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We investigate the vortex structures excited by Ioffe–Pritchard magnetic field and Dresselhaus-type spin–orbit cou-
pling in F = 2 ferromagnetic Bose–Einstein condensates. In the weakly interatomic interacting regime, an external mag-
netic field can generate a polar-core vortex in which the canonical particle current is zero. With the combined effect of
spin–orbit coupling and magnetic field, the ground state experiences a transition from polar-core vortex to Mermin–Ho
vortex, in which the canonical particle current is anticlockwise. For fixed spin–orbit coupling strengths, the evolution of
phase winding, magnetization, and degree of phase separation with magnetic field are studied. Additionally, with further
increasing spin–orbit coupling strength, the condensate exhibits symmetrical density domains separated by radial vortex
arrays. Our work paves the way to explore exotic topological excitations in high-spin systems.
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1. Introduction
Vortex is one of the most fundamental topological exci-

tations appearing in various fields of modern physics.[1–3] In
scalar Bose–Einstein condensates (BECs), the quantized vor-
tex was firstly realized by Ketterle’s group[4] which plays a
significant role in systematically studying superfluidity and
superconductivity.[5–7] Various novel topological nontrivial
structures in spinor BECs have been realized, i.e., vortex-
bright soliton,[8] 8π skyrmion,[9] and carbon-dioxide-like
skyrmion.[10] There are many methods for generating vortices
in real experiments, including phase imprinting techniques,[11]

rotating an anisotropic trap,[12] or stirring the condensate with
laser beams.[13] However, with the effort of artificial gauge
field in cold atom experiments, Spielman’s group generated
vortices by laser control techniques,[14–16] which opens a
new gate in manipulating topological excitations from spinor
BECs.

Artificial spin–orbit coupling (SOC) induced by synthetic
gauge fields is a newly developing technique in ultracold
physics, which can be equivalently depicted as the interac-
tion between an effective non-Abelian gauge potential and a
particle with spin freedom.[17–19] The spin–orbit (SO) effect
has attracted much attention from different researchers, and
the topological nontrivial vortices in spinor BEC systems are
systematically investigated.[20–22] To realize vortex or vortex
lattice in SO coupled BEC system through external rotation,

not only harmonic trap, but also Raman laser beams require
being rotated,[23] that is difficult to realize in real experiments.
In the present case, the method of Raman laser dressing re-
flects its advantage,[24] because the lasers are stationary and
the trapping potential is time-independent in the laboratory
frame. Accompanying by the appearance of SOC, the me-
chanical angular momentum Lmech

z = Lc
z + Ls

z with canonical
angular momentum Lc

z = (𝑟×𝑝)z and gauge angular momen-
tum Ls

z = −(𝑟×𝐴)z.[25–27] Actually, instead of directly in-
troducing canonical angular momentum by rotation, SOC can
introduce gauge angular momentum which could also generate
vortex structures.[28–31] The aforementioned method avoid the
shortcoming of rotating the condensate in SO coupled system.

In this paper, we apply Dresselhaus-type SOC in the
F = 2 ferromagnetic BECs under additional Ioffe–Pritchard
(IP) magnetic field to generate vortex structures. When SOC
is absent, polar-core vortex is excited by magnetic field. When
considering SOC, Mermin–Ho vortex is introduced to the sys-
tem. Moreover, canonical particle currents of polar-core vor-
tex and Mermin–Ho vortex are studied. Through calculating
phase winding, magnetization, and degree of phase separation,
the evolution of the vortex is discussed when magnetic field is
changed. On the other hand, the influence of SOC on the vor-
tex is investigated.

This paper is organized as follows: We first introduce the
model Hamiltonian in Section 2. The mean-field ground states
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of F = 2 BECs with IP magnetic field are studied by numeri-
cally minimizing the Hamiltonian function, and the polar-core
vortex is discussed in Subsection 3.1. The mean-field ground
states of F = 2 BECs with IP magnetic field and SOC are in-
vestigated, Mermin–Ho vortex and vortex lattice are discussed
in Subsection 3.2. Eventually, Section 4 is devoted to conclud-
ing remarks.

2. Model Hamiltonian
We consider a two-dimensional (2D) F = 2 BECs with

Dresselhaus-type SOC and external IP magnetic field. The
mean-field Hamiltonian can be depicted as[32–34]

ℋ =
∫

d𝑟𝛹 †
(
− h̄2

2m
∇

2 +𝒱H +𝒱SO +µBgF𝐵 ·𝐹
)
𝛹

+
∫

d𝑟
(c0

2
𝜌2 +

c1

2
|𝐹 |2 + c2

2
|𝛩|2

)
, (1)

where 𝛹 = [Ψ2(𝑟),Ψ1(𝑟),Ψ0(𝑟),Ψ−1(𝑟),Ψ−2(𝑟)] character-
izes the macroscopic wave function of the condensate, m is
the atomic mass, and n = ∑l nl = ∑l |Ψl |2 is the total parti-
cle density, where l = ±2,±1,0. The two-dimensional (2D)
wave functions are normalized as

∫
ndxdy = N. The har-

monic potential is 𝒱H = (1/2)mω2
⊥(x

2 + y2) with ω⊥ char-
acterizing the harmonic frequency in x and y directions,
µB is Bohr magneton, and gF = −1/2 is the Landé gF

factor. The strengths of density–density interaction, spin-
exchange interaction, and spin singlet-pairing interaction are
c0 = 2h̄2 (4a2 +3a4)/(7m), c1 = 2h̄2 (a4 −a2)/(7m), and
c2 = 2h̄2 (7a0 −10a2 +3a4)/(7m), where a0, a2, and a4 rep-
resent the s-wave scattering lengths in total spin ftot = 0, 2, and
4 channels.[35] 𝐹 = (Fx,Fy,Fz) = (𝛹 †F̂x𝛹 ,𝛹 †F̂y𝛹 ,𝛹 †F̂z𝛹)

with spin-2 matrices F̂x,y,z, 𝛩 = c2(2ψ2ψ−2 −ψ1ψ−1 +ψ2
0 )/5

is the amplitude of spin singlet-pair. The Dresselhaus-type
SOC term can be characterized as 𝒱SO = −ih̄κ(Fy∂x +Fx∂y),
where κ is the SOC strength. The external IP magnetic field is
depicted as: 𝐵(𝑟)=B(xx̂−yŷ), where B is the radial field gra-
dient in the x–y plane, and x̂, ŷ are unit vectors along the x,y di-
rections, respectively.[36] For numerical calculations, it is con-
venient to make the following parameter transformations:

x = ξ0x̃, y = ξ0ỹ, t = ω
−1
⊥ t̃,

κ = ω⊥ξ0κ̃, B = h̄ω⊥/(µBgFξ0)B̃,

Ψl =
√

Nξ
−1
0 Ψ̃l , c0,1,2 = 4πNc̃0,1,2, (2)

where the length of the trap unit is ξ0 =
√

h̄/mω⊥. In
the mean-field approximation, the F = 2 BECs can be de-
scribed by the following dimensionless Gross–Pitaevskii (GP)
equations:[32–34]

i
∂Ψ̃±2

∂ t̃
=

[
−1

2
∇̃

2 +Ṽext + c̃0ñ
]

Ψ̃±2 +
c̃2√

5
Θ̃Ψ̃

†
∓2

+ c̃1
(
F̃∓Ψ̃±1 ±2F̃zΨ̃±2

)
+ κ̃(∓∂x − i∂y)Ψ±1

+ iB̃(x̃± iỹ)Ψ̃±1, (3)

i
∂Ψ̃±1

∂ t̃
=

[
−1

2
∇̃

2 +Ṽext + c̃0ñ
]

Ψ̃±1 −
c̃2√

5
Θ̃Ψ̃

†
∓1

+ c̃1

(√
6

2
F̃∓Ψ̃0 + F̃±Ψ̃±2 ± F̃zΨ̃±1

)

+ κ̃ (±∂x − i∂y)Ψ±2 +

√
6

2
κ̃ (∓∂x − i∂y)Ψ0

+ iB̃(x̃∓ iỹ)Ψ̃±2 +

√
6

2
iB̃(x̃± iỹ)Ψ̃0, (4)

i
∂Ψ̃0

∂ t̃
=

[
−1

2
∇̃

2 +Ṽext + c̃0ñ
]

Ψ̃0 +
c̃2√

5
Θ̃Ψ̃

†
0

+

√
6

2
c̃1
(
F̃−Ψ̃−1 + F̃+Ψ̃1

)
+

√
6

2
κ̃ (∂x − i∂y)Ψ1

+

√
6

2
κ̃ (−∂x − i∂y)Ψ−1 +

√
6

2
iB̃(x̃∓ iỹ)Ψ̃±1, (5)

where F̃z = 2
(
|Ψ̃2|2 −|Ψ̃−2|2

)
+ |Ψ̃1|2 − |Ψ̃−1|2, F̃+ = F̃†

− =

2
(

Ψ̃
†

2 Ψ̃1 +Ψ̃
†
−1Ψ̃−2

)
+

√
6
(

Ψ̃
†

1 Ψ̃0 +Ψ̃
†

0 Ψ̃−1

)
, and Ṽext =

(1/2)
(
x̃2 + ỹ2

)
. For simplicity, it will be convenient to drop

off the tilde in the following calculation.
In order to thoroughly investigate the properties of the

vortex solution, the coupled GP equations (3)–(5) are solved
by Crank–Nicolson method.[37] We have verified the station-
ary state solutions by starting the calculation from a variety
of initial conditions, such as the Gaussian-like functions. The
density–density interaction c0 = 50, the spin-exchange inter-
action c1 = −5, and the spin singlet-pairing c2 = 20 are fixed
throughout the whole calculation.

3. Results and discussion
3.1. Ground states with IP magnetic field

We first investigate the vortex solution in the weak in-
teratomic interacting region, where the density–density in-
teraction c0 = 50, spin-exchange interaction c1 = −5, and
spin singlet-pairing interaction c2 = 20 guarantee the ferro-
magnetic ground states.[38] When SOC is absent, the weak
magnetic field (B = 0.1) can induce a vortex at the edge
of the condensate, which is depicted in Fig. 1(a). As in-
dicated by the 2D density profiles of different components
(|Ψl |2) in the top panel, there is no vortex core emerging.
However, from the phase field picture in the bottom panel,
the continuously changed phase gradients θl (from −π to
π) indicate there is a vortex penetrating into the condensate
from the edge. The corresponding one-dimensional (1D) den-
sity projection is exhibited in Fig. 1(b), that there are five
Gaussian-type wave packages locating at the center. Addi-
tionally, when magnetic field strength B = 1, a polar-core vor-
tex is excited in Fig. 1(c).[39–41] The 2D density profiles (top
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panel) indicate the ring-shaped density of different compo-
nents with a vortex core in the center. This polar-core vor-
tex can be determined clearly from the phase profiles (bottom
panel), that the phase windings of different components are

(ω2,ω1,ω0,ω−1,ω−2) = (2,1,0,−1,−2). The corresponding
1D density projection is exhibited in Fig. 1(d), that the com-
ponents with opposite magnetic quantum number (|Ψ2⟩ and
|Ψ−2⟩, |Ψ1⟩, and |Ψ−1⟩) are totally overlapped.
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Fig. 1. Magnetic field could induce polar-core vortex when SOC is absent. (a) The 2D density profiles of different components when magnetic field strength
B = 0.1 and SOC strength κ = 0 (top panel). The corresponding phase fields θl (l = ±2,±1,0) are exhibited in the bottom panel. (b) The 1D projection of
the density profiles with B = 0.1 and κ = 0. (c) The 2D density profiles of different components when magnetic field strength B = 1 and SOC strength κ = 0
(top panel). The corresponding phase fields θl are exhibited in the bottom panel. (d) The 1D projection of the density profiles with B = 1 and κ = 0. In the
GP simulation, the dimensionless density–density interaction c0 = 50, spin-exchange interaction c1 =−5, and spin singlet-pairing c2 = 20. Here, the length
of the harmonic trap is ξ0 =

√
h̄/(mω⊥).

3.2. Ground states with IP magnetic field and SOC

In the following part, we will consider the combined ef-
fect of IP magnetic field and Dresselhaus-type SOC in the
weak atomic interaction region of ferromagnetic F = 2 BECs.
When magnetic field B = 0.25 and SOC strength κ = 0.25,
the 2D density profiles and phase fields are depicted in the
top panel and bottom panel of Fig. 2(a), respectively. The
|Ψ2⟩ component dominates the center region and resembles
bright soliton. Additionally, the |Ψ1,0,−1,−2⟩ components ex-
hibit ring-shaped distribution with increasing inner diame-
ter. From the phase field in the bottom panel, we can dis-
tinguish that the phase windings of different components are
(ω2,ω1,ω0,ω−1,ω−2) = (0,−1,−2,−3,−4), which indicates
a Mermin–Ho vortex.[42–44] From the 1D density projection
in Fig. 2(b) we can identify that the |Ψ2⟩ component lo-
cates in the center, the |Ψ−2⟩ component locates at the edge
and |Ψ1,0,−1⟩ components locate sandwiched between them.
When SOC strength κ = 1 and IP magnetic field strength
B = 0.25, there is a density hole emerging in every compo-
nent, as shown in the top panel of Fig. 2(c). Interestingly, the
corresponding phase windings can be distinguished from the
phase field in the bottom panel that (ω2,ω1,ω0,ω−1,ω−2) =

(−1,−2,−3,−4,−5). Moreover, figure 2(d) shows that the
different components with opposite magnetic quantum num-

ber (|Ψ2⟩ and |Ψ−2⟩, |Ψ1⟩ and |Ψ−1⟩) are spatially separated
which indicates nonzero magnetization.

We can gain further insight into the discussed vortex so-
lution by computing the canonical particle current density of
the condensates[45]

Jc = ∑
l

Jc
l =− ih̄

2m ∑
l
(Ψ †

l ∇Ψl −Ψl∇Ψ
†

l ), (6)

where l = ±2,±1,0 and m represents the atom mass. As
illustrated in Fig. 3(a), when SOC is absent and magnetic
field B = 0.1, the canonical particle current Jc points to-
ward +y direction, indicating the condensates are within the
plane wave phase.[31] Furthermore, with stronger magnetic
field (B = 0.25) in Fig. 3(b), the canonical particle current Jc

approximates zero. This phenomenon is in good agreement
with the phase field of the polar-core vortex shown in Fig. 1(c)
that θ−1,−2 rotate anticlockwise while θ1,2 rotate clockwise.
On the other hand, when SOC strength κ = 1 and magnetic
field B = 0.25 in Fig. 3(c), the canonical particle current Jc

rotates anticlockwise. This phenomenon coincides with the
MH vortex discussed in Fig. 2(a), inside which θ−1,0,1,2 ro-
tate anticlockwise. Moreover, with the strengthen of magnetic
field (κ = 1) in Fig. 3(d), the direction of canonical particle
current Jc remains anticlockwise while the size of vortex core
becomes larger.
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Fig. 2. The combined effect of magnetic field and SOC-induced Mermin–Ho vortex. (a) The 2D density profiles of different components when magnetic field
strength B = 0.25 and SOC strength κ = 0.25 (top panel). The corresponding phase fields θl (l = ±2,±1,0) are exhibited in the bottom panel. (b) The 1D
projection of the density profiles when B = 0.25 and κ = 0.25. (c) The 2D density profiles of different components when magnetic field strength B = 0.25
and SOC strength κ = 1 (top panel). The corresponding phase fields θl are exhibited in the bottom panel. (d) The 1D projection of the density profiles when
B = 0.25 and κ = 1. In the GP simulation, the dimensionless density–density interaction c0 = 50, spin-exchange interaction c1 =−5, and spin-singlet-pairing
interaction c2 = 20. Here, the length of the harmonic trap is ξ0 =

√
h̄/(mω⊥).
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Fig. 3. Canonical particle current Jc induced by IP magnetic field B and SOC κ . (a) Total density and Jc with B = 0.1, κ = 0. (b) Total density and Jc

with B = 0.25, κ = 0. (c) Total density and Jc with B = 0.25, κ = 0.25. (d) Total density and Jc with B = 0.25, κ = 1. The blue arrows indicate the
direction of canonical particle current. In the GP simulation, the dimensionless density–density interaction c0 = 50, spin-exchange interaction c1 =−5, and
spin-singlet-pairing interaction c2 = 20. Here, the length of the harmonic trap is ξ0 =

√
h̄/(mω⊥).

For fixing SOC strengths, we next investigate the evo-
lution of phase winding when IP magnetic field strength B
is changed. As depicted in Fig. 4(a) that SOC is absent
in the system, the phase windings for different components
maintain their value (ω2,ω1,ω0,ω−1,ω−2) = (2,1,0,−1,−2)
when B varies in [0.25,2] region. Apparently, the aforemen-
tioned polar-core vortex is not influenced by IP magnetic field
when SOC is absent. As comparison in Fig. 4(b) that SOC
strength κ = 1, the phase windings experience a transforma-
tion (ω2,ω1,ω0,ω−1,ω−2):

(0,−1,−2,−3,−4)→ (−1,−2,−3,−4,−5)

→ (−3,−4,−5,−6,−7)→ (−4,−5,−6,−7,−8)

→ (−5,−6,−7,−8,−9)

when B varies in [0.25,2] region. This phenomenon can be un-
derstood that the SOC induced gauge angular momentum can
introduce negative canonical angular momentum, which re-
sults in a vortex with winding number (−2,−2,−2,−2,−2).

Correspondingly, the polar-core vortex with phase winding
(2,1,0,−1,−2) changes into the MH vortex with phase wind-
ing (0,−1,−2,−3,−4). Furthermore, giant vortices with
greater phase winding number combinations are formed be-
cause of stronger IP magnetic field strength.

The magnetization of F = 2 BECs ground states can be
defined as ℳ =

∫
Fz dxdy, where Fz is the z-direction spin

density of the five-component systems.[46] Depending on var-
ious IP magnetic field, the evolution of ℳ is investigated in
Figs. 4(c) and 4(d). When SOC is absent, the magnetization
of the ground state keeps zero for different magnetic fields
which agrees well with the superposition of the different com-
ponents with opposite magnetic quantum number, as shown in
Fig. 4(c). However, when SOC strength κ = 1, the magnetiza-
tion reaches maximum at B= 0.5 and decreases monotonously
for B > 0.5.

On the other hand, we are also interested in the misi-
bility of the condensate when IP magnetic field is changed.
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We defined the degree of phase separation as np =
∫
|Fz|dr,

where Fz is the z-direction spin density of the five-component
system.[47] For SOC strength κ = 0 in Fig. 4(e), the degree
of phase separation is not influenced by IP magnetic field
(np = 0). This phenomenon indicates that without SOC, the

condensate is totally miscible when facing IP magnetic field.
However, np can be obviously changed by IP field when SOC
effect is considered, as shown in Fig. 4(f). The degree of phase
separation np increases with magnetic field when B < 0.5,
while decreases with magnetic field when B > 0.5.
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B without SOC in panel (e) and with SOC κ = 1 in panel (f). In the GP simulation, the dimensionless density–density interaction c0 = 50, spin-exchange
interaction c1 =−5, and spin-singlet-pairing interaction c2 = 20. Here, the length of the harmonic trap is ξ0 =

√
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At last, we investigate the evolution of vortex for vari-
ous SOC strength when IP magnetic field is fixed (B = 1).
Along with the SOC strength κ increasing, additional vortices

are generated and align radially, as depicted in Figs. 5(a)–5(b)
with κ = 4.5,6, respectively. These vortices act as domain
walls that separate the condensates into four and five symmet-

040306-5



Chin. Phys. B 31, 040306 (2022)

rical density domains. We notice that the vortex structures in
different components resemble each other. It is found that the
number of vortices in each array is equal and increases with
SOC strength κ . The vortices in every component share the
same winding number ωl = −1, except for the central giant
vortex, the internal diameter of which is bigger for stronger
SOC strength.

4. Conclusion
In summary, we have investigated the ground state vor-

tex solution under the IP magnetic field and Dresselaus-type
SOC in F = 2 BECs. When SOC is absent, polar-core vortex
is obtained which is not influenced for stronger magnetic field.
When considering SOC, MH vortex is excited with the com-
bined effect of the magnetic field. By calculating the canonical
particle current, we can identify zero canonical particle current
of polar-core vortex and anticlockwise canonical particle cur-
rent of MH vortex. When SOC strength is fixed, the evolution
of phase winding, magnetization and degree of phase sepa-
ration are thoroughly investigated. On the other hand, when
magnetic field is fixed, stronger SOC may introduce additional
vortices which are arranged radially acting as domain walls.
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[24] Radić J, Sedrakyan T A, Spielman I B and Galitski V 2011 Phys. Rev.

A 84 063604
[25] Stringari S 2016 Phys. Rev. Lett. 118 145302
[26] Zhou X F, Zhou J and Wu C 2011 Phys. Rev. A 84 063624
[27] Qu C and Stringari S 2018 Phys. Rev. Lett. 120 183202
[28] Jin J, Han W and Zhang S 2018 Phys. Rev. A 98 063607
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