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Electron beam modeling and analyses of
the electric field distribution and space charge effect
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In electron beam technology, one of the critical focuses of research and development efforts is on improving the
measurement of electron beam parameters. The parameters are closely related to the generation, emission, operation
environment, and role of the electron beam and the corresponding medium. In this study, a field calculation method is
proposed, and the electric field intensity distribution on the electron beam’s cross-section is analyzed. The characteristics
of beam diffusion caused by the space charge effect are investigated in simulation, and the obtained data are compared with
the experiment. The simulation demonstrated that the cross-sectional electric field distribution is primarily affected by the
electron beam current, current density distribution, and electron beam propagation speed.
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1. Introduction

The electron beam technology plays a vital role in various
industrial processes, especially in the highly propulsive fields
of aeronautics and astronautics. The electron beam quality pa-
rameters, as the core indicators of the electron beam charac-
teristics, decisively influence the outcome of the electron beam
application.!! As the charged electrons form a beam, the beam
tends to diffuse as a result of interactions between particles. It
is necessary to analyze the electric and magnetic field inten-
sity generated by the electron beam to study the space charge
effect (SCE).

There are mainly two ways to study the diffusion of
charged particle beams caused by the SCE. The first one is
to predict the trajectory of a ray with a differential equation
known as envelope equation or ray equation. In 2000, Ragheb
et al., using findings on a beam with a uniform current density
distribution obtained by Zhigarev,!?! described the derivation
of the formula for the envelope prediction. In 2011, Takahashi
applied the same equation in the method of average space
charge effect when comparing different methods of predicting
electron beam diffusion,?! whereas in 2009, the book edited
by Orloff introduced a complete version of the ray equation.
It uses multiple series in the expression of corresponding en-
velope equations of the electric field intensity under various
current density distributions!*!
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where r is the radius of the tracked ray, ry is a characteristic
measure of the beam radius, z is the coordinate of the axis par-
allel to propagation speed, and a, b, ¢ are determined by the
current distribution. The envelope equation tracks only one
ray, and consider its radius as the width of the beam when pre-
dicting the beam width. As a result, the envelope can have a
overly small minimum width and the tracked ray never crosses
the axis. While in reality, the envelope of a beam usually con-
sists of multiple rays and an outer ray usually crosses the axis.
Therefore, such an equation may not be effective for width
prediction.

The second way is to directly study the electric and mag-
netic intensity generated by a beam and conduct numerical
simulations. Currently, there are some plain methods for elec-
tric field calculation. 59! For instance, Chauvin of CERN stud-
ied the electric and magnetic fields excited by the charged par-
ticle beam, applying Gauss’ law, the numerical calculation of
the cross-sectional electric field intensity generated by the par-
ticle beam was performed, and the analytical expressions un-
der several standard distributions were derived.!’! The same
author also studied space charge expansion under specific con-
ditions.

Chauvin’s derivation is based on a uniform and infinite
long beam, and the results from such overly ideal model may
have neglected measurable factors. We intend to fully consider
the electron beam to deduce the exact results of the electric
field distribution and then simulate the beam propagation.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the electron beam model. The simulations
and their results are discussed in Section 3. Finally, Section 4

concludes the paper.
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2. Electron beam model

Based on the current experimental results and theoretical
research, the following assumptions can be made for the elec-
tron beam. Firstly, the electron beam has a particular initial
cross-sectional area and a corresponding convergence or di-
vergence angle. This angle is very small, generally at the mil-
liradian level, and can be neglected when calculating the field
intensity. Secondly, as all electrons are accelerated with the
same voltage and the lateral velocity is insignificant, we can
consider that all electrons have the same axial velocity after
acceleration. Considering any particular section in the middle
of the electron beam, as the front and rear parts of the electron
beam have similar strengths of forces to the section, and the
electric field force generated by the moving electrons in the
longitudinal direction is small, it can be considered that the
axial velocity of the electrons is constant. Thirdly, the current
density follows a specific distribution on the cross-section and
poses a rotational symmetry. Each concentric circle on the
cross-section follows the same current density, and the elec-

trons are continuously distributed in space.!>7-*!

2.1. Electric field distribution

Let us consider two particles with identical charges, g. If
the particles are at rest, the Coulomb force exerts a repulsion,
and if the particles travel with a velocity v, they represent two
parallel currents I = gv, which attract each other owing to the
effect of their magnetic fields. Further, let us consider a par-
ticle in an unbonded beam of particles with a circular cross-
section. Coulomb repulsion pushes the particle outward. The
induced force is zero at the beam center and varies along the
radius of the beam. The magnetic force is radial and attractive
for the test particle in a traveling beam, retarding the beam
spread.

According to electrodynamics, the electric and magnetic
fields excited by a moving electron with uniform velocity v in
space arel!0-111
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where R is the vector from the source point to the field point,
0 is the angle between R and the electron velocity vector, & is
the vacuum dielectric constant, e is the charge of the electron, ¢
is the speed of light, ' and B are perpendicular to each other,
and B is v/c2 times 2. When sin8 = 1, only the particles
on the cross-section are considered, where R is perpendicular
to the electron velocity vector. The following equation is ob-
tained by integrating as in Fig. 1, which shows the electric field
excited by the cross-section at a distance r from the center of

the circle:
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v, is the axial velocity, R is the radius of the beam, and the
electric field vector points to the center of the circle from the
field point. Note that Eq. (3) is only a preliminary formula,
and its dimensions are not strictly specified.

Fig. 1. Schematic of cross-sectional integration.

Beam envelope

Beam waist

Test po’ﬂ

Effective section
(and the upper part)

Fig. 2. Schematic of effective section.

Next, we expand the scope of the equation to space and
replace the field strength generated by a single point in Eq. (3)
with the electric field intensity generated by all electrons, cal-
culated for a point on the cross-section at a fixed axial dis-
tance, and then perform the integral operation to obtain the
expression for the electric field intensity generated by the cor-
responding electric charge in space. Equation (1) shows that
the intensity of the electric field generated by moving electrons
decreases as 0 decreases, and reaches a maximum at 90°, that
is, an electron generates the maximum field intensity on the
cross-section where it is located. The field strength decreases
with a decrease in the angle, and it should be neglected when
the electric field strength reaches a negligible level. The actual
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angle depends on specific conditions. Suppose the angle is 6,
the effective section for a test point shown in Fig. 2 is a fan-
shaped zone with the axis of symmetry parallel with the axis
at the center of the circle, R is the symmetry axis, and 0 is the
half-angle. The electric field generated by the electrons in the
zone above is considered. Because the area where the error
may occur is far from the test point, it can be assumed that the
axial characteristics of the electron beam do not change in the
area. The component of the electric field intensity generated
by the corresponding electrons at the cross-sectional point in
the longitudinal direction can be calculated as follows:

2
6 1-%
EL=2k1/ qas(r1)( Cz)COS(Pd @)
0

ra(1— ‘;—gcos2 9)3?

where E has dimensions of V/m3, k; = and the elec-

Ty
tric field vector points to the center of the circle from the test
point. ggs(r1) is the space charge density at |, which is uni-
form in the direction parallel to the electron emission speed.
It is calculated by dividing the current density by the electron

axial movement velocity

(1)

Z
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Combination of Egs. (3) and (4) yields the complete elec-
tric and magnetic field expressions

°r rt+r]
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Equations (6) and (7) are the complete formulae and also ap-
plicable to other charged particle beams. B is v./c? times of
FE and the direction is perpendicular to E. Equation (6) gives
the electric field generated by the averaged space charge effect,
and its counterpart is the discrete space charge effect, that is,
the mutual influence of two close electrons. For charged par-
ticle beams, the space charge effect dominates the diffusion of
the beam when the current density is large. According to the
Lorentz force formula, the force hindering the spread of the
electron beam is vg /c? times the electric field force.

2.2. Comprehension and verification

A Gaussian distribution is a common form of the beam
current density distribution. For a circular Gaussian distribu-

tion, the current density is given by!!?!

IB r2
J(r)=—=exp| — 3= 8
1= gazewp (-~ 5 ). ®
where Iy is the beam current, and o is the standard deviation
of the Gaussian beam. In the Gaussian distribution, the area

within the horizontal axis interval (4 —2.580, 1 +2.580) is
99%, and thus, 2.580 = R, where R is the characteristic beam
radius. The form below can be found by calculating
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Further sorting gives
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Equation (10) is the analytical expression under a Gaussian
distribution, and the forms based on other distributions can
also be obtained. The value of the second part of the expres-
sion in Eq. (6) is always zero, hence, it is known that the elec-
trons outside the radius of the test point under the rotationally
symmetric current density do not affect the electric field, and
thus conform to Gaussian law. Therefore, the final versions of
Egs. (6) and (7) are

r r+ry
E(r):Zk/ drl/ EpcosAdl, (1)
0 r—ry

B=2 xE. (12)
c

To verify Eq. (11), we consider Eq. (10) as an example.
Chauvin of CERN applied the integral form of Gauss’ law to
derive the electric field of an infinitely long ideal charged par-
ticle beam owing to the space charge effect and obtained the
expression for the radial electric field of the charged particle
beam![%]

1 r
E.(r)= 5/0 p(rHrar. (13)

The space charge electric field under Gaussian distribu-
tion is obtained as

2 )
E/(r) = pg—oog% [1exp (%’2)} (14)

where p(r’) is the charge density at 7/, po, is the charge density
at the center of the beam, & is the vacuum dielectric constant,
and o is the standard deviation of the Gaussian distribution.
The calculation result shows the conformity of Egs. (10) and
(14), except for the definite integral of 6 in Eq. (10), which
verifies the correctness of Eq. (10). Meanwhile, the deduction
method used in this study better reveals the inherent character-
istics of the beam. The variable 0 introduced makes it feasible
to determine the range of the considered beam according to
actual conditions such as axial speed, which reduces the errors
caused by different beam current conditions far from the test
point, especially a different current distribution at a distant z
coordinate.
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3. Simulations and analyses
3.1. Basis

According to the equations and experimental results, SCE
is significant when the current of the beam is large. Therefore,
to study the characteristics of SCE, it is best to take a typical
high current beam as an example. This simulation is mainly
based on the experimental and calculation results obtained by
Koleva et al.'® Through experiments, they measured the cur-
rent density of an electron beam at 320 mm, 245 mm, and
170 mm from the focusing coil, where 320 mm is the focal
plane position of the electron beam, and the current density
change from 170 mm to 320 mm shows a focusing process.
The electron beam current was 40 mA, the acceleration volt-
age was 60 kV, and the power was 2.4 kW. Then, they used
a Monte—Carlo simulation to calculate the current density dis-
tribution in the three sections. The distributions at 320 mm,
245 mm, and 170 mm are as follows:

J(r) = 254exp(—r?/0.05),
J(r) = 17.94exp(—r*/0.72),
J(r) = 4.72exp(—r?/2.76).

The units are mA/mm?. For the Gaussian distribution of
the current density, the beam radius corresponds to the distri-
bution. If we let R = 2.580, the radii of the beams above are
3.030 mm, 1.548 mm, and 0.407 mm, respectively. The cur-
rent, voltage and radii mentioned above were used in the sim-
ulation. The axial velocity of the electron obtained through
the relativistic kinetic energy formula was 1.33x10% m/s at a
voltage of 60 kV.

3.2. Simulation of electric field distribution

Because there is currently no pattern to determine 6 in
Eq. (12), and 6 must be less than 7/2, with the integral of 0
being less than 1, we let 2/7 replace the definite integral in
Eq. (12). Based on the previous formula and data, the cur-
rent density distributions and corresponding electric field in-
tensity distributions on the cross-section are obtained as shown
in Fig. 3.

Figure 3 shows the current density distributions and field
intensity distributions under three radii, respectively, where
the third radius is slightly less than 0.4 mm. The blue curves
represent the current density distributions, corresponding to
the left Y-axis, and the red curves are the electric field dis-
tributions, corresponding to the right Y-axis. From Fig. 3, it
is clear that the maximum current density increases rapidly
as the beam radius decreases, and the maximum current den-
sity is inversely proportional to the square of the radius from
the Gaussian distribution expression. Similarly, the maximum
electric field intensity increases rapidly as the beam radius de-
creases, albeit not as fast.

5 40007 {11000

200071

J (Am

0

|
{500 >
S

0 — —
—4 -2 0 2 4

J (A-m~2)

J (A-m~2)

z (mm)

Fig. 3. Distributions of current density and electric field intensity with
different widths.

The following rules can be summarized from the analyti-
cal formula and simulation results. Firstly, the field is nonlin-
ear inside the beam and varies according to 1/r when far from
the beam (several o.). Secondly, the field intensity is zero at
the center of the beam, increases first, and then decreases as
the distance increases. The field intensity is proportional to
the current when the beam radius is constant. When the cur-
rent is constant, the maximum field intensity increases with a
decrease in the radius, and the field intensity is inversely pro-
portional to the electron axial speed. Thirdly, the maximum
field intensity appears at 1.5850, from the center of the circle,
that is, 0.613R.

3.3. Simulation of SCE

The initial conditions of this simulation are as follows:
the accelerating voltage is 60 kV, total current is 40 mA, initial
width of the beam is 3.030 mm, and theoretical focal length
is 150 mm (which means the beam focuses after traveling
150 mm from the initial plane without SCE), and the aberra-
tions can be ignored under such conditions. The current den-
sity is considered to follow the Gaussian distribution, and all
rays share the same constant axial velocity. In this simulation,
100 rays inside the beam are tracked during their travel.

In Fig. 4, the rays or light paths are marked by different
shades of gray according to their initial distance from the cen-
ter to characterize the current density. The larger the number,
the larger the initial x coordinate, and the smaller the current
density. According to the simulation, the z coordinate of the
actual focal plane is approximately 165 mm with a minimal
beam width of 0.162 mm. The neglecting of off-axis focusing
makes the simulated minimal width smaller than the experi-
mental width. The beam can be viewed as a combination of
three parts: The first part exists from 0 mm to 144.6 mm, the
second part exists from 144.6 mm to 172.9 mm, and the rest of
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the beam constitutes the last part. Ray 100, with the largest ini-
tial x coordinate, forms the beam envelope of the first and third
parts, whereas multiple rays form the envelope of the second
part, which means that the laminar flow condition stops be-
fore the second part. The comparison of characteristic widths
at different z-coordinates of the simulation and experiment as
the basis when R = 2.580 is given in Table 1.

0 100 200 300
z (mm)

Fig. 4. Beam propagation and ray tracking.

Table 1. Comparison of experimental and simulation widths.

z (mm) 0 75 150
Experimental width (mm) 3.030 1.548 0.407
Simulation width (mm) 3.030 1.545 0.210

The comparison shows that the simulation data match the
experiment well, which proves the ray tracking method effec-
tive for beam width prediction. The widths at z = 150 mm
show a measurable difference, which can be explained by sev-
eral reasons. Firstly, the phenomenon of off-axis focusing of
the beam is not considered in this simulation because it can not
be accurately simulated based on the existing results. Off-axis
focusing occurs because of electrons with a velocity not par-
allel to axis, theoretically, off-axis focusing lets a beam focus
on a disc instead of a point on the focusing plane and it mainly
affects the beam width near the focusing plane, this explains
the inconsiderable difference between data at z =75 mm. The
estimating of exact effect of off-axis focusing is difficult be-
cause it can not be directly measured in an experiment. Under
given condition, an estimate equation can be given as

Whin = Wsc + W, (15)

where W, is the actual minimal beam width, Wsc is the min-
imal width when off-axis focusing is not considered, and W,
is the off-axis focusing height. According to Eq. (15), the off-
axis focusing height in this case is about 0.2 mm. Secondly,
the existence of statistical Coulomb interactions among dis-
crete electrons. Though Takahashi’s research shows that dis-
crete interactions between electrons are not dominant when
the current is high,’ they may still have a certain contribu-
tion. Thirdly, the experimental parameters and data, as well

as the simulation data, may contain errors. Above all, off-axis
focusing is the main contributor in this case.

To study the flow in detail, the x-coordinates of all rays
during the entire propagation are shown in Fig. 5, where the x
coordinates are represented by different colors, and the upper
half of the beam is tracked. The four parts of the rays can be
distinguished as shown in Fig. 5. The first part is marked by
the smallest number and sticks to the axis where the electric
field intensity is insignificant. Obviously, positive x coordi-
nates characterize the rays in the second part at the end of the
propagation. The rays of the third part end up near the axis.
The rays of the fourth part travel from the top of the beam to
the bottom.

3
2
1
= 0
[}
ny
-1
)
I ] -3
0 100 200 300 x10-2
z (mm)

Fig. 5. The x coordinates of all rays on different z coordinates.

;_ 1
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Fig. 6. Contour of radial velocities of all rays.

Further, the contour of the radial velocities of all rays is
shown in Fig. 6, where colors of different contour lines show
their radial velocities. A positive value denotes upward mo-
tion, whereas a negative value denotes downward motion. All
rays move downward initially as we track the upper half of the
beam. According to Fig. 6, more than 50% of the rays fail to
cross the axis and all of them are marked with a smaller num-
ber than the rays that cross over. The red dotted line shown in
Fig. 6 indicates the “ridge” where the rays cross the axis. A
similarity is noticed between SCE and spherical aberration as
the upper rays crossed the axis earlier than the lower rays.

054103-5



Chin. Phys. B 31, 054103 (2022)

The simulation of SCE provides a method for beam width
prediction, hence the possible maximum resolution of the
beam is given. The obtained data clearly reveal the flow pat-
tern of the beam as the trajectory and radial speed of every ray
are displayed, and an in-depth investigation into such data can
be applicable for optics design optimization. Further, a com-
prehensive analysis with SCE, abberations, off-axis focusing
etc. involved is feasible based on data obtained in correspond-
ing simulation applying the ray tracking method.

4. Conclusions

A model for analyzing the electron beam propagation is
proposed, and the corresponding electric and magnetic field
integral expressions are obtained. The analytical equation un-
der the Gaussian distribution is obtained and verified with
the CERN results.
sults are analyzed. The cross-sectional electric field distri-

Simulations are conducted, and the re-

bution is mainly affected by the electron beam emission cur-
rent, current density distribution, and electron beam propaga-
tion speed. For the same distribution, a stronger current and
more intense electric field of the electron beam cross-section
would cause the electron beam to expand more easily. The
value of 0 in the definite integral is affected by multiple fac-
tors simultaneously, the impacts of which require careful con-
sideration. Tracked rays show the flow pattern inside the beam
and envelope, which consists of multiple rays. The compari-

son of simulation and experimental data shows a good match
and proves the method used effective for beam width predic-
tion and beam simulation. A similarity is observed between
SCE and spherical aberration.
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