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TOPICAL REVIEW — Interdisciplinary physics: Complex network dynamics and emerging technologies
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Synchronization is a widespread phenomenon in both synthetic and real-world networks. This collective behavior of
simple and complex systems has been attracting much research during the last decades. Two different routes to synchrony
are defined in networks; first-order, characterized as explosive, and second-order, characterized as continuous transition.
Although pioneer researches explained that the transition type is a generic feature in the networks, recent studies proposed
some frameworks in which different phase and even chaotic oscillators exhibit explosive synchronization. The relationship
between the structural properties of the network and the dynamical features of the oscillators is mainly proclaimed because
some of these frameworks show abrupt transitions. Despite different theoretical analyses about the appearance of the first-
order transition, studies are limited to the mean-field theory, which cannot be generalized to all networks. There are different
real-world and man-made networks whose properties can be characterized in terms of explosive synchronization, e.g., the
transition from unconsciousness to wakefulness in the brain and spontaneous synchronization of power-grid networks. In
this review article, explosive synchronization is discussed from two main aspects. First, pioneer articles are categorized
from the dynamical-structural framework point of view. Then, articles that considered different oscillators in the explosive
synchronization frameworks are studied. In this article, the main focus is on the explosive synchronization in networks
with chaotic and neuronal oscillators. Also, efforts have been made to consider the recent articles which proposed new
frameworks of explosive synchronization.

Keywords: synchronization, explosive synchronization, Kuramoto oscillator, chaotic systems, neuronal net-

works, complex network
PACS: 05.45.Xt, 05.45.—a, 87.19.1j, 89.75.-k

1. Introduction

Synchronization is generally known as the collective be-
havior of units that interact with each other.!'! The dynam-
ics of units become relatively correlated as their coupling gets
strong. Therefore, the coupling strength should pass a critical
value specific to different networks with different structures
and units’ dynamics.?) Synchronization patterns are seen in
natural and human-made systems, like fireflies, neurons, heart
cells, pendulums, and lasers.[?] Besides the coherent state, an-
other collective behavior is also desynchronization,® which
may be induced or happen because of instability of the syn-
chronization state.>-%!

Analyzing the synchrony of the systems has gained

much interest in different fields, like physics,!”#! biology,[*10]

1" chemistry,!!>13] and even ecology,!'*!3! in

mechanics, !
which network sizes vary significantly from two to millions
of nodes. The research in these fields consists of analyt-
ical, numerical, and experimental studies which mainly in-
vestigate the required critical coupling strength,'®! exter-
nal input,'”) control scheme, '8 network structure,'*2% and
agent parameters!?!! to synchronize, desynchronize, and con-

trol the system. ]
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The history of synchronization goes back to 1665, when
Christiaan Huygens, a mathematician, observed two pendu-
lum clocks (invented by himself) move alongside each other.
His study was the pioneer to further studies in which weakly
sinusoidal coupled phase oscillators were analyzed using the
mean-field theory in an all-to-all coupled network, the Ku-
ramoto model (KM).!??! This model is the most popular
and well-studied model to describe synchronization and re-
lated phenomena. The order parameter, the index which
quantified the synchronization level, is easily calculated in
this model via summation of the state variables on the unit
circle.’?’! Some complex conditions were discovered in Ku-
ramoto networks for the first time, like chimera!®*! and explo-
sive synchronization.>! The effect of different structures on
the synchrony of Kuramoto networks is reviewed in Ref. [26],
providing a good insight into this model’s applications.

Recent research generalizes the synchronization defini-
tion to chaotic systems.!?’-?8] Unlike phase oscillators, the
term synchronization cannot be used for chaotic systems
It should be noted which
In chaotic systems, the correla-

without additional information.
synchrony is considered.
tion between the properties of some correlated oscillators

is characterized as synchrony.!?®! For example, complete, *]

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

020504-1


http://dx.doi.org/10.1088/1674-1056/ac3cb0
mailto:sajadjafari@aut.ac.ir
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 020504 (2022)

phase,>! time-scale,*"! lag,3!! and generalized®? synchro-
nization. The chaotic systems have been widely investigated
and used in communication,>3 physics,[**! mechanics, *!
and biological*®! fields. In some chaotic systems, the basin
of attraction has different regions that correspond to an attrac-
tor. These systems are known as systems with multistability
or coexisting attractors.3’= Studies show that multistability
makes the networks show asynchronization even in large val-
ues of coupling strength. [40]

Besides the different types of synchrony, the transition to
this state varies in different types of oscillators and network
structures. Routes to the coherent state have been divided into
two types; first-order transition, i.e., explosive synchroniza-
tion (ES), and second-order transition, i.e., continuous tran-
sition. Studies show that forward (FW) and backward (BW)
continuations of the order parameter as a function of the cou-
pling strength have a hysteresis loop. In other words, the crit-
ical coupling strength from the incoherent state to coherent
one AL, is different from the critical coupling strength, which
is achieved from synchronization state to desynchronized one
(A8).[*1 Two detailed reviews explain the pioneer articles of
ES phenomena. [#>#3!

As mentioned above, the Kuramoto oscillator is discussed
well in the previous reviews. Thus, in this review (Section 2),
in addition to explaining the pioneer studies (Subsections 2.1—
2.5), the main focus is on the ES phenomenon in new frame-
works (Subsection 2.6). In Section 3, the reasons for the emer-
gence of ES are discussed. Different types of oscillators, fo-
cusing on chaotic and neuronal oscillators, are considered in
Section 4. Moreover, recent applications of the first-order tran-
sition in real-world systems are considered in Section 5. Ex-
plosive death is discussed as an abrupt behavior of the net-
works in Section 6. Also, Section 7 includes the concluding
remarks and the future outlook.

2. Explosive synchronization in different frame-
works

Full rank all-to-all connected graphs have been used in
physics and mathematics for a long time. The analytical study
of this kind of network has been strengthened through mean-
field theory and other investigations. Nevertheless, some stud-
ies show that this model is not perfectly compatible with na-
ture networks. Arbitrary connections between the nodes make
the networks more realistic but challenging to solve mathemat-
ically. These types of connection realizations provide a new
category of networks which is demonstrated as complex net-
works. They range from regular to random structures in which
the probability of the nodes’ connection, i.e., degree probabil-

ity (P(k)), determines the network’s construction.?! Although,

networks can be classified using other features like the average
shortest path length, /, or the clustering coefficient, C.

In the context of the ES, two different types of net-
works are always debated, which differ in the tail of the de-
gree distribution diagram, namely, homogenous networks, for
which the probability decays exponentially fast as the degree
increases, and the heterogeneous networks, with the heavy-
tailed distribution. Random, Erdés—Rényi (ER) as the most
typical one,** and scale-free (SF) networks, e.g., Barabasi—
Albert (BA),!®! are homogenous and heterogeneous, respec-
tively. Another essential structure is the small-world (SW),
constructed by adding some additional random links to a regu-
lar graph. Watts—Strogatz (WS) is an algorithm that generates
networks with SW property. [46]

In the following subsections, the existence of ES in sim-
ple networks of the Kuramoto model is discussed. Then, the
frameworks which consider the KM model in the complex net-
works are reviewed. It should be noted that this review’s focus
is on those structures which have not been considered in the

previous reviews.

2.1. Kuramoto networks

To describe the synchronization in phase oscillator, Ku-
ramoto proposed a model in which the nonlinear sinus func-
tion describes the nodes’ coupling term. Recent advances in
the study of Kuramoto networks are reviewed in Ref. [26]. The
phase derivative (0) of node i, in a network of N oscillators,is
described as

. K
0, =w + N

y sin(0; — 6;), (i=1,...,N), 1)
j=1

where K is the coupling constant connecting the oscillators
in an all-to-all network; @; is the intrinsic frequency of the i-
th oscillator, chosen from the frequency distribution function,
g(w). The term 1/N limits the coupling term when N — o
(thermodynamic limit).

To calculate how much the oscillators are synchronized,
the order parameter is computed in the networks. This parame-
ter mostly ranges from O to 1, which shows full non-coherence
and coherence states, respectively. The definition of order pa-
rameter differs in different types of oscillators. In phase oscil-
lators, it is defined as the collective behavior of all the agents

known as the global order parameter r,
” 1 N 0

re'=—7Y% e'%, 2

N 1;1 @)

where ¢ is the average phase. In the non-synchronized state
r~1/+/N ~ 0 and in the synchronized one, it is approximately
equal to 1. Figure 1 shows this index for (a) relatively synchro-

nized and (b) incoherent states.
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As mentioned before, abrupt synchronization was re-
ported in the Kuramoto model for the first time in Ref. [25].
Then, most studies focused on the role of frequency dis-
tribution in the appearance of ES. Uniform*”! and sym-
metric unimodal*®! distributions were analyzed, which yield
ES. Hence, it seemed that g(®w) should have a large flat
section to make the Kuramoto model have discontinuous
synchronization.*?! Although, further research showed that
bimodal and two Lorentzian frequency distributions also lead

to ES in the presence of noise.>*1]

Fig. 1. Order parameter. The magnitude and phase of the resultant vector
show the order parameter,r, and mean phase, ¢. In this figure, panel (a)
shows a relatively coherent and panel (b) shows an incoherent state.

The previous studies analyze the Kuramoto model in the
fully connected networks, but complex networks with differ-
ent connectivity structures are explored in recent researches.
Considering the Kuramoto model in these structures requires
defining the connectivity matrix A; ; = [a; ;] which represents
whether node i and j are coupled (a; ; = 1) or not (a; ; = 0).
So, equation (1) becomes

N
Qi:(J)l‘+Z)LijA,‘jSin(9j76i), (l':l,...,]\/)7 3)

J=1

where A; ; denotes the coupling strength between node i and j
and regularly equals a fixed value A.

In Ref. [52], researchers found that by slight changes in
the construction of the random network, the Achlioptas pro-
cess (not ER method), the percolation transition changes from
first order to second order. In addition, this explosive perco-
lation was observed in the SF networks with an appropriate
value of y in their degree distribution function, P(k) o< k~7.[53
Such explosive behaviors in these complex networks encour-
age the researchers to explore the synchronization transitions

in these situations.

2.2. Correlated frequency-degree (CFD) framework

The existence of explosive percolation in SF networks en-
courages the researchers to inject the heterogeneous to the dy-
namics of the oscillators. For the first time, Gémez—Gardeiies
et al. proposed a framework in which the frequency of the

Kuramoto oscillators is positively correlated to their degree.

Hence, in the simplest form ®; = k;. They considered an
algorithm>*! that generated the networks that vary from scale-
free (BA) to random (ER) ones using the control parameter «.

Consequently, equation (3) changes to

6 =ki+AY Aijsin(6,—6;), (i=1,...,N), 4)

Figures 2(a) and 2(b) show the order parameter as a func-
tion of the coupling strength for ER and BA structures, respec-
tively. The ER (Fig. 2(a)) has the second-order while the BA
structure (Fig. 2(b)) has the first-order transition. It should be
noted that the authors also studied other SF networks (different
values of 7), and they derived that for different SF structures,
the model shows ES while the positive correlation between the
degree and intrinsic frequency is established.

To better understand the nodes’ clusters in this model, the
effective frequency is averaged over the nodes have the same
degree, as given by
(@)= Nik Y o, Q)

[ilki=K]

where the effective frequency, a)fff, is given by

1 T
o =2 [ 8(mar. ©
t

for T > 1. In the second-order transitions (Fig. 2(c)), clus-
ters gradually join the final synchrony state, in contrast to the
first order (Fig. 2(d)), in which clusters are unified abruptly at
Ae = 1.4.

This article also considered the star structure, a mathe-
matically analyzable configuration, to further investigate the
ES phenomena in SF networks. This configuration has a hub
and K leaves all connected to the hub. As the correlation be-
tween the frequency and degree is considered in this frame-
work, intrinsic frequencies of the hub and leaves are equal to
Km; and w;, respectively. Therefore, the phase velocity of the
nodes are

6p=K+AY Isin(6,—6,), (I=1,....K), (7
6, =1+ Asin(6, — 6;), ®)

where subscripts ~ and / denote hub and leaf, respectively.
A> =K—1/K+1 and y* = K/K + 1 have been derived an-
alytically in this star configuration. It should be noted that if
®; = k;, we have, then A2 = [(K —1)/(K +1)] .5

Calculating the critical coupling strength in the for-
ward transition is somehow problematic in the frequency-
degree correlation, but some researchers tried to analyze it
numerically.53-57]

In another work, the authors in Ref. [58] investigated
whether the negative correlation between the frequency and

degree yields abrupt transition or not. They found that the
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synchronization transition changes from ES to a hierarchical =~ nodes which have the same properties, e.g., the same degree
one as the correlation varies from positive to negative value. (degree—degree correlation), was also explored in this frame-
Assortativity, the tendency of the nodes to connect to the  work using the mixing coefficient, 1.1>!
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Fig. 2. Panels (a) and (b) show forward and backward continuations of the order parameter in the CFD framework. Panels (c) and (d) represent changes in
the effective frequencies of the nodes (dotted) that have the same degree (solid blue curves) in the FW continuation. For both structures, §A = 0.2, N = 10,
and (k) = 6, reprinted from Ref [41].

Figure 3 (Ref. [58]) shows that the first-order (Fig. 3(a)) changes to the second-order (Fig. 3(b)) transition as the mixing
coefficient changes from negative (disassortativity) to positive (assortativity) value. In this BA structure, N = 1000, §& = 0.001,
and Y= 3 in P(k) = k7. In conclusion, reference [60] performed a comprehensive study about the degree-degree correlation in
SF networks. They showed that a moderate mixing coefficient significantly increases the width of the hysteresis loop.

(b)
60 - 1
(a)
60 1
2 30 - : 30 A 1
1 1
0 4 :
0 0.6 1.2
0 .
0 2.5 5.0

Fig. 3. Effects of changing the mixing coefficient, 17, in SF structure under CFD framework. Panels (a) and (b) show the evolution of the average frequencies
for the nodes with the same degree. In panel (a), n < 0 (degree disassortativity) makes the model show ES, but in panel (b), 1 > 0 (degree assortativity)
causes the second-order transition (Reprinted from Ref. [58]).
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Another issue that has mattered in CFD frameworks is
noise in structures that did not have ES before.®!6%! For ex-
ample, reference [61] analytically and numerically showed
that considering uniformly distributed randomness in the fre-
quency and degree relationship, in a way that @; = k; + &;,

make even the mildly heterogeneous networks show ES.

2.3. Frequency gap conditioned (FGC) framework

In the CFD framework, the frequency distribution is de-
termined with the degree probability function, g(®w) = P(k),
which restricts exploring the effect of changing g(®). Con-
trary to the previous framework that the network structure is
defined arbitrarily, another framework is proposed in Ref. [63],
where the adjacency matrix is constructed from the frequency
difference of the nodes. In this way, nodes i and j are neigh-

bors if they satisfy the following condition:
|o; — o) > 7, )

where 7 is a positive constant. In Ref. [63], the authors con-
sided different frequency distributions while N = 500 nodes

(a)

150
< 100 SRR S s’ Sare %
50 ’ ‘
0.8
3 0.5 e, s, 66 SR e 738
0.2
0 0.5 1.0

w

i

in all of them. Figure 4 shows the average of the order pa-
rameter, S = (r(z))7, as a function of the coupling strength for
uniformly distributed frequency in @ € [0,1]. In addition to
the frequency gap (Fig. 4(a)), ¥, the authors also considered
the effect of average connection (Fig. 4(b)), (k), in ES. Re-
sults show that for y = 0, the transition is continuous, and for
a sufficiently large value of 7, the transition is abrupt, and a
hysteresis loop appears. Also, different values of (k) shift the
hysteresis along the d axis.

Interestingly, a nonlinear V-shape correlation between the
frequency and the degree appears (upper panel of Fig. 4(d)),
which does not exist when Y = 0 (upper panel of Fig. 4(c)).
Considering the average value of the neighbors’ frequency
(w;) for each node (lower panel of Fig. 4(d)), the high-
frequency oscillators are connected to the low-frequency ones.
It should be noted that the analytical results of this article,
shown with a solid red line, claim this correlation.This non-
linear relationship also exists when asymmetrical Rayleigh!®4]
distribution is used for g(®). The resulting network con-
structed from the FGC framework has an ER-like structure.[6%!

(b)
0.9
0.6
n
\ +(ky=20
03 | ;
J l A (k) =30
| - —a—(k)=160

0 0.5 1.0

Fig. 4. Panels (a) and (b) Change in order parameter, S, for the FGC framework in different values of gap (y) and mean degree ((k)). Panel (a) shows that
for sufficiently large ¥, ES with considerable hysteresis length appears in FW (solid) and BW (dashed) continuations when (k) = 40. In panel (b), it is clear
that increasing (k) moves the hysteresis loop through the d direction for y = 0.4. Panels (c) and (d) show the relation between the nodes’ degree and mean
frequency with corresponding intrinsic frequency when ¥ = 0 and y = 0.4, respectively (Reprinted from Ref. [63]).

Another condition is considered in this framework in
which the frequency of the node should have a predefined dif-
ference with its neighboring nodes. %31 This condition is given

by the following expression:

|o; —{@;)| > 7, (10)

where (w;) is the average value over the neighbors. Fig-
ure 5(a) shows the first and second-order transitions for uni-
formly distributed g(®) for y = 0.4 and 7y = 0, respectively.
The V-shape correlation of k; and @; remains in this condi-

tion, too (Fig. 5(b)). Moreover, figure 5(c) shows that ES and
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V-shape relationships occur for the Gaussian frequency distri-
bution (the inner panel).

0.9 | (a) EEEREEEE
0.6
n
0.3
0
9 10 11
d
100
-
S
(b) i
0 .
0 0.5 1.0
wl
0
(d) ) P
N KT
100 S -R, .
ri_ ,:’L
- k3 .
<« 3 "i
50 "“,“m"' 5
0
0 0.5 1.0

w

i

Fig. 5. Different frequency distribution effects in the second condition of
the FGC framework. Solid and dashed lines respectively show the FW and
BW continuations of order parameters for (a) uniform and (c) Gaussian dis-
tributions. The V-shape relation between the k; and @; exists in (b) uniform
and (d) Gaussian distributions. Reprinted from Ref. [63].

2.4. Correlated frequency-coupling (CFC) framework

Previous frameworks show how the correlation between
the dynamical properties of the oscillators and the structural
features increase the possibility of ES in different models. In
2013, the authors in Refs. [65—67] proposed new weighting
functions which increase the hysteresis length in different fre-
quency distributions and network structures. In Ref [65], N

Kuramoto oscillators are coupled according to the equation

b=+ %Z.Qg sin(6;— 6,), (i=1,2,...,N), (11)
i

where Qf = a;j|0; — w;|* is the weighting function; o is the
control parameter; a;; represents elements of the adjacency
matrix; and o is the coupling strength.

Uniform, Gaussian, bimodal, Rayleigh, and semi-
Gaussian frequency distributions are considered (Fig. 6(a)) in
the homogeneous random network (ER), while all these dis-
tributions are within [0, 1] and N = 500.1%°) Moreover, results
show that for linear weighting function (a = 1), all these dis-
tributions show ES with the same hysteresis loop.

The parameter S; = Y j .Qi‘j? is defined, which shows the
strength of node i-th. Like the previous framework, the intrin-
sic frequencies have a spontaneous, not predefined, relation-
ship with the strength of the corresponding nodes. This rela-
tionship is shown numerically and analytically for the uniform
distribution when o = 1 (light blue circles and the solid curve
in Fig. 6(b)). The uncorrelated relationship is also seen when
a = 0 for the same uniform distribution with blue squares in
Fig. 6(b).

1.0

8 a=0 Uniform

O a=1 Uiform
a=1 Gauss
a=1 Bimodal
a=1 Rayleigh

a=1 Semi-Gauss
1 1

1.5 2.0 2.5 3.0

Fig. 6. Numerical analysis of CFC framework. (a) The evolutions of R for
different frequency distributions show that the appearance of ES in the CFC
framework is independent mainly from g(). (b) The relationship between
the degree of the nodes and intrinsic frequencies is numerically (blue cir-
cles) and analytically (black curve) shown in this framework when o = 1.
The blue squares show the state in which @ = 0. Reprinted from Ref. [65].

Different scenarios in SF networks (changing the net-
work size, frequency distribution, and super-linearity) show
that other weighting functions are needed in these heteroge-
neous structures to exhibit ES. 3]
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Zhang et al. considered the absolute value of the intrinsic ~ This framework is considered for both Gaussian (4 = 0 and

frequency as the coupling strength in Ref. [68], which simpli- 62 = 1) and Lorentzian (wy = 0 and y = 0.5) intrinsic fre-

fies Eq. (11) to quency distributions in fully connected, ER, and SF structures
- || ) . with (k) = 6. As depicted in the following Fig. 7, all these
0, =w,+ A 5 zi:A,jsm(Bj—G,), (i=1,2,...,N). (12) cases show ES.
1.0 1.0
—O— Forward —{3+— Forward
[ ‘ —O— Backward x 0.5 O— Backward
—{+—Forward —O—Forward
& 0.54 O— Backward & 0.5 O— Backward

Fig. 7. The CFC framework. FW and BW continuations of the order parameter show ES in different topologies and frequency distributions for the CFC
framework. (a) Fully connected structure and Lorentzian distribution (@ = 0 and y = 0.5), (b) fully connected structure and Gaussian distribution (£ =0
and 62 = 1), (c) ER structure and Lorentzian distribution, and (d) UCM structure and Lorentzian distribution. For all four panels (k) = 6. Reprinted from
Ref. [68].

2.5. Adaptive framework

The coupling between the oscillators can be effectively tuned using the activity of the oscillators, as demonstrated in
Refs. [69—71]. Considering this, the authors in Ref. [72] proposed a modification of the Kuramoto network, which is both
analytically and numerically discussable. In this model, the coupling between the oscillators is dependent on the activity of all
oscillators, so is the global order parameter. Equation (3) is then modified to

N
6=+ K'Y Ajjsin(6,—6;), (i=1,2,...,N), (13)
j=1

where z is the control parameter. The model shows ES with a hysteresis loop for z > 1.

< 1.0 < 1.0 < 1.0 < 1.0
= 0002288 Cinlie = n ~
2 0.84 %" 208 2 0.8 2 0.8 f
Q ] ) |5} |5}
£o06] 7 206 £ 0.61 £ 0.6
g - 3 3 g
2, 0.4 2 0.4 2 0.4 2 0.4
8 8 8 8
T 0.29. (@) | £02] . (b)| 029 ()| 2029 ()
© 0+ T T T © 0 . T - o 0 ‘go‘:;gotst-"‘ . i o 0 e ..?....'-..:“ 1
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Coupling constant K Coupling constant K Coupling constant K Coupling constant K

Fig. 8. FW continuation (filled circles), BW continuation (open circles), and analytical results (solid curves) of the order parameter for Eq. (13). In panels (a)
z=20.7,(b) z=1.5, (c) z= 2, and (d) z = 3. Reprinted from Ref. [72].

Figure 8 shows the continuous and abrupt (with and with- Considering the previous work, in 2015, Zhang et al.l”’!
out hysteresis) in this system when (a) z = 0.7, (b) z= 1.5, (¢) proposed a new framework that includes the interaction be-

z=2,and (d) z=3. tween the coupling strength and the local order parameter in a
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fraction of nodes. This framework is formulated as the follow-
ing expression:
N

Gi = a),-+7L(xi ZA,-jsin(ijG,»), (i: 1,2,...
Jj=1

N), (14)

in which for a fraction of the nodes f, ¢; is calculated as fol-

lows:

ki

ZAijeiej(t)

Jj=1

a,»(t) = ri(t) = kl

i

; 15)

and for the other N(1 — f) nodes, o; = 1.

This article shows an f, for which if f > f., synchroniza-
tion is explosive (Fig. 9). In addition, f is also a control pa-
rameter that can change the hysteresis loop length, (d). This
could be observed in the upper panel within Fig. 9, showing
the hysteresis loop length (d) and the lower panel showing the
forward and backward critical coupling strengths. For f > f,
the hysteresis width grows in this ER and homogeneous fre-
quency distributed model with N = 100, (k) = 12. They con-
sidered this framework in the two-layer network, which will

be discussed later.

Lo —o—Forward 0000000000000 ysesececessse;
Backwardo” ‘ 0.1
S A
| = f .‘_/"
| | 0 \’-""‘
© 05 ] 0 (Jfo 1.0
| A
0.2 [ /\F fﬂﬁ
A, | = o
n 0.1
0 ‘Ln;v'.-“f'»;xu.-“-:?ﬁhrjc © N ’ 0}“5 B
0 0.1 0.2 0.3 0.4 0.5
A

Fig. 9. The synchronization transition of the adaptive framework as a func-
tion of coupling strength (black square: FW and red circle: BW). The inner
panels show the average hysteresis length, (d), ¥ and ¥ as f increases.
Reprinted from Ref. [73].

In another adaptive framework, the relation between the
oscillators is divided into a cooperative (®; = R) and compet-
itive (o = 1 — R) mechanisms.!”*! This model is inspired by
the neuronal system in which both inhibitory and excitatory
neurons exist. Some disorders like epilepsy and fibromyalgia,
characterized by ES, result from the imbalance between the
activities of these two neuron types. There are p/N cooperative
and (1 — p)N competitive oscillators in the model described in
Ref. [74]. The forward and backward evolution of order pa-
rameters (Fig. 10(a)) for p = 0.2 and p = 0.8 show that the
transition is the first and second orders, respectively, in ER

network. Also, figure 10(b) shows the evolution of this model

in the BA network for p = 0 and p = 0.8. The inner left panels
show that the hysteresis length, (d), decreases as p increases.
The disappearance of ES is also evident from the inner right
panels, which show the alterations of (Ag) and (Ag).

-q- p=02, BW—B— p=02,Fw 4@~ p=08, Bw == p=08, Fw
1.0 oI T T T T

0.8

Fig. 10. The effect of fraction of cooperative (f) oscillators on order param-
eter, R, and the average hysteresis width, (d), in ER (a) and BA (b) structures
when N = 1000 and (k) = 12. Reprinted from Ref. [74].

In an exciting work, the oscillators can move in a two-
dimensional (2D) plane.!”>! Each dynamic oscillator is cou-
pled to oscillators placed in its vicinity (a circle with radius R).
Numerical analyses of this article show that for large enough
R, the transition to synchronization is abrupt (Fig. 11(a)).
Also, for small R values, increasing the velocity of the oscilla-
tor (the length it passes in one iteration), v, helps to compen-
sate for the existence of ES (Fig. 11(b)).

In real-world systems, like biological and social net-
works, considering all the nodes and links in just one level is a
significant constraint.!70-78 Therefore, different levels (layers)
of connection should be considered in complex systems. Sev-
eral types of research consider multilayer networks’ results de-
tails and accurate descriptions of the practical problems!”-8?]
The term synchronization in multilayer networks is more com-
plicated than the monolayer one. Reference [76] provides a

good guideline on this issue.
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1.0 T T 1.0 T T
—4—R=0.10 —4—v=0.028
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Fig. 11. Order parameter (r) in moving oscillators. In panel (a), as the radius (R) of the oscillators’ vision increases, the synchronization transition becomes
abrupt when N = 500 and the velocity, v = 0.02. In panel (b), while the radius is small (R = 0.1), increasing the velocity makes the system show ES.
Reprinted from Ref. [75].

Some investigators!®?l who proposed the adaptive framework, also considered this context in the multilayer network. In this
way, two independent layers with the same size (V) and same fraction of nodes (f) are coupled using the following equations:
) ki1
9,'71 = ;] +A.Ol1'71 Z sin(6j71 — 91'71), (i =
J=1
kin

9.,"2 = W2 +A(X,"2 Z Sin(ejg — 6,'72), (i =
=

1,2,...,N), (16)

1,2,...,N), (17)
where subscripts 1 and 2 represent the first and second layers, respectively. ;1 and ;> are the couplings between these two
layers and for fraction f of the nodes equal to r; > and r; | respectively. Note that the coupling strength in one node depends on

the order parameter, so the local synchronization level of the corresponding node in the other layer.

1.0 — 1.0
(a) T,;-ﬂ‘”“‘”_” | (b)
< 05
&
.
o
0 0.4 0.8
A
1.0
. i
% 05 } S
S I~
||
p
o .
0 0.4 0.8

A

Fig. 12. The ES transition in a two-layer network for different single-layer properties. The inner panels show the average hysteresis length for these four
different states. The first layer has a random homogenous frequency distribution in the [—1,1] interval with an ER network in which (k) = 12 and (a) the
second layer: like the first layer but the intrinsic frequencies’ distribution is independent of the first layer, (b) the second layer: same as the panel (a) but
(k) = 6, (c) the second layer: the same as panel (a) but the frequency distribution is Lorentzian (wp = 0 and y = 0.5), (d) the second layer: like the panel (a)
but the network is BA with (k) = 12. Reprinted from Ref [73].
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The evolution of the two-layer network order parameters
is shown in Fig. 12. The first layer has a random homogenous
frequency distribution in the [—1,1] interval with an ER net-
work in which (k) = 12 and the second layer is the same as the
first layer with independent intrinsic frequencies’ distribution
in panel (a). The evolution of the average hysteresis length
({d)) is shown in the inner panels. For f > f., this average
increases from zero to positive values. In Fig. 12(b), the sec-
ond layer is the same as the case (a) but (k) = 6. The inner
panel of Fig. 12(b) shows that (d) > 0 for greater f, compared
to Fig. 12(a). In Fig. 12(c), the second layer is the same as
panel (a) but the frequency distribution is Lorentzian (@ = 0
and y = 0.5). The BA structure with (k) = 12 is also consid-
ered for the second layer in Fig. 12(d). Results showed that
this two-layer framework can exhibit ES transition for differ-

ent second layer structures.

2.6. Simplicial complexes and higher-order couplings

Networks can be analyzed by investigating the existence
of k+ 1 fully connected nodes, i.e., a k-simplex. 83831 Recent
studies show that besides pairwise coupling, higher-order in-
teractions, particularly simplicial complexes, significantly in-

fluence the collective behavior of complex networks. 8386871

Also, considering the 4-simplexes of Kuramoto—Sakaguchi (%3
systems can yield chaotic behavior.!3°! Moreover, higher-order
Kuramoto networks are analyzed in abrupt synchronization
transition.[°*2! In this framework, equation (3) is modified

to 3-simplexes of Kuramoto oscillators given by

0, = ZA,] sin(0; — 6;)
] 1
K N N )
+ < 22> Bijl s1n(29j—61—9i)
J

i
=
Il
—_

N
Y Cijisin(6;+6,—6,,—6;), (18)

m=1

Mz
M=

+

O'\

Il
R
-
Il

j

where Kj, K>, and K3 are 1-, 2-, and 3-simplex coupling
strengths. Also, A;j, B;j;, and C;j; are 1-, 2-, and 3-simplex
adjacency tensors. Therefore, averaging the number of g-
simplexes each node is a part of, k?, indicates the parameter
(k?) in the above equation. In Ref. [91], two different real-
world networks are considered, Macaque brain and UK power
grid networks. In these two networks, adjacency matrix A and
adjacency tensors B and C are derived from the undirected
links, triangle, and tetrahedron structures. For the brain net-
work, the parameters are set as K> = 1.6 and K3 = 1.1. In this
case, increasing (and decreasing) the 1-simplex coupling re-
sults in abrupt transition in the order parameter, r (Fig. 13(a).
Thus, the red point in the FW continuation is shown on the unit

circle (Fig. 13(b)), an incoherent state with r ~ 0.07. On the

other hand, the blue point in BW continuation is a relatively
coherent state with r ~ 0.46.

Interestingly, the UK power grid network shows abrupt
synchronization for negative values (repulsive interaction) of
the 1-simplex coupling strength. In this case, K, = 2.2 and
Kz =3.3.

(a) 0.6

Macaque Brain
Network

Decreasing K|
2

Synchr., r

—04 —0.2 0 0.2 0.4
1-simplex coupling, K,

?A
r:’0.0'? ’

0
—-0.6

Synchr., r

0r . .
— —0.4 0 0.4

—0.8
1-simplex coupling, K,

1.6 —1.2

Fig. 13. ES in Macaque Brain Network (a) and UK Powergrid (d) in which
oscillators are coupled with simplicial complexes. K is the 1-simplex cou-
pling strength. Panels (b) and (c) show the distributions of the oscillators on
the unit circle for the FW (red) and BW (blue) continuations, respectively.
In panel (a) K, = 1.6 and K3 = 1.1 and for panel (d) K, = 2.2 and K3 = 3.3.
Reprinted from Ref. [91].
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1-simplex coupling, K,

Fig. 14. The 2D bifurcation diagram of an all-to-all connected network as a
function of K; and K, + K3. The collision of the pitchfork and saddle-node
bifurcations divide the region into three different states; incoherent, bistable,
and synchronized conditions. Reprinted from Ref. [91].
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In contrast to previous frameworks, this study shows that
ES may appear in systems with no predefined correlation be-
tween the oscillators’ structural properties and dynamical fea-
tures.
all-to-all connected network with N = 10000. Hence, in this

They also investigate 1-, 2-, and 3-simplexes in an

mathematically solvable problem, a two-dimensional bifurca-
tion diagram of the order parameter is considered when K
and K> + K3 are the control parameters. The collision of the
pitchfork and saddle-node bifurcations divide the region into
three different states; incoherent, bistable, and synchronized
conditions as shown in Fig. 14.

Table 1 shows different frequency distributions and de-

gree distributions that have been used in these frameworks.
In the CFD framework, the degree of each node restricts its
frequency. So, different frequency distributions could not be
explored in this framework. Also, in the FGC framework,
the algorithm makes the degree distribution ER-like. In CFC,
adaptive, and simplicial complexes frameworks, ES’s exis-
tence does not mainly depend on the frequency and degree
distributions. So, these frameworks seem to be more appro-
priate for further investigations. It should be noted that in the
simplicial complexes framework, contrasting to others, there
is not any predefined relationship between the network struc-

ture and the oscillators’ dynamical features.

Table 1. Frequency distribution and network structures in each framework.

Framework Frequency distributions Degree distributions
CFD - SF
FGC uniform, Rayleigh, Gaussian -
CFC uniform, Gaussian, bimodal, Rayleigh, semi-Gaussian ER, SF
Adaptive Lorentzian, random ER, BA

Simplicial complexes normal, Lorentzian

full rank, two real-world networks, power-law, Poisson

3. Explosive synchronization in the language of
mathematics

The main question is, why does the ES happen? Is it a
universal route or interplay between the network’s structure
and the oscillator’s dynamics? Although the previous stud-
ies discuss the ES due to the interplay between the network
structure and the oscillator’s dynamics, there is no apparent

correlation among them in the simplicial complexes and the
91.92]y

higher-order couplings. !

(a)

(b)

Fig. 15. Bifurcation of the criticality in the (x > 0, p,q) space. Dashed
and solid lines indicate the instability and stability of the equilibrium, re-
spectively. This figure shows how the subcritical (gray), first-order, can be
changed to the supercritical (black), second-order, with primary parame-
ter p and additional parameter g. Panels (a) and (b) show these criticality
changes in transcritical and pitchfork bifurcations, respectively. Reprinted
from Ref. [93].

In Ref. [93], the authors mathematically argue that ES is a
universal/generic phenomenon in nonlinear systems in which
other features are added to the classical model. They also
generalize this universality to critical epidemic behavior and
explosive percolation. Remarkably, this article discusses the
potential of an additional parameter to change the criticality
of a transcritical or pitchfork bifurcation, i.e., a supercritical
(in both transcritical and pitchfork) bifurcation, second-order
transition, changes to subcritical, first-order transition, in a

5,194 as illustrated in Fig. 15.

model with two parameter
4. Explosive synchronization in different dy-
namical oscillators

4.1. Phase oscillators

The Kuramoto model is discussed in the majority of the
articles, which focus on ES. Some of the pioneer and essen-
tial articles are discussed in this review. This section analyzes
other modified versions of this oscillator, e.g., Sakaguchi—
Kuramoto and second-order Kuramoto models.

Sakaguchi—Kuramoto (SK) generalized the standard Ku-
ramoto model with the phase frustration term, which seems
crucial from the empirical perspective.®® So, equation(1)
changes to

N
sin(Gj —6,— Ot),

j=1

(i=1,...,N), (19)

. K
ei:wi‘f‘ﬁ

where o is the phase frustration term ranging [0,7/2).
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The SK model is considered in different frameworks and
network structures. A star graph, the simplest form of the
SF network of SK oscillators, is mathematically analyzed
in the CDF framework.!”>6] Numerical results show that
phase frustration can induce ES and control the hysteresis
loop length in SF networks.[*>~7] Moreover, the partial CDF
framework, correlation between degree and frequency in frac-
tion f of higher degree nodes, is analyzed numerically and
mathematically.”®) Results show that both the parameters, f
and ¢, change the transitions to synchrony.

Unlike the previous frameworks, reference [99] showed
that the frustration term of SK oscillators in the FGC frame-
work destroys the ES and attenuates the synchronization. In
this study, the frequency of each oscillator is given by @; =
(i—1)/(N—1); also N =400, y = 0.6, and the number of
edges (L) is equal to 4000. Figure 16 shows that explosive
and even synchronization disappear as the frustration term (o)

increases.

1.00 (a)

0.75 B |
= [
¥ [

" 0.50
a=0.257
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.25 Backward
M."."..
0 0.03 0.06 0.09 0.12 0.15
A
1.00 (b)
0.75
-~ 0.50
o a=0.50m
« Forward
0.25 Backward
0 b oy Byt | e 7 e

0 0.03 0.06 0.09 0.12 0.15
A

Fig. 16. Sakaguchi—Kuramoto oscillators in the FGC framework. The FW
and BW synchronization evolutions show that increasing o from (a) 0.257
to (b) 0.57 change the transition from first-order to second-order. Reprinted
from Ref. [99].

Using an adaptive function for the coupling of the SK
oscillators''%! changes Eq. (19) to

N
éi = a)i-|-},rz_1 ZA,‘j sin(Gj -6 —a),
=
(i=1,...,N), (20)

where Z > 1 is the control parameter. Interestingly, the exis-

tence of ES and improving the hysteresis width in this frame-

work is independent of the network structure and frequency
distribution.

Figure 17 shows the incoherent (I), hysteresis (II), and co-
herent (II) regions of the SK model as a function of parameter
Z and the coupling strength in the SF (y = 2.8) network. It is
shown that as the parameter Z increases, the area of the region
I increases, so the length of the hysteresis loop enhances. The
frustration term equals (a) zero and (b) 0.5 in this figure. In
both panels the SF network has N = 2000 nodes with average
degree (k) = 12. Also, the intrinsic frequencies are chosen

from a Lorentzian distribution with @y = 0 and o = 1.

3.5

(a)
3.0 (I11)

2.5 {
2.0
= Al2)
1.5

1.0

0.5 A (2)

1.0 1.5 2.0 2.5 3.0
z

Fig. 17. Amplification of the ES in the Sakaguchi—Kuramoto model with an
adaptive framework. Regions I, II, and III show incoherent, hysteresis, and
synchronized states, respectively. It is shown that as the z increases, the re-
gion I increase increases, so the length of the hysteresis loop enhances. The
frustration term equals (a) zero and (b) 0.5 in this figure. Reprinted from
Ref. [100].

Also, this model is used in CFC,[°! multilayer,1%193]
and adaptive connection matrix!'%4! frameworks which make
the role of the frustration term more evident in the ES genera-
tion.

The second-order Kuramoto, a modified version of the

020504-12



Chin. Phys. B 31, 020504 (2022)

Kuramoto model including inertia,!'®! is analyzed numeri-
cally and mathematically in Ref. [106]. In this model,
. K Y
mo; + 6; = w; + N Z sin(Gj — 91'),
j=1
(i=1,2,...,N), 21

where m is the inertia and frequencies ®; are uniformly dis-
tributed in [—Qy, Qu]. In this article, the authors confirmed
that numerical results of N = 500 second-order Kuramoto os-
cillators are consistent with the theoretical (K{,7¢) and (K®, ry)
when m = 0.85 and 2, = 5.

4.2. Chaotic systems

Extending the notation of order parameters to chaotic os-
cillators needs defining phase for these systems. Pikovsky

et al. proposed different definitions of phase in chaotic

23]

oscillators. | Crossing from a predefined surface, the

Poincare section, is considered as 27 increase of the phase in
the first definition:
k

t—1
o) =2

+ 27k, (22)

where ’L‘{‘ is the time of k-th crossing for the i-th oscillator. The
Poincare section is defined in the system with regards to its
dynamics, but for the chaotic neuron oscillators, the k-th spike
time is considered as £¥.[107-10%]

In the second definition, the angle between the two
state variables is considered as the phase of the chaotic

oscillator, 110]

¢i(t) = tan”" (y(1) /x(1)). (23)

It should be noted that the mean frequency defined based on
both phase definitions is equal despite inequality at the micro-
scopic level.

The parameter r is averaged among N oscillators. An-
other synchronization parameter is proposed for a small num-
ber of oscillators, which calculates this average among N (N —

1) agents:[10%-111]

S(t Y cos? ( 9"(’)_91'(’)) , (24)

2
):NW—U4. 2
i#]

where S € [0.5, 1] with minimum and maximum values of this
interval showing incoherent and complete synchronized states,
respectively. Therefore, one can calculate the order parameter
for the chaotic oscillators using Eq. (2) or Eq. (24) with the
phase of the nodes.

In the following sections, different chaotic attractors in

the context of the abrupt transition are discussed.

4.2.1. Rossler system

The Rossler system is the first chaotic system considered
in the CDF framework.[''%! The network of N = 1000 coupled

piecewise Rossler is considered in the SF structure as

N
Xi=—o; |I’ (xi_d ZAij(xj_xi)> +Byi+ez|, (25
=1
Yi = —0(—xi +vyi), (26)
zi = —o(—g(xi) +xi), 27
where g(x;) and v functions are given by
0, Xi § 3,
8(xi) = (28)
[J()Ci—3)7 x;i >3,
10
=0.02 - — 29
v R (29)

where x, y, and z are the system’s state variables; 8, €, I,
and R are constant system parameters; d and A; ; are coupling
strength and adjacency matrix, respectively. Parameter ¢; pro-
vides the CDF framework for the Rossler network, as it corre-
lates the frequency of the oscillators with their degree of con-

nections (k;) as

ki—1
oc,-—oc(1+6 N ), (30)

where o and § are constant parameters of the above defini-
tion. In this study, the phase of the oscillators is calculated
using Eq. (22), and the order parameter S (Eq. (2)) is used to

quantify the synchronization.

1.0

d (10-?)

Fig. 18. Piecewise chaotic Rossler oscillators in the CFD framework. FW
(solid) and BW (dashed) continuations of the order parameter, S, as the cou-
pling strength changes when y = 2.2 (red), y = 2.5 (green), and y = 3 (blue
and black). The system shows an abrupt transition to synchrony for red,
green, and blue states, in which 6 = 10.0 and R = 100. However, in the case
of § = 6.0 and R = 70, the black curve, the system shows the continuous
transition. Reprinted from Ref [110].

Figure 18 displays the order parameters of systems (25)—
(28) as a function of the coupling strength in the CFD frame-
work. The FW (solid curve) and BW (dashed curve) con-

tinuations are shown in the figure when y = 2.2 (red curve),
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Y = 2.5 (green curve), and Y = 3 (blue and black curves). In
all these SF networks, N = 1000 and (k) = 12. Thus, the sys-
tem shows an abrupt transition to synchrony for red, green,
and blue states, as in which 6 = 10.0 and R = 100. However,
in the case of 6 = 6.0 and R = 70, the black curve, the system

shows the continuous transition.

4.2.2. Lorenz system

Most studies show that the interplay between the dynam-
ical features of the system and the structure provides the cir-
cumstances for systems to show ES. Meanwhile, the authors
in Ref. [112] considered the Lorenz system in the SW and SF
networks. Interestingly, synchronization of N = 200 coupled
Lorentz systems with 577 edges occurs abruptly in SW and
SF structures. This is because all the state variables of one
node are coupled to corresponding ones regarding the adja-

cency matrix.
The order parameter in this chaotic network is defined as

-1 N
pt) = NV-T) Z Z (r=lai(e) = x;(0)]l2), 31)
where r = 0.03 is the error between the two synchronized
signals which is acceptable and 0 is the Heaviside function.
When all Lorenz oscillators are synchronized, p(¢) = 1 while
in the incoherent state p(¢) = 0. Figure 19 shows the ES in the
described system for both SF and SW systems.
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Fig. 19. The ES transition in Lorenz networks. This figure shows the evo-
lution of the order parameter, p, for some different initial conditions in
panel (a) SW and panel (b) SF networks. Reprinted from Ref. [112].

4.3. Neuronal models

The existence of abrupt transitions in biological phenom-
ena encourages examining different neuronal models in differ-
ent frameworks of ES. In the following sections, the articles
that consider different neuronal models are reviewed from ES

point of view.

4.3.1. Hodgkin—Huxley (HH) neuronal networks

In 1952, Hodgkin and Huxley proposed a four-
dimensional (4D) differential equation that formulates the
voltage of the intracellular membrane. However, the param-
eters were estimated through voltage clamp and space clamp
of the giant squid axon; this model is widely used to describe
the different physiological and pathophysiological situations
in humans.Also, the collective behavior of coupled HH neu-
rons has been discussed in various studies. Synchronization
transition in a complex network of connected HH oscillators

[111] I' In

is discussed under chemical and electrical synapses.!
these cases, SF, SW, and random networks are considered to
study the heterogeneity of network structure. The SW net-
work shows ES in electrical coupling between these struc-
tures (Fig. 20). The Watts—Strogatz network with N = 500
nodes with mean degree z = 50 is considered for both panels.
However, the article also considered the networks while the
frequency of the neurons is correlated with their degree (z).
The result shows that SF networks can exhibit ES in the CDF

framework and electrical coupling (Fig. 21).

1.0 T T
WS, N=500, z=50
(Electrical)

+ Forward (a)

= Backward l

0.5 Mstssessss ’i'tff,’.”' ““““ “a
0 0.02 0.04 0.06

0.08 0.10

1.0

WS, N =500, z=50
(Chemical)

(b)
[}
[}
(.5 PR T

0 0.02 0.04 0.06
g

0.08 0.10
Fig. 20. The FW and BW synchronization in Hodgkin—Huxley neural

network with (a) electrical and (b) chemical couplings. Reprinted from
Ref. [111].
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Fig. 21. The HH network in SF structure with the frequency-degree in corre-
lated and uncorrelated cases. In panels (a) and (c), the coupling is electrical
while in In panels (b) and (d) chemical coupling is used as the interaction
between the oscillators. Reprinted from Ref. [111].

In all these numerical results, the phase of each neuron
and the order parameter are calculated using Egs. (22) and

(24), respectively.

4.3.2. lzhikevich neuronal networks

In 2003, Izhikevich proposed a biologically meaningful
model which is also computationally efficient and time-saving.
This two-dimensional (2D) differential equation can generate
both spiking and bursting mode of the neuron, varying four pa-
rameters of the system.!!!3] Khoshkhou et al. considered the
Izhikevich model in the ring, SW, SF, and random networks

with electrical and chemical couplings.!'®) Meanwhile, ER

(Fig. 22(a)) and SF (Fig. 22(b)) structures exhibit ES with a
significant hysteresis loop in electrical coupling conditions.

Like the HH model, the phase of each neuron and the or-
der parameter are calculated using Egs. (22) and (24), respec-
tively. In both these structures, N = 1000 and z = 50.
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Fig. 22. The FW and BW synchronization transitions. The evolution of the
order parameter shows that in both ER (a) and SF (b) structures, the network
shows ES when the coupling is electrical. Reprinted from Ref. [109].

4.3.3. FitzHugh—Nagumo (FHN) model

FitzHugh—Nagumo model is another 2D model which is
biologically meaningful and has been used to model different
brain conditions. Noise-induced, non-identical, coupled FHN
oscillators are considered in both SF and ER random networks
under the CDF framework.!'%8 As this model was studied in
previous reviews, “>*3! it should be noted that the ES’s exis-
tence in this model depends on the slope of the frequency-

degree correlation function, & (Fig. 23).
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Fig. 23. The hysteresis length of the FitzHugh—Nagumo oscillators in the
BA structure. In this network, N = 200, € = 0.01, D, =0, D, = 0.005, and
(k) = 6. Reprinted from Ref. [108].
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4.3.4. Map-based Chialvo neuronal model

Although the neuronal ordinary differential models are
developed well, their simulation is time-consuming.!!!4l
Moreover, they also have parameters that generalize these

s. 41151 T overcome

models hard for new condition studie
these limitations, map-based models have been used, discretiz-
ing the ODE models or analyzing the fast and slow behav-
ioral dynamics of a neuron,!'%!17] (¢.g.. map-based Izhike-
vich model, ' 13! Rulkov model, '8! and Chialvo model['}).
Chialvo model is a 2D map-based model that can gener-
ate some excitable neuron generic behaviors. ') The network

of Chialvo oscillators can be presented by 2%

N
€
Xig+1 = xiz,t exp(Vis —Xis) +ki+ n Z € jXjis
J=1
Yigr1 = ayiy —bxiy +c, (32)

where x;; and y;; are the fast and slow variables, respectively;
k; is an additive noise selected randomly from the interval
[0.03,0.03 + o] for each neuron i; a, b, and ¢ are model pa-
rameters; € is the coupling parameter that normalizes with the
average number of connections (1)); e; ; are the elements of the
adjacency matrix.

Using N = 1000 dissimilar Chialvo neurons, in Newman—
Watts SWU2! structure, yields ES with different hysteresis
loop. The length of the hysteresis loop is dependent on the
value of o, which changes the k; parameter interval and the

nonlocal connection probability of the network (Fig. 24).
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Fig. 24. The temporal average order parameter of Chialvo oscillators in the
Newman—Watts structure. For different values of the parameter ¢, which
determines the maximum in the accepted interval of the additive noise, the
system shows ES. Reprinted from Ref. [120].

In this article, the bistability of the non-synchronized
chaotic state and a phase-synchronized state is considered as
the mechanism behind the existence of ES. As the coupling
parameter increases, the basin of attraction of the chaotic non-
synchronized state becomes smaller until it vanishes. Also, the
same happens for the phase-synchronized state when the cou-

pling strength decreases from the maximum value to € = 0.

The existence of ES without any defined framework in
the Lorentz network shows the potential of chaotic oscilla-
tors in this context. Although using chaotic systems in large
networks often makes the calculation more difficult and time-
consuming, these models are closer to the reality of the real
phenomena. Furthermore, with their extreme sensitivity to ini-
tial conditions and intrinsic parameters, these systems can rep-
resent neuronal activities to an acceptable extent. Even though
the HH model is the most detailed model through neuronal
models, considering other models like Izhikevich is more ap-
propriate and reasonable. As seen in this section, Izhikevich
networks can show ES in both SF and ER structures.However,
map-based models are more applicable for large networks than
ordinary differential equation ones. For further analyses, con-
sidering the chemical and electrical couplings’ effect on map-
based models makes them more realistic.

5. Explosive synchronization in real-world and
experiments

Besides theoretical studies, experimental investigations
have been done which show practical aspects of ES. In addi-
tion, abrupt transitions in some biological phenomena express
the existence of this mechanism in response to the changing

intrinsic and environmental parameters.

5.1. Real-world explosive synchronization

The cochlea, where sound transduction occurs, is the
frequency-sensitive organ in the auditory system.[!”?] Ana-
lyzing the hierarchically coupled hair bundle oscillators helps
understand the mechanism of frequency selectivity in the
cochlea.!'?3 The proposed model coupling strength has both
imaginary and real parts, representing both phase and ampli-
tude. Results show that considering the model parameters
so that the oscillators abruptly synchronize yields better fre-
quency selectivity of the model.

Analyzing the experimentally derived brain networks
show the existence of (i) frequency degree correlation, (ii) dis-
assortativity, (iii) frequency mismatch of coupled units, and
(iv) difference in global and local properties of the network
in the unconscious state.['?*! Thus, they prove the hypoth-
esis of the existence of ES conditions in the brain. More-
over, the previous group discussed both explosive and con-
tinuous synchronization in unconscious state transitions like

125] The network structure is constructed like

coma and sleep.!
the previous study, but different frequency distribution is as-
sumed for abrupt and continuous transitions regarding the fre-
quency disassortativity in ES.[®1-126] Results show that the DTI

(Diffusion Tensor Imaging) based networks can generate both
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these transitions. Additionally, previous studies show the re-
lationship between the structural and dynamical properties of
the epileptic brain network using both recording and imaging
devices.[!?7]

Fibromyalgia is a common chronic disease character-
ized by musculoskeletal, sleep, memory, fatigue, and mood
problems. 131291 Genetic and environmental factors probably,
cause a malfunction in central pain processing, which results
in hypersensitivity to painful and not painful stimuli./'3%-131]
Lee et al. hypothesized that hypersensitivity makes the brain
have abrupt synchronization in the Fibromyalgia state.!'3%! In
this model, the brain network is constructed using DTL 1331 of
82 Kuramoto oscillators. Evaluation of the networks has led
to claims that the system is more sensitive to frequency pertur-

bation in the ES state than the non-ES state.

5.2. Explosive synchronization in experiments

Relaxation oscillators are in the group of nonlinear sys-
tems which exhibit non-sinusoidal periodic responses./!3
The charging and discharging of these oscillators can
model many physical systems in different fields of inter-
est like engineering,'*1 mechanics,!'3% chemistry,!'3”) and

(1381391 To investigate the ES phenomenon in re-

biology.
laxation oscillators experimentally, photochemical micro-

oscillators are coupled with the setup shown in Fig. 25(a).

Neutral filter
Reactor

~' Low-pass filter

< Camera

04 08 12 1.6
K

Fig. 25. The photochemical oscillators in the experiment. Panel (a) shows
the experimental setup. Panel (b) displays an example of the camera im-
age. In panel (c), FW and BW continuously show ES in the transition of the
photochemical oscillators to synchrony. Reprinted from Ref [140].

These oscillators are coupled using the feedback term,

which projected using the camera and projector elements as

N
L(t) =Io+K Y Aij[fi(t) - fi(0)], (33)
=1

Jj=

where f;(¢) is the intensity of each oscillator. Respectively, K
and A; ; are coupling strength and the adjacency matrix cho-
sen arbitrarily. The phase of each oscillator is calculated using
fi(2). Also, the uniform light is projected to calculate natural
frequencies at the start of the experiment.

Figure 25(b) shows the output of the camera for an ar-
bitrary connecting matrix. While K gradually increases and
decreases, the order parameter is calculated using Eq. (2), as
shown in Fig. 25(c). Abrupt synchronization and a hysteresis
loop are discovered in this experiment.

A starlike network of chaotic piecewise Rossler
circuit!'*!! is considered in Ref. [110] to show the generality

of the numerical results of this oscillator.

6. Explosive death

Another interesting topic that has not been attended
well in the literature of explosive phenomena is explosive
death.[142143] The emergent destruction of oscillations is a
collective behavior in coupled oscillators, seen as regular as
synchronization. This behavior is divided into two classes;
amplitude death (AD)!'"**! and oscillation death (OD).!!43]
However, different descriptions exist to characterize these two

146 which denominated inhomogeneous steady-state

classes,|
(coexistence of some steady states) to OD and homogeneous
steady-state (HSS) to AD.

A network of N chaotic Lorentz systems is considered in
Ref. [147], where these oscillators are coupled with a mean-

field diffusion scheme as

X = o (yi —x;) +k(QF —x;), (34)
yi = xi(r —2zi) = yi, (35)
zi = x;yi — bz, (36)

where ¢ = 10, r =28, and b = 8/3; k is the strength of the
coupling and the power of the mean-field, X, changes specifi-
cally with Q.

Two indices, order parameters, are used to define the am-

1471 The first one is termed

plitude death in numerical results. !
out from averaging the difference between the output signals’
global maximum and minimum values over the nodes. For

each coupling strength,

N

a(k) = % <Z<xi,max>t - <xi,min>t> s 37

i=1
in which (x...), indicates that the maximum and minimum val-

ues are averaged over a sufficiently long interval. The a(k) is

then normalized as,

AK) = Eﬁ; (38)
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For the death state, A(k) = 0 and A(k) are positive for the other
states. The second-order parameter is derived from the nor-

malization of the mean incoherent energy,
P (2 [ (%0 —X*)ﬂ ) |
(5 [0 -x)])

where X;(0) is the initial conditions and X* represents the

(39)

fixed point of the system. Like the previous order parame-
ter, E (k) equals zero when the amplitude death happens in the

network.
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Fig. 26. Explosive death in the network of coupled Lorentz oscillators.
Panels (a) and (b) show different order parameters in FW and BW transi-
tions. Panels (d) and (e) show the maximum Lyapunov exponent and the
normalized synchronization error, respectively. Comparing these two pan-
els shows that the oscillators have an incoherent chaotic (A > 0) state before
the point P. By increasing the coupling strength, this state changes to a co-
herent chaotic one. (c) OS, HA, and HSS regions are shown in the (QO—k)
plane. Reprinted from Ref. [147].

Figures 26(a) and 26(b) show A(k) and E (k) in the FW
and BW transitions. Comparing these panels shows that the

oscillators’ synchronization abruptly changes to an incoherent
state and has a hysteresis loop. Panels (d) and (e) show the
maximum Lyapunov exponent and normalized synchroniza-
tion error. Comparing these two panels shows that the oscil-
lators have an incoherent, chaotic (A > 0) state before the P
point. By increasing the coupling strength, this state changes
to a coherent chaotic one. At the same time, this state does not
remain and changes to amplitude death of the oscillators.

7. Conclusion and outlook

Previous studies show the existence of abrupt transitions
in the Kuramoto oscillators’ network. The intrinsic properties
of this oscillator have been considered as the reason for this
transition. As reviewed in this article, the previously proposed
frameworks can exhibit ES in Kuramoto and other oscillators.
These frameworks do not limit the relation between the net-
work’s structure and dynamical properties of the oscillators,
which was considered the underlying reason for ES, e.g., the
simplicial complexes in which there is no predefined relation-
ship between the coupling coefficients and the structure. Fur-
thermore, one recent study claims that just two generic pa-
rameters are needed to change the criticality of the bifurcation
from supercritical, second-order transition to subcritical, first-
order transition. So, the presence of other frameworks is not
hard to believe. As the Kuramoto model does not have any
other dynamical features which can be used in further frame-
works, the probable future researches mainly focus on the con-
cept of 2D bifurcation of generic parameters. Also, more ana-
Iytical studies in previous frameworks help to provide the ac-
curacy of this assumption.

Although the phase oscillators and the Kuramoto model
are appropriate models for exploring synchronization, study-
ing other and incredibly chaotic oscillators is necessary. Con-
sidering such oscillators is more reasonable in real-world sys-
tems, but investing order parameters is more problematic in
existing systems. In reality, the first step, i.e., the definition of
phase in these oscillators, is problematic. Also, different order
parameters are defined and used in chaotic oscillators, which
is considerable with regards to the typical one which always
has been used for phase oscillators. Although the Kuramoto
model is considered extensively in previously proposed frame-
works, chaotic models are not well explored in these struc-
tures. Therefore, this is an open challenge to discover.

Considering the neuronal models, like Hodgkin—Huxley,
Izhikevich, and Fitzhugh—Nagumo, in the previously proposed
frameworks were a great step in modeling the brain network.
This researches should be advanced to generalize to other
brain states, both physiological and pathological states To con-
sider large networks, future research should focus on the map-
based models of the neuron that are more time-saving and re-
liable.
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Synchronization has both desired and undesired aspects.

So, desynchronization, suppression of coherent state is inves-

tigated in some applications, e.g., in biological systems, both

these aspects can empower the healthy (variety of cognitive

functions like attention and memory) and treat disorders and

diseases (like epilepsy and Parkinson). As the velocity of the

transition increases, its controllability becomes problematic.

So, the most challenging situation would be explosive syn-

chronization and desynchronization. Controlling the ES is de-

scribed as lessening its velocity and turning it into continuous

transitions. Few studies concentrate on this topic, and most

of them considered their trial and error efforts as the control

scheme. In other words, tuning the parameters is not conve-

nient, and other analytical approaches are needed in this is-

sue.

Moreover, some of these parameters are generic which

the controller may not have access to modify them.
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