CHrinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Measuring gravitational effect of superintense laser by spin-squeezed Bose—Einstein

condensates interferometer

Eng Boon Ngt and C. H. Raymond Qoi*
Citation:Chin. Phys. B, 2022, 31 (5): 053701.  DOI: 10.1088/1674-1056/ac4231
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Interference properties of a trapped atom interferometer in two asymmetric optical
dipole traps

Li-Yong Wang(E 37 5), Xiao Li(Z=), Kun-Peng Wang(E3f5), Yin-Xue Zhao(iX%3), Ke Di(KB %), Jia-Jia Du(ft
f#:43), and Jian-Gong Hu(# & 1)
Chin. Phys. B, 2020, 29 (12): 123701. DOI: 10.1088/1674-1056/aba9c9

Movable precision gravimeters based on cold atom interferometry

Jiong-Yang Zhang(iK/iFH), Le-Le Chen([% 5k %K), Yuan Cheng(f2V%), Qin Luo(® ), Yu-Biao Shu(%F %),
Xiao-Chun Duan(E/)N), Min-Kang Zhou( & £8U5), Zhong-Kun Hu(#H FE341)

Chin. Phys. B, 2020, 29 (9): 093702.  DOI: 10.1088/1674-1056/aba9bc

Comparison of the sensitivities for atom interferometers in two different operation

methods

Xiao-Chun Duan(E/NF), De-Kai Mao(FE/£4)1), Xiao-Bing Deng(X3/N1z), Min-Kang Zhou(JE & FE), Cheng-Gang
Shao(ABE%NI), Zhu Zhu(#1%%), Zhong-Kun Hu(#H &3

Chin. Phys. B, 2018, 27 (1): 013701.  DOI: 10.1088/1674-1056/27/1013701

Common-mode noise rejection using fringe-locking method in WEP test by

simultaneous dual-species atom interferometers

Xiao-Bing Deng(X5/N1%), Xiao-Chun Duan(B{/N#), De-Kai Mao(E1EH1), Min-Kang Zhou(J# 8 f), Cheng-Gang
Shao(ABE%NI), Zhong-Kun Hu(i#H &341)

Chin. Phys. B, 2017, 26 (4): 043702.  DOI: 10.1088/1674-1056/26/4/043702

Direct loading of atoms from a macroscopic quadrupole magnetic trap into a microchip

trap

Jun Cheng(f£1R), Jing-fang Zhang (5K 75), Xin-ping Xu(¥F/T°F*), Hai-chao Zhang(5K#:#), Yu-zhu Wang(E & 17)
Chin. Phys. B, 2017, 26 (3): 033701. DOI: 10.1088/1674-1056/26/3/033701


http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac4231
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac4231
https://doi.org/10.1088/1674-1056/ac4231
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aba9c9
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aba9c9
https://doi.org/10.1088/1674-1056/aba9c9
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/aba9bc
https://doi.org/10.1088/1674-1056/aba9bc
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/1/013701
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/1/013701
https://doi.org/10.1088/1674-1056/27/1/013701
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/4/043702
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/4/043702
https://doi.org/10.1088/1674-1056/26/4/043702
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/3/033701
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/3/033701
https://doi.org/10.1088/1674-1056/26/3/033701

Chin. Phys. B 31, 053701 (2022)

Measuring gravitational effect of superintense laser by
spin-squeezed Bose—Einstein condensates interferometer
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We consider an extremely intense laser, enclosed by an atom interferometer. The gravitational potential generated
from the high-intensity laser is solved from the Einstein field equation under the Newtonian limit. We compute the strength
of the gravitational force and study the feasibility of measuring the force by the atom interferometer. The intense laser
field from the laser pulse can induce a phase change in the interferometer with Bose—Einstein condensates. We push up the
sensitivity limit of the interferometer with Bose—Einstein condensates by spin-squeezing effect and determine the sensitivity
gap for measuring the gravitational effect from intense laser by atom interferometer.

Keywords: intense laser field, atom interferometer, Bose-Einstein condensates, spin-squeezing
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1. Introduction

Atom interferometer has been developing fast by capi-
talizing on atomic physics advancements, including cooling,
trapping, and deflecting ultracold atoms. Different struc-
tures of atom interferometer, for example, Mach—Zehnder type
and atomic fountain, have been designed and can achieve
high precision measurement. Potential applications of atom
interferometer!!! include the testing of general relativity,?!
measurement of gravitational constant,’?] measurements on
Berry’s phase and inertial forces. The most promising method
to measure inertial force is an accelerometer developed from
atom interferometer. By using the atom interferometer as ac-
celerometer, the typical sensitivity reaches about 10~°¢ while
the maximum sensitivity achieved is about 10~'%g.[1l The
force induces a small change in the velocity distribution of
the atomic distribution, giving rise to a small change in phase.
The atom interferometer is sensitive enough to detect the small
phase change. The phase sensitivity of the atom interferome-
ter has been improved with the ultimate aim to achieve the
Heisenberg limit, 8¢ = 1/N. Currently, the sensitivity is lim-
ited to 8¢ = 1/+/N, mainly due to the quantum projection
noise.

This high sensitivity has made the atom interferometer a
potential tool to reveal the gravitational effect from an intense
laser. Observable gravitational effect is always generated by
bodies of large masses. However, the source of the gravita-
tional field can also come from the electromagnetic field.!
Laser, composed of varying electromagnetic fields, is another
excellent tool to study gravity on a small scale. It has been
predicted laser intensity up to 10>! W/cm? is able to curve the
spacetime and produce artificial gravity. [°]
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With the technological prowess and efforts put in by sci-
entists, particularly the ELI group, a high-power laser with
peak power of more than 10’ W has been invented.[”! By
packing energy to a very short lifetime, the power of the laser
can be boosted up extremely. Petawatt laser is becoming
common because of the technique called chirped-pulse am-
plification (CPA),[8! which breaks the light pulse into compo-
nents and amplifies them individually before rejoining them
back together. Currently, high-power laser system (HPLS) de-
signed by ELI can create extremely intense pulse!®! with inten-
sity reaching 10> W/cm?. Powerful pulse amplification tech-
nique such as optical parametric chirped pulse amplification
(OPCPA), an extended version of CPA, has been designed to
compress the laser pulse to sub-fs duration.[®! In this method, a
pump beam is used to amplify the signal beam in the OPCPA.

For creating a laser with intensity exceeding 10%* W/cm?,
plasma compression of laser pulse using backward Raman
scattering!'%! is suggested. The interactions of three waves,
including pump pulse with @,, seed pulse with @, and plasma
wave with @, = @, — ®,, cause an energy transfer from pump
pulse to seed pulse.l'!] The seed pulse produced after CPA
and OPCPA can be amplified to femtosecond pulse by using
backward Raman scattering. By using this three-step pulse
amplification method, better known as cascaded conversion

12]

compression,!'?] an ambitious but realistic plan to create the

exawatt laser!13-14]

025

is now possible. Thus, a laser with an in-
tensity of 102 W/cm? is likely to be achieved within the next
few years.

Inspired by the idea of high-intensity laser, we aim to
study the gravitational effect of high-intensity laser!®!3-17]

with the help of an atom interferometer in our paper. The grav-
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itational properties of laser have been explored by.!'829 The
weak gravitational field produced by the laser can be modelled
in the framework of linearized gravity. To detect it, we design
an atomic interferometer scheme loaded with Bose—Einstein
condensate (BEC). To further enhance the sensitivity, tripod
scheme is applied to the BEC to produce spin squeezing ef-

fect.
|

=
|

where k; = @ /c. The beam we considered is a Gaussian beam,
exp(—1(r/n)?), that ensures the intensity drops rapidly from
the centre of the pulse. Our laser beam is modelled as pulses
by exp(f(ﬁ)z), where 7 is the pulse duration. The energy
density carried by the electromagnetic field, which acts as the
source of gravity, is given by

_ &0, 1
uszJrz‘uoB. 2)

Here, &) and L are the permittivity and permeability of free
space, respectively. Equation (1) describes the electromag-
netic field of linearly polarized laser pulse. As a consequence,
the energy density varies sinusoidally as well as dependent on
the (Gaussian) envelope of the laser pulse. This is different
from the case of circular polarization, where the energy den-
sity is constant determined only by the envelope of the laser
pulse.[1]

The laser pulse perturbs the flat Minkowski spacetime
metric, Ny = diag(—1,1,1,1), and generates a weak gravi-
tational field, hyy < 1, to give a total field of

8uv = Nuv +hyy. 3

By linearizing the Einstein field equation, the small perturba-

tion is governed by 19201

1 92 167G 1
(v ) == (B gtpn® ).

where T}y is the electromagnetic field tensor that describes
the energy flux of y component passing through the surface
in the v direction. Equation (4) is obtained after impos-
ing Lorentz gauge condition, 9" (hyy — %n#vhaﬁno‘ﬁ) =0,
which requires the energy and momentum to be conserved,
0T,y = 0.1") In our case, the laser beam travels along the
z-direction, so the non-zero terms are Tyo, To3, 130, and 133,
where Tyo = T33 = —Topz = —T39 = u. Here, we only consider
the laser beam contribution to /2,y and ignore the gravitational
effect from emitter or receiver.!'”) Consequently, four differ-
ential equations corresponding to Ao, ho3, h30, and h33 can be

2. Gravitational potential

We first compute the gravitational potential from the in-
tense laser. With considering a high-intensity laser beam with
radius, ry, traveling along the z-axis, its electric and magnetic
fields oscillating along the x and y directions, respectively, can
be written as

T E =Dy P

2
B %exp <_;(r/r1)2) exp <_ (t_TZ/C> ) sin(kiz— ot) @y, M

obtained from Eq. (4). The solutions of these four equations
determine how the new gravitational field changes the trajec-
tories of test particles.

The trajectory of a test particle in the gravitational field is

governed by the geodesic equation!!”]
92t N %E 3)
oz P%oar o’

where Fp’f, is the Christoffel symbols. Since the motion of the
test particle is slow compared to the speed of light, the term
with Fo‘é is the only significant term in Eq. (5). Moreover,
if we consider a two-dimensional test particle by limiting the
motion of the test particle in the x>-direction, then Eq. (5) can
be further reduced to
01?2 2 JxM

with 4 = 1,2 only. Any deflection of the particle due to the
gravity in the xy-plane is determined by Eq. (5). From Eq. (6),
we can see that only A is involved in the motion of the par-
ticle, so we ignore the other perturbation terms in Eq. (4). As
a consequence, we achieve the Newtonian limit!>!! where the
metric perturbation is determined solely by /9. From Eq. (4),
the oscillating perturbation on the flat spacetime metric satis-
fies a wave equation

1 92 167G
2
(V a 028t2) oo == R ™

To study the effect of gravity, the laser pulse is mod-
elled as a cylindrical beam propagating along the z-direction
with the laser axis located at (xo,y0,z) (see Fig. 1 below).
By defining R; as BEC interferometer’s coordinate and R
as the laser beam’s coordinate, the gravitational potential, V,
generated from metric perturbation by the laser beam can be
obtained from the solution of Eq. (7). Using the fact that
force is a negative gradient of potential, we can deduce that
V, = —mTczhoo (21.22] from Eq. (6). Using the Green’s function
approach,?3 we solve Eq. (7) and obtain

053701-2
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_ R — Ry

—z/c

2mGeoE? ([ t
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2
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e sin {m a)l(t . R R

dR3, (8)

where t — |R; — R;|/c is known as retarded time that takes into account the time needed by the gravitational field to travel from

its source at R, to a point at R;. Note that (1/ Z)SOE(% = uy is the peak energy density of the laser. Equation (8) has a similar

form as the metric perturbation equation due to the linearly-polarized laser pulse derived in Ref. [19]

From Eq. (8), it is evident that each unit energy along the laser beam at R, contributes to the gravitational potential at R;.

Thus, an integration of Eq. (8) over the total volume of the laser beam is required to compute the gravitational potential. In the

cylindrical coordinate, the potential takes the form of

o [ RI-Ral N (2iz+2k |Ri — Ry|)
 mGeE? /// " —(/n)? cos(2k1z+ 2k | — Ry
Vo(Ry,t) = —— -2 l 20
g( L ) c? . eXp T ¢ COS( @ ) |R1 — Ry
. sin(2kiz+ 2k | R — Ry|) 1 ]
+sin(2 ¢ - rdrd6dz. 9
(2ent) IR, — R,| |Ri — Ryl | v

Equation (9) consists of three terms. The first two terms de-
scribe the fast oscillating gravitational waves generated by the
laser beam. These first two terms average to zero for a time
scale much greater than the period of the waves due to the
rapid oscillating terms, sin(2a¢) and cos(2wit). Hence, we
focus on the effect of the last term that varies inversely over
space. The numerical plots of potential based on Eq. (9) and
the local force in the x-direction, F, computed from the gradi-
ent of the gravitational potential, F' = —VV,,[>*] are provided
in Appendix A. In general, the potential is time-dependent
because of the envelope function we set for a pulse, the po-
tential does not vary much within 7 (see Appendix A). For
time larger than 7, the potential becomes insignificant due

|RI-Ry|
o exp(—2(————4)2)

T
first assume the potential experienced by the BEC interfer-

in Eq. (9). For simplicity, we

ometer is constant, similar to potential generated from uni-
form beam.!'®! The effect of pulse characteristics, governed
by pulse duration and repetition rate, on the gravitational force
strength will be discussed below.

The laser parameters we considered produce high power
in the petawatt range. The pulse of the laser with pulse energy
of 2 kJ is compressed to 1 ps to produce the high-power laser

9:25.26] The beam size is 7, = 10 pum so the intensity of

pulse.
the laser is about 102! W/cm?2. Besides, we also consider the
exawatt laser with power in the range of 10'® W by increas-
ing the pulse energy to 2 MJ. The intensity we considered is
10%* W/cm?. The exawatt laser and zettawatt laser are possible
to realize according to Ref. [13] and the exawatt laser is cur-
rently under construction. From the laser parameters, the av-
erage force per atom can be estimated to give Fy, ~ 10742 N or
acceleration, 6g = 10_19g for petawatt laser, and F, ~ 107N
or 8g = 107 19g for exawatt laser. For petawatt laser, the
strength of acceleration produced by the linearly polarized

Gaussian pulse is consistent with the circularly-polarized laser
pulse in Ref. [19].

Laser beam
RO = (x070’0)
R, = (R cos6,,Rsinb,,0)
R,=Ry+r

r = (rcosb,rsinb, z)

(a) BEC with a powerful laser. R, is the laser position.
R, is the position in BEC relative to (0,0,0).

Atomic reflector

(b) Tripod laser scheme for
spin-orbit interaction for
squeezing in BEC

(c¢) BEC interferometer with
Kapitza—Dirac scattering
beamsplitter (BS)

Fig. 1. (a) Vector coordinates in BEC and a powerful laser. (b) Tripod scheme
acting on the BEC creating spin-squeezing effect is created at the beginning
of the path, Ax and Ay. £; is the Rabi frequency of the laser to couple the
internal state of the BEC. (c) Schematic of a spin-squeezed BEC interfer-
ometer. The laser beam is placed near the lower path of the interferometer,
xo = 0.5 mm. Optical standing wave acts as beam splitter (blue dotted line)
and mirror (red line) for the BEC. Circle at center represents the gravitational
source at (xp, o), is allowed to vary along the arm length of the interferom-
eter, [1x + lp,. The gravitational force is perpendicular to the arm, inducing
a phase shift in the BEC and affecting the interference fringes at the output.
The effect of deflection by the gravitational force is less important than the
phases induced on the arms. In practice any deflection can be corrected to
avoid a loss of contrast.

3. Atomic interferometer

We are concerned about the strength of the laser parame-
ters to produce gravitational effect, and the possibility to mea-
sure the small perturbation. From previous studies, ') the de-

053701-3
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flection of test particles by gravity is, in general, too small to
be measured. Instead, the phase shift of atoms has been pro-
posed to study the gravity generated from the high-power laser.
The interferometric detection method is usually employed to
detect the slight phase shift. To produce a measurable phase
shift, a long optical traveling path is necessary.!!%?”] Besides,
by using the collective oscillation, BEC has been suggested
to be used as a sensor to detect gravitational wave?® and
oscillating gravitational field.!”®! The main advantages of us-
ing BEC as a medium in the interferometer are also obvious
over the typical ultracold atom. Large coherence length of
BEC and narrow velocity distribution give high fringe con-
trast, better beam-splitting efficiency and large momentum

g.[430311 BEC in the squeezed state offers a great

beam-splittin
improvement in signal to noise ratio. [

In our case, we demonstrate a BEC interferometer
scheme, as illustrated in Fig. 1, to detect the acceleration
caused by the intense laser. The optical standing wave, acting
as beam splitter or mirror in the interferometer, can manipulate
the de-Broglie waves of BEC with different momentum. 32331
Initially, BEC is split into two groups, approximately 25%
of condensate, by letting the BEC passes through the optical
standing wave. Diffraction of the atomic wave by the stand-
ing wave into momentum states with +7%ikeg occurs, which is
known as Kapitza—Dirac scattering.*?*3 These two groups of
atoms travel to two different paths in the interferometer and
undergo free evolution while experiencing the force from the
intense laser as well as the geometric phase. Note that the
intense laser is entirely enclosed by the interferometer’s arms
and is not placed exactly at the center of the interferometer.
At time T, optical standing wave is applied to reflect the BEC.
Now, the optical standing wave is considered as two waves
traveling opposite to each other. Np photons are transferred
between the two traveling waves, giving rise to a total ex-
change of momentum, 2Ng/ikess from photons to the bosons.
This is known as Bragg scattering.[*>33] Finally, after travel-
ing for 27T, these two groups of BEC are recombined coher-
ently. Spatial fringes are formed, revealing the phase differ-
ence caused by the acceleration.

In contrast to the conventional Mach—Zehnder interfer-
ometer, tripod scheme, 337! which has been used in creating
spin—orbit coupling effect in ultracold atoms, is applied at the
beginning of each path (Ax and Ay in Fig. 1) to generate a
non-Abelian gauge field that affects the spin behavior. Three
|

(9}
o>
|

—I—% [1 — sin? (krAx) sin ¢ 4 cos® (krAx) cos 9167 b [1) (],

lasers in a particular arrangement couple the degenerate in-
ternal states of 8’Rb, including |1), |2), and |3) together, to
produce the pseudospin by Rabi frequencies, 2| = |Q;]e™ 51,
Q) = |Q|e”'52 and Q3 = |Q23]e 53, After solving the Hamil-

[34,35,37]

tonian of the tripod scheme, the dressed states are

given as
|D1) = singre 513 |1) — cos pre 523 |2)
|D>) = cos B cos e 513 |1) 4 cos By sin gre 152 [2)
—sin 6 |3), (10)

where 6 and @y govern the relative intensities between lasers
and S;; = S1 — §;. We define the two dressed states, |D;) and
|D5), as [1) and |]) respectively. Before splitting by Kapitza—
Dirac scattering, the BEC is prepared in the dressed state of
1) = —[3) for 6 = (x/2).

The phase change of the BEC induced by the gauge
field is ¢ = —(1/R) [T A(r)dr,’* where the vector poten-
tial is defined as A(r) = i%(D|VD). Manipulating the in-
tensities of the three lasers, %! we obtain the vector potential
as A(r) = mAr(0y, —0x), a same form as Rashba spin—orbit
interaction, *831 where Agr = (fikg)/m is the spin—orbit cou-
pling strength and 7kgr is recoil momentum from the lasers.
The phase change due to the vector potential is different de-
pending on the path taken by BEC, which is known as the
Aharonov-Bohm effect.3”] From e'%., the gauge field rotates
the spin direction®’! of lower path about x-axis by

eikrAve, _ .co.s(kRAy) isin(krAy) , (11
isin(krAy) cos(krAy)
and upper path about y-axis by
o—ikrAro, _ cos(krAx) —sin(krAx) (12)
sin(krAx) cos(krAx)

Ax and Ay are the length scales where lasers have the strongest
intensity 34
Ref. [34], the velocity of BEC is generally faster than the re-

coil velocity, Ag = 0.5 cm/s. Hence, the non-Abelian gauge

to couple the internal states. As mentioned in

field only affects the internal state of the BEC without having
any effect on the center of mass dynamics.

Now, we determine the effect of the gauge field on the
output of the interferometer. Let a™ and b' be the annihilation
operators for boson at the two inputs, and the output boson
number operators!’! (see Appendix B) are

% [1 +sin® (kg Ax) sin ¢ — cos” (kgAx) cos @la‘all) (|| + % [sin” (kg Ax) cos ¢ + cos” (kg Ax) sin¢](a'b+b'a) |1) (1]

(13)

d'd = %[1 — sin” (krAx) sin ¢ 4 cos? (krAx) cos ¢la’all) (|| + % [— sin? (krAx) cos ¢ — cos? (krAx) sin ] (a’h +bTa) | ) (||

—|—% [1 + sin? (kg Ax) sin @ — cos? (kg Ax) cos 9167 H|]) (1.

(14)
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We now define ¢ = (1 — v) with u = ki, x+kiyy and v = kpx+ kayy for the phase shift measured by the interferometer. It can be

easily shown that <CATCA +dtd > = <€zT€z + 13*5> for particle number conservation. To determine the phase difference, we compute

the difference in mean boson number, M = d'd — ¢¢ between the two outputs, ") yielding
M = [—sin?(krAx)sin ¢ + cos? (krAx) cos @a’a|}) (1| + [~ sin® (krAx) cos ¢ — cos? (krAx)sin@](a'b+b7a)[L) (1|
+[sin® (kg Ax) sin ¢ — cos® (kg Ax) cos @]bTh 1) (1. (15)
\
The tripod scheme does contribute to the output number dif-  can be significantly enhanced by
ference. For one input interferometer, (a'a) = N and (b'h) = &
Ap = 17

0, the phase shift generated by the tripod scheme results in
(M) = Ncos?(krAx) when ¢ = 0. Since kg and Ax are the
values set in experiment, cos? (krAx) is merely a constant that
can be computed and should not cause any difficulty in mea-
suring the unknown ¢. To see how the tripod scheme affects
the phase sensitivity, we compute the phase sensitivity equa-
tion by
AM
9 (M)
99
where (AM)? = (M?) — (M)?. From Eq. (16), the phase mea-

surement is limited by the error of counting the difference in

Ap = ; (16)

boson number between the two outputs.

By launching BEC at one input, the coherent wavefunc-
tion can be written as |y) , |[y)g = |a,])[0,]), where |a|> =
N. Using the initial wavefunction together with Eq. (16), we
reach the standard quantum limit (SQL) for phase measure-
ment, Ap = 1/y/N (see Appendix C). SQL is the ideal sen-
sitivity of phase measurement by usual interferometer with
one input*”) but not maximum sensitivity. To measure the
force from intense laser, the phase sensitivity should reach the
Heisenberg limit, Ap = 1/N. An interferometer with a large
number of bosons, at least 100, is expected to overcome the
shot-noise limit.[*") However, using high N causes the 2-body
interaction to be significant, giving rise to the mean-field shift.
For high N, a particular correction on the final result is re-
quired to remove the mean-field effect, as shown in Ref. [41].
Besides, studies of high precision interferometers by using two
input ports with incident particles including photons in the

(42 5,431 and spin-squeezed

squeezed state,[*?! spin-(1/2) particle
BEC, 3!l have shown to be able to achieve Heisenberg limit.
For our interferometer scheme, to enhance the phase sen-
sitivity, the spin properties under the influence of non-Abelian
gauge field has to be considered in the phase sensitivity cal-
culation. Previous studies show that the spin—orbit coupling
effect[*%] can lead to spin squeezing, providing an impor-
tant boost in the phase sensitivity to approach the Heisenberg
limit. By reducing the quantum fluctuation of a spin operator
in one direction at the expense of the fluctuations in the other

two spin operators, precision in the measurement of phase!*’]

\/N?

where &; is the spin-squeezing parameter. In general, the spin

squeezing parameter! 446481 ig defined as
4min(AS?
2 dmn%,) (18)
N
where (AS,,)? = <Sﬁl> — <S,,l>2. S,, is the spin along

the direction perpendicular to spin vector S, where |S| =

\/(Sx>2 + <Sy>2 +(S.)? is the mean spin value. Here, the spin
components are defined as S; = (1/2)0o; with o; denoting the

Pauli matrix.

Starting with the initial wavefunction, |y),|y)g =
|a,l)]0,]), the spin state is also known as a coherent spin
state[*-46481 with all the particles staying at |]). The mean
spin direction is along —z-axis and hence S,, is any spin vec-

tor in the xy-plane, |S, | =1/(S:)* + <Sy>2. It is easy to show
that (§3) = (S}) = N/4 and (S,) = (S,) = 0. Immediately, we
can see that £2 = éyz =1 and phase sensitivity reduces to SQL.
Spin squeezing occurs when the fluctuation in S, , character-
ized by AS,% | » 1s smaller than N /4. In our case, introducing
the non-Abelian gauge field to spinful bosons induces SU(2)
rotation, closely related to spin squeezing.[*3! After a small
angle spin rotation acting on ||) by Egs. (11) and (12), the
mean spin direction is still along z-axis, |S| =~ (S,), but now
either (Sy) or <Sy> is non-zero depending on the rotation axis,
SO AS% <N /4. We compute the spin squeezing parameter in
the x-direction for upper path

£2 = cos?(2krAvx), (19)
and y-direction for lower path
£} = cos®(2krAy), (20)

after spin rotation. Spin squeezing that can reduce the quan-
tum phase fluctuation by half occurs if 2krAx = (7/3) + 2n7.
Hence, &; can help improve the sensitivity of phase measure-
ment by one order.

After getting the phase sensitivity of the interferometer,
we can proceed to discuss the feasibility of measuring the
gravitational effect from the intense laser. To determine the
gravitational effect, the point, (xp,yo) in Fig. 1 is replaced with
intense laser. The gravitational potential from the intense laser
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is modelled by Eq. (9). For simplicity, we assume the force
is always perpendicular to the interferometer arms acting to-
wards the intense laser. The gravitational force of the intense
laser imparts an acceleration, 6g on the BEC with total mass
of mp = Nm and leads to a small change in phase of BEC,
¢. The path traveled by BEC under the influence of gravity
can be treated as a perturbation on Lagrangian dynamics. ]
The phase change of BEC is el (L/MA where L = Lo+ AL,
is total Lagrangian, Ly is unperturbed Lagrangian and AL,
is perturbation Lagrangian with order A. Without gravity,
L = Ly = (mpx?)/2, BEC travels along straight line with its

HL/MAL reducing to e!(k—@) 1491 Under the influence

phase, e
of gravity, the BEC is attracted toward the laser, and hence the
path is deflected slightly. For simplicity, we first assume the
acceleration is constant at g with direction pointing towards a
reference point at (xg,yo) where potential energy is zero. The
Lagrangian equations with gravity as the perturbation for each
arm are given as

. . mpy*
Lix(,y) = Lox(y,y) = - —msg [y —yol,

‘ . mpi?
Loy (,x) = Lyy(d,x) = —5 —mpglx—xo|. (21)

The point, (xo, o), is not placed exactly at the center so that for
upper path and lower path, the gravitational potentials in the
x-direction are mp gl and mp gl respectively. The difference
in gravitational potential that contributes to the phase shift
is given as mpg(lry — I1x). Thus, we can compute the phase
shift between the two paths by integrating the perturbation La-
grangian along the unperturbed path,*’! ¢ = (1/1) § AL, dt to
obtain

0 =" (I~ )T 22)

Note that the gravitational effect in the y-direction cancels out
each other due to our interferometer scheme.
Using Eq. (22), we can estimate the smallest measurable

acceleration by the interferometer from

hcos(2krAx
§g— — eosPhrAY) (23)
mgpg(lax — 1) TVN
Assuming the BEC of N = 10 travelling at 0.3 m/s with the

interferometer arm’s length equals to 3 mm, 7 is about 10ms.

By using Eqgs. (17) and (23), the smallest change in acceler-
ation that can be detected is estimated at g = 10~ g. The
gravitational effect from the petawatt laser is too small to be
measured by the interferometer. If exawatt laser can be built,
the acceleration is just one order less than the sensitivity of
the BEC interferometer. Note that T cannot be set too high
as it will affect the high contrast due to BEC losing its co-
herence. However, decoherence caused by interaction can be

eliminated®% by tuning the scattering length to almost zero

using Feshbach resonance. Therefore, coherence time of BEC
reaching 10 s is possible in experiment.>!)

Equation (23) is based on the assumption that the grav-
itational acceleration due to the laser pulse is present for the
whole duration as the BEC travels through the arms of the in-
terferometer. This is necessary for the phase difference along
the two paths in the BEC interferometer to accumulate enough
so that the gravitational effect can be emerged. However, the
effective interaction time for the gravitational potential of the
laser pulse to act on the BEC interferometer is extremely short,
teff = Tfrepl, Where fiep is the repetition rate. So, the ac-
tual average acceleration, 8§ = 0g X (fefr/T ) can be computed
and shown to be in the order of 10~23g for exawatt laser with
Srep = 10% Hz. The average acceleration is just too small even
when the exawatt laser is measured by the most precise phase
measurement device. The power of laser has been improved a
lot recently; however, the low repetition rate is one of the main
limitations to measure the gravitational effect.

To achieve a high repetition rate, >]

a source with high
average power is required. One of the possible methods is the
diode laser pumping technology. ELI lasers, which are diode-
pumped, can produce a laser pulse of 0.1 J energy at repetition
rate of kHz. For pulse energy of 1 kJ, the highest rate achieved
by HPLS is 1 pulse per minute. Instead of searching for a
higher average power source, an alternative is to generate mul-
tiple gravitational effects by just a single pulse. Waveguide!>?!
or ring cavity>*! can be applied to engineer a looping trajec-
tory so that a pulse can repeatedly generate gravitational ef-
fect on the atom interferometer. The time for the laser pulse to
complete a loop or an oscillation corresponds to the pulse pe-
riod or the repetition rate of a laser. Recently, an idea of letting
short laser pulse oscillating with a high frequency in a cavity
is proposed®¥ to amplify the power of laser pulse. The power
amplification factor up to 10% is possible. However, the pow-
erful laser, for example ELI laser, still cannot be used as pump
laser in their system because the high power laser pulse can
damage the cavity and has a low repetition rate. Nevertheless,
the effort of realising the oscillation of high power laser pulse
in the cavity brings the hope of creating larger gravitational
effect by a single laser pulse.

4. Conclusion

We have derived the gravitational potential of the high-
intensity laser and designed a spin-squeezed BEC interferom-
eter with improved sensitivity to measure the gravitational ef-
fect. The weak attractive force from the gravitational potential
can cause a small spatial displacement of the BEC in the in-
terferometer. We determine the laser parameters, which may
produce measurable results. The laser parameters we consid-
ered are realistic and aligned with the current intense laser
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development. Even though the gravitational force created by
the intense laser is extremely small, it induces variations in
the phase of the BEC interferometer. We derive the sensitiv-
ity equation of the BEC interferometer to determine the fea-
sibility of detecting the small phase shift. Conventional in-
terferometer is limited by SQL. While other parameters, for
example, the number of particles, are subjected to physical
limitations, and spin squeezing is the most promising method
to improve phase sensitivity below SQL. We create the spin
squeezing effect in the BEC interferometer by introducing the
non-Abelian gauge field using tripod scheme. Even though
the BEC interferometer’s sensitivity and the power of intense
laser have been greatly enhanced, the gravitational effect from
intense laser remains too small to be measured. The repetition
rate and pulse duration determine the effective time of gravita-
tional potential acting on the BEC interferometer. Since these
two parameters for the intense laser are extremely low, the
phase accumulation in the BEC interferometer is not enough
to produce measurable results. An improved design that sig-
nificantly increases the effective interaction time between the
high energy laser pulses and the BEC is needed to achieve a
detectable phase shift in the interferometer.
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Appendix A

In this section, we perform the numerical calculation for
petawatt laser using the laser parameters mentioned above.
The (non-oscillating) last term of Eq. (9) and force at differ-
ent times are plotted. From Fig. Al, the gravitational poten-
tial has a slope going down towards the laser beam. When
getting closer to the laser beam, the potential should vary

,U81 where r is defined as the distance to the laser

as In(r)
beam. Thus, the force exhibits a 1/r dependence, which is
attractive towards the laser beam and is stronger when nearer
to the laser beam. We can see the pulse is modulated by
exp(—2(
maximum at ¢ = 0 because the pulse is closest to the BEC in-

_|Ri-Ry|
#)) The magnitudes of V, and F, are

terferometer at z = 0. When ¢ increases, the pulse moves away
from z = 0 by z = ct, so the strength drops monotonously.
However, as shown in Fig. A2, the magnitudes of V, and F,
do not vary much for time range within 7. We assume the
force strength is constant at its maximum value in above cal-

culations.

~
&
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Fig. Al. Gravitational potential (left) from Eq. (9) and force (right) at time,
(a)t=0,(b)r=0.5psand (c) t =7 =1 ps. We use the parameters: pulse of
2 kJ energy, T = 10712 s, and beam radius of r; = 10 wm. The distance to the
beamline is set at xo = 0.5 mm and zo = | mm. Since the radial dependence
of Eq. (9) has a Gaussian profile, we cutoff the integration over r at 3r; for
Eq. (9). Note that spatial dimensions are reduced by a = 9.12 x 10~7 m.

V, (1074 J)

76)
0\\\
100
200 300 4007_\\)(0/ Q/\‘L\
2 500 WO

Fig. A2. (a) Gravitational potential along Y = 0 for = 0 to t = 7. The laser
parameters used are the same as Fig. Al.

Appendix B

In this section, we derive the output number operators
based on the input number operators. We label the upper in-
put port as A and the lower input port as B. Assuming both of
the inputs are incident with BEC, the coherent wavefunction
is |[y), [W)g = |, ])|B,{), whose average boson numbers at
each input port are (a’a) = |a|* = Na and (b'b) = |B|* = Ng.
After the BEC passing through the first beam-splitter, we as-
sume the BEC is separated equally to the two interferometer’s
paths and its phase is 7 shifted. So, now the operators after the
first beam-splitter transform to

()= () 6)

Immediately after the beam splitter, tripod scheme is applied

(BI)

to induce spin squeezing. The phase change due to the tripod
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scheme is described by e'®, which is also known as spin rota-  experience a phase change, yielding

tion as shown in Egs. (11) and (12) above. The operators now 43 iel? 0 P

are L= - Nk (B3)
b3 0 iel# bz

>

aAz ei<l/h)meGxAy 0 1
. = ) - . (B2) where [ = kix+kiyy and U = kpx + kayy. Note thatatz =7,
by 0 efl(l/h>mARGyAX by

the reflection of BEC causes a 7/2 shift in the phase that is

Phase accumulation occurs for BEC traveling along the inter-  included in Eq. (B3). In the end, the final beam splitter trans-

ferometer arm. After traveling for time, = 27, the operators ~ forms the operators to give

(-5 (E)

A simple equation of output operators can be expressed from input operators as

( P > 1 ( iei(1/MmIRosAyoiv _ jo—i(1/h)mARoyAxain ei%mchrxAyeiv 4 e~ i(1/n)mAgoyAxgin ) (d)

(B5)

d 2\ i1/mmirodygiv | o—i(1/NmircyArgin  _joiimARGiAygiv | jo—i(l/h)miroyArgin b

To obtain Eq. (BS) in the form as Eqs. (13) and (14), we rewrite the terms, e~ *:4%% and e!*r4Y%x in bra-ket notation to get
e MRAY = cos(krAx) [1) (1] = sin(krAx) [1) (L] + sin(krAx) 1) (1] +cos(krAx) [4) (L
e! R = cos(kpAy) [1) (1] + i sin(krAy) [1) (4] + isin(krAy) |1) (1] +cos(krAy) |1) (L. (B6)

For simplicity, we assume Ax = Ay and ignore the terms with |1) (1| and |{) (1| in computing Egs. (13) and (14) since we only
consider ||} in our initial wavefunction.

Appendix C

We show how to get SQL for the interferometer by calculating Eq. (16) explicitly for the case of BEC with mean number
of bosons, N, entering one input port. The initial wavefunction is |y)a|¥)s = |, 1)|0,]). The incident particle is BEC so we
2. the terms, (d@)
and (3*&} can be shown to be zero since |y)p is a vacuum state. Thus, the average difference in boson number computed from
Eq. (15)is

use coherent state in the calculation. By using the properties of coherent state, @|a) = o) and (a'd) = |«

(M) = N[—sin* (kg Ax) sin ¢ + cos® (kg Ax) cos ¢]. (Cl)

Now, (M)? and aé—fg) can be easily derived from Eq. (C1) to give

(M)? = N?[—sin® (kg Ax) sin ¢ 4 cos? (kg Ax) cos ]2, (C2)
a(;];” = N[—sin®(krAx) cos ¢ — cos? (kgAx)sin @]. (C3)
Next, to compute the variance, we square the operator, Eq. (15) to get
M?* = [—sin® (kg Ax) sin ¢ 4 cos? (kr Ax) cos ¢]2X? + [— sin® (kr Ax) cos ¢ — cos? (kg Ax) sin ¢]>F2
+[— sin? (kg Ax) sin ¢ + cos? (kr Ax) cos @] [— sin® (kg Ax) cos ¢ — cos® (kgAx)sin 9] (XY + ¥ X), (C4)

where X = a'a—b'hand ¥ = a"h+ bta. Normal ordering can be done on the product of operators by using commutation relation
for bosons, [d,d"] = 1, to get (X?) = N> +N, (Y?) =N, and (XY) = (¥YX) = 0. So, we obtain

(M*) = (N* + N)[—sin® (krAx) sin ¢ + cos? (krAx) cos ¢]* + N[ sin® (krAx) cos ¢ — cos? (kr Ax) sin ¢)?, (C5)
and variance can be computed as
(AM)? = N[~ sin® (kg Ax) sin ¢ + cos? (krAx) cos §]> + N[ sin? (kg Ax) cos ¢ — cos? (krAx) sin ¢]*. (C6)

Finally, SQL is reached since the phase sensitivity is proportional to 1/+/N, as shown below:

A \/[— sin® (krAx) sin ¢ + cos? (krAx) cos ]2 + [ sin? (kg Ax) cos ¢ — cos? (kr Ax) sin ¢]2 1 c
¢ = VN |[—sin? (krAx) cos ¢ — cos? (krAx) sin ¢] | =0 (W) . €D
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