
 

 

 

Quantum mechanical solution to spectral lineshape in strongly-coupled 

atom-nanocavity system 

Jian Zeng(曾健) and Zhi-Yuan Li(李志远) 

Citation:Chin. Phys. B, 2022, 31 (4): 043202.   DOI: 10.1088/1674-1056/ac40fc 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Theoretical investigation on forbidden transition properties of fine-structure splitting 

in 2D state for K-like ions with 26 ≤ Z ≤ 36 

Jian-Peng Liu(刘建鹏), Cheng-Bin Li(李承斌), Hong-Xin Zou(邹宏新) 

Chin. Phys. B, 2017, 26 (10): 103201.   DOI: 10.1088/1674-1056/26/10/103201 

Comment on “Atomic structure calculations for F-like tungsten” by S. Aggarwal [Chin. 

Phys B 23 (2014) 093203] 

Kanti M Aggarwal 

Chin. Phys. B, 2016, 25 (4): 043201.   DOI: 10.1088/1674-1056/25/4/043201 

Extreme ultraviolet and soft x-ray spectral lines in Rb XXIX 

Indu Khatri, Arun Goyal, Sunny Aggarwal, A K Singh, Man Mohan 

Chin. Phys. B, 2016, 25 (3): 033201.   DOI: 10.1088/1674-1056/25/3/033201 

Comment on “Relativistic atomic data for W XLVII” by S. Aggarwal et al. [Chin. Phys. 

B 24 (2015) 053201] 

Kanti M. Aggarwal 

Chin. Phys. B, 2015, 24 (12): 123201.   DOI: 10.1088/1674-1056/24/12/123201 

Relativistic atomic data for W XLVII 

Sunny Aggarwal, A. K. S. Jha, Indu Khatri, Narendra Singh, Man Mohan 

Chin. Phys. B, 2015, 24 (5): 053201.   DOI: 10.1088/1674-1056/24/5/053201 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac40fc
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac40fc
https://doi.org/10.1088/1674-1056/ac40fc
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/10/103201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/10/103201
https://doi.org/10.1088/1674-1056/26/10/103201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/4/043201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/4/043201
https://doi.org/10.1088/1674-1056/25/4/043201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/3/033201
https://doi.org/10.1088/1674-1056/25/3/033201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/24/12/123201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/24/12/123201
https://doi.org/10.1088/1674-1056/24/12/123201
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/24/5/053201
https://doi.org/10.1088/1674-1056/24/5/053201


Chin. Phys. B 31, 043202 (2022)

Quantum mechanical solution to spectral lineshape in
strongly-coupled atom–nanocavity system

Jian Zeng(曾健) and Zhi-Yuan Li(李志远)†

School of Physics and Optoelectronics, South China University of Technology, Guangzhou 510641, China

(Received 29 September 2021; revised manuscript received 6 December 2021; accepted manuscript online 8 December 2021)

The strongly coupled system composed of atoms, molecules, molecule aggregates, and semiconductor quantum dots
embedded within an optical microcavity/nanocavity with high quality factor and/or low modal volume has become an ex-
cellent platform to study cavity quantum electrodynamics (CQED), where a prominent quantum effect called Rabi splitting
can occur due to strong interaction of cavity-mode single-photon with the two-level atomic states. In this paper, we build a
new quantum model that can describe the optical response of the strongly-coupled system under the action of an external
probing light and the spectral lineshape. We take the Hamiltonian for the strongly-coupled photon–atom system as the
unperturbed Hamiltonian 𝐻0 and the interaction Hamiltonian of the probe light upon the coupled-system quantum states as
the perturbed Hamiltonian 𝑉 . The theory yields a double Lorentzian lineshape for the permittivity function, which agrees
well with experimental observation of Rabi splitting in terms of spectral splitting. This quantum theory will pave the way
to construct a complete understanding for the microscopic strongly-coupled system that will become an important element
for quantum information processing, nano-optical integrated circuits, and polariton chemistry.

Keywords: Rabi splitting, nanocavity, double Lorentzian lineshape

PACS: 32.70.Cs, 42.50.Ct, 71.70.–d DOI: 10.1088/1674-1056/ac40fc

1. Introduction
Experimental approaches to manipulating the interac-

tion between light and matter in the mesoscopic microme-
ter/nanometer and even microscopic atomic size scales have
quickly advanced in recent years and give birth to many new
research topics ranging from spontaneous emission control
to advanced micro/nano-laser building. Using the strongly-
coupled atom–nanocavity system, researchers have made the
experimental realization of non-destructive detection of a sin-
gle photon,[1] nanophotonic quantum phase switch,[2] quan-
tum logical gate,[2–4] and Heralded quantum storage.[5] Simi-
larly, quantum dots can be substituted by atoms for wider ap-
plications in the strongly-coupled exciton–nanocavity system,
such as photon-sorter[6], photon switch,[4] and high-fidelity
quantum-logic gate.[7–10] One of the well-known devices for
realizing unique light–matter interaction consists of quantum
emitters and a resonant micro/nano-cavity. The strength of in-
teraction can be described by Rabi frequency, the rate of the
exchange of energy between light and matter.[11,12]

The weak side of this interaction results in the usual spon-
taneous emission of an excited atomic state with its popu-
lation decaying in an exponential way, according to Fermi
golden rule. This well-known feature underlies many appli-
cations such as the fabrication of fluorescent lamps and light-
emitting diodes. Importantly, the rate of spontaneous emis-
sion can be accelerated in certain elaborate nanostructures and
nano-devices, according to Purcell effect.[13–16] The strong
side of this interaction is popularly referred to the strong cou-

pling regime, where many distinct features, phenomena, and
laws of light–matter interaction have been discovered. Un-
like the exponential energy decay, the rate of energy exchange
between light and matter is much faster than that of energy
decay through atomic transition and dissipation in a cavity in
the strong coupling regime.[17] Therefore, one can observe the
energy transfer between the emitter and background electro-
magnetic field, and it appears as Rabi oscillation, where the
emitter shifting back and forth between the ground state and
excited state.[18] In this case, the energy level hybridization of
matter and light changes the primarily degenerate states into
non-degenerate dressed states,[19] showing double peaks in the
spectrum known as Rabi splitting. With such a property, the
strong coupling of quantum emitter with cavity is important
for a wide range of applications and studies, such as quan-
tum cryptography, quantum information processing,[20] nano-
optical circuits,[21] single-photon switch,[2] and single-atom
laser.[22]

During the past decades, a lot of theory has shown that
the coupling effect is proportional to atomic dipole moment
and the electric field strength per photon.[19,23,24] The former
is related to the emitter, and the latter is related to the reso-
nant cavity. These two entities provide the avenue to realize
the strong coupling regime. In terms of the emitter, the most
convincing quantum emitter is a single atom.[25–27] However,
atom has a too small dipole moment. Moreover, it is a great
struggle to fix and manipulate an atom, even with relatively
stationary devices.[27,28] Another well-known emitter is the
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quantum well, which is the first to observe the Rabi splitting
in the semiconductor,[29] although the result has been in dis-
pute about whether or not it is the quantum splitting.[25,30] Re-
cently, quantum dots have been widely used to achieve strong
coupling because of its relatively large dipole moment.[31–34]

For example, putting quantum dots within micropillar cav-
ity with carefully designed Bragg reflector allows one to ob-
serve Rabi splitting of 140 µeV,[33] while a single quantum
dot embedded within a photonic crystal cavity displays the
anti-crossing spectral feature.[34] For plasmonic nanocavity
with much smaller geometric and modal volume, molecules
are more suitable to serve as emitters.[35] As it is hard to ob-
tain a single molecule, the 𝐽 aggregates are in more com-
mon use.[36–39] For instance, a methylene-blue molecule with
a molecular transition at 665 nm can experience a giant Rabi
splitting of 380 meV, and a single emitter can generate 95-meV
Rabi splitting.[37]

In terms of cavity, experiments and theories have shown
that low loss and small effective cavity volume are conducive
to reach strong coupling.[40,41] Fabry–Pérot resonance due to
two high-reflection mirrors placed opposite to each other, is
the most basic kind of optical cavity with small dissipation
and high-quality factor.[42–44] Nevertheless, the effective cav-
ity volume of Fabry–Pérot resonance is limited by the min-
imum resonance wavelength of light, which compromise its
application.[45] In comparison, plasmonic metal cavity pro-
vide an alternative route to drastically decrease the effec-
tive cavity volume for strong coupling,[46,47] benefiting from
the collective oscillation of free electron in metal-induced gi-
ant local electric field enhancement, and much more easily
reach the strong coupling regime compared with Fabry–Pérot
microcavity.[48] Tamm plasmon polaritons coupling with sur-
face plasmon polaritons (as plasmonic metal cavity), for in-
stance, are shown to modify the reflection–transmission spec-
tra into hybrid modes with Rabi splitting of 105 meV.[49]

Based on all these experimental and theoretical studies,
the physical picture underlying the strongly coupled atom–
cavity system has been constructed: The Rabi splitting is the
consequence of the cycling interaction of a single photon emit-
ted from an atom with the atom itself, where the frequency
of the emitted photon is exactly matching the resonance fre-
quency of nanocavity. Such a process can be well described by
the dressed state physics in the standard framework of quan-
tum optics. This physical model not only predicts the exis-
tence of Rabi splitting as the intrinsic atom (electron) energy
level splitting and extrinsic spectral splitting, but also yields
the quantity of spectral splitting in relation with some param-
eters of the strongly coupled system.[50] However, there re-
mains another equally important issue that is relatively rarely
addressed: What is the lineshape of the Rabi splitting spec-
trum and what influence and determine critical parameters of

this lineshape? On the one hand, the traditional models in
quantum optics only give the explanation of the energy level
splitting in Rabi splitting,[11,50] but rarely discuss how the en-
ergy level splitting in Rabi splitting is reflected in the macro-
scopic optical spectrum. On the other hand, although there
is also a small number of references discussing the process of
splitting from microscopic level energy to macroscopic optical
spectrum, they usually solve this problem by using a statistical
method (density matrix method),[51] which is relatively com-
plicated and unfriendly to general readers.

In this paper, we will take this issue by introducing a
probing light to detect the strongly coupled photon–atom sys-
tem and observing the optical spectrum exhibiting Rabi split-
ting. We will use the hybrid quantum-mechanical model
where the interaction of the cavity-mode single photon with
atomic states is described by a full quantum mechanical theory
and the interaction of the external probe light with the strongly
coupled photon–atom system is described by a semi-classical
theory. Compared with the existing methods, our model
is based on the perturbation theory of the time-dependent
Schrödinger equation, which can be easily understood by
scholars who just study elementary quantum mechanics. This
methodology can be used for the intuitive establishment of a
physical picture more essentially via only implementing the
most concise mathematics.

2. Model and preliminary concepts
We consider some certain amount of two-level atoms

placed in an optical cavity. These atoms can jump from ground
state |g〉 to excited state |e〉 via some way of excitation, e.g.,
via direct absorption of a photon or via indirect fluorescence
process. They can also inversely transit from excited state to
ground state by spontaneously emitting a photon or via other
non-radiative routes (which are atomic dissipation channels).
A spontaneous emission photon has its frequency exactly res-
onant with the atom transition level. This photon can then be
bounced back by the cavity and reabsorbed by the atom, in-
ducing its up-transition from ground state to excited state and
igniting the emission–absorption cycling process. Of course,
there always exist other photon dissipation channels such as
cavity leakage due to imperfect cavity wall reflection and ran-
dom scattering due to cavity structure irregularities, that com-
pete and hinder the reabsorption of the photon. The emission–
absorption cycling process can happen for some certain times,
and the exact cycling number strongly depends on the strength
of both atom dissipation and the photon dissipation, which are
described by the cavity loss rate κ and emitter scattering rate γ ,
respectively. On the other hand, the cycling number, together
with the modal volume of cavity photon (inversely propor-
tional to the optical energy density), will determine the opti-
cal field intensity within the cavity and determine the photon–
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atom interaction strength, which is described by the coupling
coefficient g.

It has been well established that when coupling coeffi-
cient g of the interaction between atom and photon is much
larger than cavity loss rate κ and emitter scattering rate γ ,
namely, g� κ , γ , the cavity photon–atom system will go into
the strong coupling regime, where one can find many inter-
esting quantum phenomena that are absent in weak coupling
region (g<κ , γ). This regime is an ingenious method to ob-
serve some well-known quantum effects and verify quantum
theory. One of the famous instances is Rabi splitting, the split-
ting of energy levels of an atom surrounded by photon, which
is a typical full quantum effect predicted in quantum electro-
dynamics.

Rabi splitting has been extensively analyzed theoretically
and widely observed experimentally. In theory, Rabi splitting
can be obtained through an analysis which clearly deduces en-
ergy level splitting and anti-crossing phenomenon. In exper-
iment, observers use a probing light to illuminate the cavity
consisting of the coupling system between atoms and photon
radiated by itself in order to explore the Rabi splitting in photo-
luminescence, reflection, transmission, or absorption spectra.
Note that there are three objects in this process: atoms em-
bedded in the medium and lattice, photon radiated by atoms,
and the probing light. The theory about dressed states is as-
sociated with the process involving the first two objects, and
truly yields the intrinsic cause of splitting. However, observers
need the third object to survey the splitting. Currently, there
still lacks of a set of appropriate theories to bridge the pro-
duction from intrinsic microscopic physical mechanism to ex-
trinsically observed spectra. In this paper, we supplement the
blank of this theory and deduce the spectral function in the
photoluminescence spectra, the double Lorentzian lineshape,
from the Schrödinger equation, with an ultimate aim to con-
struct a complete quantum theory covering the whole intrin-
sic and extrinsic chain of this strongly coupling microscopic
system. This work provides guidance for the observation of
experiment, gives a precise formula of the spectral lineshape
and linewidth, and depicts a clear physical picture from a sin-
gle spectral line to the double spectral lines. It will also lay
a theoretical foundation for the study of other influencing fac-
tors caused by Rabi splitting such as classical electromagnetic
effect.

In this section, we will introduce our model with special
emphasis on the role of probing light in observing the Rabi
splitting, which aims to study analytically and clearly the re-
lationship between the detection method and the spectral lines
that appear when observing Rabi splitting. By the way, we will
list the results currently available, and their derivations can be
found in most quantum optics textbooks.[11] These results will
be used in the process of solution of our model in the next

section.
Figure 1 illustrates the model for detection of the sys-

tem of interaction between atoms and photon. We discuss the
single-photon effect here. Note that it is a probing light de-
noted by 𝐸 incident externally upon the cavity, as opposed to
the photon radiated by atom, that we use to detect the atom–
photon system. Thus, we suppose the atoms are immersed in
the space full of electromagnetic wave 𝐸, which is the tool
used to detect the quantum effects (specially, Rabi splitting)
occurring inside atoms. The atoms couple with the photon
emitted by itself, and the atom–photon coupled system be-
comes the object under detection and analysis by the back-
ground electromagnetic wave 𝐸. In this system, we still ap-
proximately model the atoms as two-level atoms, as indicated
by two horizontal straight lines in Fig. 1(a). There is a pho-
ton nearby the two-level atom attributed to spontaneous radia-
tion, and the transition energy h̄ϖ between two atomic levels is
equal to energy h̄Ω of the photon, namely, the system satisfies
the no-detuning condition ϖ = Ω .

(b)

(a)
E

hϖ

hΩ

HA⇁HP HA⇁HP⇁HAP

e↪>
g↪>

g↪> |1>=g↪>

>/     ↼e↪>⇁g↪>↽
2
√2

>/     ↼e↪>↩g↪>↽
2
√2

Fig. 1. Schematic diagram for the optical spectra observation device for Rabi
splitting. (a) An atom–photon system placed in high-Q low mode volume op-
tical cavity exposed to the probing light 𝐸. The two-level atom is illustrated
by parallel thick black straight lines with transition energy h̄ϖ . (b) Schematic
diagram for the process of energy level Rabi splitting. The longitudinal direc-
tion of the figure denotes the relative magnitude of the energy. If there is no
interaction term 𝑉AP, the three states of the lowest energy level of the system
are shown as the cases on the |g,1〉, |e,0〉 are degenerate. If the interaction
term 𝑉AP exists, the upper two energy levels will become non-degenerate,
which seem to “split”.

In order to reflect the effect of Rabi splitting, we treat the
atom–photon system with full-quantum theory, which quan-
tizes both atom and photon states. Therefore, the Hamiltonian
𝐻 of atom–photon system can be expressed as the sum of the
Hamiltonian of atom 𝐻A and photon 𝐻P and their interaction
𝑉AP:

𝐻0 =𝐻A +𝐻P +𝑉AP,
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𝐻A =
1
2

h̄ϖ𝜎z,

𝐻P = h̄Ω𝑎†𝑎,

𝑉AP = h̄g(𝜎†𝑎+𝜎𝑎†), (1)

where h̄ is reduced Planck constant, ϖ and Ω are the angular
frequencies of two-level atomic transition and photon, 𝜎z, 𝜎,
and 𝜎† are the Pauli spin operator and spin-flip operators in
the atomic vector space, 𝑎 and 𝑎† are the creation and annihi-
lation operators in the photonic vector space, g is the coupling
coefficient determined by (here we use bold Italic letters for
operators and vectors, thus readers should take care to distin-
guish them according to the context)

g =−𝜇 ·𝐸(s)

h̄
, (2)

where 𝜇 is the matrix element of the atomic dipole moment
operator, 𝐸(s) is the electric field strength generated by sin-
gle photon. The following is a brief list of the results of the
dressed state theory that this paper needs to use.

Under no-detuning and single-photon condition, we can
only consider the three product states |g,0〉, |g,1〉, |e,0〉, which
is the eigenstates of Hamiltonian 𝐻A +𝐻P. In the represen-
tation of Hamiltonian 𝐻A +𝐻P, it is easy to solve the eigen-
problem of Hamiltonian 𝐻0, that is,

𝐻0 |i〉= h̄ϖi |i〉 , i = 1,2,3, (3)

where the eigenstates are

|3〉=
√

2
2

(|e,0〉+ |g,1〉) ,

|2〉=
√

2
2

(|e,0〉− |g,1〉) ,

|1〉= |g,0〉 , (4)

with eigenvalues (divided by h̄), respectively,

ϖ3 =
1
2

ϖ +g,

ϖ2 =
1
2

ϖ −g,

ϖ1 =−
1
2

ϖ . (5)

|2〉 and |3〉 are dressed states which have been proved to be the
eigenstates of Hamiltonian 𝐻 . The well-known Rabi splitting
is the change from the original degenerate eigenstates (|g,1〉
and |e,0〉) of Hamiltonian 𝐻A +𝐻P to non-degenerate eigen-
states (|2〉 and |3〉) of Hamiltonian 𝐻 =𝐻A +𝐻P +𝑉AP, as
shown in Fig. 1(b). |1〉 is the common eigenstate of Hamilto-
nian 𝐻A +𝐻P and 𝐻 , because the result is zero when either
σ or 𝑎 comprised in 𝑉AP acts on it.

Given a system where photon h̄Ω interacts with two-level
atoms with transition energy h̄ϖ , people have to use a beam of
probing light 𝐸 in order to observe this system. This prob-
ing light 𝐸 has rich frequency components so that it can be

expressed as

𝐸 =
∞

∑
l=−∞

𝐸le−iωl t ,

where 𝐸l is the complex amplitude of the sinusoidal compo-
nent at frequency ωl . Note that in order to ensure that the
electric field described by the above formula has a physical
entity, its value must be a real number, which requires

ω−l =−ωl ,

𝐸−l =𝐸∗l .

When the atom–photon system is irradiated by the probing
light, the total Hamiltonian is

𝐻 =𝐻0 +𝑉 ,
𝑉 =−𝜇 ·𝐸,

(6)

where the Hamiltonian 𝐻0 describes the atom–photon system
in the cavity, and is determined by Eq. (1). 𝜇 is atomic dipole
moment operator.

Under no-detuning condition Ω = ϖ and single-photon
condition, all basic eigenvalues and eigenstates (h̄ϖi and |i〉
for i = 1,2,3) of Eq. (6) have been solved in Eqs. (4) and (5).
Now, let us solve the wave function of the evolution of this
system in term of Schrödinger equation and the corresponding
initial condition

ih̄
∂

∂ t
|ψ(t)〉=𝐻 |ψ(t)〉 ,

|ψ(0)〉= |1〉 , (7)

which can help one to get the average polarization and further
get the permittivity of the total system. The initial condition
indicates the system is located at the ground state initially. We
can solve this equation mainly in four steps. First enter the in-
teraction picture, so that we can grasp the essence of the evolu-
tion caused by the effect of the probing light. Second, choose
a representation to concretize the equation. We use the 𝐻0

representation. Third, the equations are still difficult to solve
directly, and we use the time-dependent perturbation theory to
solve them. Finally, use the solution to calculate some aver-
age value of the related optical quantities, which can be used
to explain and predict experimental physical phenomena. The
solution is able to expound the experimental phenomenon of
observing the Rabi splitting.

3. Calculation and analysis
In this section, we embark on the calculation of Eq. (7)

from which the physical quantity of optical phenomena can be
extracted, such as polarization and permittivity. We will get
the double Lorentzian lines for the permittivity of the atom–
photon system in optical cavity as opposed to classical single
Lorentzian line for pure atom systems. We will solve Eq. (7)
mainly in four steps.
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Firstly, enter the interaction picture. The interaction term
𝑉 in Eq. (6) is given in Schrödinger picture. In the interaction
picture, this term becomes

𝑉I = 𝑈 †𝑉 𝑈

= −exp
(

i𝐻0t
h̄

)
𝜇exp

(
− i𝐻0t

h̄

)
·

∞

∑
l=−∞

𝐸l e−iωl t . (8)

where 𝑈 = exp(−i𝐻0t/h̄) denotes the time evolution opera-
tor when 𝐻0 exists alone. Thereupon, the Schrödinger equa-
tion in the interaction picture becomes

ih̄
∂

∂ t
|ψI(t)〉= 𝑉I |ψI(t)〉 ,

|ψI(0)〉= |1〉 , (9)

Secondly, enter the 𝐻0 representation to concretize
Eq. (9), that is, insert completeness conditions ∑ |i〉〈i| = 1 (1
denotes the identical operator and sum runs over i) in the ap-
propriate place in Eq. (9). We can get

Ċ j(t) =
1
ih̄

3

∑
k=1

VI, jkCk(t), j = 1,2,3, (10)

where C j(t) = 〈 j|ψI(t)〉 is the vector element of wave function
|ψi(t)〉 and VI, jk = 〈 j|𝑉I|k〉 is the matrix element of interaction
operator 𝑉I in atom–photon system Hamiltonian 𝐻0 represen-
tation in the interaction picture. The dot on the head denotes
derivative over time. By substituting Eq. (8) into Eq. (10) with
eigenproblem Eq. (3), we obtain

Ċ j(t) =−
1
ih̄

3

∑
k=1

∞

∑
l=−∞

ei(ϖ j−ϖk−ωl)t𝜇 jk ·𝐸lCk(t),

j = 1,2,3,

where 𝜇 jk = 〈 j|𝜇|k〉 is the matrix element of the atomic dipole
moment operator 𝜇 in atom–photon system Hamiltonian 𝐻0

representation. Phenomenologically introduce a damping term
γ j ( j = 1,2,3) to describe practical perturbation from atomic
transition with other atomic levels but neglected under the two-
level approximation and circumvent the sophisticated decoher-
ence problem, we obtain

Ċ j(t)+γ jC j(t) =−
1
ih̄

3

∑
k=1

∞

∑
l=−∞

ei(ϖ j−ϖk−ωl)t𝜇 jk ·𝐸lCk(t),

j = 1,2,3. (11)

One of the inevitable task is the calculation of the ma-
trix element of the atomic dipole moment operator 𝜇 jk. The
results are listed in the following matrix as

𝜇∼

𝜇11 𝜇12 µ13
𝜇21 𝜇22 µ23
𝜇31 𝜇32 µ33

=

√
2𝜇
2

 0 1 1
1 0 0
1 0 0

 . (12)

As an example, we calculate 𝜇31 and 𝜇32. The others can be
found by the same method. Note that 〈e|𝜇|g〉 = 〈g|𝜇|e〉 = 𝜇

and 〈e|𝜇|e〉 = 〈g|𝜇|g〉 = 0 because of the symmetry of the

atom as mentioned in Eq. (2).

𝜇31 = 〈3|𝜇 |1〉

=

√
2

2
(〈e,0|+ 〈g,1|)𝜇 |g,0〉

=

√
2

2
(〈e,0|𝜇 |g,0〉+ 〈g,1|𝜇 |g,0〉)

=

√
2

2
(〈e|𝜇 |g〉⊗〈0|0〉+ 〈g|𝜇 |g〉⊗〈1|0〉)

=

√
2

2
𝜇.

The first line is the definition of the matrix element. The sec-
ond line has used the dressed state in Eq. (4). The third line
has used the multiplicative distribution law. The fourth line
has used the definition of direct product state and ⊗ denotes
the Kronecker product. The last line has used the symmetry
of atom and the orthonormality of Fock states. Similarly, we
have

𝜇32 = 〈3|𝜇 |2〉

=

√
2

2
(〈e,0|+ 〈g,1|)𝜇

√
2

2
(|e,0〉− |g,1〉)

=
1
2
(
〈e,0|𝜇 |e,0〉−〈e,0|𝜇 |g,1〉

+〈g,1|𝜇 |e,0〉−〈g,1|𝜇 |g,1〉
)

=
1
2
(
〈e|𝜇 |e〉⊗〈0|0〉−〈e|𝜇 |g〉⊗〈0|1〉

+〈g|𝜇 |e〉⊗〈1|0〉−〈g|𝜇 |g〉⊗〈1|1〉
)

= 0.

The others can be brought out in a similar way. Substituting
Eqs. (12) and (5) into Eq. (11) to eliminate 𝜇 jk and ϖ j, and
figuring out the equations in details, we have

Ċ3(t)+ γ3C3(t) =

√
2i
2

∞

∑
l=−∞

𝜇 ·𝐸l

h̄
ei(ϖ+g−ωl)tC1(t),

Ċ2(t)+ γ2C2(t) =

√
2i
2

∞

∑
l=−∞

𝜇 ·𝐸l

h̄
ei(ϖ−g−ωl)tC1(t),

Ċ1(t) =

√
2i
2

∞

∑
l=−∞

𝜇 ·𝐸l

h̄
e−iωl t

×
[
e−i(ϖ−g)tC2(t)+ e−i(ϖ+g)tC3(t)

]
, (13)

where γ1 = 0 because the lowest energy level can no longer
jump down.

Thirdly, we use perturbation theory to solve the above
Eq. (13). Thinking of the term 𝜇 ·𝐸l is a small amount of
perturbation than others, we can find the coefficients (denoted
as superscript Greek letter α enclosed in parentheses) of the
perturbation series as

Ċ(α)
3 (t)+ γ3C(α)

3 (t) =

√
2i
2

∞

∑
l=−∞

𝜇 ·𝐸l

h̄
ei(ϖ+g−ωl)tC(α−1)

1 (t),
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Ċ(α)
2 (t)+ γ2C(α)

2 (t) =

√
2i
2

∞

∑
l=−∞

𝜇 ·𝐸l

h̄
ei(ϖ−g−ωl)tC(α−1)

1 (t),

Ċ(α)
1 (t) =

√
2i
2

∞

∑
l=−∞

𝜇 ·𝐸l

h̄
e−iωl t

×
[
e−i(ϖ−g)tC(α)

2 (t)+ e−i(ϖ+g)tC(α−1)
3 (t)

]
,

α = 1,2, . . .,

and when α = 0,

Ċ(0)
3 (t)+ γ3C3

(0)(t) = 0,

Ċ(0)
2 (t)+ γ2C2

(0)(t) = 0,

Ċ(0)
1 (t) = 0,

with initial condition

C(0)
1 (0) = 1, C(0)

2 (0) = 0, C(0)
3 (0) = 0,

C(α)
1 (0) = 0, C(α)

2 (0) = 0, C(α)
3 (0) = 0, α = 1,2, . . . .

In the case of zero-order perturbation α = 0, we can solve the
equations easily and the result is

C(0)
1 (t) = 1, C(0)

2 (t) =C(0)
3 (t) = 0. (14)

In the case of the first-order perturbation α = 1, we solve the
equations with Eq. (14) and obtain

C(1)
3 (t) =

∞

∑
l=−∞

[√
2

2
𝜇 ·𝐸l

h̄
ei(ϖ+g−ωl)t

ϖ +g−ωl− iγ3

]
+ c3e−γ3t ,

C(1)
2 (t) =

∞

∑
l=−∞

[√
2

2
𝜇 ·𝐸l

h̄
ei(ϖ−g−ωl)t

ϖ −g−ωl− iγ2

]
+ c2e−γ2t ,

C(1)
1 (t) = c1, (15)

where c j ( j = 1,2,3) denote the integral constants determined
by the initial condition, such as c1 = 0. In principle, c2 and
c3 should be computed with the initial condition, but what
this article wants to solve is the optical parameters against the
steady-state response, not the instantaneous response. Note
that terms with integral constant follow an exponential damp-
ing factor of time, which tends to zero in a short enough time
prior to experimental observation. For example, the damp-
ing factor γgraphene of the atom of graphene is about 1013 s−1,
whereupon the exponential term will vanish in 30 picoseconds
approximately. This time is much shorter than the time for

the construction of the system of observation. Thus, we can
ignore the exponential terms, that is, we have

C(1)
3 (t) =

∞

∑
l=−∞

[√
2

2
𝜇 ·𝐸l

h̄
ei(ϖ+g−ωl)t

ϖ +g−ωl− iγ3

]
,

C(1)
2 (t) =

∞

∑
l=−∞

[√
2

2
𝜇 ·𝐸l

h̄
ei(ϖ−g−ωl)t

ϖ −g−ωl− iγ2

]
,

C(1)
1 (t) = 0.

This is our result of the wave function remaining to the
firstorder perturbation, that is,

|ψI(t)〉= |ψ(0)
I (t)〉+ |ψ(1)

I (t)〉, (16)

where∣∣∣ψI
(0)(t)

〉
= C1

(0)(t) |1〉+C2
(0)(t) |2〉+C3

(0)(t) |3〉

= |1〉 ,∣∣∣ψI
(1)(t)

〉
= C1

(1)(t) |1〉+C2
(1)(t) |2〉+C3

(1)(t) |3〉

=
∞

∑
l=−∞

√
2

2
𝜇 ·𝐸l

h̄

[
ei(ϖ−g)t

ϖ −g−ωl− iγ2
|2〉

+
ei(ϖ+g)t

ϖ +g−ωl− iγ3
|3〉
]

e−iωl t . (17)

So far, we have completed the solution of the wave function
in quantum mechanics. We only retain the first-order pertur-
bation here. If the second-order perturbation is calculated, the
coefficients of the nonlinear effects such as the second-order
susceptibility will be obtained.

The final step is to use the wave function obtained in
Eqs. (16) and (17) to bring out the permittivity. According
to the rules of quantum mechanics and electrodynamics, the
expectation value of the polarization is given by

〈𝑃 〉= N 〈ψI(t)|𝜇 |ψI(t)〉 .

where N is the number of atom–photon system per volume.
Considering that we retain to the first-order perturbation, we
calculate the polarization in the order from zero to first sepa-
rately, that is,

〈𝑃 〉=
〈
𝑃 (0)

〉
+
〈
𝑃 (1)

〉
,

where

〈
𝑃 (0)

〉
= N

〈
ψ

(0)(t)
∣∣∣∣exp

(
i𝐻0t

h̄

)
𝜇exp

(
− i𝐻0t

h̄

)∣∣∣∣ψ(0)(t)
〉
,

〈
𝑃 (1)

〉
= N

[〈
ψ

(0)(t)
∣∣∣∣exp

(
i𝐻0t

h̄

)
𝜇exp

(
− i𝐻0t

h̄

)∣∣∣∣ψ(1)(t)
〉
+

〈
ψ

(1)(t)
∣∣∣∣exp

(
i𝐻0t

h̄

)
𝜇exp

(
− i𝐻0t

h̄

)∣∣∣∣ψ(0)(t)
〉]

, (18)

In order to align the picture and the atomic dipole moment operator is in the Schrödinger picture, we manifest the exponential
multiples in Eq. (18) to transform the wave function |ψI(t)〉 in the interaction picture into the wave function |ψ(t)〉 in Schrödinger
picture too. Substituting Eq. (17) into Eq. (18), we get the zero-order perturbation polarization 〈𝑃 (0)〉 = 0 and the first-order
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perturbation polarization〈
𝑃 (1)

〉
≈

∞

∑
l=−∞

N𝜇𝜇

h̄

[
ϖ −g

(ϖ −g)2−ω2
l −2iωlγ2

+
ϖ +g

(ϖ +g)2−ω2
l −2iωlγ3

]
·𝐸le−iωl t ,

when the square of damping terms γ2
2 and γ2

3 in denominator is small enough to be ignored. According to the definition of
susceptibility in electrodynamics, we have

χl =
N |𝜇|2

ε0h̄

[
ϖ −g

(ϖ −g)2−ω2
l −2iωlγ2

+
ϖ +g

(ϖ +g)2−ω2
l −2iωlγ3

]
,

when the system we consider is homogenous, where ε denotes the permittivity in vacuum. Finally, it is easy to figure out the
relative permittivity

εr(ω) = 1+
N |𝜇|2

ε0h̄

[
ϖ −g

(ϖ −g)2−ω2−2iωγ2
+

ϖ +g
(ϖ +g)2−ω2−2iωγ3

]
. (19)

where we have considered that the frequency of the probing
light is continuous and thus we have replaced the symbol ωl

with common symbol ω .
The relative permittivity εr(ω) in Eq. (19) presents a dou-

ble Lorentzian lines with two peaks at frequency ω = ϖ ± g,
as shown in Fig. 2(a). In other words, the difference in fre-
quency between the two peaks is 2g. Moreover, the line width
of each Lorentzian line is related to damping factor γ2 or γ3.
The larger the damping factor, the wider the line width. Thus,
this theory well explains why it is necessary to reach the strong
coupling regime in order to observe the Rabi splitting. One of
the conditions for realizing the strong coupling is the coupling
coefficient g is much larger than the damping factor, namely,
g� γ2, γ3. If the coupling coefficient g is too small, the two
peaks are too close to be identified and emerge together, as
shown in Fig. 2(b). Only when the coupling coefficient is large
enough, the two peaks corresponding to the Rabi splitting will
distinctly appear in the spectrum. Note that the spectrum be-
longs to probing light rather than the atom-emitting photon
in our atom–photon system, because the frequency of photon
Ω irradiated by atom in the cavity is constant (Ω = ϖ in our
model under no-detuning condition), in contrast to the vari-
able frequency of probing light ω running over a wide spectral
range in practical experiments.

In recent years, many research results have focused on the
distinction between mode splitting (Rabi splitting) and electro-
magnetically induced transparency (EIT). Rabi splitting and
EIT are indeed very similar in phenomenon, both are reflected
in the appearance of two peaks in the spectrum, but they are
quite different in physical essence. Our model and result can
clearly distinguish these two phenomena. In term of the phys-
ical origin, Rabi splitting requires only two-level atoms to pro-
duce, while EIT requires three-level atoms. In term of the
physical experimental result, the Rabi splitting is a double
Lorentzian lineshape as described by Eq. (19), while the RIT
is a cubic polynomial lineshape as described by Eq. (7.3.15)

in Ref. [11]. Thus, they can be distinguished by fitting exper-
imental data of the spectral profile. In this regard, our concise
model is also helpful to differentiate the mode splitting and
EIT.

γ3 constant
γ2 constant

Angular frequency ω 

g bigger(b)

Angular frequency ω 

(a)

ϖ-g ϖ+gϖ

R
e
la

ti
v
e
 p

e
rm

it
ti
v
it
y
 ε

r

R
e
la

ti
v
e
 p

e
rm

it
ti
v
it
y
 ε

r

γ2 γ3

Fig. 2. Schematic diagram for the double Lorentzian line described by
Eq. (19). The abscissa and vertical coordinate indicates the angular frequency
of the probing light and the imaginary part of the relative permittivity for the
entire system 𝐻 . (a) Some parameters meaning in Eq. (19), which show two
peaks at ω = ϖ − g and ω = ϖ + g, respectively, with line width of γ2 and
γ3. (b) Two peaks changed by coupling coefficient g. The upper g is small,
and the lower g is large. Only when g is large enough will there be obvious
double peaks. Otherwise the double peaks will disappear.

Our model and results establish a bridge from micro-
scopic quantum phenomena to macroscopic optical observa-
tions. There is an atom (or an emitter), which is easily dis-
turbed by the outside world and radiate photon. Then atom
and this photon form a system and couple together under the
strong confinement of the optical cavity, which exhibits color-
ful microscopic quantum phenomena, such as Rabi oscillation
and Rabi splitting. In order to observe and analyze the atom–
photon system, people often place this system in a high-Q low
modal volume resonant optical micro/nanocavity and illumi-
nate it with probing light. The probing light can interact with
the entire system, carry out part of the information of the sys-
tem and present it extrinsically in the form of optical spectrum.
The macroscopic spectrum can reflect many microscopic char-
acteristics, such as the density of microscopic particle, atomic
dipole moment, the interaction or coupling strength, the con-
struction of energy level, the damping of system, which can
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be found from Eq. (19). This is an intuitive clue from micro-
scopic to macroscopic world.

To go further, our results also link macroscopic electro-
magnetism with microscopic quantum mechanics. So far, the
macroscopic limits of quantum mechanics have yet to be dis-
cussed. How tiny an entity must be when it must be described
by microscopic quantum mechanics instead of macroscopic
electromagnetism? A thousand of atoms? One million of
atoms? Besides, is there a continuous transition between mi-
croscopic quantum mechanics and macroscopic electromag-
netism? The above question involves the connection between
macroscopic world and microscopic world. Our model gives
an example of fusion of electromagnetics and quantum me-
chanics. The relative permittivity and polarization are char-
acteristics derived from macroscopic electromagnetics, which
contain the information about the interaction between light
and matter. Based on immutable Maxwell equations, the di-
versity in the permittivity of matter manifests many colorful
macroscopic optical phenomena, whether well known or still
unknown. The atomic dipole moment introduced in Eq. (2) is
the characteristic derived from microscopic quantum mechan-
ics. It plays a significant role in the interaction between light
and matter, which is the intensity coefficient that determines
the coupling term between photon and atom. Here, we link
the two physical quantities in Eq. (19), which is in different
word but both describe the intensity and tightness of the cou-
pling effect between light and matter.

4. Conclusion
In summary, we have built up a model physical system to

describe the process of detecting Rabi splitting of a strongly-
coupled atom–photon system in the platform of high-Q low
modal volume optical micro/nanocavity via an external prob-
ing light. We have constructed a quantum theory that can
describe the optical response of the strongly-coupled system
under the action of the external probing light and the corre-
sponding spectral lineshape. We have taken the Hamiltonian
for the strongly-coupled photon–atom system as the unper-
turbed Hamiltonian 𝐻0 and the interaction Hamiltonian of the
probing light upon the coupled-system quantum states as the
perturbed Hamiltonian 𝑉 . Based on the dressed state basic
quantum states, which are the eigenstates of 𝐻0, we can solve
the evolution of these quantum states under the action of the
probing light as described by 𝑉 . Then all the relevant quan-
tities such as the atomic dipole moments, the effective per-
mittivity, the optical response, and spectral lineshape of the
strongly-coupled photon–atom system can be solved in the
standard framework of quantum mechanics. The theory shows
that the strongly-coupled system exhibits a double Lorentzian
lineshape, which agrees well with experimental observation
of Rabi splitting in the form of spectral splitting. Moreover,

several critical parameters such as spectral strength, spectral
splitting, and spectral linewidth can be related to the intrinsic
parameters of the strongly-coupled atom–photon system.

Our theory offers a good theoretical platform to under-
stand the macroscopic optical properties for the strongly cou-
pled system composed of atoms, molecules, molecule aggre-
gates, and semiconductor quantum dots embedded within an
optical microcavity/nanocavity with high quality factor and/or
low modal volume, in particular, the prominent quantum ef-
fect of Rabi splitting due to the strong coupling of cavity-mode
single-photon with the two-level atomic states. Moreover, this
theory can also serve as a useful theoretical tool to construct
a bridge between the microscopic atomic energy level split-
ting and the macroscopic optical spectral splitting, and see
whether or not these two quantities exactly have the same val-
ues. On the other hand, readers can use the permittivity pre-
sented for the first time in this article as a starting point to
solve the transmission or reflection spectrum in optical cav-
ity involving strongly-coupled atom–photon systems and help
to discover fine new physical phenomena and new physical
laws. Finally, our theory can inspire people to, explore more
deeply the connection between the macroscopic world and mi-
croscopic world, visit new physical phenomena and laws in the
mesoscopic world, and deepen our understanding of the phys-
ical world at different levels.
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Fält S, Hu E L and Imamoglu A 2007 Nature 445 896
[32] Peter E, Senellart P, Martrou D, Lemaı̂tre A, Hours J, Gérard J M and

Bloch J 2005 Phys. Rev. Lett. 95 067401
[33] Reithmaier J P, Sȩk G, Löffler A, Hofmann C, Kuhn S, Reitzenstein

S, Keldysh L V, Kulakovskii V D, Reinecke T L and Forchel A 2004
Nature 432 197

[34] Yoshle T, Scherer A, Hendrickson J, Khitrova G, Gibbs H M, Rupper
G, Ell C, Shchekin O B and Deppe D G 2004 Nature 432 200

[35] Kleemann M E, Chikkaraddy R, Alexeev E M, Kos D, Carnegie C,
Deacon W, De Pury A C, Große C, De Nijs B, Mertens J, Tartakovskii
A I and Baumberg J J 2017 Nat. Commun. 8 1296

[36] Liu R, Zhou Z K, Yu Y C, Zhang T, Wang H, Liu G, Wei Y, Chen H
and Wang X H 2017 Phys. Rev. Lett. 118 237401

[37] Chikkaraddy R, de Nijs B, Benz F, Barrow S J, Scherman O A, Rosta
E, Demetriadou A, Fox P, Hess O and Baumberg J J 2016 Nature 535
127

[38] Zengin G, Wersall M, Nilsson S, Antosiewicz T J, Käll M and Shegai
T 2015 Phys. Rev. Lett. 114 157401

[39] Hakala T K, Toppari J J, Kuzyk A, Pettersson M, Tikkanen H, Kunttu
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