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We investigate the anisotropic spin—orbit coupled spin-2 Bose—Einstein condensates with Ioffe—Pritchard magnetic
field. With nonzero magnetic field, anisotropic spin—orbit coupling will introduce several vortices and further generate a
vortex chain. Inside the vortex chain, the vortices connect to each other, forming a line along the axis. The physical nature
of the vortex chain can be explained by the particle current and the momentum distribution. The vortex number inside the
vortex chain can be influenced via varying the magnetic field. Through adjusting the anisotropy of the spin—orbit coupling,
the direction of the vortex chain is changed, and the vortex lattice can be triggered. Moreover, accompanied by the variation
of the atomic interactions, the density and the momentum distribution of the vortex chain are affected. The realization and
the detection of the vortex chain are compatible with current experimental techniques.
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1. Introduction

Vortices, vortex chains and vortex lattices have consti-
tuted the most relevant topological nontrivial excitations in
the condensed matter physics.!!=3 These topological excita-
tions contain phase singularities in the phase field, which can
be characterized by winding numbers.[*-1 Usually, vortices
are relevant to the external rotation of fluid, i.e., waterl”] or
superfluid.’®! Vortices have already been predicted or real-

9-11

ized in the superfluid phase of “He.[°!!] Remarkably, vor-

tices are opined to be the key point to some foundations

of the systems, such as magnetic materials,[!?~14]

g, [15-17

quan-
tum memorie I'and quantum optics.['821 Among the
plethora of several physical systems, the highly controllable
ultracold bosonic gases open a new gate of engineering non-
trivial excitations.?!! Therefore, substantial investigations on
the vortex generation,??! the dynamic evolution!?* and the
stability[>*! have been executed in the field of Bose—Einstein
condensations (BECs). To investigate the quantum vortices
and superfluidity in the spinor BECs, external rotation often
plays an important role.!”>! In physics, rotation can be char-
acterized by nonzero canonical angular momentum (L) =
[¥T(r x p)Wdr.262 And vortices are generated in re-
sponse to the canonical angular momentum.?®°! The com-
mon ways to rotate the condensates, including stirring the

[31]

condensate?%! or rotating the anisotropic trap,[*! could intro-

duce canonical angular momentum. However, with the help
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of gauge field and magnetic field, nonzero canonical angular
momentum can also be generated. >
Recent investigations on artificial gauge field, i.e., spin—

(32341 in spinor BECs have

orbit coupling (SOC) techniques
attracted tremendous interest in systematically studying the
novel vortex structures hosted by spinor BECs. For exam-
ple, Xu et al. have found that Rashba-type SOC could trig-
ger a one-dimensional (1D) vortex chain in spin-1/2 BECs. 35]
The anisotropic SO-coupled BECs were firstly discussed by
Stanescu et al.,'*®! and the ground-state phase diagrams are
found to have much richer structures than those obtained
by using external rotation.”) In spin-2 BECs, anisotropic
SOC can be used to generate various patterns in the cyclic
phase.®8] Furthermore, it is interesting to explore how SOC
could generate novel vortex configurations other than the SOC
itself.[3*) Accompanied by the IoffePritchard (IP) magnetic
field, Dresselhaus-type SOC could trigger vortex lattices in
spin-1/2 BECs without external rotation.*8! Various nontriv-
ial excitations, i.e., strip phase and vortex-ring phase, have
been investigated with the combined effects of rotation, mag-
netic field or isotropic SOC in the low-spin systems.[40:41]
However, the exotic vortex configurations in the ferromagnetic
phase, anti-ferromagnetic phase or the cyclic phase of the spin-
2 BECs system remain unclear.

In this paper, we apply anisotropic SOC to trigger 1D vor-
tex chain in the spin-2 BECs. Magnetic field and anisotropic

SOC are applied to replace the external rotation, introducing

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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angular momentum to the system. When magnetic field is ab-
sent, the 1D SOC (along the x-direction) can induce the plane
wave phase ground state. However, the x-axis distributed vor-
tex chain is generated by the combined effect of 1D SOC and
magnetic field. Through calculating the particle current and
the momentum distribution, we find that the 1D vortex chain
is formed attributing to two contrary-propagated plane waves.
Through changing the magnetic field, the vortex number in-
side of the vortex chain is varied. When keep the y-direction
SOC zero, the vortex number inside of the vortex chain would
increase with the x-direction SOC strength. However, when
keep the x-direction SOC strength at a fixed value, vortex lat-
tices and y-axis distributed vortex chains can be generated by
increasing the y-direction SOC strength. Moreover, the in-
fluence of the spin-exchange interaction and the spin singlet-
pairing interaction of the vortex chain and the vortex lattice is
investigated.

This paper is organized as follows. We firstly introduce
the model Hamiltonian in Section 2. The mean-field ground
state solution of the x-axis distributed vortex chain is obtained
by numerical minimizing the Hamiltonian function, and the
particle current and momentum distribution of the vortex chain
are discussed in Subsection 3.1. The influence of magnetic
field on the vortex chain is discussed in Subsection 3.2. More-
over, we investigate the influence of anisotropic SOC effect on
the vortex chain in Subsection 3.3. To connect with real exper-
iments, we discuss the atomic interaction effect on the vortex
chain and the lattice in Subsection 3.4. Eventually, Section 4
is devoted to concluding remarks.

2. Gross-Pitaevskii eqnarray

We consider a two-dimensional (2D) spin-2 BECs with
the combined effect of anisotropic SOC and IP magnetic field.

The mean-field Hamiltonian can be depicted as[>#4]

H = /d o' ( —v2+vﬁ+vso+uBgFB o
0 2 A 2,2 2
far(SeeGIEELSIOR) )

where ¥ = [W(7), Vi (r), % (r), -1 (r),¥_»(r)] character-
izes the macroscopic wave function of the condensate. m
is the atomic mass and n = ¥, n; = ¥,;|¥|?* is the total par-
ticle density, where /| = +2,+1,0. The 2D wave functions
are normalized as [n dxdy = N. The harmonic potential is
Vi = 1mo? (x* +)?), up is Bohr magneton, and gp = —1/2
is the Landé gp factor. The strengths of the density—density
interaction, the spin-exchange interaction and the spin singlet-
pairing interaction are co = 2h° (4ar +3as) / (Tm), ¢ =
21 (a4 —az) / (Tm) and ¢y = 21* (Tag — 10ay + 3ag) / (Tm),
respectively, where ag, a» and a4 represent the s-wave scat-

tering lengths in total spin fioq = 0, 2 and 4 channels.*3

F = (F,F,F,) = (P LW, OTEW, W E,¥) with spin-2 ma-
trices Fx_y,z, and @ =2y yW_r —y1y_| + 1//3)/5 is the am-
plitude of the spin singlet-pair. The anisotropic SOC term
— i (K F0x + KyFyéy), where
Ky and K, are SOC strength in the x and y directions.!*®! The
= B(xt —yJ),

where B is the radial field gradient in the x—y plane, and £,y are
[47]

can be characterized as Vo =
external IP magnetic field is depicted as B(r)

the unit vectors along the x,y directions, respectively.'*’! For
numerical calculation, it is convenient to make the following

parameter transformations:

x=28X, y=23&7, t:a)llﬁ
Key =/ (hoy ) /mk&.y, B=ho,/(upgré)B,
¥ = VNE B, co10=4TNG 12, )

where the length of the trap unit is § = /h/mw,. In
the mean-field approximation, the spin-2 BECs can be de-

scribed by the following dimensionless Gross—Pitaevskii (GP)

equations: (4>~
alpﬁ [ : S v —|—con} ¥,
%@lﬁz + & (B £ 2R W)
KO F KyOy )Wt + iB(X£i9) Py, 3)
a“’i‘ {_ 142 —|—Vext+con} - \%@‘PL
+é (2 :|:"PO+F:|:lP:t2iFlPﬂ:l)
+ (— 1K 0y & f<y8y> Yoo + ?(—ifcx&x T &,0y) %
iBEFiy)Per + ?ié(fiiy)%, 4)
ia;ﬁ = |- ;V2+Vext+con} ¥ + %@‘P
+?61 (F-Y +F. )+ g(—ifgﬁx-&- Ky 0y) ¥
+?( iRy — R0y W1 — ?iﬁ(ﬁ i9) %1, (5)
where F, = 2([)> — [Pof?) + B — )% Fy = F =

2P+ ) + VOB B+ B L), and Ve = (&2 +
7). For simplicity, it will be convenient to drop off the tilde
in the following calculation.

In order to quantitatively discuss the vortex solution,
the coupled GP Egs. (3)—(5) are solved by Crank—Nicolson
method.[*8) We have verified the stationary state solutions by
starting the calculation from a variety of initial conditions,
such as the Gaussian-like functions (¥ ~ exp[—(x*> +y?)/ o]
with [ = +2,4+1,0 and ¢y representing the width).
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3. Results and discussion
3.1. Formation of the vortex chain

We firstly investigate the ground state in the ferromag-
netic phase of spin-2 BECs with anisotropic SOC k; = 1 and
Ky = 0. Anisotropic SOC strength is fixed and IP magnetic
field is not considered (B = 0). As shown in the 2D density dis-
tribution of Fig. 1(a), the rotation symmetry of the condensates
is maintained and no density hole emerges because of the SOC
effect. As depicted in the phase field of Fig. 1(b), the phases of
different components change from —7& — +7 — —7--- peri-
odically. Obviously, anisotropic SOC could generate the plane
wave ground state, which is similar to the Rashba-type SOC
case.[*1 No topological nontrivial excitations are generated
with pure 1D SOC, while one kind of topological nontrivial
excitation is triggered with the combined effect of 1D SOC
and magnetic field. As shown in the 2D density distribution
of Fig. 1(c), we can observe several density holes along the x-
axis that are separated by density domains. The vortices can be

(a) 10 NNAB |y 2 |02

;b o
0 -

(b) 10 FgA1 T 3

;b |
0 £ I

(c) 10 2 2

= SRRREE S

. mflilllllm T{
A

xT x

L

x x xT

il

identified in the phase image of every component of the BECs.
From the phase field of Fig. 1(d), there are some phase singu-
larities distributing along the x-axis and completely across the
whole BECs. This new interesting configuration is referred to
as the vortex chain, which essentially differs from the symmet-
ric and equal distribution of vortices in the rotating BECs.>]
In the y > O region, there is a plane wave propagated toward
the —x direction. However, in the y < 0 region, there is a plane
wave propagated toward the +x direction. Apparently, the x-
axis distributed phase singularities are attributed to the two
contrary-propagated plane waves. The 1D vortex chain has
been generated by SOC and rotation in the spin-1 BECs, 4! in
which rotation could introduce canonical angular momentum
to the system. However, the magnetic field in this calcula-
tion can work as “rotation” to introduce angular momentum
when anisotropic SOC is considered (the effective rotation in

the system depends on the gauge potential induced effective
28]

magnetic flux).!

|

10

Ml

il

Fig. 1. The vortex chain is generated by anisotropic SOC and magnetic field. (a) The 2D density profiles of different components |¥|? (I = +2,41,0)
when anisotropic SOC strength k, = 1, &k, = 0 and magnetic field B = 0. (b) The corresponding phase fields 6; are exhibited, which indicate the

plane-wave ground state. (c) The 2D density profiles of different components |

[> when anisotropic SOC strength k; = 1, k, = 0 and magnetic field

B =0.25. (d) The corresponding phase fields 6; are exhibited, which indicate the vortex chain is distributed along the x-axis. In the GP simulation, the
dimensionless density—density interaction co = 2500, the spin-exchange interaction ¢; = —50, and the spin singlet-pairing ¢, = 200. Here, the length

of the harmonic trap is & = \/i/(m®,).

We can gain further insight into the discussed vortex
chain solution by computing the canonical particle current

density of the condensate!??!

ih

T = =5 (V).

(6)

where | = +2,+1,0 and m represents the atom mass. For

the anisotropic SOC coupled BECs (k;, = 1 and k;, = 0) with-
out magnetic field (B = 0), we display the canonical particle
current of ¥_, component in Fig. 2(a) (the canonical particle
currents of ¥ 10 1 components share the similar configura-
tion). Coincide with the phase field of different components
in Fig. 1(b), the canonical particle current J¢, propagates to-
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ward the +x direction, indicating the plane wave ground state.
Additionally, when magnetic field is considered (B = 0.25),
anisotropic SOC could generate the vortex chain structure
(ky =1 and &y, = 0), and the corresponding canonical parti-
cle current of ¥_, component is exhibited in Fig. 2(b). Along
with the phase field in Fig. 1(d), the condensates are rotated by
magnetic field, which results in the anticlockwise circulation
of canonical particle current along the x-axis.

10 10

—20 —20

20 20

k ky 20 —20 Kk,

voo20-200

Fig. 2. The particle current and atomic momentum distribution of |¥_,|?
component. (a) The particle current of the plane wave phase ground state
with magnetic field strength B = 0, anisotropic SOC strength x, = 1 and
Ky = 0. (b) The particle current of the vortex chain with magnetic field
strength B = 0.25, anisotropic SOC strength k;, = 1 and x, = 0. (c) The
atomic momentum distribution of |¥_(k)|? with B =0, k, = 1 and &, = 0.
(d) The atomic momentum distribution of |¥_5(k)|? with B =0.25, k, = 1
and k;, = 0. In the GP simulation, the dimensionless density—density interac-
tion cp = 2500, the spin-exchange interaction ¢; = —50, and the spin singlet-
pairing ¢ = 200. Here, the length of the harmonic trap is & = /i/(mo, ).

In another vein, to better understand the physical mean-
ing of the vortex chain, we transform the density profile
of |¥ »(r)|* into the momentum space |¥ (k)|> through
Fourier transformation, as shown in Figs. 2(c) and 2(d). When
anisotropic SOC strength k, = 1, k;, = 0 and magnetic field
strength B = 0, there is one localized Gaussian-type wave
package distributing at x > 0 region, indicating a plane wave
propagating toward the +x direction (Fig. 2(c)). On the other
hand, when anisotropic SOC strength x = 1, k;, = 0 and mag-
netic field strength B = 0.25, there are two localized Gaussian-
type wave packages symmetrically distributing at both sides of
the y-axis, implying two plane waves propagating toward the
~+x and —x directions, respectively (see Fig. 2(d)).

3.2. The vortex chain influenced by magnetic field

We next investigate the influence of the magnetic field on
the vortex chain when anisotropic SOC is fixed as K, = 1 and
Ky = 0. As shown in Fig. 3(a), when magnetic field strength
B = 0, different components exhibits Gaussian-type distribu-
tion without any density minimum. Meanwhile, the different

components with opposite magnetic number (¥, and ¥_,,
Y., and ¥_) are totally overlapped, indicating zero magneti-
zation. When magnetic field strength B = 0.25, the x-axis dis-
tributed vortex chain is formed, as depicted in Fig. 3(b). Dif-
ferent components are divided into continuous wave packages,
and the different components with opposite magnetic quan-
tum number are separated along the x-axis, indicating nonzero
magnetization. In the 1D density profile, the density minima
correspond to the position of the phase singularities exhibited
in Fig. 1(d). The vortices continuously and homogeneously
distribute along the x-axis, so we are willing to treat them as
a whole vortex chain. Furthermore, the number of vortices
in the vortex chain decreases with the strengthen of magnetic
field. As shown in Figs. 3(c) and 3(d), the numbers of density
minima in different components are decreased when magnetic
field strength B = 0.5 and 0.75, respectively. We should no-
tice that the number of vortices in a vortex chain is finite and
intrinsic at the ground state with SOC and magnetic field. We
can artificially change the intrinsic number of vortices inside
the chain with different magnetic field strengths.

5 — 8
(a) - (b) " N2

[4? (10-7)
: 233
LLe
[412 (107%)
(e}
> ===
—
—
.
\"‘-,_-_2
F 333
[ LL®

=
3333
LIS

[+ (10-%)

[4[> (1073)
Et_,;—;

0
—10 10

Fig. 3. Effect of magnetic field on the vortex chain in the anisotropic SO
coupled BECs. (a) The 1D density profile of different components with
magnetic field strength B = 0, anisotropic SOC strength k, = 1 and k, = 0.
(b) The 1D density profile of different components with B = 0.25, k, = 1
and Ky = 0. (c) The 1D density profile of different components with B =0.5,
K¢ = 1 and k, = 0. (d) The 1D density profile of different components
with B=0.75, k; = 1 and K, = 0. In the GP simulation, the dimension-
less density—density interaction c¢p = 2500, the spin-exchange interaction
c¢1 = —50, and the spin singlet-pairing ¢ = 200. Here, the length of the

harmonic trap is & = \/h/(m®, ).

3.3. The vortex chain influenced by anisotropic SOC

Furthermore, evolution of the vortex chain with
anisotropic SOC is studied when magnetic field strength is
fixed. We investigate the influence of 1D SOC on the vortex
chain, which means k, = 0. For the reason that the differ-
ent components share the similar density, phase field and mo-
mentum distribution, we only exhibit the distribution of ¥_,
component for convenience. The momentum distribution of
Y_, component varies with the x-direction SOC strength, as
depicted in Figs. 4(a)—4(d). When SOC strength x, = 0.25,
as shown in Fig. 4(a), there are two localized wave packages
localizing symmetrically on the both sides of the k, = O line.
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The overlap between the two momentum wave packages is ob-
vious, and one vortex can be identified from the corresponding
density contour (the vortex core is circled by the blue circular,
and the red circular indicates the density domain). When SOC
strength K, varies from 0.5 — 1 — 2 in Figs. 4(b)-4(d), the
distance between the two momentum wave packages becomes
larger. The two localized momentum wave packages with no
overlap corresponds to two plane waves propagated in the +x
and the —x directions. From the corresponding density con-
tours, we can identify an x-axis distributed vortex chain, in
which the vortex number increases with SOC strength.

We next investigate the anisotropy of 2D SOC on the vor-
tex chain, with x-direction SOC strength being fixed as k, = 1.

v 20 —20 k.

When y-direction SOC strength is changed from 0 to 0.5 in
Figs. 4(e) and 4(f), there is a small difference in the momentum
distribution of ¥_, component. However, the corresponding
density contours indicate the vortex number in the vortex chain
decreases with the strengthen of k. When the SOC strength
is isotropy in Fig. 4(g), we can observe four momentum wave
packages coupled together, and four vortices arranged in coax-
ial annular arrays. When &, = 2 in Fig. 4(h), two localized
momentum wave packages are separated on both sides of the
ky = 0 line, corresponding to two plane waves propagating in
the 4y and the —y directions. Consequently, the vortex chain

distributes along the y-axis.

20 —20  k, ky

20 —20 Ky

Fig. 4. Effect of anisotropic SOC on the vortex chain in the BECs system with a fixed magnetic field B = 0.25. The atomic momentum distribution
of ¥, component varies with 1D SOC k, = 0.25, k, = 0 in (a), kx = 0.5, k, = 0in (b), kK, = 1, K, = 0 in (¢) and K, = 2, Ky = 0 in (d). The atomic
momentum distribution of ¥_, component varies with 2D SOC k; = 1, K, =0.25in(e), Ky = 1, K, =0.5in (f), Ky = 1, Ky = L in (g) and Kk, = 1, K, =2
in (h). The contour images correspond to the density distribution of ¥_, component. In the GP simulation, the dimensionless density—density interaction

co = 2500, the spin-exchange interaction ¢; = —50, and the spin singlet-pairing ¢, = 200. Here, the length of the harmonic trap is &y =

3.4. Effect of atomic interactions

To connect with experiments, atomic interactions con-
cerning magnetic orders should also be considered to influ-
ence the vortex chain. In spin-2 BECs, with the internal
degree of freedom, atom collision interactions are generally
spin dependent, i.e., the spin-dependent interactions (the spin-
exchange interaction ¢; and the spin singlet-pairing interac-
tion ¢,) determine the phases of the ground states: ferromag-
netic (¢; < 0 and ¢, > 0), anti-ferromagnetic (c; > 0 and
¢ < 0) or the cyclic phase (¢; > 0 and c¢; > 0).5") When
considering anisotropic SOC k; = 1 and k, = 0 in Figs. 5(a)-
5(c), the momentum distribution of ¥_, components share the
similar configuration for different phases. However, the den-
sity domains are elongated along the y-direction in the anti-

h(mo,).

ferromagnetic phase or cyclic phase comparing to the density
domain in the ferromagnetic phase. When considering SOC
Ky = 1 and &, = 1 in Figs. 5(d)-5(f), the symmetry of the mo-
mentum distribution of ¥_, components are different for dif-
ferent phases: SO(4) rotational symmetry in the ferromagnetic
phase, U(1) global gauge symmetry in the anti-ferromagnetic
phase and SO(3) rotational symmetry in the cyclic phase.
Consequently, the density contour indicates that the density
distribution is influenced by the atomic interaction. When con-
sidering anisotropic SOC &, = 1 and &, = 2 in Figs. 5(g)-
5(i), the momentum distribution of ¥, components share the
similar configuration for different phases. However, the den-
sity domains are elongated along the x-direction in the anti-
ferromagnetic phase and the cyclic phase comparing to the
density domain in the ferromagnetic phase.
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0
—20

ky 20 —20 ks ky

20—20 k.,

ky 20 —20 ko

Fig. 5. The effect of atomic interaction effects on the vortex chain in the anisotropic SO coupled BECs system with magnetic field. When k. =1, k, =0
and B = 0.25, the atomic momentum distribution of ¥_, component varies with the spin-exchange interaction and the spin singlet-pairing interaction
¢y = =50, ¢ =200 in (a), c; = 50, c2 = —200 in (b), ¢ = 50, c2 =50 in (c). When k; = 1, k;, = 1 and B = (.25, the atomic momentum distribution
of ¥, component varies with ¢; = —50, ¢; = 200 in (d), ¢; = 50, ¢ = =200 in (e), ¢; = 50, ¢ = 50 in (f). When k; = 1, kK, =2 and B = 0.25, the
atomic momentum distribution of ¥_, component varies with ¢; = —50, ¢; =200 in (g), ¢; = 50, ¢ = —200 in (h), ¢; = 50, ¢, = 50 in (i). Here, the

length of the harmonic trap is § = \/i/(mw,).

4. Conclusion

We have investigated the anisotropic SO coupled spin-2
BECs with magnetic field by solving the coupled GP equa-
tions. The 1D vortex chain is generated by the combined effect
of 1D SOC and magnetic field. The vortex chain is found to
be the consequences of the domain wall of two opposite plane-
wave phases. The magnetic effect mainly affects the number
of vortices in the vortex chain. The anisotropy of SOC changes
the vortex chain and causes the vortex lattice. Through vary-
ing the spin-exchange interaction and the spin singlet-pairing
interaction, we find the different density profiles and momen-
tum distributions of the vortex chain or the vortex lattice. This
study provides exciting perspectives for nonlinear physics of
condensates in artificially induced non-Abelian gauge fields.
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