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Realistic quantum systems always exhibit gravitational and relativistic features. In this paper, we investigate the
properties of Gaussian steering and its asymmetry by the localized two-mode Gaussian quantum states, instead of the
traditional single-mode approximation method in the relativistic setting. We find that the one-side Gaussian quantum
steering will monotonically decrease with increasing observers of acceleration. Meanwhile, our results also reveal the
interesting behavior of the Gaussian steering asymmetry, which increases for a specific range of accelerated parameter and
then gradually approaches to a finite value. Such finding is well consistent and explained by the well-known Unruh effect,
which could significantly destroy the one-side Gaussian quantum steering. Finally, our results could also be applied to the
dynamical studies of Gaussian steering between the Earth and satellites, since the effects of acceleration are equal to the

effects of gravity according to the equivalence principle.

Keywords: relativistic quantum information, quantum nonlocality, Unruh effect

PACS: 04.62.4v, 03.65.Ud, 06.20.—, 03.67.—a

1. Introduction

Quantum physics, one of the most important scientific
achievements in the past years, has fantastic properties that
distinguish it from classical physics. One of these fantas-
tic features is the well-known EPR paradox firstly proposed
by Einstein, Podolsky, and Rosen (EPR) in 1935,11 which
was subsequently followed by the illustration of the concept
of quantum steering in the same year.!>3 Quantum steering,
an intermediate type of quantum correlation between quantum
entanglement and Bell nonlocality, is also recognized as the
nonlocal quantum correlation (i.e., Alice allows to steer the
state of a distant party Bob through local measurements). Ac-
tually, many important results have been obtained in the past
few years, focusing on the experimental applications of quan-
tum steering. For instance, considering the inherent asym-
metric features of EPR steering, its potential applications in
the one-side device-independent quantum key distribution is
highly emphasized.*! The asymmetry of quantum steering in
different quantum systems has also attracted worldwide atten-

5-13

tion, with the generation of various theoretical worksP131 and

5.114-261 Moreover, a significant

experimental demonstration:
amount of work has been done to develop quantum steering
characterization and quantification in non-relativistic quantum
mechanics, in particular for the Gaussian state. However, it
should be pointed out that these works considered only the

inertial coordinate system, which indicates the necessity of
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taking relativistic effects into account in realistic non-inertial
coordinate systems. Such conclusion is strongly supported
by the recent work,!?’! which demonstrates that the Gaus-
sian quantum steering between the Earth and satellites will be
strongly affected by the curved space-time around the Earth.
On the other hand, when one part of a multi-body system
is involved in relativistic effects, the Unruh effect*®! should
be taken into consideration. The traditional method to solve
the quantum field mode of scalar or spinor fields (which cor-
responds to Klein—Gordon or Dirac fields, respectively) is the
so-called single mode approximation method, which has been
widely used in quantum information tasks quantifying how
uniform acceleration affects quantum resources. From the-
oretical point of view, many efforts have been made to un-
derstand quantum systems under different relativistic settings,
e.g., the dynamics of quantum steering under the influence

29

of dynamical Casimir effect,?°! the Hawking radiation, 3%

and accelerated motions.*! More related work on relativis-
tic quantum information can be found in the literature.[3>1]
In addition, some attempts have previously been made to per-
form experimental tests of quantum resources in relativistic
coordinate systems, with the realization of photonic entangle-

142] However, it is well known

ment in an accelerated setting.
that one cannot get the full information from a global mode in
the experiment, since the method of single mode approxima-

e. [43

tion is delocalized in practic I Such issue has been exten-

sively discussed in several recent works, taking gravitational
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or accelerational field as lossy channel rather than global free
models, and furthermore calculating the fidelity of the lossy

45461 proposed a new idea, local-

channels.?”**] Dragan et al.
ized mode, to successfully realize the localization of Gaussian
states, by storing the squeezed Gaussian states in a simulated
cavity capable of transport quantum states. In this case, more
attention has been paid to the dynamics of quantum entan-
glement in localized Gaussian state, with the recent findings
that the quantum entanglement increases with the observer’s
proper acceleration, but decreases with the width of cavity

(471 However, quantum steering in rel-

and central frequency.
ativistic coordinate system by using localized Gaussian state
is still an uncharted territory. In this work, we will study the
quantum steering with localized two-mode Gaussian quantum
states in relativistic coordinate system. Since the quantifi-
cation of Gaussian quantum steering has explicit definition,
it can be straightly applied to arbitrary two-mode Gaussian
states. More specifically, we consider a two-mode squeezed
vacuum state with squeezing parameter r of two localized
wave packets as input state, and transform it to an accelerated
frame of reference corresponding to a pair of uniformly accel-
erated observers (named Alice and Bob). In the framework of
two cases, i.e., Alice shares the equal or unequal acceleration
with Bob, we will show how the observer’s proper acceleration
affects the Gaussian quantum steering.

This paper is organized as follows: In Section 2, we
briefly describe the localization process of quantum states and
select the input state. In Section 3, we introduce the defini-
tion and measurements of a bipartite Gaussian quantum steer-
ing. The dynamics of Gaussian quantum steering in acceler-
ated coordinate systems are presented in Section 4. Finally,
we summarize our conclusions in Section 5. The natural units
G = c =h=kp = 1 are employed throughout the paper.

2. The localization process of quantum states

The localization process of quantum states is equivalent
to a noisy Gaussian channel, which can be characterized by ex-
plicit analytic expressions with no approximations. Moreover,
it will not be constrained to the geometry of the Rindler chart,
which enables observers to have arbitrary proper accelerations
and the minimal distance between them. In this section, we
will briefly introduce the noisy quantum Gaussian channel (a
detailed description could be found in Section II of Ref. [47]).

2.1. The Gaussian channel

For a real scalar quantum field & with a mass min (14 1)-
dimensional Minkowski spacetime, its evolution is governed
by the Klein-Gordon equation (14 m?)® = 0, where [ =
n*Yd,dy. The implicit Klein—-Gordan scalar product can be

written as
(01.62) =1 [ dx(970192— 620,07). M)

where X is a space-like Cauchy surface and the imaginary fac-
tor guarantees that (¢1,¢2) = (¢2,¢1)* = — (95, ¢7).148!

In our scheme, we consider two uniformly accelerating
observers, Alice and Bob, in an accelerated frame of refer-
ence which transforms a two-mode state prepared in an iner-
tial frame from initial frame to the frame of the observers. At
the same time, we are interested in analyzing the situation that
two Rindler wedges meet at the origin. The inertial modes
will be denoted as ¢, with associated annihilation operators
fr which only contains positive frequencies with respect to
the Minkowski time-like Killing vector field. In the acceler-
ated frame of reference, the two operators will be denoted as
W, and dj, which consist only of positive frequencies with re-
spect to the Rindler time-like Killing vector field, respectively.
Then, the field operator @ can be decomposed by these two
sets of orthonormal modes with respect to the Klein—-Gordon
inner product

b= Z[(Pkfk +Hec]= Z[l]/kCik +H.c]. 2)
k k

In this paper, we will investigate the scenario in which all
modes ¢, of the Minkowski frame decomposition are empty
except for the two modes ¢ and ¢y; with their corresponding
annihilation operators fj and fy; in an arbitrary quantum state.
Out of the set of accelerated modes, we restrict our attention
to two modes i and yii. Although (1 are not empty,
we just consider two uniformly accelerating observers corre-
sponding to Y1 and yjj, therefore we choose discard the other
modes. Our goal is to perform such Gaussian channel to trans-
form the state of ¢ and ¢y into the state of yg and yr.

In order to do this, we introduce the quadrature operators
associated with ¢, (A € {I,11})

g0 fth 0 i 3

V2 V2
It is well known that Gaussian states are completely described
by first moments and second moments of their quadrature op-

erators. Moreover, we can obtain the first moment of inertial
(f) (f)

modes associated with g, and p;
20 = (60500 o)) @)
And the second moment ¢/) known as the covariance matrix
is given by
Xk(f) _ <A15f) ’ (5a)
GIE.Zf) _ <{ A;Ef) _Xk(f)’)?z(f) _Xz(f) }> 7 (5b)

where the anticommutator is defined as {A,B} = AB + BA.
Similarly, for the accelerated modes, we can just replace the
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letter f in Eqs. (4) and (5) with d to obtain its first and second

moments
T

XD = (g p"a" ) (62)
X = (%, (6b)
(d) _ o (d) (d) $(d) (d)
o) = ({Z—x[ % —x["). (6¢)
Then the Gaussian channel can be described fully in terms of
the first and the second moments as*"!
x@ = px ), (7a)

Re(oq — Bi) —Im(oq+ fBr)
Im(aq —Bi) Re(ou+ i)

M= 0 0

0 0

Moreover, previous research [47.511 has shown that the val-
ues of B4 are much less than oy. Hence, we can ignore B,
and the matrix M is then simplified to

M = oql @ oyl 9

where 1 is a 2 x 2 identity matrix. The matrix N is then given
by

N=(1-o})1®(1-of)1. (10)

Then we will determine the mode functions in the next sub-
section, and one can see that ¢, can be written as a function
of the proper acceleration.

2.2. Gaussian wave packet in accelerated coordinates

In general, a photon can be modeled by a wave packet of
excitations of a bosonic field.>?! In order to achieve the real
scalar quantum field with the relativistic effect, we first fo-
cus on the photon wave packet in rest frames, and then extend
it to in accelerated coordinates. Here we adopt the follow-
ing form of the wave packets which are approximately local-
ized and consist of only positive frequency in respective rest
frames. This wave packet form has been widely discussed in
Refs. [45-47,53]. The input mode consists of a Gaussian de-
velop and sinusoidal modulation as

L
at¢A(x70) = _iQO¢A(x7O)7 (11)

where f(x) = sin (. /23 —mz(x—xo)>, Xo is the central po-

sition of the mode function, L denotes its width, C is a nor-

9 (x,0) = +Cexp [2<"°logjo)2} @),

malization constant, and the upper (lower) sign + refers to
A =1(I). The frequency €y, about which the spectrum of
the mode function is centered, has to be sufficiently large

Re(an — Bu) —Im(our + Pu)
Im(oqr — Bu) Re(our+ Pu)

o =Mo" MT +N, (7b)

where M and N = N are 4 x 4 real matrices. We note that the
matrix N denotes the noise in the quantum channel, while M is
symplectic,”! whose specification uniquely characterizes the
channel. It means that we only need to calculate two matrices
M and N.

For convenience, we denote o = (y1, ¢r), Bi = —(y1, ¢),
on = (v, ¢n) and B = —(yir, ¢ff), then we can obtain the
matrix M, which is

0 0

0 0 ®)

to effectively damp the negative frequencies, i.e., satisfying
Qp > 1/L. Additionally, we introduce a zero-frequency cut-
off to safely remove the effects of negative-frequency part.

The input modes do not directly determine the output
modes y,, however, which can be obtained by replacing the
trigonometric functions with modified Bessel functions and
substituting the Rindler coordinates in place of inertial ones.
The Rindler coordinates y and 7 are given by

t = xsinh(an),
x = xcosh(an), (12)

where x and ¢ are Minkowski coordinates, and a is an arbitrary
positive parameter (interpreted as the proper acceleration of a
trajectory). The output mode functions are given by

2
YA (2,0) = C'exp [—2 <’flog") }gm,
BY)
IzY(1,0) = FiQowa(2,0), (13)

where C’ is the normalization constant and the upper (lower)
sign F corresponds to A = I (II). The modulating function of
the output mode is replaced by the combination of modified
Bessel functions of the first kind K;,,, with

g(x) =Im|K . o, (mxo])K, o, (mlx])],
Ap

K. QO
A YAy
and |xo| = 1/A. Furthermore, we need to make sure that
the proper acceleration .4, satisfies the boundary condition
1/Ax > L due to the fact that the accelerating mode func-
tions Yy, are far from the event horizon compared to their size
L. In Fig. 1, we plot the shape of the localized wave packets,
with fixed values L = 2, ¢ ~ 5, A; = Ay = 0.1 and the field

mass m = 0.1 (just to show the properties of the wave packet).
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Fig. 1. The shape of input and output modes. We fixed A; = Ay = 0.1,
L =2, Q)= 5, and the field mass m = 0.1.

In fact, all the units of these parameters (e.g., accelera-
tion A, length L and central frequency £2y) can not be cho-
sen until the geometry of the cavity is completely determined.
One of the reference is the imaginary cavity in Ref. [56], the
length L and the travel time W were set in order of tens cm
and 1077 s, respectively, and the accelerations were accord-
ingly calculated as in order of 103 ms~2. The mode trans-
forms from Minkowski to Rindle spacetime through Bogoli-
ubov coefficient (see Appendix A for more detailed calcula-
tions). From the Bogoliubov coefficient oty = (Wa, @), one
can clearly see that o4 is inversely proportional to A, with the
mode functions from Eqs. (11) and (13). As shown in Fig. 2,
with the increase of A4, oty decreases monotonically, which
also means that the noise in the channel increases.

1.00
0.98

0.96
0.94

unitless

—0.92
3

0.90

0.88

0 0.05 0.10 0.15 0.20 0.25

Fig. 2. The relationship between a4 and A4, with L =2, Qy ~ 5 and
the field mass m = 0.1.

3. The measurement of Gaussian quantum
steering

In this section we briefly review the measurement of

quantum steering for a bipartite (m 4 n) mode Gaussian state.

(AB)

The general Gaussian (n + m)-mode state p of a bipar-

tite system comprises of a subsystem A of n modes and

a subsystem B of m modes. For each mode i in subsys-

tem A or B, one can define the phase-space operators )2’14 (B),

ﬁ’? <B), and then labeled for convenience into the vector R =

PA ¢A A sB B oB sB\T
(ﬁ?p/?"'wxﬁapﬁ’xl ) P1 ""vxmvpm) .
fies the canonical commutation relations [R;,R;] = i€;;, with
Q=@ (81 E]) being the symplectic form. Any Gaus-
sian state p4p is completely specified by its covariance matrix

The vector R satis-

(CM)

Oan = <§T g) (14)

where the elements o;; = Tr [{Iéi,lé i} N pAB] . Here the subma-
trices A and B are the CMs correspoding to the reduced states
of A and B subsystems, respectively.

Then quantify how much a bipartite Gaussian state with
CM oyp is steerable (by Gaussian measurements on Alice’s
side). Based on the invariance under local unitary and Gaus-
sian measurement, Kogias and Adesso et al. have proposed
a computable measurement of steering for arbitrary bipartite

Gaussian states of continuous variable systems[>>!

Y 1n(\7]3)}, (15)

5B
Jiv; <1

GA 7B (oyp) = max{O, —

where \"/.f are the symplectic eigenvalues of the Schur comple-
ment of A in the CM o,p. By defining the Schur complement
detoap = detAdetME, where ME = B— CTA~!C is the Schur
complement of A in the CM 0435, and employing the definition
of the Rényi-2 entropy, the Gaussian steerability of A — B can

max< 0 1ln detA
"2 detoup

= max{O, ‘S‘(A)is(O-AB)}a (16)

be written as

gAﬁB (GAB)

where the Rényi-2 entropy S reads S(o) = 3 In(deto)>¥ for

a Gaussian state with CM o. However, different from the
definition of quantum entanglement and quantum coherence,
quantum steering has asymmetric property.®>>! One can swap
the roles of A and B to obtain the measurement of Gaussian
steering B — A.

4. The influence of accelerated effect on local-
ized Gaussian states

We begin with a two-mode squeezed vacuum state char-
acterized only by the squeezing parameter r as input state and
the covariance matrix

cosh2r 0 sinh2r 0
) _ 0 cosh2r 0 —sinh2r
° sinh2r 0 cosh2r 0 an

0 —sinh2r 0 cosh2r

Applying Eq. (17) to Eq. (7(b)), we can get the covariance

matrix (@) as seen by two accelerating observers, which is
X 0 Y O
@ _| 0 X 0 -Y
" Tly o z o |’ (18)
0O -y 0 Z
where
X = ofcosh(2r) —af +1,
Y = ogoq; sinh (2)‘),

050402-4



Chin. Phys. B 31, 050402 (2022)

Z = o cosh (2r) — of + 1. (19)

One can easy see that the matrix has suffered from the noise
channel, and the noise channel is characterized by ¢ and oy
(relativistic effect). Combining Egs. (16) and (18), we ob-
tain an specific mathematic expression of Gaussian quantum
steering from A — B in accelerated coordinate system which
is given by

1420 sinh(r)? } 20)
142(a + (1 —202)) sinh(r)2 |

G4 — max {O, In

Unlike quantum entanglement, one of the most distin-
guishable properties of quantum steering is its asymmetry,
which has been recently experimentally demonstrated in flat
spacetime.[!”-18] To understand this properties in the acceler-
ated coordinate system, we also calculate the Gaussian quan-
tum steering from B — A, which is

1 + 20 sinh(r)? } 21
1+2(af; +of (1 —2a5)) sinh(r)? ]

When the relativistic effects vanish, the accelerated pa-

GB 4 = max {0, In

rameters ¢ and o of Alice and Bob equal to one, and our
results will return the non-relativistic results, i.e., the Gaus-
sian steering of GA 8 = GB*4 = max {0, Incosh(2r) }, which
improve the robustness of our results.

Here we consider two different cases.

Symmetric case In this case, the proper accelerations
of two accelerating observers have the same magnitude, i.e.,
o = agr. It is clear that the output state 0@ is a symmetric
state, also a state with balanced correlations.

Asymmetric case The two accelerating observers have
unequal-magnitude proper acceleration, i.e., oy # ay. Al-
though the output state 6@ is no longer symmetric, it is still
a balanced-correlated state.
ay =1
and A4 = 0 mean that the proper acceleration equals to zero,

For convenience, we use .4, to replace oy.

where A, is proportional to acceleration (please refer to Fig. 2
for more details).

We first focus on the symmetric case. In this case, the
Gaussian quantum steering from A — B and B — A is equiva-
lence, which means that GA—8 = GB=4 with the symmetrical
property. The numerically computed Gaussian steering with
increased acceleration parameters A; and Aj in this case are
plotted in Fig. 3. We can see that GA~5 and G#~4 both mono-
tonically decreases with the increase of accelerated parameters
Ar = Ap of observes Alice and Bob. This findings demon-
strate that the Unruh effect will affect the Gaussian quan-
tum steering and decrease it, which is consist with previous
works. [27-28441 Our results also indicate that, when perform-
ing more reliable quantum steering tasks, the relativistic ef-
fects cannot be ignored.

0.25¢

0.201

0.15¢

AII

0.8

0.6

0.05 0.10 0.15 020

0.25¢

AII

Fig. 3. The Gaussian quantum steering GA~% and G#~4 between ob-
servers Alice and Bob (corresponding to wave packets yj and i) mov-
ing with equal-magnitude accelerations A; = Aj; = A are shown. The
original state is a two-mode squeezed vacuum state characterized by a
squeezing parameter = 1 of the inertial wave packets ¢y and ¢@yy.

2 gA»B
0.25} ]
eSS 6
0.20f ]
/
/ 5
0.15} - 1 4
<
0.10f ] 3
/ 2
0.05} | 8
P 1
| |
|
0

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
s

Fig. 4. The contour plot GA~% as a function of accelerated parameter
A (A; = Ap) and squeezing parameter r.

gA —B

In Fig. 4, we plot as a function of accelerated pa-

rameter Aj and squeezing parameter r. We can observe a

GA~B with the increasing of the squeez-

monotonic increase of
ing parameter r. It should be noted that, comparing with the
accelerated parameter, the Gaussian steering GA~5 changes

more for different squeezing parameters, which indicates that
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the initial quantum resource plays a more important role in the
quantum steering. In other words, comparing with the squeez-
ing parameter, the Gaussian steering is not easy to change with
changing accelerated parameter. This gives us the guidance to
choose appropriate physical parameters to perform more re-
liable quantum steering tasks with the inevitable relativistic
effects.

Subsequently, we turn our attention to the asymmetric
case. We plot the Gaussian quantum steering GA~5 and G584
as the functions of the Alice’s acceleration and Bob’s acceler-
ation for fixed squeezing parameter r = 3 in Fig 5. From this

gA—B G54 will decrease

figure, we can see that, both the and
with the increase of accelerated parameters. In additional, the
Gaussian quantum steering degradation is inevitable since the
mode mismatch between input and output modes cannot be
removed by any amendments to the protocol.[*®*71 Moreover,
when A; = Ay, it corresponds to the symmetric case. When
Ap # Ay, it corresponds to the asymmetric case, which in-
dicates that the asymmetric properties of Gaussian quantum
steering will arise. To check the asymmetric degree of steer-
ability by using local mode with relativistic effects, we calcu-
late the Gaussian steering asymmetry and plot it as a function
of accelerated parameter A; for different squeezing parame-
ter 7 in Fig. 6. This allows us to have a better understanding
of how the relativistic motions and the squeezing parameter
of initial quantum state affect steering asymmetry. This figure
clearly shows that the Gaussian steering asymmetry increase
for a specific range of accelerated parameter, and then grad-
ually approach to a finite value with increasing A;. This is
because that the Unruh effect almost completely destroys the
one-side Gaussian quantum steering GA~7# which means that
one can no longer measure Alice to manipulate Bob. More im-
portantly, we can see that the different squeezing parameters
will change the inflection point, i.e., the smaller the squeezing
parameter, the earlier the inflection point. This is reasonable,
since the squeezing parameters of the initial state determine
the quantization of the quantum resource.

[ gBﬁA

] gAﬁB

Fig. 5. The Gaussian quantum steering GA~% (red) and G&74 (gray)
as the functions of the Alice’s acceleration and Bob’s acceleration for
fixed squeezing parameter r = 3.

Due to the Gaussian quantum steering asymmetry effect
is arising, it is natural to wonder if this situation is caused by

a mismatch of modules. In order to visualize Gaussian quan-
tum steering asymmetry effect, we randomly generated 2000
sets of 6@ with different values of Aj, Ay € [0.005,0.25]
and r € [1,3]. We now simply define the asymmetry as Py 1=
log, (A; — Axr). As shown in Fig. 7, we numerically computed
the differential Gaussian quantum steering GB—=A _ GA=B and
marked it in cold/warm colors according to their values, and
the specific color-value correlation can be found in colorbar.
For convenience, we have plotted the dashed vertical line
Pysy = 0, and the closer the dots are to the dashed vertical line,
the lower the asymmetry. All the cool colored dots, i.e., the
states with G874 > GA=B_ form an interesting chimney shape,
while the other warm dots are concentrated in the upper left
and upper right regions. It is also shown that no matter how
much r increases, as long as the asymmetry stays within a cer-
tain range(about [—0.2, 0.2] here). As the final remark, we can
conclude that the arising of Gaussian quantum steering asym-
metry effect is not caused by a mismatch of modules.

oo gl e e

1.0} T ——

5 ,..-"/-'_/

0.8 Ry

< o R

S5 . v .t

| 0.6 e

< .
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5. Conclusions

In this paper, we have studied Gaussian steering by us-
ing local mode instead of traditional single-mode approxima-
tion method in relativistic frame. We firstly considered two
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uniformly accelerating observers, Alice and Bob, which trans-
form a two-mode squeezed vacuum state prepared in an iner-
tial frame from the initial frame to the frame of the observers,
and this behavior can be represented as a Gaussian quantum
channel. We obtained a simplified form of the channel and
can use it to easily compute the output state.

Within the framework introduced there, we analyzed the
Gaussian quantum steering and its asymmetry that can be ex-
tracted from the input two-mode squeezed vacuum state. We
have shown that one-side Gaussian quantum steering mono-
tonically decreases with increasing observers of acceleration.
The findings demonstrate that the Unruh effect will affect the
Gaussian quantum steering. In addition, the Gaussian quan-
tum steering degradation is inevitable since the mode mis-
match between the input and output modes cannot be removed
by any amendments to the protocol. Our results also indicate
that, when performing more reliable quantum steering tasks,
the relativistic effects cannot be ignored. Comparing with
the squeezing parameter, the Gaussian steering is not easy to
change with changing accelerated parameter. This gives us
the guidance to choose appropriate physical parameters to per-
form more reliable quantum steering tasks with the inevitable
relativistic effects. Finally, we have shown that the Gaussian
steering asymmetry increase for a specific range of accelerated
parameter, and then gradually approach to a finite value with
increasing observer’s acceleration. This is because the Unruh
effect almost completely destroys the one-side Gaussian quan-
tum steering which means that one can no longer measure Al-
ice to manipulate Bob.

As the final remark, although the influence of Unruh ef-
fect on quantum steering cannot be detected by current tech-
nology, it on quantum steering or other quantum resources
cannot be ignored, especially when performing relativistic
quantum information tasks.

In addition, according to the equivalence principle, the ef-
fects of acceleration are equivalence with the effects of grav-
ity, our results could be in principle applied to dynamics of
Gaussian steering between the Earth and satellites. Since re-
alistic quantum systems will always exhibit gravitational and
relativistic features, our results should be significant both for
giving pieces of advices to realize quantum information proto-
cols such as quantum key distribution from the Earth to satel-
lites and for a general understanding of quantum steering in
relativistic quantum systems.

Appendix: Bogoliubov coefficients calculation

In the Minkowski coordinates, the Klein—-Gordan equa-
tion could be solved in the form of the normalized plane waves

L Litkeo)

i ; (Al

Uup =

where @, = Vk2 +m2, and all the normalized solutions satisfy
the orthonormal relations, i.e., (ux,u;) = 8(k—1),(uj,uy) =
—06(k—1) and (u,u;) = 0. In the Rindler coordinates, with
the positive frequency limitation, the solutions with respect to

the time-like Killing vector fields were given by>’!
sinh (%2 .
M = #’9% (my) e
in Rindler I region,
sinh (%2 .
wio = #Kﬂ (—my) en

in Rindler II region, (A2)

where K;, (x) is the modified Bessel function of the second
The orthonormal relations

—E), Who:Waz) =

kind of pure imaginary order.
here were given by (waq,waz) = 6(Q
—6(2—Z),and (wa,whz)=0.

The Bogoliubov coefficients @y (A € I,1I) were defined
as

OA :(WA3¢A)7 (A3)

where W, /@, denoted the inertia/accelerated modes, respec-
tively. We can rewrite Eq. (A3) as

op = (YA, 04)
:/ dQ/ dk(Wa,wan)wag,ue)(ue,9a). (A4
0 0

By using Egs. (A1), (A2) and some conversions (|xp| = ﬁ,

O = VK2 +m?, (¢1,¢2) = i [y dx(¢]9,¢2 — ¢20,¢]) and or-
thonormal relations) mentioned in the manuscript, each term
of Eq. (A3) in the integration is obtained

1 0
(WA, waQ) = — (CIAO +-Q>

ax
X %Kg(mx)w(xﬁ), (AS5)
iQ
2a
exp (38) exp (- 72) (V2 )
(Wa,u) = , (A6)
\/4maV/kZ P sinh (%2)
exp(—ikx) (\/ k? +m? +Qo>
(U, 9a) = P (x,0). (A7)

AT\ k2 +m?

Finally, we need to substitute the chosen modes (Egs. (11) and
(13) in the text) into Eq. (A5), and the relationship between
A and a, can be obtained by numerical integration.
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