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Two new photon-modulated spin coherent states (SCSs) are introduced by operating the spin ladder operators J±
on the ordinary SCS in the Holstein–Primakoff realization and the nonclassicality is exhibited via their photon number
distribution, second-order correlation function, photocount distribution and negativity of Wigner distribution. Analytical
results show that the photocount distribution is a Bernoulli distribution and the Wigner functions are only associated with
two-variable Hermite polynomials. Compared with the ordinary SCS, the photon-modulated SCSs exhibit more stronger
nonclassicality in certain regions of the photon modulated number k and spin number j, which means that the nonclassicality
can be enhanced by selecting suitable parameters.

Keywords: the photon-modulated spin coherent state, nonclassicality, photocount distribution, Wigner distri-
bution function
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1. Introduction
As a new class of physical carriers, non-Gaussian states

play a significant role for many quantum information the-
ory applications. This is mainly because they can improve
some important quantum information processes addressing
the practical problems of state generation, entanglement and
nonclassicality.[1–3]

At present, there has been considerable interest in the
engineering of non-Gaussian states, especially, their theo-
retical and experimental aspects. Both photon-addition and
photon-subtraction operations are considered as two kinds of
effective methods for producing the non-Gaussian states[4–8]

that may provide advantages in metrology and quantum
computation.[9–11] The notion of photon addition to a quan-
tum state was suggested by Agarwal and Tara[12,13] and sub-
sequently a number of earlier studies of photon-added and
photon-subtracted states was carried out.[14–18] For exam-
ple, the experimental realization and tomographic analysis of
quantum states by adding and subtracting single photon to a
classical thermal field have been clarified in Ref. [19]. In ad-
dition, the potential usefulness of entangled states concerning
precision measurements using entangled input states has been
presented.[20]

Spin coherent states (SCSs) are analogous to ordinary co-
herent states in that they may be considered as near-classical

states, non-Gaussian states of their corresponding systems.

Experimentally, the SCSs can be easily generated via the cav-

ity QED and trapped ions.[21] This also promotes the the-

oretical development of the SCSs. For example, the au-

thors of Ref. [19] presented an improved phase estimation

scheme and demonstrated that increasing the spin number

leads to the smallest variance in comparison to NOON states

(|NOON⟩= (1/
√

2)[|N,0⟩+ |0,N⟩]). The photon-added SCSs

have been introduced by Berrada,[22] the statistical proper-

ties of these states are investigated in terms of hypergeometric

and Meijer G-functions. As a further research of the SCSs,

we now introduce two new photon-modulated SCSs in the

Holstein–Primakoff realization and investigate their nonclas-

sicality via the photon number distributions, second-order cor-

relation function, and photocount distribution. Moreover, we

discuss the Wigner functions and their marginal distributions

of the two new photon-modulated SCSs and investigate their

nonclassical behaviors via the appearance of their negative val-

ues. This paper is organized as follows. In Section 2, two

new photon-modulated SCSs are theoretically constructed via

the Holstein–Primakoff realization of angular momentum al-

gebra. Sections 3–6 are devoted to investigating their nonclas-

sical properties analytically and numerically. The main results

of this article are summarized in Section 7.
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2. Photon-modulated spin coherent states
Noting that the Holstein–Primakoff realization of the

spin ladder operators is given as J+ = a†
√

(2 j−n), J− =√
(2 j−n)a, Jz = n − j, which satisfy the spin Lie algebra

[J+,J−] = Jz, [J±,Jz] = ∓J±,[23] where a and a† are the an-
nihilation and creation operators, [a,a†] = 1, and the number
j presents the total angular momentum quantum number, thus
acting the exponential operator ezJ++z*J− on single-mode vac-
uum and in the the Fock state space we can expand the SCSs
as

|z, j⟩= 1

(1+ |z|2) j

2 j

∑
n=0

(
2 j
n

)1/2

zn |n⟩ . (1)

Further, by repeatedly operating the spin ladder operators J+
and J− on the ordinary SCSs |z, j⟩ for k times, we obtain the
photon-modulated SCSs |z, j⟩a and |z, j⟩s, which are respec-
tively represented as

|z, j⟩a = 𝒩−1/2
a

2 j−k

∑
n=0

𝒟1/2
a zn |n+ k⟩ ,

|z, j⟩s = 𝒩−1/2
s

2 j

∑
n=k

𝒟1/2
s zn |n− k⟩ , (2)

thus the normalization factors 𝒩a and 𝒩s read

𝒩a =
2 j−k

∑
n=0

𝒟a |z|2n , 𝒩s =
2 j

∑
n=k

𝒟s |z|2n , (3)

where the parameters 𝒟a and 𝒟s are

𝒟a =
(n+ k)!(2 j)!

(n!)2 (2 j−n− k)!
,

𝒟s =
(2 j−n+ k)!(2 j)!

[(2 j−n)!]2 (n− k)!
. (4)

3. Photon number distribution
For the photon-modulated SCSs |z, j⟩a(s), their photon

number distributions are given as

Pa(m) = 𝒩−1
a

m!(2 j)! |z|2(m−k)

(2 j−m)! [(m− k)!]2
,

Ps(m) = 𝒩−1
s

(2 j)!(2 j−m)! |z|2(m+k)

m! [(2 j−m− k)!]2
. (5)

For a given value of |z| (e.g., |z|= 1), we plot the photon
number distributions Pa(s)(m) of the states |z, j⟩a(s) for differ-
ent values of the parameters k and j in Fig. 1. Figure 1 shows
that the photon number distribution only appears in several
photon numbers and almost approaches zero for others. With
increasing the parameters k and j, the peak of the state |z, j⟩a

moves to a higher photon number m, but both a smaller k and a
larger j can lead to a wider photon number distribution. How-
ever, for the state |z, j⟩s, with increasing j or decreasing k, the
peak moves to a higher value of photon number and shows a
wider photon number distribution.
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Fig. 1. Photon number distribution of the state |z, j⟩a as a function of photon number m with |z| = 1 for (a) j = 3, k = 1; (b) j = 3, k = 3; (c)
j = 5.5, k = 3. Photon number distribution of the state |z, j⟩s as a function of photon number m with |z| = 1, for the same values of |z, j⟩a,
respectively, refer to (d), (e) and (f).

4. Photocount distribution
Nonclassicality of light fields can be measured using a

photon counting apparatus to judge the nonclassical features
in experiment, which greatly simplifies the theoretical research
of photocount distribution. For a single-mode quantum state
ρ of light field, the new formula of calculating the photocount
distribution is defined as[24]

𝒫(m) =

(
ξ

ξ −1

)m ∫ d2z
π

e−ξ |z|2

×Lm(|z|2)
〈√

1−ξ z
∣∣∣ρ ∣∣∣√1−ξ z

〉
, (6)

where ⟨
√

1−ξ z|ρ|
√

1−ξ z⟩ is Q function of the state ρ since
|
√

1−ξ z⟩ is a coherent state with the amplitude
√

1−ξ z, ξ is
the quantum efficiency of the detector and Lm(·) is a Laguerre
polynomial. Clearly, when the Q function of ρ in the coherent
state |

√
1−ξ z⟩ is known, the photocount distribution can di-

rectly be obtained via performing the integral of the variable
z in Eq. (6). For this purpose, using the technique of method
within an ordered product of operator, we now obtain the Q
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function of the state |z, j⟩a as〈√
1−ξ z

∣∣∣z, j⟩aa⟨z, j
∣∣∣√1−ξ z

〉
= 𝒫n+ke−(1−ξ )|z|2 (1−ξ )n+k |z|2(n+k)

(n+ k)!
, (7)

where 𝒫n+k = 𝒟a |z|2n /𝒩a. By virtue of the relation be-
tween Hermite polynomials and Laguerre polynomials, that
is, Lm(|z|2) = (−1)m

m! Hm,m(z,z*), and the differential form
of two-variable Hermitian polynomials, i.e., Hm,n(ξ ,ξ

*) =

∂ m
s ∂ n

t e−st+sξ+tξ *
∣∣∣
s=t=0

, the photocount distribution of the

state |z, j⟩a is calculated as

𝒫a(m) =
𝒫n+kξ m

(n+ k)!m!(1−ξ )m−n−k

∫ d2z
π

|z|2(n+k)

×∂
m
s ∂

m
t exp(−|z|2 − st + sz+ tz*)

∣∣∣
s=t=0

. (8)

Furthermore, using the mathematical integral formula∫ d2z
π

znz*m exp(h |z|2 + sz+ηz*)

= e−sη/h
min(m,n)

∑
l=0

m!n!sm−lηn−l

l!(m− l)!(n− l)!(−h)m+n−l+1 , (9)

we can obtain the distribution 𝒫a(m) as

𝒫a(m) =
2 j−k

∑
n=0

𝒫n+k

(
n+ k

m

)
ξ

m(1−ξ )n+k−m. (10)

Similarly, we can obtain the photocount distribution of the
state |z, j⟩s, i.e.,

𝒫s(m) =
2 j

∑
n=k

𝒫n−k

(
n− k

m

)
ξ

m(1−ξ )n−k−m, (11)

where 𝒫n−k = 𝒟s |z|2n /𝒩s. Clearly, Eqs. (10) and (11) show
that 𝒫a(s)(m) are the familiar Bernoulli distributions, which in-
dicate that counting the success probability for m out of n± k
photons depends linearly on the probability of counting m pho-
tons ξ m multiplied by the probability of counting n± k −m
photons (1−ξ )n±k−m.
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Fig. 2. Photocount distribution of the state |z, j⟩a versus the number of detected photons m for some different values of k and ξ , with |z| = 1,
j = 3 (a) k = 1, ξ = 0.1; (b) k = 5, ξ = 0.1; (c) k = 1, ξ = 0.99. Photocount distribution of the state |z, j⟩s versus the number of detected
photons m, with the same values as |z, j⟩a, respectively, refer to (d), (e) and (f).

Here we are interested in how the photon counting dis-
tributions 𝒫a(s)(m) are affected by varying the parameters ξ

and k, which reveal the variations of the distributions 𝒫a(s)(m)

with the quantum efficiency ξ of the detector and photon mod-
ulated number k. From Fig. 2, we can see that the distributions
𝒫a(s)(m) are related to ξ and k, only emerge in several num-
bers of counting m, and are close to zero for others, which
indicates that the probability of counting m has more compli-
cated nonclassical features. For a fixed poor efficiency ξ (e.g.,
ξ = 0.1), the maximum probability of counting photons grad-
ually decreases and the range being larger as k increases for the
state |z, j⟩a. However, for the state |z, j⟩s, the changes of pho-
tocount distributions with the increase of k are just contrary
[see Figs. 2(a), 2(b), 2(e), and 2(f)]. For a fixed modulated
number k (e.g., k = 1), as quantum efficiency ξ increases, the
maximum probability of counting photons slowly decreases

and its position moves to the large counting m almost to 0.35
regardless of |z, j⟩a(s). In sum, the states |z, j⟩a(s) can become
more robust and highly nonclassical by modulating the quan-
tum efficiency ξ and photon modulated number k.

5. Second-order correlation function

Nonclassicality of the photon-modulated SCSs |z, j⟩a(s)

can be investigated via its second-order correlation function
defined as g(2)(0) =

〈
a†2a2

〉
/
〈
a†a
〉2.[25] For the case of

g(2)(0)< 1, the states |z, j⟩a(s) can exhibit sub-Poissonian dis-
tribution representing nonclassicality. From Eq. (2), we find
that the average values a(s)

〈
a†a
〉

a(s) and a(s)
〈
a†2a2

〉
a(s) are ob-

tained as

a
〈
a†a
〉

a =𝒩−1
a

2 j−k

∑
n=0

𝒟a(n+ k) |z|2n , (12)
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s
〈
a†a
〉

s =𝒩−1
s

2 j

∑
n=k+1

𝒟s(n− k) |z|2n , (13)

a
〈
a†2a2〉

a =𝒩−1
a

2 j−k

∑
n=0

𝒟a(n+ k)(n+ k−1) |z|2n , (14)

s
〈
a†2a2〉

s =𝒩−1
s

2 j

∑
n=k+2

𝒟s(n− k)(n− k−1) |z|2n . (15)

For the states |z, j⟩a(s), substituting Eqs. (12)–(15) into the
original definition of g(2)(0), we plot the second-order correla-
tion function g(2)a(s)(0) versus the amplitude |z| for different val-
ues of photon modulated number k and spin number j in Fig. 3.
Clearly, there are always g(2)a(s)(0)< 1 for any parameter values
of k and j, which corresponds to a sub-Poissonian distribution.
Notably, for a given value of j (e.g., j = 3), g(2)a (0) always in-
creases and g(2)s (0) gradually decreases with increasing k. For
a fixed k (e.g., k = 2), g(2)a(s)(0) always increases with increas-

ing j. Especially, for large |z|, g(2)a (0) tends to a fixed value
that only depends on the photon modulated spin number j, as
shown in Fig. 3(a). This indicates that the states |z, j⟩a(s) ex-
hibit different nonclassical behaviors, and much stronger non-
classicality than the original SCSs |z, j⟩ by choosing appropri-
ate parameters.
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Fig. 3. The second-order correlation function of the state |z, j⟩a as a function
of amplitude |z| (a) j = 3, k = 1, 2, 3; (b) k = 2, j = 2.5, 3.5, 5. The second-
order correlation function of the state |z, j⟩s as a function of amplitude |z|
with the same values as |z, j⟩a, respectively, refer to (c) and (d).

6. Wigner distribution
Usually, for a single-mode quantum state ρ , its Wigner

distribution is defined as W (α) = tr[∆(α)ρ], where ∆(α) =

π−1D(2α)(−1)N is the coherent state representation of single-
mode Wigner operator,[26–29] D(2α) = e2(αa†−α*a) is dis-
placement operator and N = a†a is number operator. To obtain
the Wigner distributions of the states |z, j⟩a(s), we first calcu-
late the normal ordering product of the operator amD(α)a†n.
Inserting the completeness of coherent states into the operator
amD(α)a†n leads to

amD(α)a†n =
∫ d2z

π
amD(α)D(z) |0⟩⟨z|z*n. (16)

Further, using the operator identity D(α)D(z) = D(α +

z)e(z
*α−zα*)/2, and the normal ordering of the density oper-

ator of vacuum, i.e., |0⟩⟨0|= : e−a†a : , as well as the integral
formula (9), thus we can rewrite Eq. (16) as

amD(α)a†n =
∫ d2z

π
(a+ z)m |α + z⟩⟨z|z*n e(z

*α−zα*)/2

= e−|α|2/2
m

∑
l=0

(
m
l

)
am−l : eαa†−a†a

×
∫ d2z

π
zlz*n e−|z|2+z(a†−α*)+z*a :

= e−|α|2/2
m

∑
l=0

(
m
l

)
am−l

× :
min(l,n)

∑
s=0

l!n!(a† −α*)n−sal−s

s!(l − s)!(n− s)!
eαa†−α*a : ,

(17)

which leads to the matrix elements in the Fock basis, that is,

⟨m± k|D(2α) |n± k⟩

=

[
(n± k)!
(m± k)!

]1/2

(2α)m−n e−2|α|2Lm−n
n±k (4 |α|2). (18)

Substituting Eqs. (2) and (18) into the definition of Wigner dis-
tribution, we finally obtain the analytical Wigner distributions
of the photon-modulated SCSs as follows:

Wa(α) =
2 j−k

∑
m,n=0

𝒟aℳn!znz*m

π𝒩am!(n+ k)!

×Hm+k,n+k(2α,2α
*)e−2|α|2 , (19)

Ws(α) =
2 j

∑
m,n=k

𝒟s(2 j−n)!znz*m

π𝒩sℳ(2 j−m)!(m− k)!

×Hm−k,n−k(2α,2α
*)e−2|α|2 , (20)

where we have used the relation between the associated La-
guerre polynomials Lm−n

n (xy) and two-variable Hermite poly-
nomials Hm,n(x,y), that is, (−1)nxm−nLm−n

n (xy) = Hm,n(x,y),
and ℳ= [(2 j−n− k)!/(2 j−m− k)!]1/2.

In Fig. 4, we present the Wigner distributions of the
photon-modulated SCSs |z, j⟩a(s) as a function of Reα and
Imα for different values of photon modulated number k, spin
j and amplitude |z|. Intuitively, the distributions Wa(s)(α)

always have negative regions and non-Gaussian features in
phase space for certain parameter values, as a signal of the
nonclassicality aspect of the quantum state of interest. Spe-
cially, the distribution Ws(α) of the state |z, j⟩s exhibits the
multi-peak structure with a main peak and a large negative re-
gion in phase space. For small |z|, the distribution Ws(α) loses
completely its negative region and becomes a single upward
Gaussian peak at the central position without the photon mod-
ulated number k and spin number j, which is similar to the
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distribution for 2 j = k, whereas it exhibits gradually the neg-
ative region with increasing |z|. The negative region of the
distribution Ws(α) increases with increasing integer j, how-
ever decreases with the increase of even (or odd) k. On the
other hand, for the distribution Wa(α), its partial negative re-
gion becomes larger with increasing k for a fixed j and almost
keeps unchanged with the spin j for a given k. Therefore, pho-
ton modulated operation can enhance the nonclassicality of the
state |z, j⟩ by modulating the parameters k, j and |z|.
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Fig. 4. The Wigner function of the state |z, j⟩s for different parameters
k, j and |z|, where the values of (k, j, |z|) are respectively (a) (2, 2.5,
0.01); (b) (2, 2.5, 20); (c) (3, 2.5, 20); (d) (2, 3, 20).

Next, we want to calculate two marginal distributions of
Wa(s)(α). Using the definition of Hermite polynomials, i.e.,
Hn (q) = eq2/2 (q−d/dq)n e−q2/2,[28] we obtain the marginal
distribution[30,31] of Wa(α) in the q- and p-direction as

Pwa (q) =
e−q2

√
π𝒩a

∣∣∣∣∣2 j−k

∑
n=0

ℱ1/2
a znHn+k(q)

∣∣∣∣∣
2

, (21)

Pwa (p) =
e−q2

√
π𝒩a

∣∣∣∣∣2 j−k

∑
n=0

ℱ1/2
a zn(−i)n+kHn+k(p)

∣∣∣∣∣
2

, (22)

which are related to the square of the modulus of single-mode
Hermite polynomials Hn+k(·), ℱa =𝒟a/

[
(n+ k)!2n+k

]
. Sim-

ilarly, we can calculate the marginal distributions of Ws(α) in
the q- and p-direction as

Pws (q) =
e−q2

√
π𝒩s

∣∣∣∣∣ 2 j

∑
n=k

ℱ1/2
s znHn−k(q)

∣∣∣∣∣
2

, (23)

Pws (p) =
e−q2

√
π𝒩s

∣∣∣∣∣ 2 j

∑
n=k

ℱ1/2
s zn(−i)n−kHn−k(p)

∣∣∣∣∣
2

, (24)

with ℱs =𝒟s/
[
(n− k)!2n−k

]
. Obviously, Eqs. (21)–(24) rep-

resent the probabilities of finding the particles with the given
position q (momentum p) in the states |z, j⟩a(s), which are just
related to single-variable Hermite polynomials of orders n±k.
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Fig. 5. Marginal distributions Pwa(ws) for the functions Wa(s)(α) in the p–q phase space for different values of ( j, k, |z|), where (3, 1, 1, black
curves), (3, 1, 10, red curves), (3, 3, 1, blue curves), (5.5, 3, 1, brown curves), respectively.

Figure 5 shows the marginal distributions Pwa(s)(q) and
Pwa(s) (p) for different values of j, k and |z|. As seen in Fig. 5,
the probability distributions only occur in a certain range of
q and p and tend to zero for other ranges. With the increase
of k, the peak of the distributions Pwa(q) and Pws(q) moves to
the opposite direction along the q axis, and its peak value de-
creases. With increasing j, both the peak of the distributions

Pwa(q) and Pws(q) moves toward the larger q, and its peak
value changes are quite on the contrary. In other words, the
maximum marginal distribution probability moves to different
positions q with the changing k and j. On the other hand, we
have found that both the states |z, j⟩a(s) show probability distri-
butions Pwa(s)(p) with a series of small peaks that have sym-
metrical feature. As k and j get larger the peak value of the
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distribution Pwa(p) decreases, however the distribution Pws(p)
is just opposite. Moreover, with increasing |z|, the nonclas-
sical oscillations are enhanced, and the probabilities to detect
the particles decrease.

7. Conclusions
In summary, we have repeatedly acted the spin operators

J+ and J− on the SCS that leads to theoretically producing
two new photon-modulated SCSs, and studied their nonclassi-
cal properties via photon number distribution, photocount dis-
tribution, second-order correlation function and Wigner func-
tion. For the state |z, j⟩a, the maximum probability of counting
photons gradually decreases as k increases, while it is com-
pletely contrary for the state |z, j⟩s. Regardless of the states
|z, j⟩a(s), the maximum probability tends to the large counting
m and the value is almost to a fixed value as quantum efficiency
ξ increases. Furthermore, using the coherent state representa-
tion of Wigner operator, we have obtained the Wigner func-
tions and their marginal distributions for the states |z, j⟩a(s)

that are always related to Hermite polynomials. The Wigner
distributions obviously exhibit the multi-peak structures and
some negative regions, which shows that the photon modu-
lated operations can enhance the nonclassicality to a certain
degree. Moreover, we have particularly analyzed the peaks
of the maximum marginal distribution probability along the q
axis and interference fringes along the p axis with the different
modulated numbers k and spins j. Noting that various types
of nonclassicality can be obtained by selecting the appropriate
control parameters, and the nonclassicality of the states can
remarkably be improved, these results may make the features
of the photon-modulated SCSs as a good reference implemen-
tation of different schemes of quantum optics and quantum
information.
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