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Research and application of stochastic resonance
in quad-stable potential system

Li-Fang He(贺利芳), Qiu-Ling Liu(刘秋玲)†, and Tian-Qi Zhang(张天骐)

School of Communication and Information Engineering, Chongqing University of Posts and Telecommunications (CQUPT), Chongqing 400065, China
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To solve the problem of low weak signal enhancement performance in the quad-stable system, a new quad-stable po-
tential stochastic resonance (QSR) is proposed. Firstly, under the condition of adiabatic approximation theory, the stationary
probability distribution (SPD), the mean first passage time (MFPT), the work (W ), and the power spectrum amplification
factor (SAF) are derived, and the impacts of system parameters on them are also extensively analyzed. Secondly, numerical
simulations are performed to compare QSR with the classical Tri-stable stochastic resonance (CTSR) by using the ge-
netic algorithm (GA) and the fourth-order Runge–Kutta algorithm. It shows that the signal-to-noise ratio (SNR) and mean
signal-to-noise increase (MSNRI) of QSR are higher than CTSR, which indicates that QSR has superior noise immunity
than CTSR. Finally, the two systems are applied in the detection of real bearing faults. The experimental results show that
QSR is superior to CTSR, which provides a better theoretical significance and reference value for practical engineering
application.

Keywords: bearing fault detection, QSR, weak signal detection, SAF, W
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1. Introduction
In recent decades, Stochastic Resonance (SR)[1] has been

widely studied in physics,[2–4] biology,[5–7] and many other
scientific fields.[8–12] SR is a phenomenon showing the fluc-
tuation force acts on the system non-linearly.[13–15] The SR
theory was first introduced by Benzi et al.[13] in the 1990s
while exploring the glacial period. Subsequently, more novel
SR theories have emerged. McNamara et al.[16,17] proposed
adiabatic approximation theory based on transition probabil-
ity. Due to the limitations of small parameters in the adia-
batic approximation theory, Dykman et al.[18] proposed the
linear response theory to characterize SR more comprehen-
sively. Then, Jung et al.[19–21] analyzed the SNR through the
Fokker–Planck equation (FPE).

Currently, some of the famous potential function models
have emerged from researchers worldwide, including: clas-
sical bistable SR,[22–25] exponential bistable SR,[26] coupled
bistable SR,[27–29] and other tri-stable and multi-stable po-
tential function models. Tan Chunlin et al.[30] presented the
application of standard tri-stable SR system in early bearing
fault diagnosis. Yang Yulei et al.[31] proposed the research
on a self-adaptive, cascaded tri-stable SR system under Levy
noise. Zhang Bu et al.[32] proposed the tri-stable state sys-
tem powered by additive and multiplicative noise, and studied
its mean first passage time (MFPT) and steady-state probabil-
ity density (SPD). Li et al.[33] proposed an adjustable steady-
state system and concluded that there were various nonlinear
potential functions in the tri-stable system. Subsequently, re-
searchers have successively studied the compound tri-stable

potential function,[34] etc. In addition, there are also lots of
novel SR, such as fractional SR,[35,36] stable-matching SR[37]

and even SR-based signal decomposition.[38] There have been
extensive researchers performed on the application of SR in
bearing fault diagnosis. For example, Liu et al.[39] converted
large frequency signals into small frequency signals through
the frequency domain information exchange method.

Although researchers have studied the bistable and tri-
stable systems from various aspects, there are still few stud-
ies on quad-stable or even multi-stable systems, which need
further research. In this paper, a new Quad-stable potential
stochastic resonance (QSR) is submitted. The structure in this
paper is as follows: In Section 2, a system model is proposed
and compared with CTSR. Additionally, the expressions of
SPD, MFPT, W , and SAF are derived. In Section 3, QSR
is compared with CTSR through numerical simulation un-
der low-frequency, high-frequency, and multi-frequency sig-
nal conditions. And the variation of SNR and MSNRI is in-
vestigated with noise intensity D for two systems. In Section
4, 6205-2RS JEM SKF and HRB 6205-2Z models are cho-
sen for bearing fault detection. Finally, the conclusions of this
paper are presented in Section 5.

2. QSR analysis
2.1. Introductions on QSR

Under the over-damping condition, the dynamic
Langevin equation of SR can be obtained:

dx
dt

=−∂U(x, t)
∂x

+ζ (t), (1)
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where, ζ (t) is the Gaussian white noise with 〈ζ (t)〉 = 0,
〈ζ (t)ζ (t− t ′)〉 = 2Dδ (t ′), and U(x, t) is the quad-stable gen-
eralized potential function and U0(x) is the system potential
function as follows:

U(x, t) =U0(x)− xε(t),

U0(x) =−
a2

1b2
1c2

1
2

x2 +
a2

1b2
1 +b2

1c2
1 + c2

1a2
1

4
x4

− a2
1 +b2

1 + c2
1

6
x6 +

x8

8
,

(2)

ε(t) = Asin(2π f t +φi) is the input periodic signal where the
phase is usually ignored which can be simplified as ε(t) =
Asin(2π f t). U0(x) can be expressed by parameter m as shown
in Eq. (3):

U0(x,m) =
m3(m3−12m2 +44m−48)

128
x2 +

m(m−4)
8

x6

+
m2(3m3−24m+44)

64
x4 +

1
8

x8, (3)

where

a1 =
√
−m(m−2)/2, b1 =

√
−m(m−4)/2,

c1 =
√
−m(m−6)/2.

U0(x) has four steady-state points:

s1 =−
√
−m(m−6)/2, s2 =−

√
−m(m−2)/2,

s3 =
√
−m(m−2)/2, s4 =

√
−m(m−6)/2

and three unstable points: s5 =
√
−m(m−4)/2, s0 = 0, s6 =

−
√
−m(m−4)/2.
Figures 1(a) and 1(b) are the potential function of U0(x)

and U1(x), respectively. By adjusting m, it can be found that it
is a quad-stable state when 0 < m ≤ 2, a tri-stable state when
2 < m≤ 4 and a bistable state when 4 < m≤ 6.
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Fig. 1. Potential functions of U0(x,m) and U1(x): (a) U0(x,m) of QSR (m = 1.5), (b) U1(x) of CTSR (a = 1.5, b = 3, and c = 1).

Figure 2 is the potential function of QSR with m. It can
be seen that the potential well of U0(x,m) on both sides shifts
to the right and the well depth changes as m increases, while
the middle potential well changes insignificantly.

Figure 3(a) shows the variation of the potential well force,
which is symmetric about the origin and fluctuates between
(−0.5, 0.5). It can be concluded that the nonlinear forces
play an essential role on the shape of potential force. Fig-

ure 3(b) shows the height of the potential barriers. When m is
less than mc, all barriers’ height is increasing, and the middle
one is higher than the others, which indicates that the parti-
cles need more energy to transit from the middle wells to the
outer wells. In contrast when m is higher or equal than mc,
the particle needs less energy. The height of the middle barrier
is ∆u0 = m4(m2−8m+12)2/2048, and ∆u1 = ∆u2 = m4/128
for the other barriers.
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Fig. 2. U0(x,m) varies with m and x: (a) U0(x,m) varies with m and x, (b) U0(x,m) varies with m and x.
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Fig. 3. Potential well force and potential barrier: (a) potential well force, (b) potential barrier.

2.2. SPD of QSR

From Eq. (1), the corresponding FPE is:

∂ρ

∂ t
=− ∂

∂x

[(
−∂U0(x,m)

∂x
+Asin(2π f t)

)
ρ

]
+D

∂ 2ρ

∂x2 , (4)

where ρ is the probability density function, ∂ρ/∂ t consists of
the drag term and the diffusion term on the right. According
to the adiabatic approximation theory, SPD[40] is given by

ρst = N exp
[
−U(x, t)

D

]
, (5)

where N is a normalized constant N = [
∫

e−U(x,t)/D dx]−1, and
U(x, t) is a generalized function, as shown in Eq. (2).

Setting A = 0, figure 4 shows the impacts of m and D on

SPD. Studying the relationship between ρst and each parame-

ter facilitates the analysis of the particle motion state. There-

fore, by keeping m fixed and increasing D, the overall trend in

the potential wells on both sides and the middle potential well

remains unchanged. But the peak value is smaller, indicating

that the particle transition requires less energy. When D is con-

stant, the depth of the outer potential wells getting deeper and

that of the inner well is shallower as m increases, indicating

that the particles are easier to transit from the inner potential

wells to the outer wells.
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Fig. 4. ρst varies with D, m, and x: (a) ρst varies with D and x (m = 0.95), (b) ρst varies with D and x (m = 0.95), (c) ρst varies with m and x (D = 0.2),
(d) ρst varies with m and x (D = 0.2).

2.3. MFPT of QSR

Assuming that the probability between each steady state satisfies
4
∑

n=1
pn(t) = 1, and the initial transition rate satisfies

K(0)(t) = (
√

U ′′
(un)U

′′
(st)/2π)exp(−∆U/D):
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K(0)
43 =K(0)

12 =

√
|U ′′(x5)U ′′(x4)|

2π
exp
(
−U(x5)−U(x4)

D

)
,

K(0)
34 =K(0)

21 =

√
|U ′′(x3)U ′′(x5)|

2π
exp
(
−U(x5)−U(x3)

D

)
,

K(0)
32 =K(0)

23 =

√
|U ′′(x0)U ′′(x3)|

2π
exp
(
−U(x0)−U(x3)

D

)
.

(6)

The corresponding kinetic equation is:

dPi

dt
=

n

∑
j=1

Qi j(t)Pj, i = 1,2,3, j = 1,2. (7)

The main equation can be obtained as:

dP1

dt
= P2K21−P1K12,

dP2

dt
= P1K12 +P3K32−P2K21−P2K23,

dP3

dt
= P4K43 +P2K32−P3K32−P3K34,

dP4

dt
= P3K34−P4K43.

(8)

The corresponding transfer operator Q is:

Q =


−K12 K21 0 0
K12 −K21−K23 K32 0
0 K23 −K32−K34 K34
0 0 −K12 −K12

 , (9)

Ki,i+1(t) = K(0)
i,i+1(t)exp

(
ε(t)
D ∆xi,i+1

)
, which can be expanded

by Taylor’s equation to Ki,i+1(t) = K(0)
i,i+1(t) ± ε(t)∆i,i+1,

∆i,i+1=K(0)
i,i+1∆xi,i+1/D, namely:



K12(t)=K43(t)=K(0)
12 (t)∓K(0)

12 (t)exp
(
(x5− x4)ε(t)

D

)
,

K21(t)=K34(t)=K(0)
21 (t)∓K(0)

21 (t)exp
(
(x5− x3)ε(t)

D

)
,

K32(t)=K23(t)=K(0)
32 (t)∓K(0)

32 (t)exp
(

x2ε(t)
D

)
.

(10)

MFPT from potential well xi to x j can be obtained
through the transition probability of Eq. (10), namely Ti j =

K−1
i j (t).

Figures 5–7 show changes of MFPT with m and D. Fix-
ing D and increasing m, when m < 1, T12 increases with in-
creasing D, when m≥ 1, T12 decreases with increasing D. The
smaller T12, the greater the probability of particle transition,
which indicates easier particle transition and stronger SR char-
acteristics. T43 shows the same characteristics as T12. In the
same way, T34 and T23 both decrease monotonously with the
increase of D and the escape rate of particles increases. Fixing
D and increasing m, T34 and T23 decrease. T21 has the same
characteristics as T34, T32 has the same characteristics as T23.
The above results show that the escape rate of the particle is
greater as m and D increase, which indicates stronger SR char-
acteristics.
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Fig. 5. T12 or T43 varies with D and m: (a) T12 or T43 varies with D and m, (b) T12 or T43 varies with D and m.
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2.4. WWW of QSR

From Eq. (7), P = (P1,P2,P3,P4) can be expanded as

P(t) = P(0)
i +A∆P(t). Combining P(t) = P(0)

i +A∆P(t) and

Eq. (10), it can be shown as[41]

P(0)
1 = P(0)

4 = K(0)
21 /2K(0)

21 +K(0)
43 , (11)

P(0)
3 = P(0)

2 = K(0)
43 /2K(0)

21 +K(0)
43 .

Then, P = (P1,P2,P3,P4) can be obtained as:
P1 = P(0)

1 −K(0)
34 (x5− x3)/4K(0)

12 ((4Q9/x5− x4)+4(Q10 +Q11)+Q12),

P2 = P(0)
2 +Q7(P

(0)
3 −Q5−1/4)−Q9 +(Q10 +Q11)(x4− x5),

P3 = P(0)
3 +Q7(P

(0)
3 −Q5−1/4)−Q9 +(Q10 +Q11)(x4− x5),

P4 = P(0)
4 +K(0)

34 (x5− x3)/4K(0)
12 ((4Q9/x5− x4)+4(Q10 +Q11)+Q12),

(12)

Q1 = 2π f (x5− x4),

Q2 = 2K(0)
32 (x4− x5)+K(0)

34 (x4− x3),

Q3 = 2π f (K(0)
12 (x4− x5)+K(0)

34 (x3− x5)),

Q4 = 2K(0)
12 K(0)

32 (x3− x6),

Q5 = 2Aπ f P(0)
3 (x4− x5)

2

×(2K(0)
32 x2 +K(0)

34 (x3− x4))/D(Q2
4 +Q2

5),

Q6 = AP(0)
3 (K(0)

34 x4− x3(K
(0)
34 +2K(0)

32 )),

Q7 = exp((2K(0)
32 (x5− x4)+K(0)

34 (x3− x4))t/(x4− x5)),

Q8 = exp(2tK(0)
12 K(0)

32 (x5− x4)/K(0)
12 (x4− x5)

+K(0)
34 (x3− x5)),

Q9 = Q8(P
(0)
3 −1/4−AQ3Q4x3P(0)

3 /D(Q2
3 +Q2

4)),

Q10 = Q6(Q1 cos(2π f t)+Q2(ε(t)/A))/D(Q2
1 +Q2

2),

Q11 = 2x3AP(0)
3 K(0)

12 K(0)
32 (Q4(ε(t)/A)

−Q3 cos(2π f t))/D(Q2
3 +Q2

4),

Q12 = Q7(4P(0)
3 −4Q5−1)/(x4− x5).

The conditional probability is P(x, t) = P4∆(x− x4) +

P5∆(x−x5)+P3∆(x−x3)+P2∆(x−x2), then the correspond-
ing average asymptotic response 〈x(t)〉 is

〈x(t)〉=
∫

xP(x, t)dx = x4(P4−P1)+x3(P3−P2). (13)

Equation (1) is multiplied by dx on both sides to obtain:

dU0(x)
dt

dx = d
(

U2
0 (x)
2

)

=

[
− dx

dt
− dU0(x)

dt
+ ε(t)+ ς(t)

]
dx. (14)

When there is an external force, the expression of its po-
tential function is U(x, t) =U0(x)− xε(t), then differentiation
obtains the expression:

dU =
∂U
∂x

dx+
∂U
∂ t

dt

=

(
∂U0

∂x
− ε(t)

)
dx− x

∂ε(t)
∂ t

dt. (15)

The work which periodic signals do on the system is:
dW =

∫
−2πAcos(2π f t)dt. By averaging the external force

of the signal in each period, W can be obtained as:

W =
∫

dW =
1
N

(∫ t1+N/ f

t1
−2Aπ f cos(2π f t)〈x(t)〉 dt

)
. (16)

Figure 8 shows the relationship between 〈x(t)〉 and D.
When A = 0.0025, f = 0.001, N = 300, 〈x(t)〉 varies periodi-
cally with D, indicating that the particles vibrate with larger D
and the transition time.

Figure 9 shows the change of W with D and m, W first
increases and then decreases as D increases. By fixing D and
increasing m, W shows a single peak. By adjusting m, the
single peak can be converted to the double peak, but the peak
value is reduced. This is because the QSR have the double
quad-stable’s characteristics when 0 < m≤ 2, which is consis-
tent with the theory.
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2.5. SAF of QSR

By simplifying the conditional probability and Eq. (13)


Pi(t) = Hiε(t) φi = arctan

(
Ci

Di

)
,

Hi = A
√

C2
i +D2

i ,

(17)

Ci = −ω(K2
0 +ω2I)−1∆P0, Di = −K0(K2

0 +ω2I)−1∆P0 and
then represented by the eigenvalue λk, βk


K0λk = λkβk

∆P0 =
4
∑

k=1
λkγk,

→


Ci =−

4
∑

i=1

ω

β 2
k +ω2 λkγk

Di =−
4
∑

i=1

λk

β 2
k +ω2 λkγk.

(18)

Under the limitation of a long time, the output power of 〈x(t)〉2

is

E = G2
1 +G2

2 +2G1G2 sin(θ1−θ2), (19)

θ1 = arctan
((

x1H1− x2H2

x1H1 + x2H2

)
tan(φ1−φ2/2)

)
,

θ2 = arctan
((

x3H3− x4H4

x3H3 + x4H4

)
tan(φ3−φ4/2)

)
,

G1 =
√

x2
1H2

1 + x2
2H2

2 +2x1H1x2H2 sin(φ1−φ2),

G2 =
√

x2
3H2

3 + x2
4H2

4 +2x3H3x4H4 sin(φ3−φ4).

So SAF[41,42] can be expressed as

SAF = E/A2. (20)
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(d) SAF varies with D and m, (e) SAF varies with D and f (m = 1.2), (f) SAF varies with D and f (m = 1.2).

Figure 10 shows the effects of A, m, and f on SAF, it
can be seen that SAF increases first and then decreases. In
Fig. 10(a) and Fig. 10(b), when other parameters remain fixed,
SAF is proportional to A and m and the peak increases with the
increase of A and m, respectively. In Fig. 10(c), SAF is steeper
than that in Fig. 10(a), indicating that m is more sensitive to
SAF than A. In Fig. 10(e) and Fig. 10(f), f has little effect on
the peak of SAF, which is inversely proportional to f , and the
peak shifts to right where D is bigger as f increase.

3. Numerical simulation and engineering appli-
cation
To verify the rules of the above theoretical analysis, GA

and the fourth-order Runge–Kutta algorithm are combined to
perform numerical simulations to obtain the optimal param-
eters: m = 0.956, a = 1.5125, b = 3.0301, c = 1.0185. In
Fig. 11, the noise signal is processed by QSR with a stronger
periodicity and a higher amplitude, which is about 40 times
than CTSR at low frequency conditions ( f = 0.1Hz). The fre-
quency band of the noise is also shifted by QSR.

In Fig. 12, the original signal’s spectral amplitude is 75.49

before any processing. Then it is processed by QSR to obtain
more periodicity and greater amplitude which is 539.7 and is
4 times that of CTSR and 7 times that of the original signal at
high frequency conditions ( f = 25 Hz). The results show that
the amplification performance of QSR is higher than CTSR in
low frequency and high frequency conditions.

Figures 11 and 12 show the time domain and frequency
domain figures of the low and the high-frequency signal, set-
ting the frequency of the periodic signal to 0.01 Hz and 25 Hz
respectively. To verify that QSR has superior amplitude am-
plification and periodicity than CTSR not only at low frequen-
cies and at high frequencies, but also at multi-frequencies.
Then the periodic signal is added: ε(t) = 0.1sin(2π×0.05t)+
0.3sin(2π × 0.03t) + 0.5sin(2π × 0.01t). Obviously, from
Fig. 13 the amplitude are 2.6 times, 1.1 times and 1.83 times
that of the original multi-frequency signal amplitude, respec-
tively, at 0.01 Hz, 0.03 Hz, and 0.05 Hz after CTSR pro-
cessing. The amplitude are 6.9 times, 2.08 times, and 3.27
times that of the original multi-frequency signal amplitude af-
ter QSR processing. It can be seen that the amplification capa-
bility is stronger and the periodicity is better after QSR under
high frequency and multi-frequency.
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In Fig. 14, SNR of QSR is about 2 times and MSNRI is
about 12 times than CTSR, where the peak of SNR in QSR
and CTSR is −18.47 dB and −37.89 dB, respectively. The
peak of MSNRI in QSR and CTSR is 13.93 dB and 1.144 dB,
respectively, which shows that SNR of QSR is improved by
19.42 dB relative to CTSR. This indicates QSR is superior in
noise immunity.

4. Bearing fault detection and application
4.1. 6205-2RS JEM SKF bearing fault detection

To verify the feasibility of QSR in practical engineer-
ing applications under different scenarios, the performance of
QSR and CTSR for detecting faults is compared in this section.
Due to the small public data set of actual bearing faults, the
data from Case Western Reserve University (CWRU), model

6205-2RS JEM SKF[41] is widely used by domestic and inter-
national scholars. The experimental rig is shown in Fig. 15.

Fig. 15. 6205-2RS JEM SKF deep groove ball bearing test device.
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(i) Inner ring fault detection
Figures 16(a) and 16(b) show the time–frequency dia-

grams of the bearing inner ring fault signal, and the charac-
teristic frequency of the fault signal cannot be identified. Fig-
ures 16(c)–16(f) are the time–frequency diagram of the out-
put signals of CTSR and QSR. Due to the limitation of small
parameters, secondary sampling is used for pre-processing,
and the sampling frequency is fsr = 5 Hz. Then, the opti-
mal parameters of the two systems can be obtained by GA,

the optimal parameters of CTSR and QSR are: a = 1.2154,
b =2.5492, c = 1.01596, and m = 1.38641. From Fig. 16(c),
Fig. 16(d), Fig. 16(e), and Fig. 16(f), it can be seen that the
frequency domain diagrams of the two systems show peaks at
f = 162 Hz (relative error is 0.123%). At this time, the SNR of
QSR and CTSR are−3.7363 dB and−2.8159 dB respectively,
which is an improvement of 0.9204 dB. QSR has a larger peak
and less noise interference than CTSR, which makes easier to
detect the inner ring fault and indicates the superiority of QSR.
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Fig. 16. Inner ring fault detection of CTSR and QSR: (a) Time domain of inner ring fault signal, (b) frequency domain of inner ring fault signal, (c)
inner ring fault detection time domain of CTSR, (d) inner ring fault detection frequency domain of CTSR, (e) inner ring fault detection time domain of
QSR, (f) inner ring fault detection frequency domain of QSR.

(ii) Outer ring fault detection
Figures 17(a) and 17(b) show the time–frequency dia-

grams of the bearing outer ring fault signal. It can be seen
that the fault signal is completely submerged in noise and the
characteristic frequency of the fault signal cannot be identi-
fied. QSR and CTSR are used to detect the fault signal. Then,
the optimal parameters of the two systems can be obtained
by GA. The optimal parameters of CTSR are: a = 1.0028,
b =2.16974, c = 1.0095, and the optimal parameter of QSR
is: m = 1.09348. Comparing Fig. 17(c), Fig. 17(d), Fig. 17(e),
and Fig. 17(f), it can be seen that the frequency domain di-

agrams of both systems show peaks at f = 108 Hz (the rel-
ative error is 0.65%), which indicates that the characteristic
frequency of the fault signal is detected. Figures 17(e) and
17(f) are the output signal of QSR, it can be seen that the
time domain signal exhibits periodicity and the peak of the
spectrum at f = 108 Hz is nearly 2 times higher than CTSR.
At this time, the SNR of QSR and CTSR is −38.4624 dB
and −36.6194 dB, respectively, which is an improvement of
1.842 dB compared with CTSR. The results indicate that QSR
has a better detection performance than CTSR.
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Fig. 17. Outer ring fault detection of CTSR and QSR: (a) time domain of outer ring fault signal, (b) frequency domain of outer ring fault signal, (c)
outer ring fault detection time domain of CTSR, (d) outer ring fault detection frequency domain of CTSR, (e) outer ring fault detection time domain of
QSR, (f) outer ring fault detection frequency domain of QSR.

4.2. HRB 6205-2Z bearing fault detection

To demonstrate the availability of QSR in different sce-
narios, another fault data model HRB 6205-2Z is selected for
fault detection. The main parameters[43] are shown in Ta-
ble 1, the experimental station of HRB 6205-2Z in Fig. 18.

The sampling frequency is 20 kHz, according to Eq. (21),
the inner raceway frequency and outer raceway frequency of
the bearing can be obtained theoretically as 117.14 Hz and
78.13 Hz respectively. The proportional compression rate and
the secondary sampling frequency are R = 4000 and fsr =

fs/R=5 Hz, the calculation step is h=1/ fsr = 0.2.
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finner =

1
2

n fl

(
1+

d
Dl

cosβ

)
,

fouter =
1
2

n fl

(
1− d

Dl
cosβ

)
,

(21)

where n is the number of rolling elements, fl is rotation fre-

quency, d is diameter of rolling element, Dl is pitch diameter

and β is bearing contact angle.

Table 1. The main structure parameters of the tested bearing HRB 6205-2Z.

Bearing Inside diameter Outside diameter Ball diameter Pitch diameter Ball
Type (inch) (inch) (inch) (inch) number

6205 0.9843 2.0472 0.3126 1.537 9

Fig. 18. The experimental station of HRB 6205-2Z.

(i) Inner ring fault detection
The optimal parameters of the two systems can be ob-

tained by GA. The optimal parameters of CTSR and QSR are:
a= 1.3235, b=2.9574, c= 1.0028, m= 1.4459. Figures 19(a)
and 19(b) show the time–frequency diagrams of the fault sig-
nal. It can be seen that the signal is submerged in noise and
the characteristic frequency of the fault signal cannot be iden-
tified. Figures 19(c)–19(f) are the time–frequency diagrams of
the output signals of CTSR and QSR, respectively, in which
shows that fault is highlighted at f = 116 Hz (the relative
error is 0.973%). At this time, the SNR of QSR and CTSR
is −29.9642 dB and −31.9351 dB, respectively, which is an
improvement of 1.9709 dB. Furthermore, the output signal of
QSR has higher spectral peaks and less noise, indicating that
QSR has better anti-noise and detection performance.

A
m

p
li
tu

d
e

A
m

p
li
tu

d
e

A
m

p
li
tu

d
e

A
m

p
li
tu

d
e

A
m

p
li
tu

d
e

A
m

p
li
tu

d
e

0 1000 2000 3000

f (Hz)
0 1000 2000 3000

f (Hz)f (Hz)
2000 4000 60000

-0.4

-0.2

0

0.2

0

0.2

0.4

0.6

0.8

0

0.2

0.4

0.6

0.8

0 0.1 0.2 0.3
t (s)

0 0.1 0.2 0.3
t (s)

0 0.1 0.2 0.3
t (s)

Amplitud=0.6273

SNR=-29.9642 dB

finner=116 Hz
Amplitud=0.04673

SNR=-31.9351 dB

finner=116 Hz

0

0.005

0.010

0.015

0

0.02

0.04

0.06

0
0.2
0.4
0.6
0.8

(a)
(c)

(e)

(f)(d)(b)

Fig. 19. Inner ring fault detection CTSR and QSR: (a) time domain of inner ring fault signal, (c) inner ring fault detection time domain of CTSR, (b)
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inner ring fault detection frequency domain of QSR.
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(ii) Outer ring fault detection
Similarly, the optimal parameters of the two systems can

be obtained by GA. The optimal parameters of CTSR and QSR
are: a = 1.5021, b = 3.0121, c = 1.1129, m = 1.5137. Fig-
ures 20(a) and 20(b) illustrate the time–frequency diagrams
of the outer ring fault signal. It can be seen that the signal
is submerged in noise and the characteristic frequency of the
fault signal cannot be identified. Figures 20(c)–20(f) are the
time–frequency diagrams of the output signals of CTSR and
QSR. It can be seen that CTSR detected the fault at f = 76 Hz
(the relative error of 2.731%) and QSR detected the fault at
f = 78 Hz (the relative error of 0.166%). Apparently, QSR
has a lower relative error in fault detection. At this time, the
SNR of QSR and CTSR is −23.377 dB and −32.6485 dB, re-
spectively which is an improvement of 9.2715 dB compared
with CTSR. The output signal has a higher spectral peak and
less noise, indicating that QSR has better noise immunity and
detection performance than CTSR.

5. Conclusion and outlook
This paper overcomes the problem of low performance

of weak signal enhancement in multi-stable systems and pro-
poses a better QSR. Firstly, the characteristics of MFPT, W ,
SAF, SNR, and MSNRI are studied and used as the measure-
ment indexes. Then, GA and fourth-order Runge–Kutta al-
gorithm are used to compare the SNR and MSNRI of CTSR
and QSR. Finally, CTSR and QSR are applied in bearing fault
diagnosis. The conclusions are as follows:

(i) MFPT first increases and then decreases as m and D
increase, i.e., the SR phenomenon occurs, and m is more sen-
sitive to MFPT.

(ii) W also first increases and then decreases as D in-
creases. Because the system has the double quad-stable’s char-
acteristics when 0 < m≤ 2, the double peak of W occurs.

(iii) SAF is proportional to A and m, but is inversely pro-
portional to f . Moreover, m is more sensitive to SAF and f
has little effect on SAF.

(iv) According to simulation results, the amplification ca-
pability of QSR is superior than CTSR at low frequency ( f =
0.01 Hz), high frequency ( f = 25 Hz) and multi-frequency
signals.

(v) According to simulation results, the SNR and MSNRI
of QSR are about 2 times and 12 times higher than CTSR re-
spectively, indicating better performance.

(vi) Under the 6205-2RS JEM SKF bearing fault detec-
tion, the amplitude of the inner and outer ring output signals
of QSR is 3 times and 2 times higher than CTSR, respectively.
For HRB 6205-2Z bearing fault detection, the amplitude of the
inner and outer ring output signals of QSR is 13 times and 3
times higher than CTSR, respectively. And the SNR of QSR is
larger than CTSR in both types of bearing fault. It shows that
QSR is superior and has better noise immunity.

Future research will be focused on the theoretical analysis
of the SNR and bearing fault detection under variable operat-
ing conditions.
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L, Nori F and Liu Y X 2016 Phys. Rev. Lett. 117 110802
[12] Van der Groen Onno and Wenderoth Nicole 2016 The Journal of Neu-

roscience 36 5289
[13] R Benzi, A Sutera and A Vulpiani 1999 J. Phys. A 14 L453
[14] Gammaitoni, Marchesoni, Menichella-Saetta and Santucci 1989 Phys.

Rev. Lett. 62 349
[15] Benzi R and Parisi G 2012 Sutera A
[16] McNamara and Wiesenfeld 1989 Phys. Rev. A 39 4854
[17] Cheng Z, Hu N and Zuo M 2012 J. Phys. Conference 364 012076
[18] Dykman M I, Luchinsky D G, Mannella R and Mcclintock PVE 1993

J. Statist. Phys. 70 463
[19] Hanggi, Mroczkowski, Moss, McClintock 1985 Phys. Rev. A 32 695
[20] Jung P and Hänggi P 1989 Europhys. Lett. 8 505
[21] Jung Hänggi 1991 Phys. Rev. A 44 8032
[22] Baomin Dai, Minxia Li and Yitai Ma 2014 Appl. Thermal Eng. 67 283
[23] Liu J, Hu B, Yang F and Zang C L 2020 Commun. Nonlinear Sci. Num.

Simul. 85 105245
[24] Moreno Miguel V, Barci Daniel G and Arenas Zochil González 2020
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