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Wave function collapses and 1/𝑛 energy spectrum induced by a
Coulomb potential in a one-dimensional flat band system

Yi-Cai Zhang(张义财)†

School of Physics and Materials Science, Guangzhou University, Guangzhou 510006, China

(Received 5 October 2021; revised manuscript received 2 November 2021; accepted manuscript online 4 November 2021)

We investigate the bound state problem in a one-dimensional flat band system with a Coulomb potential. It is found
that, in the presence of a Coulomb potential of type I (with three equal diagonal elements), similarly to that in the two-
dimensional case, the flat band could not survive. At the same time, the flat band states are transformed into localized
states with a logarithmic singularity near the center position. In addition, the wave function near the origin would collapse
for an arbitrarily weak Coulomb potential. Due to the wave function collapses, the eigen-energies for a shifted Coulomb
potential depend sensitively on the cut-off parameter. For a Coulomb potential of type II, there exist infinite bound states
that are generated from the flat band. Furthermore, when the bound state energy is very near the flat band, the energy is
inversely proportional to the natural number, e.g., En ∝ 1/n, n = 1,2,3, . . . It is expected that the 1/n energy spectrum could
be observed experimentally in the near future.

Keywords: wave function collapses, flat band, infinite bound states
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1. Introduction
A lot of interesting physics in flat band systems

have attracted great interests.[1–16] For example, ferro-
magnetism transition,[17] localization,[18] super-Klein
tunneling,[19–22] quantum Hall,[23] zitterbewegung,[24]

preformed pairs,[25] strange metal,[26] and high-Tc

superconductivity/superfluidity,[27,28] etc. have been inves-
tigated. A lot of the exotic physics in a flat band can be
attributed to an infinitely large density of states of the flat
band. For example, the fat band states have localized proper-
ties, which only occupy a finite number of unit cells in lattice
model.[29] This is because although the eigen-states can be la-
beled by momentum in a translational invariant system, due to
the flatness, an arbitrarily linear compositions of these states
are also eigen-states, which can be localized. In addition, due
to the zero dispersion of the flat band, the kinetic energy is ex-
tremely suppressed, an arbitrarily small interaction can domi-
nate the physics. Therefore, the flat band can be very sensitive
to a small perturbation, e.g., the magnetism transitions in-
duced by the interaction,[30] a linear dependence of interaction
strength of superconductor/superfluid order parameters.[31–36]

It is well known that behaviors of density of states near
threshold of a continuous energy spectrum play crucial roles
in formation of bound states.[37] Due to infinitely large den-
sity of density of states of a flat band, the existence conditions
of bound states can be affected significantly. For example, in
two-dimensional flat band system, Gorbar et al. found that an
arbitrary weak Coulomb potential can destroy the flat band.[38]

Furthermore, Pottelberge found that the flat band gradually be-
comes a continuous band (uncountable set) with the increas-

ing Coulomb potential strength,[39] In a one-dimensional spin-
1 flat band system, the bound state problem for short-ranged
potential (delta potential and square well potential) has been
solved by Zhang and Zhu.[40] It was found that for a square
well potential of type II, the infinitely large density of states
and its ensuing 1/z singularity of Green function result in an
infinite number of bound states and a hydrogen atom-like en-
ergy spectrum. Now a natural question arises: How does the
long-ranged Coulomb potential of type II change the energy
spectrum in one dimension? For Coulomb potential of type
I, what is the energy spectrum in a one-dimensional flat band
system?

In this work, we investigate the bound state problem
in a one-dimensional flat band system with a long-ranged
Coulomb potential. It is found that for arbitrarily weak
Coulomb potential of type I, similarly to that in the two-
dimensional case,[38] the flat band is destroyed completely.
Consequently, the flat band states evolve into the localized
states which form a continuous band, which is similar to the
finding by Pottelberge in two dimensions. However, we find
that the localized properties of these new states in continuous
band are very similar to the original flat band states. In ad-
dition, the eigen-energies of a shifted Coulomb potential de-
pends sensitively on the cut-off parameters due to the singu-
larity of Coulomb potential near the origin. For Coulomb po-
tential of type II, it is interesting that the long-ranged Coulomb
potential also results in an infinite number of bound states
(countable set), which is similar to that of shorted-range square
well potential. However, it is found that the bound state en-
ergies are inversely proportional to the natural number, i.e.,
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En ∝ 1/n, which is different from its shorted ranged counter-
part, e.g., En ∝ 1/n2 in square well potential.

The article is organized as follows. In Section 2, the
model Hamiltonian and the localized wave functions of the flat
band are given. The localized properties are discussed with
some modified Bessel functions. Next, we solve the bound
state problems for Coulomb potentials of two types in Sec-
tion 3. At the end, a summary is given in Section 4.

2. The model Hamiltonian with a flat band
In this work, we consider a three-component flat band

Hamiltonian[40] in one dimension, i.e.,

H = H0 +Vp(x),

H0 =−ih̄vFSx
∂

∂x
+mSz, (1)

where Vp(x) represents the potential energy, H0 is the free-
particle Dirac-type Hamiltonian, vF > 0 denotes the Fermi ve-
locity, and m > 0 describes the particle mass. Sx and Sz are
spin operators for spin-1 particles,[41] i.e.,

Sx =

 0 1√
2

0
1√
2

0 1√
2

0 1√
2

0

 , Sz =

 1 0 0
0 0 0
0 0 −1

 , (2)

in usual basis |i〉with i= 1,2,3. In this article, we use the units
of vF = h̄ = 1. When Vp(x) = 0, the free particle Hamiltonian
H0 has three eigenstates and the eigenenergies (see Fig. 1 ),
e.g.,

ψ−,k(x) =
1

2
√

k2 +m2


√

k2 +m2−m
−
√

2k√
k2 +m2 +m

 e ikx,

E−,k =−
√

k2 +m2;

ψ0,k(x) =
1√

2(k2 +m2)

 −k√
2m
k

 e ikx,

E0,k = 0;

ψ+,k(x) =
1

2
√

k2 +m2


√

k2 +m2 +m√
2k√

k2 +m2−m

 e ikx,

E+,k =
√

k2 +m2. (3)

It is found that a flat band with zero energy (E0,k = 0) appears
in between upper and lower bands. The possible bound states
can exist in the gaps among the three bands, i.e., 0 < E < m
and −m < E < 0 (the regions A and B in Fig. 1).

Due to the zero dispersion of flat band, an arbitrarily lin-
ear superpositions of the above wave function ψ0,k(x) are also
eigen-states of H0 (eigen-energy E = 0). Then some localized
eigen-states can be constructed by a linear superposition, e.g.,

ψ(x− xc)≡

ψ1(x− xc)
ψ2(x− xc)
ψ3(x− xc)

= ∑
k

ψ0,k(x)e−ikxc

=
1

2π

∫
∞

−∞

dk
e ik(x−xc)√
2(k2 +m2)

 −k√
2m
k



=
m
π


−isgn(x−xc)√

2
K1(m|x− xc|)

K0(m|x− xc|)
isgn(x−xc)√

2
K1(m|x− xc|)

 , (4)

where K0(x) and K1(x) are the zero- and first-order modified
Bessel functions of the second kind,[42] respectively. The sign
function sgn(x) = 1 for x > 0; sgn(x) = −1 for x < 0 and xc

describes the center position of the wave function ψ(x−xc) in
flat band. Roughly speaking, the center position can be viewed
as the particle position in the localized state (see Fig. 2).
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Fig. 1. The three energy bands. In the presence of Coulomb potential,
some bound states may exist in regions A and B.
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Fig. 2. Comparisons of wave functions φ2(x− xc) (un-normalized) be-
tween the trivial bound states in continuous band and the flat band states.
The green, blue and red dashed lines are three flat band wave functions
φ2(x− xc) for center position xc = 5,10 and 15, respectively. Near the
center position xc, the wave function has a logarithmic singularity, i.e.,
φ2(x− xc) ∼ − log(|x− xc|)→ ∞ as x→ xc. The green, blue and red
solid lines are three corresponding wave functions for the trivial bound
states in the continuous band with same center positions. The black
solid line is the wave function of point indicated by black arrow of
Fig. 3. Here the potential strength α = 0.25.

Figure 2 gives the second component wave functions
ψ2(x− xc) in flat band for three different xc = 5,10,15 (three
dashed lines). It is shown that these flat band states are local-
ized eigen-states, in which localized length 1/m is determined
by the particle mass m. Due to the logarithmic divergence of
modified Bessel function K0(x) near the origin x = 0, the wave
function shows a logarithmic singularity near the center posi-
tion, i.e., ψ2(x−xc)∼− log(|x−xc|)→∞ as x→ xc. In addi-
tion, in the following section, we will see that the singularity
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of wave function is robust even in the presence of Coulomb
potential (three solid lines in Fig. 2).

3. Bound states
In the following manuscript, we assume the potential en-

ergy Vp has the following diagonal form in usual basis |i =
1,2,3〉, namely,

Vp(x) = V11(x)⊗|1〉〈1|+V22(x)⊗|2〉〈2|

+V33(x)⊗|3〉〈3|=

V11(x) 0 0
0 V22(x) 0
0 0 V33(x)

 . (5)

3.1. Coulomb potential of type I

In this subsection, we assume that the Coulomb potential
satisfies V11(x) =V22(x) =V33(x) and

V11(x) = α/|x|, (6)

where α describes the Coulomb potential strength. Without
loss of generality, in most of this article (except for Fig. 4), we
assume the potential strength to be positive, i.e., α > 0. Now
the Schrödinger equation in the form of three component wave
functions is

−i∂xψ2(x)/
√

2 = [E−m−V11]ψ1(x),

−i∂x[ψ1(x)+ψ3(x)]/
√

2 = [E−V11]ψ2(x),

−i∂xψ2(x)/
√

2 = [E +m−V11]]ψ3(x). (7)

Similarly to that of short-ranged potentials,[40] we can reach
an effective Schrödinger equation for the second component
wave function ψ2(x), i.e,

∂
2
x ψ2(x)+∂x

[
ln
(

E−V11

(E−V11)2−m2

)]
∂xψ2(x)

+[(E−V11)
2−m2]ψ2(x) = 0. (8)

Inserting the Coulomb potential in Eq. (8), for x> 0, we obtain

∂
2
x ψ2(x)+

[
1
x
+

1
x− α

E
− 1

x− α

E+m
− 1

x− α

E−m

]
∂xψ2(x)

+

[
E2−m2− 2Eα

x
+

α2

x2

]
ψ2(x) = 0. (9)

If the first order derivative term
[ 1

x + 1
x− α

E
− 1

x− α
E+m
−

1
x− α

E−m

]
∂xψ2(x) vanishes, the above equation would be the

famous Klein–Gordon equation[43] of one dimension. As
long as the Coulomb potential strength satisfies α2 ≤ 1/4,
the system has well-defined bound states. Furthermore, when
α2 > 1/4, the resultant wave function would collapse and the
system has no well-defined bound states for the Coulomb po-
tential.

Now the non-vanishing first order derivative term would
result in wave function collapses near the origin for an ar-
bitrarily weak Coulomb potential. Consequently, the three-
component flat band system has no well-defined bound states
(near the origin x = 0). This is because, near the origin x = 0,
the roots of indicial equation of the above second order differ-
ential equation [Eq. (9)] read (see Appendix A)

s =±iα. (10)

Therefore the wave function near the origin x = 0 has a form
of

ψ2(x) ∝ x±iα = cos(α lnx)± i sin(α lnx), (11)

which has infinite nodes near the origin x = 0. It indicates
that the wave function would collapse[44] for arbitrarily small
Coulomb potential strength α 6= 0. The Coulomb potential is
too singular to have well-defined bound states in this three-
component system. If one uses a shifted Coulomb potential,
for example, 1/|x| → 1/(|x|+ x0) with the cut-off parameter
0 < x0 � 1,[45] the bound states can exist. However, due to
the wave function collapse for the true Coulomb potential, the
eigen-energies would depend sensitively on the cut-off length
x0 (see Appendix A).

In order to further explore the properties of flat band
states, we solve Eq. (7) numerically. The coordinate space
is discretized with finite difference method. To be specific, we
take the linear length of the system as L = 20 and the num-
ber of spacial grids as N = 2000. Therefore the spatial step
∆x = L/N = 0.01, and a 3N× 3N matrix can be established
with zero boundary conditions at two ends. Then we diago-
nalize it to get the eigen-energies and eigen-states. The results
are reported in Figs. 2 and 3.

It is found that once the Coulomb potential is turned on,
the flat band gradually evolves into a continuous band (see
the blue lines in Fig. 3), and then the flat band is destroyed
completely by an arbitrarily weak Coulomb potential, which is
similar to two-dimensional result.[38,39] At the same time, the
original flat band states have been transformed into the states
of the continuous band.

We plot the wave functions for three typical states in the
continuous band (solid lines in Fig. 2). It is found that the wave
functions of these states are also localized with three center po-
sitions xc = 5, 10, 15, respectively. These localized states basi-
cally inherit the localized properties of original flat band states
(see the dashed lines of Fig. 2), for example, the logarithmic
singularity near the xc. This is because for the Coulomb poten-
tial of type I, the three diagonal matrix elements of potential
are equal (in the usual basis) [see Eq. (6)]. One can also view
the potential energy in the energy band basis (|+,k〉, |0,k〉 and
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|−,k〉), consequently the diagonal form with three equal ma-
trix elements is also unchanged approximately. Therefore for
the three energy bands (flat band, upper and lower bands), they
experience three same Coulomb potentials.

Due to the spatial localization of the flat band states, once
the potential is turned on, the energies of these localized states
at x only shift a value of V (x), i.e., E = 0→ E = 0+V (x) =
α/x. Consequently, the localized properties are basically same
to the original flat band states. Therefore, in this sense, we
call them the “trivial bound states”. It should be remarked that
these bound sates (localized at xc = α/E) are far away from
the origin x = 0, then the wave functions are not affected by
the wave function collapses near the origin.
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α

Fig. 3. The bound state energy of Coulomb potential of type I. The
bound state energies are obtained with finite difference method. The
flat band gradually becomes a continuous band (the blue solid lines).
The red dashed lines are the bound states near the origin for the shifted
Coulomb potential 1/(|x|+ x0).

In addition, for positive (negative) potential strength α ,
some states in lower (upper) band can be pushed (pulled) into
the gaps, and then they form bound states (see the red dashed
lines in Fig. 3). We should point out that these bound states
are not true bound states for a true Coulomb potential with
1/x singularity. These bound states are due to our finite differ-
ence method. In our numerical method, the spatial step ∆x is
always finite, so we could not faithfully simulate the true 1/|x|
singularity of Coulomb potential near the origin x = 0. In fact,
the true Coulomb potential would result in the wave function
collapses. Consequently, any well-defined bound states near
the origin x = 0 could not exist. Due to the finiteness of spatial
step ∆x, the 1/|x| singularity near the origin has been shifted,
e.g., 1/|x| → 1/(|x|+ x0) with the cut-off parameter x0 � 1.
Then, the bound states can exist in the shifted Coulomb poten-
tial. Due to collapse nature of wave function near origin, the
eigen-energy depends sensitively on the cut-off length x0 (see
Appendix). The wave function [ψ2(x)] for a typical bound
state (corresponding to the point in Fig. 3 indicated by black
arrow) in the shifted potential is reported in Fig. 2 (see the
black solid line). In comparison with the trivial bound states,
the wave function of the bound state near the origin has no
logarithmic singularity.

3.2. Coulomb potential of type II

In this subsection, we assume the potential energy satis-
fies V11(x) =V33(x)≡ 0 and

V22(x) = α/|x|, (12)

where α describes the potential strength. Now the Schrödinger
equation can be rewritten as

−i∂xψ2(x)/
√

2 = [E−m]ψ1(x),

−i∂x[ψ1(x)+ψ3(x)]/
√

2 = [E−V22(x)]ψ2(x),

−i∂xψ2(x)/
√

2 = [E +m]ψ3(x). (13)

Similarly to the above subsections, we obtain an effective
Schrödinger equation (a second order differential equation)

∂
2
x ψ2(x)+

[E−V22(x)](E2−m2)

E
ψ2(x) = 0. (14)

Next, let us write it into a form of an ordinary second
order Schrödinger equation, e.g.,

−∂
2
x ψ2(x)+Ṽ ψ2(x) = Ẽψ2(x), (15)

where effective total energy Ẽ and effective potential energy
Ṽ are given by

Ẽ = E2−m2,

Ṽ (x) = Ẽ− [E−V22(x)](E2−m2)

E
=

V22(x)(E2−m2)

E
, (16)

and Ẽ < 0 for bound states. In the determining effective to-
tal energy, we use the fact that potential energy V22(x) goes to
zero as x→±∞. It shows that when α/E > 0, the effective po-
tential Ṽ (x) =V22(x)(E2−m2)/E < 0 is attractive, then there
would exist bound states. The above effective potential can be
written as an effective Coulomb potential, e.g.,

Ṽ (x) =
V22(x)(E2−m2)

E
=

α̃

|x|
, (17)

where effective potential strength

α̃ =
(E2−m2)α

E
. (18)

According to the one-dimensional hydrogen-atomic energy
formula, we get the quantized total energy, i.e.,

Ẽn ≡ Ẽ =− α̃2

4n2 , (19)

where quantum number n = 1,2,3, . . . Further using Eqs. (18)
and (19), we obtain the bound state energy (see Fig. 4)

EB = En ≡ E =
mα√

4n2 +α2
. (20)

It is found that there exist infinite bound states generated from
the flat band. For a given n, when α → ∞, the energy ap-
proaches the thresholds of continuous spectrum, i.e., En →
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±m, which is similar to that of short-ranged potential.[40] The
wave function (see Fig. 5)

ψ2,n(x) = xe−
√

m2−E2
n xL1

n−1(2
√

m2−E2
n x), (21)

where

Ln′
n (z) =

n

∑
k=0

Cn−k
n+n′(−z)k/k! =

z−n′ ez dn[zn′+n e−z]

n!dzn

is the generalized Laguerre polynomial,[42] Ck
n =

n!
(n−k)!k! is the

binomial coefficient, and factorial n! = 1×2×3×·· ·×n.

-0.8
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Fig. 4. The bound state energy of Coulomb potential of type II
[Eq. (21)].
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Fig. 5. The three (un-normalized) wave functions of Coulomb poten-
tial potential of type II [see Eq. (21)], with quantum number n = 1,2,3.
Here the potential strength α = 0.25.

When α � n, the energy can be approximated with

EB = En = E ' mα

2n
, (22)

where quantum number n = 1,2,3, . . .. For every n, due to
the presence of parity symmetry (x→−x), the eigen-energy is
doubly degenerate, which corresponds two eigen-states with
an odd parity and and an even parity. When the potential
strength α is small, the eigen-energy is proportional to α ,
which is similar to the short-ranged potential case.[40] In ad-
dition, it shows that, in the presence of long-ranged Coulomb
potential, the bound state energy is inversely proportional to
the natural number, i.e., En ∝ 1/n, which is different from that
(En ∝ 1/n2) in the case of short-ranged square well potential.

En ∝ 1/n of the Coulomb potential makes level distances be-
tween the adjacent states apart farther than that 1/n2 of short-
ranged square well. It indicates that the long-ranged potential
has more abilities to pull some states out the flat band than its
short-ranged counterpart.

4. Conclusion
In summary, we have investigated the bound states in a

spin-1 Dirac model with a long-ranged Coulomb potential. It
is found in the presence of Coulomb potential of type I, the
flat band is destroyed completely. Furthermore, the flat band
evolves into a continuous band with the increasing of potential
strength. The states in the continuous band have a similar log-
arithmic singularity as that of the flat band states. In addition,
the Coulomb potential causes the wave function collapses near
the origin. Due to collapses near the origin, the eigen-energies
of shifted Coulomb potential depend sensitively on the cut-off
length.

In the presence of Coulomb potential of type II, there ex-
ists an infinite number of bound states, which is generated
from the flat band. Furthermore, when the bound state en-
ergies are near the zero energy of the flat band, the ener-
gies are inversely proportional to the natural number, e.g.,
En ∝ 1/n, which is different from that of its shorted-ranged
counterpart, i.e., En ∝ 1/n2 in square well potential. It is ex-
pected that the wave function collapses and 1/n energy spec-
trum could be verified experimentally[46–49] in future. Finally,
the Coulomb potential of type III would also result in the 1/n
energy spectrum,[50] and bound state in the continuous spec-
trum (BIC).[51]

Appendix A: The wave function collapses near
the origin in the presence of Coulomb potential
of type I

For x > 0, the effective Schrödinger equation (9) is

∂
2
x ψ2(x)+

[
1
x
+

1
x− α

E
− 1

x− α

E+m
− 1

x− α

E−m

]
∂xψ2(x)

+

[
E2−m2− 2Eα

x
+

α2

x2

]
ψ2(x) = 0. (A1)

Near the origin x = 0, the above equation is reduced to

∂
2
x ψ2(x)+

1
x

∂xψ2(x)+
α2

x2 ψ2(x)' 0. (A2)

Furthermore, one can assume that the wave function has
the following form:

ψ2(x) = xs, (A3)

where s is the root of the indicial equation of the above dif-
ferential equation near the origin x = 0. Substituting it in
Eq. (A2), we obtain an indicial equation, i.e.,

s(s−1)+ s+α
2 = 0. (A4)
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Thus, we get two distinct roots

s =±iα. (A5)

Consequently the wave function near the origin is

ψ2(x)' xs = x±iα = cos[α ln(x)]± i sin[α ln(x)], (A6)

which has infinite nodes near the origin x = 0. It indicates that
the wave function would collapse near the origin x = 0[49] for
arbitrarily weak Coulomb potential α 6= 0. A similar collapse
induced by strong Coulomb potential is also found in the two-
dimensional gapped[38] and gapless[50] spin-1 system.

Near the origin x = 0 (a regular singularity), in princi-
ple, the above equation Eq. (A1) can be solved with series
expansion (Frobenius method).[42] However, the resultant re-
currence relation between the expansion coefficients is very
complex. In the following, in order to see the processes of
collapse, we would solve a simplified equation to simulate the
collapse physics qualitatively.

In the following, we assume that the potential strength is
positive, i.e., α > 0 (there is a similar discussion for α < 0).
First of all, we see that the effective Schrödinger equation (A1)
has four regular singularities, i.e., x = 0, α

E , α

E+m , α

E−m . For
x > 0 and |E|/m < 1, the most nearest singularity relative to
the origin x = 0 is x = x1 ≡ α

E+m > 0. At this singularity,
the coefficient of Eq. (A1) becomes infinity, the wave function
should vanish. If we only consider the solution between in-
terval [0,x1], we may neglect other singularity terms, then the
equation becomes

∂
2
x ψ2(x)+

[
1
x
− 1

x− α

E+m

]
∂xψ2(x)

+

[
E2−m2− 2Eα

x
+

α2

x2

]
ψ2(x) = 0. (A7)

There are also some difficulties to solve Eq. (A7), then
we further drop the singularity term 1

x− α
E+m

. Then the equa-
tion becomes

∂
2
x ψ2(x)+

1
x

∂xψ2(x)+
[

E2−m2− 2Eα

x
+

α2

x2

]
ψ2(x) = 0.

(A8)

At the same time, we need a zero boundary condition at
x = x1 =

α

E+m to solve the above eigen-value problem.
Equation (A8) has a similar collapse near the origin x = 0

as Eq. (A1). The merit of it lies on that it can be solved with
some special functions.[53] Its general solution is

ψ2(x) = c1x iα e−
√

m2−E2x
1F1(A,B,2

√
m2−E2x)

+ c2x−iα e−
√

m2−E2x
1F1(A∗,B∗,2

√
m2−E2x), (A9)

where 1F1(A,B,z) = ∑
∞
k=0

(A)kzk

k!(B)k
is confluent hypergeometric

function,[42] (A)k = A× (A+1)× (A+2)×·· ·× (A+ k−1),

and c1 (c2) are two arbitrary constants. A = 1
2 + iα + αE√

m2−E2
,

B = 1+2iα , and A∗ is the complex conjugate of A.
In order to get the eigen-energy of Eq. (A8), we assume

near the origin x = 0, the wave function at x = x0� 1 is also
zero. It is equivalent that the Coulomb potential is shifted,
i.e., 1/|x| → 1/(|x|+ x0). Using the zero boundary conditions
at x1 = α/(E +m) and x0, the eigen-energy equation can be
obtained as follows:

ψ2(x0) = c1x iα
0 e−

√
m2−E2x0 1F1(A,B,2

√
m2−E2x0)

+ c2x−iα
0 e−

√
m2−E2x0 1F1(A∗,B∗,2

√
m2−E2x0)

= 0,

ψ2(x1) = c1x iα
1 e−

√
m2−E2x1 1F1(A,B,2

√
m2−E2x1)

+ c2x−iα
1 e−

√
m2−E2x1 1F1(A∗,B∗,2

√
m2−E2x1)

= 0. (A10)

In order to have non-trivial solutions of c1 and c2, the corre-
sponding determinant should vanish, i.e.,

Det

∣∣∣∣∣ x iα
0 1F1(A,B,2

√
−Ẽx0) x−iα

0 1F1(A∗,B∗,2
√
−Ẽx0)

x iα
1 1F1(A,B,2

√
−Ẽx1) x−iα

1 1F1(A∗,B∗,2
√
−Ẽx1)

∣∣∣∣∣
= 0, (A11)

where Ẽ = E2−m2.

xm xm
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Fig. A1. The squares of (un-normalized) wave functions and eigen-
energy for a shifted Coulomb potential α/(|x|+ x0). The panel (a), (b)
and (c) are the squares of three wave functions with x0 = 10−6, and the
Coulomb potential strength α = 0.25. The panel (d) shows the increas-
ing eigen-energy E0 with the decreasing x0. Here the quantum number
n is the number of nodes of wave function (except for two ends of in-
terval, x0 and x1). The quantum number for the “ground state” is n = 0.
Due to the potential strength α > 0 (repulsive potential), the ground
state ψ0 has highest energy among these bound states.

The results are reported in Fig. A1. The panel (d) shows
that the ground state energy E0 grows up with the decreasing
cut-off parameter x0. Due to the wave function collapses near
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the origin x = 0, the eigen-energies depend sensitively on the
cut-off x0. In addition, the weights of wave functions accu-
mulate gradually near the origin. This reflect that the wave
function collapses, and the system has no ground state for true
Coulomb potential.
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