim et al.’s algorithm may not hold. In such sys-
tems, forcing the power of the input spectrum to equal that
of the output spectrum would lose a lot of valid information.
In this respect, Kim proposed the linear regression method and
successfully solved such problems.!!%) In the process of study-
ing such systems, in Ref. [11] the authors proposed another
new digital bispectral analysis algorithm — complete itera-
tive method — to calculate and analyze the three-wave inter-
action inside the developing turbulence. The complete itera-
tion method is an extension of Ritz method, while it contains
the effect of the fourth moment in the wave coupling equa-
tion, so that all the wave information has been considered.
In Ref. [11], the applicability of complete iterative method in
fluid turbulence was discussed in detail, however, the applica-
tion prospect of this method in plasma has not been analyzed
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yet. Subsequently, the study of Ref. [12] focused on this is-
sue and made the comparative analysis of the performance of
the complete iteration method and Kim method, and studied
the applicability of these two mainstream algorithms in edge
plasma turbulence spectrum analysis. The results show that
the spectral characteristics of edge plasma turbulence are dif-
ferent from those of fluid turbulence. That is, in the edge plas-
mas, the energy mainly concentrates in the low-frequency re-
gion, and the high-order coupling may occupy a certain pro-
portion, which needs to be eliminated from the three-wave
coupling effect, which can be done by employing the Kim hy-
pothesis.

According to the above results, Kim’s algorithm is shown
suitable to be used in the study of edge plasma turbulence. It is
of significant importance for the study of the energy transfers
occurring in fully developed turbulent system due to nonlin-
ear properties of the flows, and the wave coupling equation
describing the changes of spectral components has representa-
tive significance in such nonlinear systems. However, none of
the previous studies has involved the specific program imple-
mentation with respect to this algorithm, although it is indeed
an important topic. Shen et al. carried out this kind of work
in advance.!'3!¥ In Ref. [14], an algorithm and its program-
ing for solving the wave coupling equation were presented,
while the algorithm still belongs to a kind of linear regression
analysis methods, therefore, its structure turns relatively com-
plex. In this work, an algorithm and program based on Kim
et al’s method are developed to solve the nonlinear wave cou-
pling equations, in which the Kim’s hypothesis is completely
adopted. The algorithm has simpler structure and higher pre-
cision. This work focuses on realizing the idea, the program-
ming and simulation-verifying the algorithm, thereby improv-
ing the work of Ref. [11] and providing a feasible software
tool for studying the plasma turbulence.

2. Modeling and algorithm implementation
2.1. Physical and mathematical model

In sea waves and some other wave systems, the input
and output signals are given, and the output signals can be

99 (f,%)

generated through linear transformation process and nonlin-
ear transformation process.!!>1! Such a system can be seen
as a “black box”. If only linear transformation process and
quadratic nonlinear transformation process are considered,
and the cubic and higher order nonlinear processes are weak,
the nonlinear system can be expressed by the following non-

linear transfer equation:

Yf—LfoJr* Y 01 XpXp ey M
1.2
f=h+h

Here, X; and Y represent input and output signal spectra, re-
spectively. And Ly and Q;‘ /2 are named linear transfer func-
tion and nonlinear transfer function, respectively, and & is the
error item. It is worthy to note that for quadratic nonlinearity,
the process is three-wave coupling. In the process of Fourier
decomposition with wave vector k and frequency f, waves (or
modes) can interact with each other, satisfying the constraint
condition that k = k1+k, and f = fi+f2, i.e.,
wave number k; (frequency f1) and k, (frequency f5) are cou-
pled to generate a wave of wave number k (frequency f), or
vice versa. If Ly and Q;f-‘ 2 are obtained by solving Eq. (1),

two waves of

the black box can thus be described precisely. The schematic
of the nonlinear system is shown in Fig. 1.

Fig. 1. Schematic model of nonlinear system.

On the other hand, in order to quantitatively estimate the
linear growth rate of fully developed turbulence and the energy
cascade between waves, we consider the nonlinear drift wave
coupling equation in the following form:

Ox *qu) fa Z A flafZ

1.2
f Sfi1+12

=AfO(f0)+ Y, AZ(f1,5) 0 (f1,%) 0 (f,%), ©)
filffizfz

¢ (f1,%) ¢ (f2,%)

where ¢ (f,x) is the signal spectrum at frequency f, with x being the distance between the spatial locations where the input
and output signals are measured, Af is linear coupling coefficient, and AQ is quadratic nonlinear coupling coefficient. The
governing equation (2) describes turbulence determined by three-wave couphng, indicating that the change of spatial Fourier
spectrum in wave field is determined only by linear interaction and quadratic nonlinear interaction.[!’->*! Noting that here the

wave-number space has been transformed into the frequency space.?*! The coefficient A}% includes linear damping and growth,

spectral broadening (linear dispersion), and diamagnetic drift term. The quadratic nonlinear coupling coefficient AJQ gives the
strength of the mode coupling due to the convective derivative terms such as the nonlinear polarization drift and the E x B
convection of density in the drift wave model. [
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Spectrum ¢ (f,x) is a complex number, and ¢ (f,x) =
the spatially dependent variation of the spectrum:

|6 (f,x)| e'®/X) A finite differential method can be used to estimate

a‘P(f?x) — lim (|¢(f>x+Ax)_|¢(fax)
x Ax—0 Ax

o (Fx Ax

1 +.@(f,x“rAx)_@(f’x))(b(f,x). 3)

Substituting Eq. (3) into Eq. (2), that is, solving ¢ (f,x+ Ax) when Ax is very small, we obtain

AL Ax+1—i[0O (f,x+Ax) — O (f,x)]
- f 9 )
¢ (f,x+Ax) = o 1O/ +AY) -0 (/0] ¢ (f,x)
1 (f 1,f2)
+§ fzj —i[e (f,x+Ax) ¢(f1 .X)(P(fz,.x), 4
f 5}” 1 ifz
where Aj’; =Yy tio.. ‘Can be assumed that the non-ideal spectrum (X;", Y ;“) is com-
Simplifying Eq. (4), we obtain pletely unrelated to the ideal wave spectrum (ug,vs). It is
, h noting that thes f i
Yy =LX/+ Z Q;‘ S XX, (1a) worth noting that t. ese two groups 0‘ spectra e.lre independent
h>h of each other only if four-wave coupling and higher order pro-
f=hith cess are much weaker than three-wave coupling. In this case,
where the third-order moment equations are obtained as follows:
Xr= ,X) Yr= X+ Ax),
=0 (Lf ) ety YXp) =Lupi)+ Y Q" (XpXpXp). (6
L._Afo+1—1[@(f,x+Ax)—@(f,x)] £t
I e —1[O(fx+Ax)—0(f )] ’ f=hth
AL (fi, /o) Ax (i) =Ly XpYi)+ Y Q Xflesz> %)
Qf L f ’ =6
e—iO(fx+A0)—0(fx)] f=h+f
Obviously, equation (la) is essentially the same as Eq. (1), <Yf Xf1Xf2> =Ly <Xf Xf1Xf2>
which is obt.alned by rewriting Eq. (2): Here, f01T convenience, + Z fo Ly < g f Xf1 sz> (8)
the & term is dropped for the time being and will be resumed h>h
f=f+H=fi+f

bellow. Thus, the wave-coupling system is also described by
input signal X, and output signal Y. The input signal x(¢,x)
and the output signal y(#,x) are measured experimentally, and
the input spectrum X and output spectrum Yy can be obtained
by Fourier transforming the input and output signals.

In the following algorithm, the digital bispectral analy-
sis techniques will be employed to calculate the linear transfer
function Ly and the quadratic transfer function Q‘j’:‘ 2150 that
the corresponding output signal spectrum can be calculated
from the new input signal spectrum, and thus the coupling
coefficient and other derived physical quantities, such as the
quadratic nonlinear energy transfer function, can be derived
from these results.

2.2. Solution algorithm

To solve Eq. (1), the non-ideal effect needs to be cor-
rected based on the “Kim er al.’s hypothesis” condition. The
measured spectrum (Xy,Yy) is converted into the sum of ideal
spectrum (uf,Vf) and a non-ideal spectrum (XJ‘}‘ Yfm> that
does not participate in the wave coupling process:

Xp=up+XpYp=vp+ Y Q)

The ideal spectrum here refers to the spectrum determined by
the linear process and quadratic process described in Eq. (1). It

Here (-) represents ensemble averaging, i.e., statistical averag-
ing on the parameters in brackets within the sample space. For
the four variables L, Qf vy suy), and (vgvy), another equa-
tion is needed to complete the equations system. For a fully
developed turbulence, the time-static condition holds, namely,
IPy/dx = ((vyv}) — (uguy))/Ax = 0. Here, Py is the power at
frequency f. The fourth equation is thus obtained as follows:

(upiy) (= w), ©)

where wy refers to the frequency of the k-th sample, corre-
sponding to frequency f, with f = kAf. Equations (7)—(9)
form a closed system, from which two expressions of linear

(vyvy) =

transfer function L; and a quadratic transfer function matrix

Q(E{Qk}’k: 172,'“7

knum) can be obtained as follows:

YiX:)—(B:) -F.'- A
<f > ( ) _:c k, (10a)
w— () F AL
T —1
—-B)"F;''B
L= (B K =k (10b)
(X;vp) = (A7) Fy ' By,
Q= (B)" - F,' —L(A})"- F, " (1)

Here, the vectors and matrices involved are defined by
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(k+2)/2,(k=2)/2  ~(k+4)/2,(k—4)/

= (g4 ol 2.0

= (X 2Xi/2Xi ) (Xir2) 12X (k=2) 12Xk )5 (X ) 2K (k=) 2K )5 -+
(Xi /2 Xi2Yi5) s (X2 2 X (1—-2) 12X ) <X(k+4)/2X(k74)/2Yk*> s

(X2 Xk )2 X, /2 f /2>

QkNyk kN)
XXy X,
XX XN,

Xe/2Xi/2X 12 o X ) /2>

Fo— <X<k+2>/2X(k 2)/2X £2%k2) Kier)2X(e-2) 12X (422X (k-2 2)

And here, we have defined f= H (k), where H is a linear func-
tion and & is a constant number. That is, k is used as an index of
frequency f, and is always an integer. In fully developed tur-

bulence, it is approximately f ~ kAf, and 7 ~ (|Li|> — 1) /Ax.

2.3. Programing

The programing flow of the specific algorithm is as fol-
lows.

Algorithm: Solver of wave coupling equations

Step 1 Original data: input signal x(z,x),y(¢,x);

Step 2 Pre-process:

Step 2.1 Defining and inputting assemble number (n),
sample number (num),

Step 2.2 Performing Fourier transform on original data so
as to get the source data set of input and output signal spectra
X;and Y;,i=1,2,...,N;

Step 3 For k = —num/2 to num/2 — 1, the following steps
are executed:

Step 3.1 Calculating all groups (ki,k») that satisfy the
condition ‘k; + k> = k’, and saving the group number as knum,

Step 3.2 computing array Ag, B, and the matrix Fy,

Step 3.3 Computing Ly, Q,

Step 3.4 Computing the linear coupling coefficient and
assigning it to the array Af(k),

Step 3.5 Calculating the quadratic coupling coefficient
z(1...knum) and assigning it to the array AfQ (k,1...knum),

Step 3.6
Tt (f1,/2);

Step 4 Calculating the nonlinear energy transfer function
Wli)ICL; )

Step 5 Outputting Ly and Q;‘ o Af and AfQ , Trand WY, .

Here two issues need to be addressed. First, the parame-

Calculating the power transfer function

ters k, ki and k, should meet the three-wave coupling condition
k = ki + kp, and the determination of these indicators is one of
the basic points for this program.!'#! Secondly, the ensemble
number (7) and sample number (num) should be big enough to
ensure the accuracy of spectrum estimation. In a fully devel-
oped turbulence system, n > 1000 and num > 64 are generally
taken, and the number of samples overlapped for each realiza-
tion segment takes np ~ num/2, or the total number of sam-
pled data meets the condition 7 x (num —np) +np >3 x 10*.
Also, num must be an exponential multiple of 2; or, in the

* (X X kNX Xk

Fourier transform, fill some numbers ‘0’ in sample data set to
meet this requirement.

The pre-processing of input and output data is described
below. Taking the study of edge plasma turbulence in toka-
mak for example,!!3 we take the float potentials as the origi-
nal signals, obtaining at two adjacent spatial points in poloidal
direction during the period of [600, 700] ms in an experimen-
tal discharge, with a sampling frequency of 1 MHz and thus
the Nyquist frequency of 500 kHz. There are two groups
of sample data. The first set of data (corresponding to the
first spatial point) serves as the input signal and the second
set (corresponding to the second point) as the output sig-
nal. We can take 780 realizations (n = 780) and 256 samples
(num = 256) for each realization. It is worth noting that the
sampled data need to be partially overlapped. The number
of overlapping samples for each realization can be np = 128,
thus the total number of source data required for each channel
is (num — np) +np = 99968 < 10°; and it is obvious that the
practically total number of sample data can meet this require-
ment. Subsequently, the Fourier transform can be performed
on the data for each realization to obtain the input and output
signal spectra, which will be used as the input and output data
in the program.

The third step is the core of the program, which is actually
the solver for Eq. (1) or Eq. (1a). In addition, if the program is
used for energy transfer analysis of turbulence, it is necessary
to calculate nonlinear energy transfer function, that is,

W= +/a0Y Y Trfis ), (12)

Ti:2
f=fi+h
where T¢(f1, f>) is the power transfer function calculated in
the program, defined as follows:

Ty (fi o) =Re [AL (i, ) (0]650p)] . (13)

The power transfer function represents the power change in
the wave with the frequency f in the wave coupling process
(f = f1+ f2). The nonlinear energy transfer function Wl\{L
represents the variation of the nonlinear energy of wave with
frequency f.
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3. Simulation
3.1. Simulation data generation

To simulate the fully developed turbulence and testify the
program, the simulation data are generated in the following.
Firstly, a nonlinear system model needs to be created, namely,
the linear coupling coefficients A} and the quadratic coupling
coefficients AfQ (f1, f2) should be pre-defined. And then, the
spectra of white Gaussian noise are used as the input signal
spectra, and the output spectra are then obtained through the
pre-defined turbulence model. In the simulation analysis, the
condition “Kim et al.’s hypothesis” can be so simplified that
for a nonlinear system with input spectrum generated by col-
ored noise spectrum, its output spectrum is equal to its input
spectrum. 3! In order to make the simulation analysis rep-
resentative, we generate the fully developed turbulence model
based on Hasegawa model.?>23! The values of average disper-
sion relation @y (= Im (A()) and quadratic nonlinear coupling
coefficient AkQ (k1,kp) are thus defined as follows:

ay = 0.5k /k,

AL (ki ko) = %?klkz (3 —k3)/ (1+K /%), (14b)

(14a)

where k is defined as the index of frequency f as mentioned
above, which approximately satisfies the relation f = kAf
and three-wave coupling condition, namely f = fi+f>, or
say, k = k1+ky;. And for simplicity, we take k=32, and
Af =1kHz.

1.8
16| —— Input ]
’ - == Output
—~ 14
=1
@
~ 1.2
=
o
z
£ 1.0

0.8

0.6

0 5 10 15 20 25 30
f (kHz)

Fig. 2. Auto-power spectrum of input signal and output signal.

In the simulation, the original input data are white Gaus-
sian noise signals, which pass through the “black box” 12
times, and the output signal of the last black box serves as
the final input signal to simulate a fully developed turbu-
lence. Its power spectrum is shown in solid blue lines in
Fig. 2. And then, according to the given mean dispersion re-

lation (Eq. (14a)), the quadratic nonlinear coupling coefficient

(Eq. (14b)), and the constraint conditions (Y;Y;) = (X;X}"), the
output signals are simultaneously obtained, and their power
spectrum is plotted by the red dot line in Fig. 2. Thirdly, un-
der the constraint of (Y;Y;") = (X; X)), the corresponding (also
seen as “pre-setting” values) linear growth rate y (= Re(A}))
of the turbulence model can be obtained as shown in Fig. 3(a).
Figure 3(b) shows the average dispersion relation pre-setting
values in Eq. (14a). Plotted in Fig. 3(c) is the mode of the
Qs (fi, 1)
converted from the quadratic nonlinear coupling coefficient
AL

quadratic nonlinear transfer function, , which is

b
~0.5 s : _(b)
—30 —20 —10
f (kHz)
(c)
20
o /
e
) 0
Q&
_20 L

—20

f1 (kHZ)

Fig. 3. Pre-setting values of nonlinear system model: (a) real part of A%,

(b) imaginary part of A}, and (c) the mode of quadratic nonlinear transfer
function.

As seen from Figs. 3(a) and 3(b), the real part of the lin-
ear coupling coefficient (corresponding to the growth rate )
is basically symmetric about the axis x = 0, while its imagi-
nary part (corresponding to the mean dispersion function) is

symmetric about the origin point.

3.2. Comparison and analysis of simulation results

The ideal turbulence model that satisfies Kim et al.’s hy-
pothesis has been defined above. The input and output spec-
trum signals generated are input in the present program for
computations, and then the calculated phase spectrum, lin-

ear and quadratic coupling coefficients, and the estimated
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quadratic transfer function, are obtained and illustrated in
Fig. 4. Note that the real part of the linear coupling coeffi-
cient A} is also the linear growth rate 7, and its imaginary part
is the average dispersion relation @, .

As seen from Fig. 4(a), since the ideal output spectrum
Yy is calculated from the input signal spectrum X according
to the constraint condition (YY) = (XiX;), the phase dif-
ference between the output signal spectrum Y; and the input
signal spectrum X}, is not smooth, while this does not weaken
the correctness of the simulation results. Comparing Fig. 4(c)
with Fig. 3(a), as well as comparing Fig. 4(b) with Fig. 3(b), it
is demonstrated that the real part and the imaginary part of Af
calculated are basically equal to the pre-setting values within
a certain error range. And the mode of the nonlinear transfer
Qr (fi.f2)

identical with that in Fig. 3(c). All these results confirm that

function,

, as shown in Fig. 4(d), is approximately

the program runs well.

0.01F
=)
0.0t} , _ _ (a)]
T
2

\3;.‘
T
=

=

-30 —20 -10
(d)

N

=

Z 0

- |Q(f1.£2)]

Ly

—10f

—20f

—30t . . .

—20 0 20
f1 (kHz)

Fig. 4. Results of calculations from program: (a) phase ¢, (b) average dis-
persion @, , (c) linear growth rate ¥, and (d) mode of quadratic nonlinear
transfer function.

Plotted in Fig. 5 is the comparison between the linear
growth rate ¥y calculated and Ty/2P;. Obviously, it indicates
the relationship yy — Ty /2Py ~ 0, suggesting that

P

——=2YPr—Tr=0
o = vty =m0

namely, as the difference between the input power and the out-
put power satisfies APy = Py (x+ Ax) — Py (x) ~ 0, indicating

an approximately constant power. It can be shown that the
output spectrum here belongs to the ideal output spectrum, the
model meets Kim et al.’s hypothesis, so it is suitable for the
algorithm in this paper, and the program running results are
physically accurate.

20 T T T T T T
5 ST T . R
510} ]
L P —
5 0 7 S
= === Ti/2P
2
g —10f ]
<
—_9o0 n , , . , ,
—30 —20 —10 0 10 20 30
f (kHz)

Fig. 5. Comparison between linear growth rate ¥y and Ty /2Py.

4. Application: Case calculation

The study of plasma in a toroidal device involves with

[25-28] Here we choose the edge plasma turbu-

many aspects.
lence data measured in an experiment on the toroidal device,
and employ the present program to calculate and analyze the
energy transfer in the turbulent system, so as to test the effi-
ciency of the algorithm and program in practical application.
Shown in Fig. 6 is the signals evolve with time in the input
channel and the output channel in Discharge 53441 on TPE-
RX RFP device. The sampling frequency is 1| MHz. The mea-
sured 3.1 x 10* data in total in a range from t = 18.5 ms to
49.5 ms are taken as the original signals. The number of real-
izations is taken to be n = 480, and the number of samples at
a time is num = 128, and the number of overlapped samples
in each segment is taken np = 64. Hence, the total number of
sample data required for each channel is 30784 (< 31000).

5
=
2
0o 002 0.04 0.06 0.08
t (ms)
__04f
0.3
S 0.2}
e 0.1F 8
o | o)
0 0.02 0.04 0.06 0.08
t (ms)

Fig. 6. Signal amplitude diagram of (a) input channel and (b) output channel
in turbulence experiment.

The input and the output power spectra are shown in
Fig. 7. For this experimental edge plasma turbulence, clearly
most of the energy is concentrated in the lower frequency re-

gion. In this system, the auto-power spectrum reaches its max-
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imum value at f = 0 kHz, about 3 a.u., and most of the energy

is concentrated within the range of f < 100 kHz.
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2.5 — Output |

V]
o

Power (a.u.)
=
=
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o
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F (ckz)

Fig. 7. Auto-power of input signal spectrum and output signal spectrum in
turbulence experiment.
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Fig. 8. Calculated results of (a) average dispersion @, , (b) linear growth
rate ¥, (c) quadratic nonlinear energy transfer function (WIGL).

The above data are pre-processed, the input signal spec-
trum and the output signal spectra are input in the system, and
the present program was run. As a result, the estimated results
of linear and quadratic nonlinear coupling coefficient are ob-
tained as shown in Fig. 8. It should be noted that in this algo-
rithm, the positive frequency represents the wave propagating
along the forward direction, and the negative frequency indi-
cates the wave propagating along the opposite direction. The
values of the growth rate ¥ and the nonlinear energy transfer
function W{L in the region of [—200, 0] kHz are not plotted,
and in fact, their values are even symmetric with respect to
the corresponding values of [0, 200] kHz. This can be clearly
seen in Fig. 9 below. By analyzing the results, we see that the
average dispersion relation ,” changes continuously, and the
output signals are obviously generated from the input signals
through the nonlinear system. Figure 8(b) shows the distri-
bution of linear growth rate 7y in the spectrum space. In the
frequency range of f > 50 kHz, there is ¥ < 0, indicating

that the turbulence wave in this frequency band damps. While
Y > 0 holds for 0 < f < 50 kHz, the turbulent wave grows lin-
early in this region. Figure 8(c) shows that for f > 50 kHz,
there is WI'\);L > (, indicating that the turbulent wave in this fre-
quency range can receive energy. However, in the region of
[0, 50] kHz, WI{;L < 0 holds, meaning that the turbulence loses
energy. Hence, this creates a physical picture of energy trans-
fer in this fully developed turbulence. Figures 8(a)-8(c) show
that the energy in this turbulence is transferred from lower fre-
quency region to higher frequency region and the correspond-
ing wave turns from a linear growing wave to a damping wave.

Figure 9 shows the variation of growth rate and the power
change with frequency. It is demonstrated that in the frequency
interval fe[0,200] kHz, y; and T;/2P; are symmetric about
the real axis, i.e. dPr/dt=2y;P; — Ty~ 0, indicating that the
output signal is an ideal output spectrum signal obtained by
the input signal spectrum through a quadratic nonlinear sys-
tem, meaning that it is appropriate to apply this algorithm to it.
Reviewing Fig. 7, since the spectrum power of the system con-
centrates mainly in lower frequency region and the power dif-
ference in higher frequency region can be ignored, the whole
system meets the ideal output spectrum condition. Further-
more, by reexamining Fig. 8, it is seen that the linear growth
rate ¥ exactly matches the change of the quadratic nonlinear
energy transfer function W{L, indicating that the calculated
linear growth rate and quadratic nonlinear coupling coefficient

are reasonable.

§ 50 o w e Ty/2P o
= /\/\
= 0 VAT e
= e
g
< —50 . . .
—200 —100 0 100 200
f (kHz)

Fig. 9. Variation of growth rate and power change with frequency.

The auto-power spectra of the input signal and output sig-
nal shown in Fig. 7 are very similar, but there are still differ-
ences, which are the basic characteristics of the wave when the
three-wave coupling predominates in the edge plasma turbu-
lence. If such differences are small enough, the computational
results are reliable; however, if the difference is too large, or
say, the two auto-power spectra are not very similar, indicat-
ing that much useful information about spectrum would be lost
when separating the non-ideal spectrum from ideal one, the
computational results seem not precise as discussed in detail
in Ref. [11].
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In addition, the coherence of turbulence at two spatial
points can affect the calculation results. In order to avoid such
adverse effects, it is required to make the two spatial points
where the input and output signals are measured close enough,
that is, the value of Ax should be small enough. Generally, in a
medium-sized toroidal device, the accuracy can be guaranteed
by selecting Ax ~ 0.1 cm-0.5 cm.

5. Summary

In this paper, a nonlinear wave coupling algorithm is pro-
posed and implemented by a program. The algorithm is based
on digital bis-spectrum estimation analysis and Kim et al’s
hypothesis,[°! that is, it is assumed that the input signal spec-
tral power is equal to the output spectral power. Shen et al.
have compared Kim et al’s method with the complete itera-

tive method %!

and proposed that Kim et al.’s method is more
suitable for the analysis of energy transfer in edge plasma tur-
bulence. The algorithm in this work belongs to Kim et al.’s
method in essence.

In this algorithm, the nonlinear energy transfer function
is calculated directly from the wave coupling coefficients,
thereby improving the computation accuracy. When we apply
the algorithm to the identification of turbulent energy trans-
fer process, the original algorithm is transformed from wave-
number space into frequency space, which is appropriate to
the physical characteristics of edge plasma turbulence.!?®! The
programing flow is given, and the simulation analysis is car-
ried out, showing that the calculation results are reliable. As
an application, the energy cascade analysis of typical edge
plasma turbulence is performed. As a result, a physical picture
of the energy transfer in the turbulent system is constructed,
confirming that the energy transfer in this turbulent system
spreads from lower- to higher-frequency region and its corre-
sponding wave turns from a linear growing wave into a damp-
ing wave. The case analysis also demonstrates that the algo-
rithm and program are both suitable to the study of the fully
developed turbulence or saturated turbulence, such as edge

plasma turbulence. 1811
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