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We investigate the SU(2) gauge effects on bilayer honeycomb lattice thoroughly. We discover a topological Lifshitz
transition induced by the non-Abelian gauge potential. Topological Lifshitz transitions are determined by topologies of
Fermi surfaces in the momentum space. Fermi surface consists of N = 8 Dirac points at π-flux point instead of N = 4 in
the trivial Abelian regimes. A local winding number is defined to classify the universality class of the gapless excitations.
We also obtain the phase diagram of gauge fluxes by solving the secular equation. Furthermore, the novel edge states of
biased bilayer nanoribbon with gauge fluxes are also investigated.
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1. Introduction
In recent decades, the discovery of topological insulators

has extended our understanding of topological states of mat-
ter tremendously.[1–3] In Landau theory of phase transitions,
different states of matter are classified by spontaneous sym-
metry breaking. However, topological states cannot be dis-
tinguished from topological trivial states by symmetry, and
thus topological phase transitions can not be characterized by
a local order parameter.[1–3] Consequently, various topologi-
cal invariants are introduced to identify the topological phase
transitions.[1–3] Different from usual topological transitions,
topological Lifshitz transitions[4–6] are determined by topolo-
gies of Fermi surfaces in momentum space. They are accom-
panied by the change of topology of Dirac points,[7] Weyl
points,[8,9] nodal lines,[10,11] and so on.[5]

Since the first preparation of graphene,[12] two-
dimensional materials have been investigated widely due
to their various exotic properties and prospective applica-
tions. For instance, the charge carriers in graphene are
massless Dirac fermions described by Dirac’s relativistic
equation,[13–15] which allows for the investigation of quantum
electrodynamic phenomena. Furthermore, the Fermi surface
of several Dirac points also makes graphene an excellent plat-
form to study topological Lifshitz transitions.[4,5] However,
owing to the inevitable disorder, defects, and impurities in ma-
terials, it is difficult for us to manipulate the materials arbitrar-
ily. Fortunately, ultra-cold atoms in optical lattices[16,17] pro-
vide a flexible and controllable playground to stimulate the
phenomena in condensed matter and particle physics, such
as Mott transition[18–20] and gauge invariance.[21] Artificial

gauge fields on neutral atoms have been created by atom–laser
interaction,[22–27] which makes it possible to investigate the
topological phase transitions in optical lattices.[28–42]

The SU(2) gauge effects on the honeycomb lattice have
been investigated thoroughly.[30,31] The non-Abelian gauge
potential induces an annihilation and creation of massless
Dirac points. Different from the massless Dirac fermions in
graphene, the charge carriers of bilayer graphene are massive
chiral quasiparticles.[43,44] What’s more, a tunable band gap
has been realized by applying a biased electric field on bi-
layer graphene.[45–49] Accordingly, bilayer honeycomb lattice
(BHL) has been studied widely and various exotic phenomena
have been discovered.[50–59] Thus how the SU(2) gauge field
will act on the BHL deserves to be investigated.

In this work, we investigate the SU(2) gauge effects on
BHL. Based on the tight-binding model, we obtain the model
with SU(2) gauge potential by Peierls substitution.[30,60,61]

Then we discover a topological Lifshitz transition induced by
the non-Abelian gauge potential by calculating the Fermi sur-
faces. The phase diagram of the gauge fluxes is also obtained
by solving the secular equation. In addition, edge states of bi-
ased bilayer ribbons are studied under the influence of gauge
potential.

The paper is organized as follows. In Section 2, we in-
troduce the model. Then we analyze the topological Lifshitz
transition induced by the non-Abelian SU(2) gauge potential
in Section 3 and obtain the phase diagram of the transition in
Section 4. Next in Section 5, the edge states of biased bilayer
ribbon with gauge fluxes are studied. Finally, we summarize
our results briefly in Section 6.
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2. Tight-binding model with SU(2) gauge poten-
tial
The AB-Bernal stacking BHL, as shown in Figs. 1(a) and

1(b), is commonly described by a tight-binding Hamiltonian
with the nearest-neighbor intra-layer hopping and the inter-
layer hopping between A1 and A2 sites,[13–15,62–65]

Ht =−t ∑
〈i j〉,l,σ

c†
ilσ c jlσ − t⊥ ∑

i,l,σ
c†

ilσ ci(1−l)σ , (1)

where t (t⊥) is the intra-layer (inter-layer) hopping integral,
i ( j) and l denote the site and layer indices, respectively, and
spin σ =↑,↓. c†

ilσ (cilσ ) is the creation (annihilation) operator.
The Hamiltonian described in Eq. (1) corresponds to the op-
tical lattice system of cold atoms. An experimental setup has
been proposed to generate the Bernal stacking BHL through
lasers.[52] For simplicity, we set t = 1.0 throughout the paper
without loss of generality.
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Fig. 1. (a) The illustration of the AB-Bernal stacking bilayer honey-
comb lattice (BHL). (b) Top view of the BHL lattice. The cell consists
of four sites, including A1 (B1) in the lower layer and A2 (B2) in the up-
per layer. The lattice primitive vectors 𝑎1 = ( 3

2 ,−
√

3
2 ), 𝑎2 = ( 3

2 ,
√

3
2 ).

(c) The first Brillouin zone (FBZ) and the reciprocal lattice vector 𝑏1 =
2π

3 (1,−
√

3), 𝑏2 = 2π

3 (1,
√

3). K = 2π

3 (1, 1√
3
) and K′ = 2π

3 (1,− 1√
3
)

are two inequivalent corners of the FBZ. (d) The energy band structure
for the Hamiltonian (2) along the loop Γ → K →M → Γ in the FBZ.
One conduction band and one valence band touch parabolically at the
K point no matter what t⊥ equals to.

Under the basis {ψB1 ,ψA1 ,ψA2 ,ψB2}, the Hamiltonian (1)
in the reciprocal space takes the form

Ht(𝑘) =


0 −t f (𝑘) 0 0

−t f ∗(𝑘) 0 −t⊥ 0
0 −t⊥ 0 −t f (𝑘)
0 0 −t f ∗(𝑘) 0

 , (2)

where f (𝑘) = 1+ e i𝑘·𝑎1 + e i𝑘·𝑎2 . The dispersion relations of
the four energy bands [Fig. 1(d)] derived from the Hamilto-
nian (2) read as

ε(𝑘) =
±
√

t2
⊥+4t2| f (𝑘)|2± t⊥

2
, (3)

which is symmetric around the zero energy due to the
electron–hole symmetry. We also find that f (𝑘) = 0 for
two inequivalent corners of the first Brillouin zone (FBZ)
[Fig. 1(c)], such that the lower conduction band and upper va-
lence band touch at zero energy at the corners K and K′ . We
define 𝑘 = 𝐾+𝑞 near the K point and expand the spectrum
to investigate the low-energy properties. The low-energy band
spectrum is approximately

ε±(𝑞) =±
9t2|𝑞|2

4t⊥
=±v2

F|𝑞|2

t⊥
, (4)

where vF = 3t/2 is the Fermi velocity of monolayer
graphene.[13] The quasiparticles of the BHL model at low en-
ergies have both mass and chirality, which are usually called
massive chiral fermions,[43,44] different from the massless
Dirac fermions in graphene.[13–15]

When the SU(2) gauge potential is introduced, we
can modify the tight-binding Hamiltonian (1) by Peierls
substitution.[30,60,61] Subjected to a gauge field, the general
Hamiltonian of particles reads as

H(𝑟,𝑝−q𝐴) =
(𝑝−q𝐴)2

2m
+V (𝑟), (5)

which can be obtained by the momentum “translation trans-
formation” from the original Hamiltonian,

H(𝑟,𝑝−q𝐴) =U†H(𝑟,𝑝)U. (6)

The unitary transform U = e−i q
h̄
∫ 𝑟
𝑟0

𝐴(𝑟′)·d𝑟′ . Then the eigen-
states of the transformed Hamiltonian are φ ′(𝑟) =U†φ(𝑟). As
we know, the hopping integral of the tight-binding model is the
overlapping integral of Wannier states, thus

t ′i j =
∫

d𝑟φ
′∗(𝑟−𝑅i)H(𝑟,𝑝−q𝐴)φ ′(𝑟−𝑅 j)

=
∫

d𝑟 e−i q
h̄
∫ 𝑟
𝑅i

𝐴(𝑟′)·d𝑟′
φ
∗(𝑟−𝑅i)H(𝑟,𝑝−q𝐴)

× e
i q

h̄
∫ 𝑟
𝑅 j

𝐴(𝑟′)·d𝑟′
φ(𝑟−𝑅 j)

=
∫

d𝑟 e−i q
h̄
∫ 𝑟
𝑅i

𝐴(𝑟′)·d𝑟′ e
i q

h̄
∫ 𝑟
𝑅 j

𝐴(𝑟′)·d𝑟′

×φ
∗(𝑟−𝑅i)H(𝑟,𝑝)φ(𝑟−𝑅 j)

= e
i q

h̄
∫𝑅i
𝑅 j

𝐴(𝑟)·d𝑟
ti j, (7)

where

ti j =
∫

d𝑟φ
∗(𝑟−𝑅i)H(𝑟,𝑝)φ(𝑟−𝑅 j).

Hence the tight-binding Hamiltonian with SU(2) gauge
potential reads

H =−t ∑
〈i j〉σσ ′l

c†
iσ lT

σσ ′
i j c jσ ′l− t⊥∑

iσ l
c†

iσ lciσ(1−l), (8)

where Ti j = e
i q

h̄
∫𝑅i
𝑅 j

𝐴(𝑟)·d𝑟
. The artificial gauge field 𝐴 can be

produced by atom–laser interaction. Considering atoms with

057302-2



Chin. Phys. B 31, 057302 (2022)

4 internal states, 4 dressed states will occur in the presence
of the laser field. The atoms are initially prepared in a de-
generate subspace formed by the first 2 dressed states. When
the transition to the states outside the subspace is forbidden,
we can project the full Schrödinger equation onto the sub-
space and obtain the reduced Schrödinger equation ih̄ ∂Ψ

∂ t =

[ (𝑝−𝐴)2

2m +Veff]Ψ .[26] Then the SU(2) artificial gauge field on
neutral atoms is produced and can be tuned by the lasers. Fol-
lowing previous work on honeycomb lattice,[30,31] we choose
a lattice translational invariant gauge. When the gauge is cho-
sen appropriately, as shown in Fig. 2(a), T1 = e iατx , T2 = 12,
T3 = e iβτy , where τx,y,z are the Pauli matrices and α (β ) are
the gauge fluxes. Similarly, the Hamiltonian (8) with SU(2)
gauge potential in the momentum space is described by

H(𝑘) =


0 −tF(𝑘) 0 0

−tF†(𝑘) 0 −t⊥12 0
0 −t⊥12 0 −tF(𝑘)
0 0 −tF†(𝑘) 0

 , (9)

where F(𝑘) = T2 + e i𝑘·𝑎1T †
3 + e i𝑘·𝑎2T †

1 .

.

.

.

.









β

α

π

π



W


(b)







↼↽









T1 T3

T2

(a)
↼↽

Fig. 2. (a) The illustration for the BHL subjected to the SU(2) gauge
field. The odd (even) indices denote A (B) sites of the BHL. Subjected
to SU(2) gauge field, the hopping integrals are dressed by T1 = e iατx ,
T2 = 1, T3 = e iβτy . (b) The magnitude |W | of the Wilson loop as
a function of α and β in [0,π] range. The Abelian regimes include
the four edges of α–β square and the center point (π/2,π/2), where
|W (α,β )|= 2.

The unitary transformation around a fundamental
hexagon in Fig. 2(a) reads T	 = T3T2T1T †

3 T †
2 T †

1 . The Abelian
and non-Abelian regimes can be distinguished by introduc-
ing Wilson loop W = trT	,[28–31,36] which describes a gauge-
invariant non-local quantity concerning the flux through the
elementary plaquette. Only when the magnitude of the Wil-
son loop W equals to 2, will the loop transformation T	 be
trivial. If |W | 6= 2, the SU(2) gauge field is non-Abelian. For
the plaquette in Fig. 2(a), W = 2− 4sin2

α sin2
β . As shown

in Fig. 2(b), most regions of the α–β parameter space belong
to non-Abelian regimes, other than four edges and the center
point of the square.

3. Topological Lifshitz transition
For the graphene point (α,β ) = (0,0), the Hamilto-

nian (9) is reduced to the Hamiltonian (2) with color degen-

eracy,

H(𝑘) = Ht(𝑘)⊗12. (10)

Therefore, the band structure at graphene point is the same
with spectrum (3), except for the double degeneracy of each
band [see Fig. 3(a)]. Consequently, the number of Dirac points
increases from N = 2 to N = 4. Then we consider the entire
Abelian regimes.





↩
  ↩ ↩  

kxky

E

(a)



  ↩ ↩  

kxky

E

(b)

Fig. 3. Band structure of the BHL with SU(2) gauge potential for dif-
ferent fluxes (α,β ). (a) Graphene point α = β = 0. (b) π-flux point
α = β = π/2.

Comparing SU(2) gauge Hamiltonian (8) with Hamilto-
nian (1), we can easily find that the electron–hole symmetry
persists against the gauge field. Thus, the spectrum modified
by gauge potential is also symmetric around zero energy. Un-
der these circumstances, all Dirac points can be identified by
the zero energy modes of the uppermost valence band, which
could be utilized to demonstrate the topologies of Fermi sur-
faces. Patterns of zero modes for different gauge fluxes (α,β )

along the Abelian path (0,0)→ (0,π)→ (π,π) are shown in
Fig. 4. The number of Dirac points is invariant in the trivial
Abelian regimes and only their positions are transported in the
momentum space by the Abelian gauge field. The positions
of Dirac points P1 and P2 in the trivial Abelian regimes are
determined by the following expressions:

P1 =

(
1
3
(α +β ),

1√
3

(
α−β +

4π

3

))
, (11)

P2 =

(
−1

3
(α +β −2π),− 1√

3

(
α−β +

2π

3

))
. (12)
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P3 and P4 are the space inversion of P1 and P2, respectively. If
their coordinates exceed FBZ, these points must be translated
into FBZ along reciprocal vectors.

Different from the trivial Abelian regimes in the four
edges, the center point (α,β ) = (π/2,π/2) is an Abelian π-
flux point.[28–31] As shown in Fig. 3(b), the number of zero
modes is doubled compared with previous Abelian phases
[Fig. 3(a)]. The Dirac points locate at the following posi-
tions: K = 2π

3 (1, 1√
3
), K′ = 2π

3 (1,− 1√
3
), Q1 = 2π

3 (0, 1√
3
),

Q2 = 2π

3 (0,− 1√
3
), Q3 = π

3 (1,
1√
3
), Q4 = π

3 (1,−
1√
3
), Q5 =

−π

3 (1,
1√
3
) and Q6 = −π

3 (1,−
1√
3
) [see Fig. 5(e)]. From

above, we can conclude that the topology of Fermi surface
at the π-flux point is not equivalent to those in trivial Abelian
regimes. The different topologies of Fermi surfaces signify a
topological Lifshitz transition[5] connecting the trivial Abelian
regimes and the π-flux point, driven by the non-Abelian gauge
potential.

To illustrate the topological Lifshitz transition, a topo-
logical argument must be attached. The universality class

of gapless excitations is determined by a topological winding
number.[5,30,66] If the Hamiltonian satisfy a particle–hole sym-
metry {Γ ,H(𝑘)}= 0, where Γ = diag{12,−12,12,−12}, we
can define a local winding number

ν =
1

4π i

∮
C

tr(Γ H−1(𝑘))dH(𝑘), (13)

where C is a loop surrounding the singularity in the momen-
tum space.[30,66] For the honeycomb lattice with SU(2) gauge
potential, the topological charges of massless Dirac points are
ν =±1.[30] For trivial Abelian regimes on BHL, there are two
negative topological charges ν(P1) = ν(P2) = −2, and two
positive ones ν(P3) = ν(P4) = +2. For π-flux point, there
are four positive topological charges ν(K′,Q2,Q3,Q6) = +2
and four negative topological charges ν(K,Q1,Q4,Q5) =−2.
In this way, the universality classes of trivial Abelian regimes
and π-flux point are different, indicating a topological Lif-
shitz transition connecting these two phases driven by the non-
Abelian gauge fluxes.[5]
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Fig. 4. Topologies of Fermi surfaces for different gauge fluxes (α,β ) along the Abelian path (0,0)→ (0,π)→ (π,π). In the trivial Abelian
regimes, the number of Dirac points is invariant. The Abelian gauge field only changes the positions of these zero modes in momentum space.
The position change of Dirac point P1 with fluxes (α,β ) is shown in detail.

057302-4



Chin. Phys. B 31, 057302 (2022)
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Fig. 5. Topology of Fermi surfaces for different gauge fluxes (α,β ) along the non-Abelian path (0,π)→ (π,0), where β = π−α . There are
four Dirac points in (a)–(b) and (h)–(i), which are the same with trivial Abelian regimes. Panels (c)–(g) belong to the N = 8 phase.

4. Phase diagram
To investigate the topological Lifshitz transition thor-

oughly, we tune the gauge fluxes (α,β ) along the non-Abelian
path (0,π)→ (π,0) and obtain the topologies of respective
Fermi surfaces in Fig. 5. We find that the region around π-flux
point is in the N = 8 phase [Figs. 5(c)–5(g)]. It is necessary
to obtain the phase boundary of the topological Lifshitz tran-
sition.

As we know, the energy bands can be obtained by solv-
ing the secular equation det[H(𝑘)− E] = 0. If zero modes
exist, the equation det[H(𝑘)] = 0 will have roots, the number
of which will equal the number of zero modes. Since the num-
ber of zero modes differs in the topological Lifshitz transition
induced by non-Abelian SU(2) gauge potential, we can obtain
the phase boundary by solving the equation det[H(𝑘)] = 0. It
is easy to find that

det[H(𝑘)] = t8|det[F(𝑘)]|4, (14)

which is independent of t ′. Thus the value of t ′ does not af-
fect the phase transition. Therefore, the problem is reduced to
solving the equation det[F(𝑘)] = 0.

We substitute T1, T2 and T3 in F(𝑘) = T2 + e i𝑘·𝑎1T †
3 +

e i𝑘·𝑎2T †
1 and find

F(𝑘) =

[
F11(𝑘) F12(𝑘)

F21(𝑘) F22(𝑘)

]
, (15)

where

F11(𝑘) = F22(𝑘) = 1+ cosβ e i𝑘·𝑎1 + cosα e i𝑘·𝑎2 ,

F12(𝑘) =−sinβ e i𝑘·𝑎1 − i sinα e i𝑘·𝑎2 ,

F21(𝑘) = sinβ e i𝑘·𝑎1 − i sinα e i𝑘·𝑎2 .

Thus,

det[F(𝑘)] = (1+ cosβ e i𝑘·𝑎1 + cosα e i𝑘·𝑎2)2

− [(i sinα e i𝑘·𝑎2)2− (sinβ e i𝑘·𝑎1)2]

= 1+ e2i𝑘·𝑎1 + e2i𝑘·𝑎2 +2cosβ e i𝑘·𝑎1

+2cosα e i𝑘·𝑎2 +2cosα cosβ e i𝑘·(𝑎1+𝑎2). (16)

To make det[F(𝑘)] = 0, both the real and imaginary parts
must equal zero, ie, Re[detF(𝑘)] = 0 and Im[detF(𝑘)] = 0.
By eliminating variable kx, the two equations can be re-
duced to a single equation with one variable y = cos(

√
3ky)+
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cosα cosβ ,

c4y4 + c3y3 + c2y2 + c1y+ c0 = 0, (17)

where

c4 = 16,

c3 =−32cosα cosβ ,

c2 = 32cos2 α cos2 β −8,

c1 = 8cosα cosβ [3−2(cos2 α + cos2 β )],

c0 = 1−4(cos2 α + cos2 β )+8cos2 α cos2 β .

(18)

The number of roots in Eq. (17) can be determined by the
discriminant

∆ =
1
c4

det



c4 c3 c2 c1 c0 0 0
0 c4 c3 c2 c1 c0 0
0 0 c4 c3 c2 c1 c0

4c4 3c3 2c2 1c1 0 0 0
0 4c4 3c3 2c2 1c1 0 0
0 0 4c4 3c3 2c2 1c1 0
0 0 0 4c4 3c3 2c2 1c1


. (19)

When the discriminant ∆ = 0, the corresponding equation has
multiple roots. Consequently, we obtain the phase diagram of
gauge fluxes (α,β ) in Fig. 6. The phase boundary of the topo-
logical Lifshitz transition is the red line, which corresponds to
∆ = 0. The N = 4 phase is outside the phase boundary, while
N = 8 phase inside the boundary. The phase diagram can also
be confirmed by calculating the Fermi surfaces.

0
0

α

β

π

π

Fig. 6. The α–β phase diagram. The phase boundary of the topological
Lifshitz transition is the red line, which corresponds to ∆ = 0. There
are N = 4 Dirac points outside the boundary.

5. Novel edge states
Different from honeycomb lattice, there are some unique

phenomena on the BHL, which also exhibit exotic changes
under the influence of SU(2) gauge field. Localized edge
states have been reported to exist at the zigzag edges of bi-
layer graphene.[67] Now we begin to investigate the effects of
the SU(2) gauge potential on the localized edge states. A tun-
able band gap has been realized by applying a biased electric
field on bilayer graphene.[45–49] Hence we consider the biased
BHL nanoribbon with zigzag edges [see Fig. 1(b)]. When a
gated voltage is applied to BHL, the Hamiltonian (9) should be
modified by adding a term HV =V diag{14,−14}, where 2V is
the voltage difference between the two layers. A two-photon
dressing field can be used to produce an effective gauge po-
tential for neutral atoms. Through the time dependence of the
effective potential, we can generate synthetic electric field on
neutral atoms.[25] A generalization of Bragg spectroscopy can
be used to detect edge states in optical lattices.[68]

-1.0

0

0

.

(c) (b) 

↩.

0

.
(a)

E
E

(f) (e) (d)

π 2π 0 π 2π 0 π 2π

0 π 2π0 π 2π0 π 2π

Fig. 7. Energy spectrum for a bilayer ribbon of NL = 80 cells with zigzag edges. (a) V = 0,α = β = 0. (b) V = 0,α = β = π/10. (c)
V = 0,α = β = π/2. (d) V = 0.1,α = β = 0. (e) V = 0.1,α = β = 2π/5. (f) V = 0.1,α = β = π/2.
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When V = 0, we tune the gauge fluxes (α,β ) along
(0,0)→ (π/2,π/2). Four partly flat bands at Fermi level lo-
cate in the range of [2π/3,4π/3] [Fig. 7(a)], which correspond
to four edge states.[67] As we know, these bands are doubly de-
generate and the increasing flux will result in a nondegeneracy.
We can find that four additional dispersive bands appear away
from the flat bands in Fig. 7(b). The nondegenerate flat bands
are also transported by gauge fluxes in momentum space and
thus their range is also enlarged. When the fluxes continue to
increase, the nondegenerate flat bands will separate into two
parts. Finally, for α = β = π/2, the nondegeneracy disappears
again, but the two parts of flat bands remain in Fig. 7(c).

Considering biased voltage V = 0.1, we show the en-
ergy spectrum of a bilayer ribbon for different gauge fluxes in
Figs. 7(d)–7(f). The bias will move two flat bands from Fermi
level to E = ±V , and the other two edge states become two
dispersive bands crossing the opened gap [Fig. 7(d)]. Similar
to the unbiased case, the SU(2) gauge potential will destroy
the color degeneracy and transport the bands. As a result, we
can see eight band crossing in the gap when α = β = 2π/5
in Fig. 7(e). At π-flux point, both the flat and crossing bands
separate into two parts [Fig. 7(f)].

6. Summary
In this work, we systematically study the SU(2) gauge ef-

fects on BHL. Based on the tight-binding model of graphene
bilayer, we deduce the model by Peierls substitution. A topo-
logical Lifshitz transition induced by the non-Abelian gauge
potential is discovered. Topological Lifshitz transitions are
identified by the topologies of Fermi surfaces. The Fermi sur-
face at π-flux point consists of N = 8 Dirac points, instead of
N = 4 in the trivial Abelian regimes. We also define a local
winding number to classify the universality class of different
topological phases. Then the phase diagram of gauge fluxes
is demonstrated. The influence of gauge potential on edge
states of biased bilayer ribbon is investigated. At the end, we
would like to emphasize that the gauge potentials of different
layers are independent in the present work, and the interlayer
gauge fields cannot be considered. If we consider the inter-
layer gauge fields, the problem would become much more so-
phisticated and interesting, which will be studied in the future.
In conclusion, our work will contribute to the research of topo-
logical Lifshitz transition and SU(2) gauge effects on bilayer
honeycomb lattice. And the comprehension will be helpful for
the electronic applications of bilayer graphene.
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