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SPECIAL TOPIC — Non-Hermitian physics

Disorder in parity—time symmetric quantum walks
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We experimentally investigate the impact of static disorder and dynamic disorder on the non-unitary dynamics of
parity—time (PT)-symmetric quantum walks. Via temporally alternating photon losses in an interferometric network, we
realize the passive PT-symmetric quantum dynamics for single photons. Controllable coin operations allow us to simulate
different environmental influences, which result in three different behaviors of quantum walkers: a standard ballistic spread,
a diffusive behavior, and a localization, respectively, in a PT-symmetric quantum walk architecture.
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1. Introduction

One of the fundamental features of quantum mechanics
is associated with the Hermiticity of Hamiltonian operators,
which implies both real eigenenegies and conserved proba-
bilities. Recently, more and more attention is attracted by
a wide class of non-Hermitian Hamiltonians with party—time
(PT) symmetry,!!] which still show entirely real spectra. PT-
symmetric dynamics have been implemented in various phys-
ical systems,>~!4] where PT-related notions and behaviors can
be observed and experimentally investigated. !>/ However,
the effect of disorder in a non-Hermitian system is still less
investigated.

It is well known that static disorder leads to an absence of
diffusion and the wavefunction of the particle becomes local-
ized, which was first predicted by Anderson in 1958.23] The
so-called Anderson localization has been investigated in vari-
ous physical systems, for example, photons in semiconductor
powders,[**! light in photonic lattices,*>*%! and light or pho-
tons in quantum-walk architectures,?’3% or even via Bose—
Einstein condensates.[*!:321 However, no effect of disorder has
even been observed in a non-Hermitian system.

Quantum walks provide a good testbed for quan-
tum computations, **! quantum communications,?*3>
tum measurements, >® and quantum simulations.[!837401 In
this paper, we present the experimental realization of PT-
symmetric quantum walks for single photons*!~#] with con-
trolled dynamics, in which controllable coin operations allow
us to simulate different environmental influences including
static disorder and dynamic disorder.

I quan-

2. Theoretical model
Firstly, we define a split-step unitary quantum walk de-
scribed by the operator
U = SC(6,)SC(61), (1
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where § = ZX |x) (x+ 1] ®|0) (0] + |x) (x — 1| @ |1) (1] is the
conditional position shift operator, and C(6) = Zx %) (x| ®

cosO sinf
sin@ —cos6

sition of a walker and {|0),|1)} are two orthogonal coin states.

is the coin operator. Here x denotes the po-

The unitary operator U can be extended to a non-unitary oper-
ator as
Ui = LSC(6:)L'SC(6), 2

with the loss operators L = Zx |x) (x| @ > and L' =

L 0
0 L,
L, 0
Zx|x>(x|®(0 Ll>,whereO<L1,L2<1.

For comparison, another non-unitary split-step quantum
walk with gain and loss is governed by the operator

Ug = GSC(6,)G~'SC(6y), 3)

where G =) [x) (x| @ (g 1(/)g> denotes the gain—loss oper-
ator. This quantum walk governed by the operator Uy has PT
symmetry, i.e, PTUgPT ' with PT = Zx |—x) (x| ® 0, K (K
is a complex conjugation operator). If we choose g = /L1 /Ly,
then we have the relation

CU]] = Ugl s (4)

with ¢ = 1/(L;L;). Thus the non-unitary split-step quantum
walk with loss less and loss more can be translated to the quan-
tum walk with gain and loss which has been proven to have
PT symmetry. On the other hand, by employing the above re-
lation, we can translate results observed in the experiment of
the quantum walk with only losses into those of the quantum
walk with gain and loss.

For quantum walks with temporally alternating photon
losses, the quasi-eigenenergy € is defined from the eigenval-
ues of the time-evolution operator

Unlya) = Alyy), A=e &8, Q)
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where € is complex, in general, and & is a negative real num-
ber. However, when Uy (= e~%Uy) possesses PT symmetry
and the eigenstate |y, ) is the eigenstate of the PT symmetry
operator, € is guaranteed to be real. Here we derive the eigen-
value of the PT-symmetric non-unitary quantum walks in the
homogeneous system, and derive the condition that the quasi-
eigenenergy € becomes real.

To this end, by assuming that angles of coin operators
6, and 6, are constants over the position space, we describe
the non-unitary time-evolution operator Uy in the momentum
space. With the Fourier transformation, the coin, conditional
position shift, and gain—-loss operators are rewritten respec-
tively as

C(6) =Y, k) (kl@R(6)c,, R(6)=e "%, (6)
S=Y [k kl@Sk), Sk)=-e**, (7)
G=),IkkleG G=e". (8)

Accordingly, the time-evolution operator of non-unitary quan-
tum walks fitted in the symmetry time flame in the momentum
representation is written as

Uy = Zk k) (k| @ Ug (k)

Ul(k) = eiﬂﬁ(%)(’;'g(k—g)ﬁ(ez)
DR o

where we use the relation o, = e#/2e~1%/20: As explained
in Ref. [48], we proceed with our calculation by ignoring the
prefactor ¢! = —1 which only shifts the quasi-eigenenergy
by 7 and take it into account when we need it. By also re-
defining k — 7w /2 as k, we rewrite the time-evolution operator,
Ué] (k), as

Ty (k) = R(%)éS(k)R(ez)é—lg(k)R(%).

Since all the operators can be expressed by Pauli matrices, the
time-evolution operator is also written as

Uy (k) = do(k) 00 + dy 0y + idy (k) 0y + id; (k) o, (10)
do(k) = cos 0] cos 6, cos(2k) — sin 0 sin 6 cosh(27),

dy = —sin 6, sinh(27),

dy (k) = —sin 6y cos 6, cos(2k) — cos 6 sin 6, cosh(27),
d,(k) = cos 0, sin(2k).

Note that, a relation dj (k) —d2 +d3 (k) +d2 (k) = 1 is satisfied.
The eigenvalue Ay of Uy (k) is derived as follows:

Ag = do(k) £iy/1—d3(k) = e %

Since the presence of PT symmetry guarantees |Ag| = 1,
we find that the value of dy(k) determines that the system
is in the unbroken PT-symmetric phase (|dy(k)| < 1 for all
k € [0,27)), the broken PT-symmetric phase (|do(k)| > 1, at

least, for some k), or at the exceptional point (|do(k,)| = 1 for
some k. and |dy (k)| < 1 for other k).

Therefore, by recovering the prefactor of the right hand
side of Eq. (9), the real and imaginary parts of the eigenvalue
A of the non-unitary quantum walks with alternating losses,
Uy, is described as follows:

—e®dy(k), for |do(k)| < 1,
Re(A) =

e [do(k) + .\ Jd2 (k) — 1} . for |do(k)| > 1,

te®, /1 d2(k), for|do(k)| < 1,
A e O

0, for |do(k)| > 1.

Accordingly, the real and imaginary parts of the quasi-
eigenenergy € are described as follows:

Re(e) — +arccos(—dy(k)), for |do(k)]
= 0, for |do (k)|

Im(e) 0, for |dyp(k)| < 1,
m(€) =
tarcosh(—dy(k)), for|do(k)| > 1.

1
1

7

<
>

)

We show the presence or absence of complex quasi-
eigenenergies in Fig. 1. When the PT symmetry is unbro-
ken, all quasi-eigenenergies are all real and are plotted in the
light blue squares. Whereas, when the PT symmetry is broken,
quasi-eigenenergies are complex and shown in the light red ar-
eas. The size of the light red area is due to the loss parameter.
Here we choose /; = 1 and [, = 0.8. The colored dots denote
the parameters we choose for experiments.
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Fig. 1. Presence or absence of complex quasi-eigenenergies. When PT
symmetry is unbroken, all quasi-eigenenergies are all real and are plotted
in the light blue squares. Whereas, when PT symmetry is broken, quasi-
eigenenergies are complex and shown in the light red areas. The size of
the light red area is due to the loss parameter. Here we choose L; = 1 and
L, =0.8. The colored dots denote the parameters we choose for experiments
of quantum walk in the unbroken PT-symmetric phase ({6, = 7/3,6, =
0.237}, red dot), at the exceptional point ({6; = /3,60, = 0.2754x}, black
dot), and in the broken PT-symmetric phase ({6; = ©/3, 6, = 0.327}, blue
dot), respectively.

3. Experimental realization

In our experiment, we implement a passive PT-symmetric
non-unitary split-step quantum walk with single photons,
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which propagate in the cascaded interferometric network as il-
lustrated in Fig. 2. A pair of photons is generated via the spon-
taneous parametric down conversion (SPDC) in the periodi-
cally poled potassium titanyl phosphate crystal (PPKTP), with
one serving as a trigger and the other as a quantum walker pro-
jected into the cascaded interferometric network. The walker
state |x) is encoded in the spatial modes of the walker pho-
ton and the coin state in the basis {|H),|V)} is encoded in
the polarizations of the walker photon. The initial state of the
walker+coin system is prepared in |0) (|[H) +i|V))/v/2 via a
polarizing beam splitter (PBS), a half-wave plate (HWP), and
a quarter-wave plate (QWP). The coin operation C(6) is im-
plemented by a HWP at the setting angle 6 /2. Whereas, the
shift operator S is implemented via a birefringent beam dis-
placer (BD) through which horizontally polarized photons are
directly transmitted and vertically polarized photons undergo
a lateral displacement into a neighboring mode. The loss op-
erator L is implemented via a partially polarizing beam split-
ter (PPBS) with the transmissivity of horizontally and verti-
cally polarized photons (7, Ty ) = (L3,L3), while L' is imple-
mented via a sandwich-type setup (HWP-PPBS-HWP). As we
realize a passive PT-symmetric quantum walk, for the proba-
bility distribution, we need the corrected probability instead of
the normalized probability Py(x,7) which is obtained directly
via a coincidence measurement. The corrected probability
Pc(x,t) = ¥ Zx, P (x',t)Py(x,t) is obtained by multiplying

both the theoretical prediction of the sum of the probabilities
Py, and the correction factor ¢ = 1/(L1L;) for the respective
step .

Two types of disorders, static disorder and dynamic disor-
der, are considered in our experiment. The static disorder is in-
troduced to the coin rotations by modulating the angles of the
corresponding HWPs by a small random amount 66 around
the coin parameters 6),. Here 66 € [—, 4] is position-
independent but unique for each time-step. We then imple-
ment quantum-walk dynamics governed by the evolution op-
erator Uy with randomly generated coin rotations C(60; 4+ 66)
instead of C(6 ).

On the other hand, we can also introduce dynamic disor-
der to the coin rotation. To introduce dynamic disorder, a time-
dependent coin rotation with randomly generated coin param-
eters 01 2 + 00 is required. In our experiment, the setting an-
gles of HWPs for each step are modulated by a small random
amount 66 around the coin parameters (6;,6,). The strength
of the disorder is determined by the shift §6. In order to com-
pare the influences of static disorder and dynamic disorder, we
keep the same interval §6 € [—Z, Z| for both cases. Note
that 860 here is time-dependent but unique for each position.
We then push the time-step of the PT-symmetric quantum-
walk dynamics with either static disorder or dynamic disorder
up to 6 and compare the behavior of the quantum walker under
the different environmental influences.

Hy— 45° 45° | Hi— — — —

Hy ’ ; H 5 5 H H 45° 45°
- IJI S i | p<H | 4 I I
2 10
=1 A=+ || i =

=2 2) :

T BN g mmm e Y - i i
Stepl Step2 I — T | N | —H
—H 1 -

— HTE | awe ] ewe | 1 N\ PPBs [\ PBs |:|BD Step AR
PPKTP

Fig. 2. Experimental setup. Photons in pair are generated via the SPDC in PPKTP, with one serving as a trigger photon and the other as the quantum walker
projected into the quantum-walk network. The coin operation C is implemented by a HWP and the shift operator S is implemented via a BD. The loss
operator L is implemented via a PPBS. Photons appearing in the spatial modes at the output of the quantum-walk network are detected by single photon

detectors (as known as APDs), in coincidence with the trigger photon.

4. Experimental results

We experimentally analyse the PT-symmetric quan-
tum walk with various coin angles (6;,6,) = (7/3,0.237),
(61,6,) = (7/3,0.2754x), and (6,,6,) = (7/3,0.327), re-
spectively, and with fixed loss parameters (L1,L;) = (1,0.8) as
illustrated in Fig. 1. For the fist case with the choice of the coin
parameters (0;,6,) = (7/3,0.237), the quasi-eigenenergies
of the walker+coin system remain entirely real and the cor-
responding non-unitary time evolution preserves PT symme-
try. For the second case of the choice of the coin parameters
(61,6,) = (m/3,0.27547), the PT-symmetric quantum walk is
now at the exceptional point from the unbroken to broken PT-
symmetric phase. For the third case, by further increasing the
coin parameter 6, to 0.327 and keeping 8; unchanged, the
walker+coin system enters the broken PT-symmetric phase,
in which the quasi-eigenenergies of the system are typically

complex. The corrected probability distribution of the PT-
symmetric quantum walk up to 6 steps and the variance of
the distribution are shown in Fig. 3. We can see that the exper-
imental results represented by symbols agree well with those
obtained by numerical simulations represented by curves. We
can also see that for the PT unbroken case, the corrected prob-
ability distribution is almost the same as that of the standard
unitary quantum walk.

For the second case, at the exceptional point, the cor-
rected probability distribution is different from that of the stan-
dard unitary quantum walk as the peaks are squeezed a bit.
However, by comparing the variances of the distributions for
the two cases, we confirm that even at the exception point, the
behavior of the walker is still ballistic.

However, for the PT broken case, the corrected probabil-
ity distribution and the variance become completely different
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from the standard unitary quantum walk. The distribution is
now Gaussian-like, which is a typical phenomenon in the bro-

ken PT-symmetric phase. The variance also confirms that the
walk shows a diffusive behavior.

In Figs. 4-6, considering both static and dynamic disor-

ders, the coin rotations take the angles 6; » + 66, where 86 is
randomly chosen from the interval [—7%, %], and is position-
dependent for static disorder and time-dependent for dynamic

disorder, respectively. Compared to the PT-symmetric quan-
tum walk without any disorder, the influence of dynamic dis-
order reduces the expansion of the wavefunction to the level of
a diffusive classical particle for all the cases of PT unbroken,
PT broken, and exception point. That is, for all the three cases,

the behavior of the quantum walker turns to be diffusive, as a
classical particle.

(a) (b) (c) (d) (e)
1400 Unbroken PT symmetry 25 [ — Unbroken PT symmetry °
1200} —EP - % %
. ——Broken PT symmetry 20 } — Broken PT symmetry = 0.5 = 1.0
8 8 2 3
=1 =) z 0.4 < 0.8
£ £ 15 2 2
B £ 2 0.3 2
B B 2 0.3 2.0.6
- Z 10 < <
3 0.2 2 0.4
< 5
8 0.1 20.2
5 2 2
30 3 0
N o - o -
0 10 20 30 40 50 0o 1 2 3 4 5 6 O,
- g, 8
Step Step 2

Fig. 3. Experimental results of the PT-symmetric quantum walk with the coin angles (6;, 6,) = (7/3,0.237), (6,,6,) = (7/3,0.27547), and (6;,6,) =
(m/3,0.327), respectively, and with loss parameters (Lj,L,) = (1,0.8). Variances for the quantum walk up to 50 in (a) and 6 steps in (b) vs. the number
of the steps. Colored curves indicate the numerical simulations of the variances, while experimental results are presented by symbols. Experimental
errors are due to photon counting statistics. (c)—(e) Experimental results of the probability distributions for all the three cases of PT unbroken, PT
broken, and exception point, respectively.

(G

(b) (c) Unbroken PT symmetry (d) Dynamic disorder (e) Static disorder
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Fig. 4. Experimental results of the disordered PT-symmetric quantum walk with the coin angles (0;,6,) = (7/3,0.237) and with loss parameters
(L1,Ly) = (1,0.8). The walker+coin system is in the PT unbroken phase. Variances for the quantum walk up to 50 in (a) and 6 steps in (b) vs.
the number of the steps. Colored curves indicate the numerical simulations of the variances, while experimental results are presented by symbols.

Experimental errors are due to photon counting statistics. (c)—(e) Experimental results of the probability distributions of the PT-symmetric quantum
walk in the PT unbroken phase without disorder, with dynamic disorder, and with static disorder, respectively.

(a) (b) (d) Dynamic disorder (e) Static disorder
H00F __gp 25 —Ep
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£ 600 S 10 z -
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., .
Fig. 5. Experimental results of the disordered PT-symmetric quantum walk with the coin angles (6;,6,) = (7/3,0.27547) and with loss parameters
(L1,Ly) = (1,0.8). The walker+coin system is at the exceptional point. Variances for the quantum walk up to 50 in (a) and 6 steps in (b) vs. the number
of the steps. Colored curves indicate the numerical simulations of the variances, while experimental results are presented by symbols. Experimental

errors are due to photon counting statistics. (c)—(e) Experimental results of the probability distributions of the PT-symmetric quantum walk at the
exception point without disorder, with dynamic disorder, and with static disorder, respectively.

(a)
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Fig. 6. Experimental results of the disordered PT-symmetric quantum walk with the coin angles (6;,62) = (7/3,0.327) and with loss parameters
(L1,L2) = (1,0.8). The walker+coin system is in the PT broken phase. (a), (b) Variances vs. the number of the steps. Colored curves indicate the
numerical simulations of the variances and the experimental results are presented by symbols. Experimental errors are due to photon counting statistics.

(c)—(e) Experimental results of the probability distributions of the PT-symmetric quantum walk in the PT broken phase without disorder, with dynamic
disorder, and with static disorder, respectively.
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On the other hand, the influence of static disorder stops
the spread of the walker and leads to a localization for all the
three cases. The localization is further confirmed by smaller
variances for all the three cases. Our experimental investiga-
tions show how the two kinds of disorders influence the be-
havior of the quantum walker in the PT-symmetric quantum
dynamics.

5. Conclusion

We experimentally investigate how dynamic disorder and
static disorder can influence the non-unitary evolution of a
PT-symmetric quantum walk and show the controlled transi-
tion between the different regimes. We realize a passive PT-
symmetric quantum dynamics of single photons via tempo-
rally alternating photon losses in the cascaded interferomet-
ric network. Furthermore, via controllable coin operations we
simulate different environmental influences of both dynamic
and static disorders on the walker+coin system, which result in
a standard ballistic spread, a classical diffusive behavior, and
a localization of the walker in a PT-symmetric quantum walk
architecture, respectively. Our setup of the single-photon im-
plementation of PT-symmetric quantum walks with high flex-
ibility and full control allows us not only to study the inter-
esting features in non-Hermitian quantum dynamics but also
to simulate interesting scenarios for the community of con-
densed matter physics and high-energy physics. Our exper-
imental results suggest exciting methods for the investigation
of Anderson localization of non-Hermitian systems using one-
dimensional discrete-time quantum walks.
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