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A nonlocal circulator protocol is proposed in a hybrid optomechanical system. By analogy with quantum communi-
cation, using the input—output relationship, we establish the quantum channel between two optical modes with long-range.
The three-body nonlocal interaction between the cavity and the two oscillators is obtained by eliminating the optomechan-
ical cavity mode and verifying the Bell-CHSH inequality of continuous variables. By introducing the phase accumulation
between cyclic interactions, the unidirectional transmission of quantum state between the optical mode and two mechan-
ical modes is achieved. The results show that nonreciprocal transmissions are achieved as long as the accumulated phase
reaches a certain value. In addition, the effective interaction parameters in our system are amplified, which reduces the
difficulty of the implementation of our protocol. Our research can provide potential applications for nonlocal manipulation

and transmission control of quantum platforms.

Keywords: optomechanics, nonlocality, nonreciprocity

PACS: 42.50.Ex, 42.50.—p, 03.65.Ud

1. Introduction

Nonreciprocal quantum state transmission has emerged as
an indispensable tool for the important applications in quan-
tum information processing such as optical diode,!!=3! noise-
free sensing,!¥ unidirectional amplifier,’® and nonreciprocal
phase shifter.[®) A nonreciprocal response can be generated
by direct breaking of the time-reversal symmetry in the trans-
mission. Many protocols have been proposed in both theo-
retical and experimental perspectives to achieve this propose.
In the electromagnetic domain, special magnetic effects are
explored and widely used for nonreciprocal response.[’! In
the optical domain, directional transmission of light has been
achieved with optical nonlinearities or dynamically modu-

10,11

lated media.!'>!! In the atomic domain, nonreciprocal cyclic

transition has been proposed in a multi-level atomic system

(12-14] Nonreciprocal effects

or topological cold-atom systems.
have been exported in many typical quantum systems. Corre-
sponding applications have been reported to realize quantum
device based on the nonreciprocal response.

Hybrid quantum operations are usually used to opti-
mize or implement multiple quantum processing. Recently,
nonreciprocal transmission in optomechanical system has at-
tracted more and more attention for its potential applications
in hybrid quantum system and hybrid quantum network.[1>-17]
The optomechanical system was referred to as a natural
bridge between photons and phonons.!'8! Thus, the control-

ling and transmission between solid state and flying state
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are subsequently realized in such system. For example,

nonreciprocal phonon transport based on arrays of optome-

chanical microtoroids,!°]

nonreciprocal conversion between
microwave and optical photons in electro-optomechanical
systems??) and unidirectional amplification in optical gain
optomechanical systems.’! Up to now, most of the studies
are limited in the localized quantum effect to achieve nonre-
ciprocal properties. Nonlocality, as a distinguishing feature
of quantum mechanics from classical physics, remains unex-
plored when studying the quantum nonreciprocal effect in op-
tomechanical systems. Therefore, it is necessary to find that
if the nonlocal manipulation of nonreciprocal transmissions
could be achieved in optomechanical systems.

Remote transmission or distribution of optical quantum
state has been well studied in optical fiber and free space,*!]
such as satellite-based entanglement distribution with long-
distance,!*?! and nonlocal quantum state transmission in op-
tical fiber,[>3] etc. The construction of quantum nonlocality
based on this technology has been widely reported. Thus, it is
possible for us to realize nonlocal interaction in optomechan-
ical systems by utilizing the remote quantum technique. In
this work, a scheme to achieve nonlocal nonreciprocal trans-
mission is proposed in composite optomechanical systems. A
nonlocal interaction is constructed between the remote opti-
cal and two mechanical modes. The time-reversal symme-
try breaking is achieved through the nonlocal interaction of
three bodies, so as to realize the nonlocal one-way quantum
state transmission and control between optical and mechani-
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cal modes. This paper is organized as follows. In Section 2,
we analyze the model and Hamiltonian according to the dy-
namic properties of the system. Using the linearization ap-
proximation and adiabatic elimination method, we obtain the
nonlocal effective Hamiltonian, which is used to describe the
long-range interaction between optical mode and two mechan-
ical modes. We then study the optomechanical circulator be-
havior in Section 3. Eventually, discussions and conclusions
are given in Section 4.

2. Model and Hamiltonian

As shown in Fig. 1, the system consists of three parts: a
composite optomechanical system, a empty cavity and a long-
range lossless optical fiber (or free space). The long-range
lossless optical fiber is used to transmit the output photons
from cavity 1 to 2. The Hamiltonian of the system is written
as

H = Hyy+Hy, (1)

2
Hsys = Zwcﬁjflj-i-wmjbjbj+g1aﬂd1(bj+b])
+Vbihs )

2
Hy =) gj(aje ' +a e ™), (3)

where a; (aA;) is the annihilation (creation) operator of the cav-
ity mode @; with resonance frequency @;, b; (13;) is the an-
nihilation (creation) operator of the mechanical mode b; with
resonance frequency @, and g; is the single-photon optome-
chanical coupling strength between the cavity mode d; and the
mechanical mode b;. The fourth term denotes the interaction
between the mechanical resonators b and b, with coupling
strength V. Hy is the external driving field with the intensity of
€; and the frequency @y;. Under the rotating reference frame
at the frequency @q; of the driving field frequency, the quan-
tum Langevin equations of the system are written as

2
A . . ~ ~ K| .
a = — [lAa + Z 1gj(b;+bj)+21:|al
=1
—1ig —|—\/E16Ali/n71, (4a)
A ) K R . N
a, = —<1A02+22)a2—182+\/§2a{n72, (4b)

by = — (iwm,+ ’;)3,» —ig;ala; —iVhs_j+ \/¥jbin j, (4c)
where Ac; = @:j — @y; is the detuning between the driving
field and the cavity, k; denotes the cavity damping rate, and
Y; represents the damping rate of the mechanical mode. IA)in’ j

/

is noise operator of j-th mechanical oscillator. The term dj,, ;

represents the input operator of j-th cavity, which consists of

the output of the other cavity and the noise input dj, ;. Ac-
cording to the input—output formalism!>*! for optical cavity,
i.e., Oou = VKO — Ojp, one can obtain?*!

8= (/K5 jl3—j = Gins—j)e? +ain ), )

where ¢ is the phase delay caused by the remote fiber, which
can be adjusted by the phase retarder. For convenience, we set
¢ = /2. By substituting the expressions of &{n! ; into Eqs. (4a)
and (4b), the Langevin equations of the system are rewritten as

2
. . . Ak K| .
& —[IAC1+§ lg,(bj+bj)+']a1

Jj=1 2
—ig —iJar + VKA1, (6a)
: . K n . J. A
a = — (1A52 + 22>a2 —ig—1iJa; + \/E2Ain,27 (6b)

by = — (iwm‘,- + };’) bj—ig;ala) —iVhs_j+ \/¥jbin.j, (6¢)

where J = /K| k» denotes the remote interaction strength be-
tween optical modes 1 and 2. The corresponding input noise
operators of the cavity models are Ain’ j = @in,j +1din3—j. Ac-
cording to the original Hamiltonian, there is no direct inter-
action between a; and ap. Thus, in our model, J is the key
to construct nonlocal interaction. In fact, this interaction re-
sults from the correlation between the intracavitary field and
the output field of cavities, and the transmission process be-
tween a; and a; is similar to the entanglement distribution in
quantum teleportation. The quantum channel between a; and
ap can be established through this remote correlation. Once the
quantum channel is formed, we can achieve the nonlocal inter-
action between a; and a5 just like quantum teleportation. The
step analogy between quantum teleportation and our scheme
is displayed in Fig. 2(a). In our model, this is the resources
to realize nonlocal nonreciprocal transmission. The process of
information output through b j (d2) mode and the dissipation
throughout the system will consume this correlation.

Oscillator-1
m}]

€1,Wd1
(a)
E9,W, az a
2,Wd2 t,2
b ( ) ou @ ‘
aout,l
(b)

Gy Quantum channel

Fig. 1. (a) The schematic diagram of a nonreciprocal optomechani-
cal circulator system. The monochromatic cavity field is coupled with
two movable mirrors. Lossless fiber (or free space) is used to construct
quantum channel between optomechanical cavity and empty cavity. (b)
The interaction structure diagram of the system and the nonlocal inter-
action diagram we expected.
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When this kind of resource is exhausted (when the cor-
relation between photons disappears), we need to redistribute
the nonlocal correlation photons. Thus, our protocol needs to
have a correlation distribution process similar to entanglement
distribution to maintain nonlocal and nonreciprocal transmis-

sion.
(a) Alice Entanglement generation: [¢)12 Bob
Step 1
b Quantum correlation generation Gjaib;+h.c. a2
f)
Alice E 1 distribution: d el
ntanglement distribution: send particle 1 gy
Step 2
Quantum correlation distribution: output a; a2
bj
Ali
1ee Quantum channel establishment Bob
Step 3
Quantum channel establishment a2
J
Alice Quantum teleportation Bob
Step 4
b Nonlocal nonreciprocal transmission as
J
0 1.0 2.0
(b) .

27F

Fig. 2. (a) The step analogy between quantum teleportation and non-
local nonreciprocal transmission, where the lower part of the line rep-
resents our protocol. (b) The average value of Bell-CHSH operator for
continuous variable (CV) systems (|(Bcnsn)|) as a function of angle 6
and superposition coefficient ;. The black grid region represents the
violation of Bell-CHSH inequality, that is, the parameters region with
[{Bchsh)| > 2.

Under strong driving and weak coupling condition, the
so called “linearized approximation” '8 is used to decompose
the operator into average value and its fluctuation term, i.e.,
dj=a;+8d;,bj=B;+8b;, where at; = (d;) is the mean val-
ues of d;, and B; = (b;) is the mean values of b, respectively.
After choosing the suitable sideband with Aél R W, the lin-
earized Langevin equations of the system under the rotating-
wave approximation are then governed by

2
. K ~
86y = — <iAC’1 + 21> 8a1—iY. G;8b,
j=1
—1J8a +/KiAin 1, (7a)

. K P
8y = — (iAcz + ;) 8ar —1J841 +/10Ain2, (7b)

521' = — <lﬂ)mj+ ?) 5[31—1Gj5&1

—iV8bs_j+ /Vjbin,, (7¢)

where Al} = Ac) +X ;-1 28;(Bj + B;) represents the effective
detuning modulated by the mechanical average position. G; =
gjou are the linearized optomechanical coupling strength.

The interaction relationship diagram in the system is dis-
played in Fig. 1(b). We aim to eliminate the optical mode
0d1, so as to realize the long-range interaction between opti-
cal mode 84, and mechanical modes, i.e., Fig. 1(c). Setting
the strong dissipation of the optomechanical cavity, we can
regard that the optical model a; is fast dissipative in the evolu-
tion of the system. Thus, the rapid dissipation mode a; can be
eliminated under the condition kj >> {¥1, ¥, k» }. This method
has been reported and confirmed in Refs. [25,26]. In this case,
the nonlocal interaction between the optical mode §d; and the
mechanical modes are obtained. This effective three-mode op-
tomechanical system can be used as a three-port circulator!?”!
for one optical mode and two mechanical modes. The corre-
sponding effective Langevin equations are (details are shown
in Appendix A)

8y = — (iAeff+ K;“) 8ay+1Y G8bj + \/KettAin,
j

61;]' = — (iweffj + %sz]> 5?7] -+ iG;-’Sdz

+iV;8bs—j + /Yett;Bin (8
where \/KefAin = —iJain + /KoAin2 and \/FerrjBin; =
—iG}‘-din + \/ijin, ;- The effective parameters are expressed
as

Aeff = AcZ - éc (Aél - AcZ)a
Ocftj = Omj— Emj(Ad — Omj),

Kt = Ko+ &1 (K1 — K2),
Yettj = Vi +Emi(K1 = 7)),

Gj = JG;¢;,

G} = IGiE,

Vi = GjG3,,~§3,j—V, )

and the corresponding effective correction factors are

g = z
Cc _ 2
(A, —A)?+ (k1 4Kz)
£ = IG;|?
mj — )20
(AL — on;)> + (/1 4%)
i(x1—7;)
g = (Ad) = Omj) + =5
J (k=)

(Al — Omj)? + =5
(Al —Ax) + w

5.

(AL — A)? + B2

054204-3



Chin. Phys. B 31, 054204 (2022)

It is obvious that the effective parameters strongly depend on
the above correction coefficient. Moreover, as long as we se-
lect the appropriate sideband, the amplified effective parame-
ters can be obtained. In addition, under appropriate parameter
conditions, we can write back the effective Hamiltonian ac-
cording to the effective Langevin equations (see appendix A
for details discussion). This effective dynamics or Hamilto-
nian can provide us with a powerful means to further confirm
that our scheme is nonlocal, and the Bell-CHSH inequality for
continuous variable systems is tested.[?®?°l Under the side-
band condition, the average value of Bcysy on Fock state is
expressed as (details see Appendix B)

(Bensn) = 2(cos@ +sinfony/1—|oa?)?,  (10)

where 6, = 6, = 0 denotes the angles of unit vectors used to
verify the inequality, and o represents the superposition co-
efficients of the initial uncoupled states in the final state after
evolution. When G} =0, the coefficient ap = 1, the maximum
value of (Bcpsn) is 2, which does not violate Bell-CHSH
inequality, and the system embodies locality. The nonlocal-
ity of our system will be confirmed as long as the inequality
|(Bcusu)| < 2 is violated. In black grid region in Fig. 2(b), the
results show that |(Bcgsm)| > 2. The violation of the inequal-
ity here depends on G;. in Eq. (9), that is, the remote interaction

strength mentioned in our previous analysis.

1.5./ 20
" 10 0 © 02
0.5 —20
—40 0
0.95 1.05

,
Act

(d)

0.2 0.4 0.6 0.8
\%

Hw

0

Fig. 3. The effective parameters Aefr, Wefr, G;-, V; as a function of the
original parameters J, AL’., G, V (units of a),;l). Other parameters are
Y=10"30m, ki = 10K = O/ 10, Ay = O and A} — Ay = 10~ oo,

As shown in Fig. 3, the dependence of the effective pa-
rameters Aefr, Weff;, G’j and V; on the original parameters are
displayed in the sub-figures (a), (b), (c) and (d), respectively.
For the convenience of discussion, we set Wy = On, ¥ =Y
and |G;| = G. Figure 3(a) shows the effective detuning as the
function of A; and J. It is obvious that, A can be adjusted
from —40@y, to 40@,, with small original parameters change,
ie.,J/om €[0,2] and A/, /o € [0.9,1.1]. Other effective pa-
rameters Wef;, G} and V; can also be adjusted in a large range
with the small change of the original parameters {G,J,Al,,V }.

cl»

The corresponding results are shown in the sub-figures (b), (c)
and (d), respectively.

According to the expression of Eq. (9), the effective dis-
sipation coefficient ks and 7Y are modulated by the original
parameters. Therefore, when we use the original parameters
to enhance the coupling rate, the effect of dissipation should
also be taken into account. The relationship between effec-
tive dissipation and coupling coefficient are shown in Fig. 4.
The effective dissipation increases with the increase of cou-
pling coefficients J and G. In the following discussion, we
will consider both the enhancement of effective coupling and
the change of effective dissipation from the original parame-

ters.
0
104 (a) 107 (b)
102
102
0 0.1 0.2 0 0.1 0.2
J G

Fig. 4. The effective dissipation coefficient (a) kg and (b) % as a
function of the original parameters J, G. Other parameters are the same
with Fig. 3.

3. Nonlocal circulator

In this section, we mainly study how to realize the non-
reciprocal transmission of photon-phonon in the three mode
nonlocal optomechanical system. Perfect nonreciprocal trans-
mission means that signals can be transmitted completely from
one side of the system to the other while blocking reverse
transmission. To achieve this nonreciprocal transmission, we
characterize the input—output relations of such a device and
shows the adjustability of the system. For simplicity, the above
Heisenberg—Langevin Eq. (8) is written in compact form as

0 =—MQ+ L0, (11
where the fluctuation vector is O = (84y, 8by, 5132)T, the input

field vector is Qin = (Ain, Bin1,Bin2)", and the damping ma-
trix is L = diag(\/Ketr, /¥efi1, 1/ Yefr2). Further, M denotes the
coefficient matrix, namely,
5 i Aeg
—iGY
—iGY

—iG} —iG)
B 4§ ey —iV . (12)
—iV, }’e;fz + i Wt

M =

By introducing the Fourier transformation on
Eq. (11).[273% and using the input—output formalism,**! the

output field vector in the frequency domain is

Oout(®) =I'(0)0in(®), (13)

and the transmission evolution matrix is I'(®) = L[M —
iwl]'L —I. According to the definition of spectrum, the re-
lationship between input and output spectra is expressed as

Sout(w) = T(w)Sin(w)+Svac(w)a (14)
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where Sy,c denotes the output spectrum contributing from the
input vacuum field. Under rotating wave approximation, Syac
can be ignored. The corresponding scattering matrix 7 then is
expressed as

Tara,(@) Ty p (@) T, (0)
T(o)=| T;z(0) Ty (o) T, (@) |, (15)
Tj 0, (@) Tpp (©) Tjp (0)
where
Tosis (@) = Tin (0%,
T, (@) = [li2(@) 2,
T, (@) = [lis(@) 2,
Ty 4, (@) = 31 (@),
Ty 5, (@) = [I2(0),
T, 5, (0) = 3 ()%,
T4, (@) = |1 (@),
Ty, 5, (®) = l2(0),
Ty, 5, (®) = |I33(0),

while 7, denotes the transmission rate from mode x to mode
y. In the aspect of experimental simulation, we generally pay
more attention to the adjustable parameters in the experiment.
We noticed that modes b; and b, are completely symmetric
in the form of dynamics. Therefore, when considering the in-
fluence of parameters, we only need to pay attention to the
parameters of one of the modes.

The effective coupling rate G’j and V; are complex, and
Gjoexp(—i0;) and
1)7165]. The phases of the coupling rate plays

without lose of generality, we can set G’j =
V= Voexp[(—
an important role in nonreciprocal transmission, which can in-
troduce a symmetry breaking of the system modes coupling
and then to achieve nonreciprocal transmission. The corre-
sponding effective of the phase factor 8; on the max value of

T;,5, (@) and min value of 7;, , (@) is displayed in Fig. 5.

90_
(b) 120 - 5)([0 T~ 60

Fig. 5. The transmission rate Max[T
function of the phase factor 6; (rad). dther parameters are the same
with Fig. 3.

(@)] and Min[T;, , (@)] as a

As shown in Fig. 5(a), it is obvious that the phase fac-
tor has a significant influence on the maxmal transmission rate

Ty b, (w). The maximum value of the transmission rate can
reach 1 when the appropriate phase factor is selected. Accord-
ing to the figure, Max[T, ; (@)] = 1 are reached around 210°
and 330°. In Fig. 5(b), the influence of phase factor on min-
imal value of T; &z(a)) can be ignored. For any value of 0y,
Min|
on the block of T131 Py transmission. To achieve nonreciproc-

T; ,, ()] is closed to zero, that is, phase has not affect
142

ity, it is necessary to select appropriate parameters to achieve
T,; ~landT;

b, by 0 at the same .

To further discuss the nonreciprocity effect in our
protocol, we show the relationship of transmission rate
Max(T ;

The corresponding results are displayed in Fig. 6. As shown

)| and adjustable parameters: 6, 65, Gjo and V.
. i} p

in Fig. 6(a), the maximum transmission rate 0; and 63 on
MaX[T@I;
increase of 6; and 63. When the values of 0, and 63 meet the

 (@)] increases and decreases periodically with the

appropriate matching conditions, that is, the bright yellow re-
gion in the figure, the maximum transmission rate is close to 1.
As shown in Fig. 6(b), we investigate the influence of 8; and
G0 on the maximum transmission rate. It is obvious that when
G1o is large enough, no matter what the phase factor is, we
have Max[T, ;
Eq. (7a), G1o represents the coupling strength between the op-

(w)] = 1. According to the effective Langevin

tical mode d, and the mechanical mode l;] , which directly de-
termines the information transmission ability between this two
modes. When G > {Ga,Vy}, the coupling between @, and
lA)l is dominant in the system, and under this condition, the
system can be approximated as a two-body interaction sys-
tem. The interaction of our system shows a symmetrical struc-
ture, thus the phase modulation effect is suppressed. Although
the maximum transmission rate 7}, ; Jb, can be achieved, nonre-
ciprocity effect will disappear. When the value of Gy is close
to {Gao,Vy}, the system is a three body circulator. Under this
condition, the influence of phase factor is highlighted. There
are obvious extremums of 6y around 7/67 and 11/67. As
shown in Fig. 6(c), when V} is large enough, no matter what
the phase factor is, we have Min[T ; (@)] ~ 0. This is due to
the symmetry of the dominant coupling of b; and b,. When
Vo > {G10,Ga}, the coupling between dp and by can be ig-
nored. When the value of V is close to {G9, Gao}, under this
condition, the influence of phase factor is highlighted. There
are obvious extremums of 63 around 7/67 and 11/67. There-
fore, choosing appropriate parameters can realize and control
nonreciprocity. To realize the three body circulator, the chose
of the coupling rate Vy and Gjo should be closed. And the
phase of the coupling rate also needs to meet the matching

conditions.
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0.05

GIO/Wm

0.10 0.15

0.05
‘/O/wm

Fig. 6. The transmission rate Max[sz b ()] as a function of the coupling parameters 6, 65, G19 and V;. Other parameters are the same with Fig. 3.

1.0 1.0
0, =11/6m
02=0 asby
& 0.5 o5 %70 == Ty,
\\
\\_
0 0 N ()
0. 0.9 1.0 1.1
w/wm
1.0 - 1.0 —
"6, =-7/6 6y = —11/671 1
—T,; ! ‘\ 0;: /67 0 — [ ;;1251
-——T — 6, — =T
Sosf iy B=0 Nosp BTy e
1 \
” \\ ’/ \\’,I ‘\\
0.9 1.0 1.1 0.9 1.0 1.1
w/wm w/wm
1.0 1.0
|| o8 =7/6n 01405 =11/6
by 0,=0 0=0
& 0.5 e &~ 05
/8
/I \\
s \\_
0 ) NS 0 A
0.9 1.0 1.1 0.9 1.0 1
w/wm W/Wm

Fig. 7. The transmission spectrum with different phase factors. Other
parameters are the same with Fig. 3.

In stand three body circulator, the signal is transferred
from one mode to another in either a counterclockwise (d, —
131 — 132 — dy ) or clockwise direction, depending on the rel-
ative phase.?”) In our model, according to the conclusion in
Fig. 5, this relative phase 6 = 7w/6 or 8 = 117/6. As shown
in Figs. 7(a)-7(f), under the condition of phase matching, our
system shows obvious nonreciprocity. This is consistent with
the conclusions of our previous analysis. In Figs. 7(e) and 7(f),
we show that the selection of each phase can be arbitrary, as
long as the phase accumulation on the circulator satisfies the
condition. In the above process of nonreciprocal transmission,
the transmission and reflection coefficient of the system itself
is for the input signal. The input signal here includes both the
signal that we want to transmit and the thermal noise. If the
temperature of the environment is high, the proportion of in-
formation in the corresponding input signal will be low. In the
transmission process of the system when the transmission co-

efficient 7 = 1, the actual signal transmission coefficient will
be greatly reduced due to the reduction of the signal ratio in
noised input signal. Therefore, in order to improve the trans-
mission rate of the signal, we need to lower the temperature.
Conversely, if T = 0, the system will indiscriminately isolate
both the signal and the input environment noise. The whole
system is robust to temperature. This robustness is certainly
not unlimited, because our calculation is based on the asym-
metric property of the quantum correlation of the system, so
this robustness is also built on the premise of not destroying
the quantum property of the system.

4. Discussion and conclusions

A nonlocal three body interaction is constructed in hybrid
optomechanical systems. Based on our nonlocal interaction
system, we can build a nonlocal photon-phonon circulator and
realize the quantum control of nonlocal optical mode to me-
chanical mode. As long as we let the accumulated phase reach
a specific value, that is, 0 = £77/6 or 6 = £117/6, we can
realize the nonlocal nonreciprocal transmission between the
mechanical state and the optical state. In addition, the cou-
pling coefficient between systems can be used to control or
regulate the nonreciprocity of the system. For the effective
coupling coefficients Vp and Gjo, we can control the nonre-
ciprocity by controlling the adjustable parameters, that is, the
laser strength €; driving or detuning @q;. The corresponding
relationship and controlling results are shown in Eq. (9) and
Fig. 6, respectively. It is worth noting that, in the hypothe-
sis of lossless fiber (or free space) in our scheme, we ignore
the influence of environmental dissipation in the transmission
process, and only consider the input noise of the optical cavity.
If the dissipation of the transmission process is taken into ac-
count, it will inevitably introduce more noise, and one needs to
add transmission noise to the expression for Aj,. Fortunately,
this noise is also similar to the input noise of optical cavity,
which are uncorrelated noises, and the effect of the two noises
on dynamical evolution is consistent. So we can combine them
together, and the dissipation coefficient and noise are certainly
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greater than the lossless condition.

For the feasibility of our scheme, the optomechanical sys-
tem of various frequency bands has been realized in exper-
iments. The parameters used in our protocol can be easily
implemented in typical micro-[*"3?! or nano-[*34! optome-
chanical systems with x/wy, — 0.1. Low loss remote optical
transmission is realized in optical fiber or free space.[?!-33-36]
Therefore, our protocol provides an executable platform for
the implementation of nonlocal and nonreciprocal phonon-
photon transmission or control, and eventually provides the
basis for applications on quantum information processing or
quantum networking.
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Appendix A: Effective Hamiltonian of system

According to the Hamiltonian of the system, the dynam-
ics of the system is described by the quantum Langevin equa-
tions (QLEs)

&1 [i(AclJr Z gj(i);[+i)j))+7 ai
=12

—1Jap — i€ +/Kidin 1,

X . K2\ . A . A
Gy = — <1A02 + 2)a2 —iJa) — 1& +/K2din 2, (A2)

(AD)

2

l;j =— (iwmj + gj)l;] — igjdl'dl — iVlA?3,j + \/?jl;in,jy
(A3)
where A¢j = @ — 0y is the detuning between the driving field
and the cavity frequency. After choosing the suitable sideband
with A = Oy, the linearized quantum Langevin equations
of the system under the rotating-wave approximation are then

governed by
. 3 K n . N
84, = —(1Aé1+?l)5a1 ~i Y G;8b;
j=12
—iJ8dr +v/KiAin 1, (A4)
. K a
8by = — <1AC2 + ;) 8y — 17841 + /KA 2, (AS)

A

5bj = — <ia)mj + ’);j) 621 — IG;(SCZA] — iv5l;37j + \/ngin,ja
(A6)
where Al} = Ac1 +Xj—128;(Bj + B} ). The above differential

equations of quantum part can be formally integrated as

oa(r) = 5@1(0)3*(141*%)’ _|_/t dref(iAéﬁ%l)(tfr)
0

><[—i(ZG,SIA)/-—&—JS&z)+\/K>1Ain,1}7 (A7)
J

8ar (1) = 8a(0)e (14+ 3 4 /t dre(i4a+3)(—7)
0
X [—iJSﬁl + \/EAAin’z],

8b;(r) = 8b;(0)e ~(iamr+ ) 4 / dre(iom+ 7))
JO

(A8)
x [=1(G;8a1 +V8bs_j) + /Fjbin,1]- (A9)

Under the condition Ac; > J and @y, > {G;,V}, 8d, and
&b j can be approximately regarded as free evolution. Thus,
the dynamics of 8d, and 8b j are expressed approximately as

8 (1) ~ 8ar(0)e (TN - \/ioAl, (1),
8b;(1) ~ 8b;(0)eGomt Dy pp (1), (A10)
where

t R K
;H’Z(I):/o dTe*(lAchrT)(t—r)&imL

t i ¥; .
Binj(t) = / dre*(‘“’mﬁi’)(tff)bm_j.
. o ,
Substituting Eq. (A10) into the equation of 64 (¢), we have
K t o K
oa(t) = 6&1(0)670Aél+71)’ +/ dre—(144+7)(-1)
0

N . Yi
X [—iZstb,(O)e“wmﬁz’)T
J

- iJSaz(O)e“Acﬁ?)”’] + /K1 din, (A11)

where \/Kidi = 3 dre (40 + 0D [_i ¥, G} /FiBin (1)
iJ\/ITQA{nZ(T) + \/Kilfiin,]]. Under the condition x; >

{n,7,x}, e 8" is a fast dissipation term, which can be ig-
nored in dynamics. Then we derive

) ~iG;8b;(1)
6“1 (t) ~ Z . / . ! Kl—’J/j
7 1(Ay — Omj) + =
—iJ8a> (1)
+ /K1 din. Al2
(Al — Ax)+ 552 Hin (A1)

Now substituting 84 (¢) into Egs. (A5) and (A6), we obtain
the approximated expressions

5&2 =— (iAeff+ Kgﬁ) 8dr

+iY.G8b; + /KetAin, (A13)
J
A . £/ o7
8b; = —(lweffﬁ%)abj
+1G8ay +1V;8b3_j + \/Yett;Bin1 (Al4)

and the effective parameters are

Aef‘f = ACZ - ‘Sc(Aél _AC2)7

054204-7



Chin. Phys. B 31, 054204 (2022)

Ocffj = Omj— Emj(Al — Omj),

Kett = K2+ &1 (K1 — K2),
Yettj = Vi + Emj(K1 =),
G; = JG,&;,
Gi =IGE,
Vi = G;G3-;&-;—V,
where
2
S = (AL, — A jz+(’ﬂ'<2)2’
cl 2 4
£ — Gl _
(A4 *wm.i)hr%
g (Ao

(k=)
(AL — o)+ 5
(Al — Ay) + 1 72)

29

(Aél _Acz)z + (K1—4K2)

and the corresponding effective noise operators are

VettAin = —iJdin + /KA 2,

V¥eiijBinj = —1Gdin+\/Vibin,j-

Under the condition Ay, = Onj = Om, K1 > {Y1,7%, K2} and
{J,V} € real, we have G = G and V| = V5. The effective
Hamiltonian of the system can be obtained

2
Hee = Aeff5(i;5&2 + Z a)effj(Sbj-abj
j=1
2 ~ ~ ~
— ( Y G5458b;+V18b]5b, +h‘c.> . (Al5)
j=1
In the discussion of the main text, we are not limited to the
case where the coupling coefficients are real, so our calcula-

tion starts from the effective dynamic equations rather than the
effective Hamiltonian.

Appendix B: Nonlocality of our system
According to Ref. [28], Bell-CHSH inequalities for con-
tinuous variable (CV) systems are expressed as
Bcusy = (a-§1)®(b~§2)+(a~§1) ®(b'-§2)+(a'~§1)
®(b'§2)—(a,~§1)®(b/-§2). B1)
Here a, a’, b and b’ are four unit three-dimensional vectors.

8§} is defined as

a-§=3§.co80,+sin0,(e'%§_ 4 e i0g, ) (B2)

where 0, and ¢, are the polar and azimuthal angle of a, re-
spectively. The expression of operators are as follows:

5 = i)[zn+1><zn+1_|zn><zn],

oo

s- = Y [2n)@2n+1]=(3:)".
n=0
Then local realistic theories impose the following Bell-
CHSH inequality: "]

|{Bcusn)| < 2. (B3)

Thus, the nonlocality of our system will be confirmed as long
as the above inequality is violated. For the convenience of dis-
cussion, we ignore dissipation and choose the direction vec-
tors to satisfy condition a(b) = a/(b’). The average value of
Bensy is simplified to

(Bensn(1))
=2((a-$1(1)) @ (b-52(1)))
=2{cos 6,cos 0, (8,15 2)(t)
+c0s 0, 5in 0, (5 1 (€'%3_ 5+ e 1%5, 5))(1)
+sinB,cos Oy ((e'%5 + e 1%g, )5 5)(r)
+ sin 6, sin Gb[ei(¢“+¢”) (§_18-2)(1)
+ e_i(¢u+¢b)<§+71§+,2>([) + eil9a—0) (§_1842)(1)

+e 10 ®l(s, 15 o) (0]} "y

The dynamic of operator Bepsu(f) depends on the effective
Hamiltonian of three bodies. But Bell-CHSH inequality is to
investigate the nonlocality between two bodies. It is worth
noting that, in our system, the position of b ;j is equivalent, so
we only need to consider one of the mechanical oscillators.
Without lose of generality, we choose subscript 1 to represent
mode by and 2 to represent mode dp. Using the time evo-
lution operator U = exp(—iH,gt), we can calculate the time
evolution of the mean values of the second-order moments,
($i18j1),{i,j} € {z,+,—}, so as to investigate Bcus (). The
free term in the Hamiltonian will only add a time-dependent
phase factor to the time evolution operator, and will not change
the distribution of the quantum state, but the interaction term
G| 5&;5131 + h.c. will change the distribution of quantum
states. Since we only need to prove the existence of nonlocal-
ity here, we can discuss it with a special case. Assume the ini-
tial state is [y) = Yo, m(k1)[2k; + 1)1 @ X, m(k2)[2k2 + 1)2,
and the effect of Hamiltonian on its evolution is

8b18by 2k + 1
8a38as|2k; + 1
8b8ay 2k + 1
8b1 8432k +1

U2ks 4 1)s — [2k; + 1912k + 1),
112k +1)2 = |2k +1)1|2ka + 1)2,
2k + 102 = |21 +2)1[2k2)a,
2k + 1) — 2k )1 [2ka +2)a.

~ ~ o~ ~

)
)
After the action of the effective Hamiltonian, a general final
state in the subspace {|2ko),|2ko + 1),|2ko +2)} can be ex-

pressed as (under the low excitation approximation in weak-
driving regime, we have kg = 01>371)

W)e=10)1®[9)2, (BS)
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where |@) = my|2ko) + m2|2ko + 1) +m3|2ko +2), m; is the
normalized superposition coefficient, and we have Y. ; [m 2=
1. Since the interaction between 8b, and 84, is conjugate,
we can safely set |m| and |m;| equal. Thus, we can get the
average value of Bcysy on this final state under the condition

(Pﬂ = ‘pb = 07
(Beusu) = 2[cos 0, cos 0, + cos 8, sin O (0] oz +h.c.)
+sin 6, cos 6, (B; B2 +h.c.)

+2sin 6, sin@b(afagﬁlﬁ§+h.c.)], (B6)

where f3; and ¢; denote the superposition coefficient of mode
&by and 84, respectively. We can see that, when G.//' =0,
the coefficients a; and B; are also equal to zero. At this
time, the maximum value of (Bcysy) is 2, which does not
violate Bell-CHSH inequality, and the system embodies lo-
cality. When G’j = 0, under the sideband condition and set
{6, =6, = 6,0; = B;}, the above formula can be rewritten as

(Beusn) = 2(cos 8 +sin 6 o, m)z.

Through the numerical simulation in the main text, it can be

(B7)

confirmed that (Bcpsy) can be greater than 2, that is, our sys-
tem can reflect nonlocality in the presence of G’] The upper
bound violated by Bell inequality is 2v/2. The designed quan-
tum state to reach this upper bound is discussed in Ref. [28].
In our paper, we only need an existence proof to prove that our
scheme is nonlocal under the remote interaction J.
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