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Quantum singular value thresholding (QSVT) algorithm, as a core module of many mathematical models, seeks
the singular values of a sparse and low rank matrix exceeding a threshold and their associated singular vectors. The
existing all-qubit QSVT algorithm demands lots of ancillary qubits, remaining a huge challenge for realization on near-
term intermediate-scale quantum computers. In this paper, we propose a hybrid QSVT (HQSVT) algorithm utilizing both
discrete variables (DVs) and continuous variables (CVs). In our algorithm, raw data vectors are encoded into a qubit system
and the following data processing is fulfilled by hybrid quantum operations. Our algorithm requires O[log(MN)] qubits with
O(1) qumodes and totally performs O(1) operations, which significantly reduces the space and runtime consumption.

Keywords: singular value thresholding algorithm, hybrid quantum computation

PACS: 87.55.kd, 03.67.Ac DOI: 10.1088/1674-1056/ac40fb

1. Introduction
Quantum computation,[1] since its quantum advantage

over conventional one, has been an attractive and inspiring
field for decades. Many physical platforms, such as trapped
ions,[2–4] nuclear magnetic resonance,[5,6] photons,[7–9] and
solid state superconducting devices[10–13] have been deeply
explored to find a viable way to building a quantum computer.
While the major effort has been put on the quantum operations
on two-state quantum variables (being known as qubits), for
quantum systems, there exist both DVs and CVs. Resources
like position, momentum, and quadrature amplitudes of the
electromagnetic field are suitable candidates for continuous
variables. The quantum version of a CV mode (qumode)[14]

can be comparable to a qubit. The quantum information pro-
cessing can take advantage of both DVs and CVs.[15,16] Its
superiority has been shown in applications like quantum float
computing[17] and quantum phase estimation.[1,14]

In this paper, by using both DVs and CVs, we propose
a hybrid quantum algorithm for singular value thresholding
(SVT) to efficiently save physical resources while with quan-
tum speed-up. SVT is a core module in many important ap-
plications like computer vision and machine learning. Specif-
ically, the SVT algorithm has been applied to solve many nu-
clear norm minimizing (NNM)-based problems, such as ma-
trix completion, matrix denoising, and principle component
analysis (PCA).[18–20] The processes of SVT are the main
computational cost for those applications.

Since the superiority of quantum computer, many remark-
able quantum machine learning[21] algorithms have been pro-

posed. A QSVT algorithm[22,23] has been developed that can
execute the SVT operator exponentially faster than its classi-
cal counterparts. The algorithm for QSVT consists of three
main parts: quantum phase estimation, Newton iteration, and
controlled rotation. All the three parts require indispensable
ancillary qubits as registers for quantum float computing. De-
pend on the desired precision, the demand for the number of
ancillary qubits could be large and a grand challenge for re-
alization on near-term intermediate-scale quantum computers.
This motivates us to resort to hybrid quantum computation and
work out a more efficient approach to economize the quantum
resources.

Vectors of classical data are better encoded in quantum
states of qubit systems, as each component of a vector now
becomes the corresponding amplitude directly. However, the
all-qubit approach demands for lots of ancillary qubits as reg-
isters in its several main parts, which can be more efficiently
performed with CVs-based operations. Given the above two
considerations, it naturally calls for a hybrid quantum com-
puting approach that exploits both the advantages of qubits
and qumodes, as would be explored in this paper.

In our proposed hybrid QSVT algorithm, singular values
are encoded into the CVs and singular value transformation
can be implemented by hybrid controlled unitary transforma-
tions. In contrast to the all-qubit scheme that requires redun-
dant qubits and complicated circuits, our hybrid scheme con-
sumes only a limited amount of qubits and qumodes and sig-
nificantly reduces the complexity of the circuit. Our complex-
ity analysis shows that the hybrid scheme depresses the order
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of runtime comparing the all-qubit approach.
The remainder of this paper is organized as follows: We

give a brief review of the all-qubit QSVT algorithm in Sec-
tion 2 and propose our modified hybrid QSVT algorithm in
Section 3. Section 4 analyzes the complexity, success proba-
bility, and fidelity. We present our conclusions in Section 5.

2. All-qubit QSVT algorithm
In this section, we first briefly review the procedures of

the all-qubit QSVT algorithm. And then design a modified
hybrid QSVT algorithm (HQSVT).

The QSVT algorithm is based on the singular value de-
composition (SVD).[18] Given a low rank matrix A ∈ RM×N

with rank R ≤ min(M,N), Ai, j represents the elements of the
i-th row and j-th column of matrix A. The singular value
decomposition (SVD) of A is a factorization A = UΣV ∗ =
∑

R
k=1 σk𝑢k𝜈k, where σk are called singular values of A and 𝑢k,

𝜈k represent left and right singular vectors respectively. In the
QSVT algorithm, suppose the matrix A is the input, the output
takes the form of ∑

r
k=1(σk− τ)+𝑢k𝜈k where r ≤ R and τ is a

threshold. Here (σk− τ)+ = max(σk− τ,0).
Figure 1 shows the circuit representation of the QSVT al-

gorithm. The algorithm is based on the HHL algorithm[24] and
can be decomposed into five parts. The state evolution cor-
responds to each part of the circuit is represented in Fig. 2.
In initialization, by using quantum random access memory
(qRAM),[25–27] the elements of the input matrix A are stored in
register B. In the first part, the algorithm performs the quantum
phase estimation ÛPE and stores the singular value information
in register C. The second part contains an unitary operation
Ûσ ,τ which converts the eigenvalues |σ2

k 〉 stored in register C
to the intermediate result |yk〉 stored in the register L, where
yk = (1− τ/σk)+ ∈ [0,1). Then |yk〉 stored in register L con-
taining the information of eigenvalues is assigned to the am-
plitude of the auxiliary qubit through rotation transformation
in the third step. In the fourth part, an unitary transformation
Û† is used to eliminate the unwanted registers. Eventually, the
measurement is performed on the auxiliary qubit and register
B collapses to the target quantum state. The algorithm outputs
the state |ψS〉 close to the desired result.

Anc. |0>

Reg.L |0>

Anc. |τ>

Reg.C |0>

Reg.B |ψA>

Ry

yk>

σk>

sin↼ykα↽>⇁cos↼ykα↽> |1>

|0>

|τ>

|0>

|ψS>^

Uσ,τ
^

UPE
^

U 

†^

W F T †

eiAt ⊗ In
^ ^ Skσk|uk>|νk>

2

Fig. 1. Quantum circuit of the all-qubit QSVT algorithm. The circuit is divided into 5 parts by the red dashed box. The bottom wire with ‘/’ represents
a group of qubits.

QSVT algorithm

|0>Anc.|0>L S σk|σk>
C(|uk>|νk>)

B

|0>Anc.|0>L|0>C|ψA>B

UPE
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^

UcR
^





R

k/

1

√N1

|0>Anc. S σk|yk>
L(|uk>|νk>)

B
r

k/

1

√N1

S σk[sin↼ykα↽>⇁cos↼ykα↽>]Anc.|yk>
L|σk>

C(|uk>|νk>)
B

r

k/

1

√N1

S σk[sin↼ykα↽>⇁cos↼ykα↽>]Anc.(|uk>|νk>)
B

r

k/

1

√N1

S σk sin↼ykα↽(|uk>|νk>)
B

r

k/

S (σk-τ)(|uk>|νk>)
B

r

k/

1

√N2
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†^

Fig. 2. Entire state evolution corresponding to procedures of the all-qubit QSVT algorithm. The ancillary state |τ〉 is omitted because it remains the
same during the evolution of the quantum circuit.
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3. Hybrid QSVT algorithm
In this section, we elaborate our modified hybrid QSVT

algorithm (HQSVT). For the all-qubit QSVT algorithm, it can
be decomposed into several main procedures, including quan-
tum phase estimation, Newton iteration, and controlled rota-
tion. We keep these procedures and reconstruct them with hy-
brid operations or CVs-based operations.

The first reconstructed procedure of our algorithm is
quantum phase estimation, where a hybrid operator Û =

e−iATAP̂ is constructed to extract the singular values and regis-
ter them into the qumode. As shown in Eq. (1),

e−iHP̂t |ψ〉 |0〉q

= e−i ∑ j E j |Φ j〉〈Φ j |P̂t
∑

j
ψ j |Φ j〉 |0〉q

= ∑
j

e−iE jtP̂ψ j |Φ j〉 |0〉q

= ∑
j

ψ j |Φ j〉 |E jt〉. (1)

The operator Û = e−iHP̂ with H = ATA is applied on state
|ψ〉 |0〉q and the result takes the form of ∑i ψi |Ei〉 |Eit〉, where
|Ei〉 is the eigenstate of H and |0〉q is a qumode in the initial
state as a register. The registering of singular values is equiva-
lent to the add operation, with the quantity of addition depends
on the eigenvalues of H. Now the problem becomes how to
construct the density matrix exponentiation of ATAP̂.[19] Note
that

Trρ

(
e−iδ tSmρ⊗ρ

′eiδ tSm
)
= e−iδ tρ

ρ
′eiδ tρ +O(δ t2). (2)

Repeatedly apply the exponential swap operation and trace out
ρ , we obtain the density matrix exponentiation eiρt of den-
sity matrix ρ = ATA. Here ATA has been normalized with
ATA = ATA/Tr(ATA) and Sm is the swap operator. To con-
struct Û = e−iATAP̂, the exponential swap operator should be
modified as e−iδ tP̂Sm . We now have

Trρ

(
e−iδ tP̂Smρ⊗ρ

′eiδ tP̂Sm
)

= 1− i[ρP̂,ρ ′]δ t +O(δ t2)

= e−iδ tρP̂
ρ
′eiδ tρP̂ +O(δ t2). (3)

By setting ρ = ATA we obtain eiδ tATAP̂. Constructing Û with
desired precision ε requires O(ε−1) copies of ρ .[28]

The second reconstructed procedure of our HQSVT al-
gorithm is Ûσ ,τ . The detailed quantum circuit design of Ûσ ,τ

can be divided into two parts. The first part is Newton itera-
tion, which can be implemented by computing the functions:

zk = z(σ2
k ) = 1/

√
σ2

k and yk = 1− τzk. Obviously, it can

be done by the basic operations: addition, multiplication,[29]

and shift operations. Since universal quantum computation
for polynomial transformations of continuous variables effec-
tively allows one to perform quantum floating point manipu-
lations on those variables, here we introduce the CVs-based
basic operations to replace the original operations in the all-

qubit scheme, which can dramatically decrease the number of
qubits needed in the indispensable ancilla registers. As shown
in Fig. 3(a), the addition operation uses two qumodes, with
state |a〉q1

|b〉q2
as the input and |a〉q1

|a+b〉q2
the output. The

addition operator takes the form of e−iX̂1P̂2
, with the quantity

of addition determined by the first qumode |a〉q1
. The appli-

cation of three-variable multiply operator e−iX̂1X̂2P̂3
shown in

Fig. 3(b) allows one to multiply X1 and X2 and register the
result in X3.

(a) (b)

(c) (d)

|a>q

|>q |a>q

|a>q

Uadd
^

|a>q

|b>q

|>q

|b>q

|ab>q

|a>q

Umulti
^

|a>q

|x>q |e⇁ax>q

|a>q

Ushift
^+

|a>q

|x>q |e↩ax>q

|a>q

Ushift
^-

Fig. 3. Addition, multiplication, and shift operations based on CVs. Here
we use subscript q to indicate that the register is a qumode. (a) The addition
operation needs two qumodes with the first qumode determining the quantity
of addition and the second qumode taking the form of output. (b) The mul-
tiplication operator multiplies the values stored in the first two qumodes and
register the result in the third qumode. Both panels (c) and (d) are shift oper-
ations. Here panel (c) takes Xx→ e+aXx: U+

shift “stretches” Xx and panel (d)
takes Xx→ e−aXx: U−shift “squeezes” Xx.

Figures 3(c) and 3(d) show the shift operation, with the
application of Hamiltonian +S = (XP + PX)/2 and −S =

−(XP + PX)/2, the operator Û+
shift = e−i(+S)t “stretches” X

by the amount of et and Û−shift = e−i(−S)t “squeezes” P by
the amount of e−t .[17] One Newton iteration composed of
the above CVs-based basic operations is shown in Fig. 5.[22]

The Newton iteration function applied to the function f (zk) =

1/zk
2−σk

2 is

z(i+1)
k = g

(
z(i)k

)
= z(i)k −

f
(

z(i)k

)
f ′
(

z(i)k

)
=

1
2

(
3z(i)k −σ

2
k

(
z(i)k

)3
)
. (4)

The next part is the controlled rotation. Here we introduce
a hybrid rotation operation shown in Fig. 4, which extracts the
yk stored in register L to the amplitude of the ancilla qubit. The
operator e−iX̂⊗σ̂xt is essentially hybrid. It extracts the yk stored
in the qumode and then assigns yk to the amplitude of an aux-
iliary qubit, instead of extracting yk from register L consisting
of qubits:

e−iX̂⊗σ̂yt |yk〉q |0〉= |yk〉q (cos(ykt)|0〉+ sin(ykt)|1〉) . (5)

|x>q

|>q

|x>q

URota
^ cos↼xt↽>⇁sin↼xt↽>

Fig. 4. Circuit of the controlled rotation operation. In this hybrid operation,
the value stored in the qumode is assigned to the amplitude of the auxiliary
qubit.
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1

|>q

|>q

|>q

|>q

|>q

|x>q |x>q

|z>q

|z(i+1)>q

|>q

|>q

|>q

|>q

|x>q

|z>q|z>q |z>q

|z>q

|xz>q |xz>q

|xz2>q

|3-xz2>q

|3z-xz3>q |3z-xz3>q

|(1/2)(3z-xz3)>q

|3-xz2>q

|xz2>q

k

Fig. 5. Quantum circuit of one Newton iteration for computing z(i+1)
k = g

(
z(i)k

)
= (1/2)

(
3z− xz3). The iteration is composed of CVs-based quantum

operations.

The other procedures are consist with the all-qubit
scheme. We perform an operator Û† and then do the mea-
surement on the auxiliary qubit.

The overall procedures of our HQSVT algorithm is orga-
nized as the following steps.

Step 1 Initialization. The matrix A is loaded as state |ψA〉
via qRAM:

|ψ1〉= |0〉Anc.|0〉Lq |0〉
C
q |ψA〉B. (6)

Step 2 Quantum phase estimation. Perform Û = I⊗ÛPE

on |ψ1〉 to get

|ψ2〉=
1√
N0
|0〉Anc.|0〉Lq

R

∑
k=1

σk|σk
2〉Cq (|𝑢k〉|𝜈k〉)B, (7)

where N0 = ∑
R
k=1 σ2

k .
Step 3 If σk≥τ , we perform Ûσ ,τ to transform singular

values σk into yk and register them into the qumode L,

|ψ3〉=
1√
N1
|0〉Anc.

r

∑
k=1

σk|yk〉Lq |σ
2
k 〉

C
q (|𝑢k〉|𝜈k〉)B , (8)

where N1 = ∑
r
k=1 σ2

k .
Step 4 Rotation. Through rotation transformation Ûc,R,

we assign yk stored in the qumode L to the amplitude of the
auxiliary qubit,

|ψ4〉 =
1√
N1

r

∑
k=1

σk[sin(ykα)|1〉+ cos(ykα)|0〉]Anc.

⊗|yk〉Lq|σk
2〉Cq (|𝑢k〉|𝜈k〉)B. (9)

Step 5 Û†. We perform Û† =
(

I⊗Û†
PE

)(
I⊗U†

σ ,τ ⊗ I
)

on |ψ5〉 to eliminate unwanted qumodes L and C,

|ψ5〉 =
1√
N1

r

∑
k=1

σk[sin(ykα)|1〉+ cos(ykα)|0〉]Anc.

×(|𝑢k〉|𝜈k〉)B. (10)

Step 6 Projection measurement. We do projection mea-
surement on the auxiliary qubit and project the quantum state
onto |1〉, then the system collapses to

|ψ6〉=
1√
Nα

r

∑
k=1

σk sin(ykα)(|𝑢k〉|𝜈k〉)B, (11)

where Nα = ∑
r
k=1 σ2

k sin2(ykα).

4. Algorithm analysis
In this section, we first analyze the space consumption

and time complexity of our algorithm and then briefly describe
the success probability and fidelity.

4.1. Complexity

To begin with, we focus on the space consumption of our
algorithm. In the hybrid quantum phase estimation, register B
storing |ψA〉 takes up most space in our algorithm. The number
of qubits in register B is b=O[log(MN)]. In addition, we need
a few (8 to be precise) qumodes with squeezing factor[14] ε−1

for the desired precision ε in the computation of ÛPE, Ûσ ,τ ,
and Ûc,R. In contrast, the register consisting of qubits requires
O[log(ε−1)] qubits to register a floating point value. There-
fore, we need totally O[log(MN)] qubits and O(1) qumodes
in our hybrid scheme, which is significantly less than the all-
qubit QSVT algorithm requiring O[log(MN/ε)] qubits. We
reduce the number of qubits by replacing the registers widely
used in ÛPE, Ûσ ,τ , and Ûc,R with qumodes.

We now turn to the runtime analysis. Our hybrid quan-
tum phase estimation is much simplified, only a single opera-
tion Û = eiHP̂ on |ψA〉 |0〉q is performed, and the singular val-
ues are registered into the qumode. However, in the all-qubit
scheme, performing quantum Fourier transformation (QFT)
on N qubits takes the order of N2 quantum operations.[1] The
number of operations in the computation of Ûσ ,τ is a low de-
gree polynomial in the quantity of qumodes. Since the space
of qumodes is O(1), Ûσ ,τ takes the runtime of O(1). The
next operation Ûc,R is another single gate. Therefore, the total
number of operation in our hybrid approach is O(1). While
in the all-qubit QSVT algorithm, the number of operation is
O[poly(log(1/ε))].

To summarize, our proposed HQSVT algorithm requires
O[log(MN)] qubits and O(1) qumodes, and the runtime is
O(1). It is noted that we did not take the runtime for the prepa-
ration of intial state |ψA〉 and the time used to construct ÛPE

into account. It costs time O[log(MN)] via qRAM to prepare
state |ψA〉. For desired precision ε , it requires O(ε−1) copies
of density matrix ATA, where each copy of density matrix ATA
can be obtained from |ψA〉 in O[log(MN)] by qRAM. Thus the
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total runtime scales as O[ε−1 log(MN)] and our runtime opti-
mization is limited.

4.2. The success probability and fidelity

We now analyze the probability of obtaining the final re-
sult and the fidelity between the ideal and actual results in the
same way as the all-qubit approach.

In the first place, the probability of obtaining the final re-
sult is calculated as follows:

P(α) =
Nα

N0
=

∑
r
k=1 σ2

k sin2(ykα)

∑
R
k=1 σ2

k
. (12)

Furthermore, we get the fidelity via the inner product be-
tween our circuit output |ψS〉 in Eq. (11) and the theoretical
output

|ψ ′S〉 =
1√
N2

r

∑
k=1

(σk− τ)+ |𝑢k〉 |𝜈k〉

=
1√
N2

r

∑
k=1

σkyk |𝑢k〉 |𝜈k〉 ,

where N2 = ∑
r
k=1 σk

2yk
2,

F(α) = 〈ψS|ψ ′S〉=
1√

N2Nα

r

∑
k=1

σ
2
k yk sin(ykα)

=
∑

r
k=1 σ2

k yk sin(ykα)√
∑

r
k=1 σ2

k y2
k×∑

r
k=1 σ2

k sin2(ykα)
. (13)

According to Cong et al.,[30] ykα ≈ sin−1(yk). Therefore,

P(α)≈ ∑
r
k=1 σ2

k y2
k

∑
r
k=1 σ2

k

and F(α)≈ 1.

5. Conclusion
In this paper, we utilized the advantages of qubits and

qumodes in a balanced way and proposed an HQSVT algo-
rithm based on the all-qubit QSVT algorithm. It enables the
hybrid quantum computer to solve many NNM-based prob-
lems. We decomposed our algorithm into several key subrou-
tines and further investigated the construction of each subrou-
tine through hybrid systems composed of qubits and qumodes.
Then we analyzed the space–time complexity of our algo-
rithm, which shows that our algorithm requires O[log(MN)]

qubits and O(1) qumodes, and its runtime is O(1), therefore
it is an optimization of the all-qubit QSVT algorithm. In or-
der to register the singular values with the same precision as
the all-qubit approach, we take qumodes with squeezing fac-
tor ε−1 for the desired precision ε , so that our algorithm has

the same success probability of obtaining the final result and
the fidelity between the ideal and actual outputs. It is worth
mentioning that our optimization method is not limited to the
QSVT. The proposed method can be applied to other quantum
phase estimation-based algorithms, such as quantum principal
component analysis and quantum linear regression.
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