
 

 

 

Environmental parameter estimation with the two-level atom probes 

Mengmeng Luo(罗萌萌), Wenxiao Liu(刘文晓), Yuetao Chen(陈悦涛), Shangbin Han(韩尚斌), and Shaoyan 

Gao(高韶燕) 

Citation:Chin. Phys. B, 2022, 31 (5): 050304.   DOI: 10.1088/1674-1056/ac364f 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Quantum exceptional points of non-Hermitian Hamiltonian and Liouvillian in dissipative 

quantum Rabi model 

Xianfeng Ou(欧先锋), Jiahao Huang(黄嘉豪), and Chaohong Lee(李朝红) 

Chin. Phys. B, 2021, 30 (11): 110309.   DOI: 10.1088/1674-1056/ac0349 

Quantum metrology with coherent superposition of two different coded channels 

Dong Xie(谢东), Chunling Xu(徐春玲), and Anmin Wang(王安民) 

Chin. Phys. B, 2021, 30 (9): 090304.   DOI: 10.1088/1674-1056/ac0bae 

Optimal parameter estimation of open quantum systems 

Yinghua Ji(嵇英华), Qiang Ke(柯强), and Juju Hu(胡菊菊) 

Chin. Phys. B, 2020, 29 (12): 120303.   DOI: 10.1088/1674-1056/abc0d1 

Quantum metrology with a non-Markovian qubit system 

Jiang Huang(黄江), Wen-Qing Shi(师文庆), Yu-Ping Xie(谢玉萍), Guo-Bao Xu(徐国保), Hui-Xian Wu(巫慧娴) 

Chin. Phys. B, 2018, 27 (12): 120301.   DOI: 10.1088/1674-1056/27/12/120301 

Modulating quantum Fisher information of qubit in dissipative cavity by coupling 

strength 

Danping Lin(林丹萍), Yu Liu(刘禹), Hong-Mei Zou(邹红梅) 

Chin. Phys. B, 2018, 27 (11): 110303.   DOI: 10.1088/1674-1056/27/11/110303 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac364f
https://doi.org/10.1088/1674-1056/ac364f
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0349
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0349
https://doi.org/10.1088/1674-1056/ac0349
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0bae
https://doi.org/10.1088/1674-1056/ac0bae
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abc0d1
https://doi.org/10.1088/1674-1056/abc0d1
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/12/120301
https://doi.org/10.1088/1674-1056/27/12/120301
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/11/110303
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/11/110303
https://doi.org/10.1088/1674-1056/27/11/110303


Chin. Phys. B 31, 050304 (2022)

Environmental parameter estimation with the two-level atom probes
Mengmeng Luo(罗萌萌)1, Wenxiao Liu(刘文晓)2, Yuetao Chen(陈悦涛)1,

Shangbin Han(韩尚斌)1, and Shaoyan Gao(高韶燕)1,†

1MOE Key Laboratory for Nonequilibrium Synthesis and Modulation of Condensed Matter, Shaanxi Province Key Laboratory of Quantum Information and
Quantum Optoelectronic Devices, School of Physics, Xi’an Jiaotong University, Xi’an 710049, China

2Department of Physics and Electronics, North China University of Water Resources and Electric Power, Zhengzhou 450046, China

(Received 16 August 2021; revised manuscript received 29 October 2021; accepted manuscript online 4 November 2021)

A novel scheme is proposed to estimate three environmental parameters, the detuning, the temperature and the squeez-
ing strength with one-qubit or two-qubit probes. Quantum Fisher information and the fidelity of the atom probes are cal-
culated. When the detuning between the frequency of cavity field and the atomic transition frequency is estimated, the
dynamics of quantum Fisher information shows oscillatory and rising behaviors. To estimate the temperature of the thermal
reservoir, the one-qubit probe with the superposition initial state is more favorable than the two-qubit probe with the entan-
gled initial state. When the squeezing strength of the squeezed vacuum reservoir is estimated, we find that the estimation
precision is significantly improved by utilizing the two-qubit probe with the maximal entangled initial state. Our work
provides a potential application in the open quantum system and quantum information processing.

Keywords: quantum parameter estimation, quantum Fisher information, Jaynes–Cummings model, quantum
reservoir theory
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1. Introduction
During the past decades, quantum parameter estimation

has attracted increasing attention of researchers to the is-
sues of quantum metrology and quantum information pro-
cessing. Quantum Fisher information (QFI), used to eval-
uate the accuracy limits of quantum measurements, plays
an important role in quantum parameter estimation. QFI
has been widely applied in theoretical and experimental
physics, including estimating the phase and frequency,[1–19]

quantifying quantum coherence[20] and recognizing multi-
particle entanglement.[21,22] Besides, QFI is also applied in
biology.[23] It is universally accepted that entangled states
can achieve a better precision than unentangled ones.[24–29]

However, some studies indicate that not all entangled states
are helpful for quantum metrology.[30,31] In reality, the es-
timation precision of the parameters is unavoidably affected
by its environment, and several schemes were proposed to
protect the QFI in the structured reservoir, such as using
quantum screening,[32] driving multi-particle systems,[33] op-
timizing the controllable parameters,[34] and combing no-
knowledge quantum feedback control with quantum weak
measurement.[35] The environment is often complex. Thus,
it is difficult to directly obtain the information of the environ-
ment parameters. Due to the tiny perturbance, quantum sens-
ing technique with the use of quantum probe has been devel-
oped to indirectly extract the information of the environment
parameters after the probes interact with the system.

When the atom interacts with the field, many quantum
phenomena are affected by the detuning between the atomic

transition frequency and the frequency of cavity field, such
as the population difference between two atomic levels, the
quantum statistical properties of the radiation field and the
atomic squeezing effects. Consequently, improving the pre-
cision of the detuning is one of the important subjects in quan-
tum metrology. Some researchers have investigated the es-
timation of the detuning via QFI. Gammelmark et al. esti-
mated the detuning, the Rabi frequency and the decay rate of
the atom in open quantum systems.[36] Kiilerich et al. showed
the detuning estimation in a laser-driven Λ-type atom by mul-
tichannel photon counting.[37] Dimani et al. found that opti-
mized states compared with multiple single-photon states and
NOON states could improve the precision of the detuning es-
timation over the standard quantum limit.[38] Most recently,
Mogilevtsev et al. demonstrated that the Heisenberg limit can
be restored when the detuning is estimated in the N two-level
systems coupled with a single bosonic dephasing reservoir.[39]

But it is difficult to realize the probe states or the detection
methods of the above schemes in the experiment. As another
important parameter of the environment, temperature is one of
the seven fundamental physical quantities. At present, many
schemes have been proposed to improve the estimation preci-
sion of the temperature with quantum estimation theory, such
as a ring-structure system interacting with the bath,[40] two-
level atoms transported through an optical cavity,[41] a uni-
formly accelerated two-level atom coupled to a massless scalar
field in the Minkowski vacuum,[42] and the probe system em-
bedded into the structured reservoir.[43–47] However, the model
that the two-level system (qubit) is directly immersed in a ther-
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mal reservoir has not been utilized for the temperature estima-
tion. In addition, several researchers have reported that the
squeezed state or reservoir has the potential to protect the non-
classical effects of the quantum system[48] and improve the
accuracy of phase estimation.[49–53] There are many studies
on estimating the squeezing strength of the squeezed state by
Gaussian probes,[54–61] but little attention has been paid to es-
timating the squeezing strength of the squeezed vacuum reser-
voir. The information of the environmental parameters can be
obtained by the two-level atomic system which is always con-
sidered as the quantum information carrier. The properties of
the atom will be influenced by the field with a boundary, such
as the Purcell effect.[62] In reality, the effects of the reservoir
on the system have to be considered. Furthermore, much ef-
fort has been spent on investigating quantum effect based on
the model that the atom interacts with the optical cavity, the
thermal reservoir or the squeezed vacuum reservoir, respec-
tively.

In this paper, a simple model, in which a single two-level
atom couples with the Fock state field, the thermal reservoir
and the squeezed vacuum reservoir, respectively, is established
to calculate the QFI of the environmental parameters and the
fidelity of the atom probes. Furthermore, we investigate the
effects of the system parameters on the QFI and fidelity, the
non-Markovian behavior, the relation between the results of
the QFI and fidelity. Besides, the study is extended to the two-
qubit probe with the maximally entangled initial state. The
results reveal that the high-precision estimation of the detun-
ing can be realized by employing the two-qubit probe, and the
QFI of the temperature is enhanced with the increase of the
interaction time under the one-qubit probe with the superpo-
sition initial state. When the squeezing strength is estimated,
a drop and rise of the QFI occurs with the one-qubit probe,
and the estimation precision is further enhanced by using the
two-qubit probe.

The rest of this paper is organized as follows. In Sec-
tion 2, parameter estimation theory is overviewed briefly in
quantum systems. In Section 3, we introduce the model that
the two-level atom probes are coupled to a Fock state field, a
thermal reservoir, and a squeezed vacuum reservoir, respec-
tively, and we also investigate the dynamics of the QFI and
time dependence of the fidelity under different conditions. Fi-
nally, our conclusions are summarized in Section 4.

2. Parameter estimation theory
In the quantum estimation theory, the variation of a pa-

rameter φ can be estimated by the quantum Cramér–Rao
bound,[63,64] δφ > 1/

√
νFQ, where ν is the number of exper-

iments and FQ is the QFI. It is obvious that a better precision
can be obtained as the value of QFI increases. Based on the

density operator with spectrum decomposition under the diag-
onalized representation, the density matrix ρ can be written
as

ρ =
N

∑
i=1

pi |ψi〉〈ψi| , (1)

where pi and ψi are the eigenvalues and eigenvectors of ρ ,
respectively. The QFI can be expressed as follows:[65]

FQ(φ) = ∑
i

(∂φ pi)
2

pi
+2∑

i 6= j

(pi− p j)
2

pi + p j

∣∣〈ψi|∂φ ψ j
〉∣∣2 , (2)

where pi 6= 0 and pi + p j 6= 0.
Fidelity is usually applied to measure the degree of sim-

ilarity between two quantum states. The fidelity of two quan-
tum states is given by[66]

f (ρ0,ρ1) = tr
√√

ρ1ρ0
√

ρ1, (3)

and especially, for one-qubit system, the fidelity of two quan-
tum states can be written as

f (ρ0,ρ1) =
1
2
{1+𝑎0 ·𝑎1

+[(1−𝑎0 ·𝑎0)(1−𝑎1 ·𝑎1)]
1/2}, (4)

where 𝑎 is the Bloch vector of density matrix ρ under Bloch
representation. Hence, the fidelity between the initial state and
final state of the atom can be obtained. In this paper, it is worth
noting that 𝑎0 and 𝑎1 are the Bloch vectors of the initial atomic
state and the final atomic state, respectively.

3. The model and results
In this paper, two different probe systems are considered.

One is a single two-level atom, and the other is two two-level
atoms.

In order to calculate the QFI of the detuning, temperature
and squeezing strength, we assume the two-level system inter-
acts with a Fock state field, a thermal reservoir and a squeezed
vacuum reservoir, respectively. When the quality factor of the
cavity is assumed as infinite, the atom–field interaction Hamil-
tonian can be written as Eq. (5a), while the atom–reservoir in-
teraction Hamiltonian is expressed as Eq. (5b);[67]

H ′I = h̄λ (σ+âe i∆ t + â†
σ− e−i∆ t), (5a)

H ′′I = h̄∑
k

gk(σ+b̂k e i(ω0−νk)t + b̂†
kσ− e−i(ω0−νk)t), (5b)

where ∆ (∆ =ω0−ω) means the detuning between the atomic
transition frequency and the frequency of the cavity field,
which indicates that the frequency of the cavity field can be
obtained by the detuning and the atomic transition frequency.
νk is the frequency of the k-th reservoir mode, and σ+ (σ−) is
the rising (lowing) operator of the atom, that is, |e〉〈g| (|g〉〈e|).
â† (â) and b̂†

k (b̂k) denote the creation (annihilation) operators
of the cavity and reservoir, respectively.
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When a single two-level atom interacts with a Fock state
field, the initial state of the atom-field system is supposed as
|ψ(0)〉 = cos(α) |e,n〉+ sin(α) |g,n+1〉, where n means the
number of photons in the cavity. The initial state is a prod-
uct state when α = 0◦, while the initial state is an entangled
state when α = 45◦. The initial state of the atom is prepared
as |ψ(0)〉A = cos(α) |e〉+ sin(α) |g〉 when a single two-level
atom interacts with the reservoir. The initial state is an eigen-
state when α = 0◦, while the initial state is the superposition
state when α = 45◦.

The initial atomic state is prepared in the maximal en-
tanglement state |ψ(0)〉S = 1√

2
(|eA,gB〉+ |gA,eB〉) when the

two-qubit probe is applied, while the cavity field is initially
prepared in the Fock state ρf(0) = |n〉〈n|.

When single two-level or two two-level atoms are em-
bedded in the Fock state field, the thermal reservoir or the
squeezed vacuum reservoir, respectively, the density matrix of
the probe systems are calculated in the following.

3.1. The quantum estimation of the detuning in Fock state
field

To begin with, the single two-level atom is coupled to a
cavity with a Fock state field. In the basis |e,n〉 and |g,n+1〉,
by using the schrödinger equation and tracing over the cavity
field degrees of freedom, the reduced density matrix is given
by[67]

ρ1(t) =
(

ρ11 0
0 ρ22

)
, (6)

where ρ11 = |β1|2 and ρ22 = |β2|2, with

β1 = e i ∆
2 t
{

cos(α)

[
cos
(

1
2

Ω̃nt
)
− i

∆

Ω̃n
sin
(

1
2

Ω̃nt
)]

− i sin(α)
Ωn

Ω̃n
sin
(

1
2

Ω̃nt
)}

,

β2 = e−i ∆
2 t
{

sin(α)

[
cos
(

1
2

Ω̃nt
)
+ i

∆

Ω̃n
sin
(

1
2

Ω̃nt
)]

− i cos(α)
Ωn

Ω̃n
sin
(

1
2

Ω̃nt
)}

, (7)

while Ω̃n =
√

Ω 2
n +∆ 2 and Ωn = 2λ

√
n+1.

When two two-level atoms interact with the Fock state
field, the wave function can be written as

ψ(t) = C1 |eA,eB,n−1〉+C2 |eA,gB,n〉
+C3 |gA,eB,n〉+C4 |gA,gB,n+1〉 . (8)

For simplicity, we assume the initial state of the cavity is a
vacuum state, i.e., n = 0, and neglect the dipole–dipole inter-
action between the two atoms, then, the probability amplitudes
are given by

C1 = 0, (9a)

C2 =
cos(α)+ sin(α)

2

[
cos
(

Ω t
2

)
− i∆

Ω
sin
(

Ω t
2

)]
e i ∆

2 t

+
cos(α)− sin(α)

2
, (9b)

C3 =
cos(α)+ sin(α)

2

[
cos
(

Ω t
2

)
− i∆

Ω
sin
(

Ω t
2

)]
e i ∆

2 t

+
sin(α)− cos(α)

2
, (9c)

C4 = −[cos(α)+ sin(α)]
2iλ
Ω

sin
(

Ω t
2

)
e−i ∆

2 t , (9d)

where Ω =
√

8λ 2 +∆ 2. After tracing over the field, the
evolved state of the system can be obtained as

ρ2(t) =


0 0 0 0
0 ρ22 ρ23 0
0 ρ32 ρ33 0
0 0 0 ρ44

 , (10)

where ρ22 = |C2|2, ρ23 = C2C∗3 , ρ32 = C3C∗2 , ρ33 = |C3|2 and
ρ44 = |C4|2.

Then, we obtain the QFI of the detuning by substitut-
ing the eigenvalues and eigenvectors of Eqs. (6) and (10) into
Eq. (2). Note that the QFI of the estimated parameters are zero
at t = 0, therefore, the time will start at λ t = 1 or γt = 0.1 for
calculating the QFI.

The fidelity of the atomic system can be worked out
through putting the initial atomic state and the final atomic
state into Eq. (3). In our scheme, the meaning of the fidelity is
the closeness between the initial atomic state and the evolved
atomic state.

When the probe is a single two-level atom, the QFI of
the detuning is plotted in Fig. 1(a) with the product or entan-
gled states as initial states. Figure 1(a) shows the QFI has
oscillatory and rising behaviors in any initial state of the sys-
tem, which means the information of the detuning flows from
the probe system to the environment. From Fig. 1(a), one
can conclude that a better precision of the detuning estima-
tion can be gotten by controlling the interaction time, and the
non-Markovianity appears in the periods, which indicates the
existence of the memory effect. We find that the maximal QFI
of the detuning estimation is 1.14×103 in the last period when
the initial state of the system is a product state, while the max-
imal QFI is 1.18×103 when the initial state of the system is an
entangled state. The best precision of the detuning estimation
is obtained via substituting the value of QFI into Cramér–Rao
inequality with ν = 1. Although the entangled state is more
advantageous to improve the precision of the detuning estima-
tion, its result is very close to the result of the product state.
Time dependence of the fidelity for the atom coupled to Fock
state field is shown in Fig. 1(b). More interestingly, Fig. 1(b)
also presents an oscillatory behavior and the value of the fi-
delity is slightly larger when the initial state of the system is
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the entangled sate. From Figs. 1(a) and 1(b), one can con-
clude that the entangled state is more beneficial to estimating
the detuning.
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Fig. 1. When one-qubit probe is applied, (a) QFI of the detuning ∆

as a function of time for different α , α = 0◦ (blue dashed line) and
α = 45◦ (green solid line); (b) time dependence of the fidelity for the
atom coupled to the Fock state field. Other parameters used are n = 0
and ∆ = 5λ .
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Fig. 2. (a) The QFI of the detuning, (b) time dependence of the fidelity
of the atomic system when the atoms interact with the Fock state field
for different numbers of atom probes. The green solid lines correspond
to the one-qubit probe. The red dashed lines denote the two-qubit probe.
The other parameters used as Fig. 1.

The QFI dynamics of the detuning with two-qubit probe
is drawn in Fig. 2(a) with red dashed line. The green solid

lines, which have been shown in Fig. 1, correspond to the one-
qubit probe. Surprisingly, the QFI of the detuning displays the
behavior of collapse and revival, which manifests that there is
the memory effect. As a whole, the optimal precision of the
detuning estimation in each period is enhanced with increas-
ing time. For the detuning estimation with two-qubit probe,
the maximal QFI shown in Fig. 2(a) is 1.58× 103 in the last
period. The fidelity of the atomic system is plotted in Fig. 2(b)
when the atoms interact with the Fock state field. Figure 2(b)
indicates that the fidelity of the atomic system is reduced with
the two-qubit probe. From red dashed lines in Fig. 2, one can
see that the QFI and the fidelity simultaneously achieve the
optimum value at longer times. The reason behind this is that
the optimal fidelity stands for the maximal entanglement state
of the atomic system, which is useful for the parameter esti-
mation.
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Fig. 3. When one-qubit probe is applied and the cavity decay rate is
considered, (a) QFI of the detuning ∆ as a function of time for different
cavity decay rate κ , κ = 0 (blue dashed line), κ = 0.01λ (magenta solid
line), κ = 0.1λ (orange solid line), and κ = λ (purple solid line); (b)
time dependence of the fidelity for the atom coupled to the Fock state
field. The initial state of the system is set as α = 0◦. Other parameters
used as Fig. 1.

Now, we investigate the effect of the decay on estimat-
ing the detuning. Comparing with the cavity decay rate, the
atomic decay rate can be neglected by appropriately choosing
the atomic transition.[68] Hence, we only investigate the effect
of the cavity decay rate on estimating the detuning. For one-
qubit probe, the master equation of the atom–cavity system
interacting with the vacuum reservoir is (we adopt h̄ = 1)

∂ρ

∂ t
=−i

[
H ′I ,ρ

]
+κ

(
âρ â†− 1

2
â†âρ− 1

2
ρ â†â

)
, (11)
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where κ is the cavity decay rate. Due to the assumption
that the atom–cavity system is prepared initially in the state
|ψ(0)〉 = cos(α) |e,0〉+ sin(α) |g,1〉, the bases of the system
are |e,0〉, |g,1〉 and |g,0〉. By plugging the Hamiltonian and
the initial state of system into the above equation and tracing
over the cavity field degrees of freedom, we can obtain the
reduced density matrix of the atom. Then, the QFI of the de-
tuning and the fidelity of the one-qubit probe are calculated by
Eqs. (2) and (4).

When one-qubit probe is applied and the cavity decay rate
is considered, the QFI of the detuning and the fidelity of the
one-qubit probe as a function of the interaction time are shown
in Fig. 3. The results reveal that when the cavity decay rate in-
creases, the QFI and the fidelity decrease, and the oscillatory
behavior of the QFI and the fidelity are suppressed. Compar-
ing the result of the lossless (blue dashed line) with that of the
low loss (magenta solid line), one can see that the QFI and the
fidelity are robust in the low loss.

3.2. The quantum estimation of the temperature in the
thermal reservoir

For the purpose of estimating the temperature with a high
precision, we assume a single two-level atom interacts with
a thermal reservoir. The equation of reduced density matrix
evolution of the atom is written as

dρ

dt
= −1

2
γ(m+1)[σ+σ−ρ−2σ−ρσ++ρσ+σ−]

− 1
2

γm[σ−σ+ρ−2σ+ρσ−+ρσ−σ+], (12)

where γ is the atomic decay rate, and m is the thermal aver-
age boson number, that is, m = 1/[exp( h̄νk

kBT )−1]. The atomic
density matrix elements are obtained as

ρ11 =
m

2m+1
+

[
cos2(α)− m

2m+1

]
e−γ(2m+1)t , (13a)

ρ12 = cos(α)sin(α)e−γ(m+ 1
2 )t , (13b)

ρ21 = cos(α)sin(α)e−γ(m+ 1
2 )t , (13c)

ρ22 =
m+1

2m+1
−
[

cos2(α)− m
2m+1

]
e−γ(2m+1)t . (13d)

When two two-level atoms interact with the thermal reser-
voir, the evolved state of the system is shown as follows:

ρ3(t) =


ρ11 0 0 0
0 ρ22 ρ23 0
0 ρ32 ρ33 0
0 0 0 ρ44

 , (14)

where the elements of the reduced density matrix are ex-
pressed as Eq. (A2) of Ref. [69], respectively. Suppose the ini-
tial atomic state is the maximal entanglement state, the value
of parameter a in the Eq. (A2) of Ref. [69] will be set as
a = 0. For simplicity, we assume m = n, γ1 = γ2, r1 = r2 and
θ1 = θ2 = 0.

Afterwards, the QFI of the mean photon number can be
given by Eq. (2). Furthermore, the QFI of the temperature can
be expressed by the QFI of the mean photon number

FQ(T ) = FQ(m)

(
∂m
∂T

)2

,
∂m
∂T

=
h̄ω0 e

h̄ω0
kBT

(e
h̄ω0
kBT −1)2kBT 2

. (15)

And the fidelity between the initial and final states of the
atomic system is obtained in the thermal reservoir.

When the probe is a single qubit, the QFI of the tempera-
ture is presented in Fig. 4(a) for different initial atomic states.
One can find that the QFI of the temperature is enhanced with
the increase of the time when the initial atomic state is the su-
perposition state (α = 45◦), while the QFI grows quickly at
first and then remains constant when the initial atomic state
is an eigenstate (α = 0◦). Time dependence of the fidelity of
the atom coupled to a thermal reservoir is plotted in Fig. 4(b),
which indicates the fidelity of the initial superposition state is
always larger than that of the initial eigenstate. Therefore, the
superposition state is the best choice for estimating the tem-
perature with a high precision. And the maximal QFI of the
temperature with the one-qubit probe is 80 at γt = 10.
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Fig. 4. When one-qubit probe is applied, (a) QFI of the temperature T as
a function of time for different α , α = 0◦ (blue dashed line) and α = 45◦

(green solid line); (b) time dependence of the fidelity for the atom in-
teracts with a thermal reservoir. Other parameters used are h̄νk/kB = 1,
m = 0.1 and γ = 1.

For the estimation of the temperature, we make a com-
parison between the one-qubit and two-qubit probe, as plotted
in Fig. 5. When the interaction time increases, the QFI of
the temperature with the two-qubit probe reveals an initial in-
crease and then a steady value is shown in Fig. 5(a). The max-
imal QFI with two-qubit probe is close to 5, which is far less

050304-5



Chin. Phys. B 31, 050304 (2022)

than the one-qubit probe with the superposition initial state.
The fidelity of the atomic system is plotted in Fig. 5(b) when
the atoms interact with the thermal reservoir. The green solid
lines, which have been shown in Fig. 4, correspond to the one-
qubit probe, while the red dashed lines correspond to the two-
qubit probe. Figure 5(b) indicates that the fidelity of the atomic
system is reduced with the two-qubit probe.
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Fig. 5. (a) The QFI of temperature, (b) time dependence of the fidelity
of the atomic system when the atoms interact with the thermal reservoir
for different numbers of atom probes. The green solid lines correspond
to the one-qubit probe. The red dashed lines denote the two-qubit probe.
The other parameters used as Fig. 3.

3.3. The quantum estimation of the squeezing strength in
the squeezed vacuum reservoir

Now we assume a single two-level atom is immersed
in a squeezed vacuum reservoir for estimating the squeezing
strength. The equation of motion for the atomic density ma-
trix is written as

dρ

dt
= −1

2
γ(M+1)[σ+σ−ρ−2σ−ρσ++ρσ+σ−]

− 1
2

γM[σ−σ+ρ−2σ+ρσ−+ρσ−σ+]

−γ e−iθ Nσ−ρσ−− γ e iθ Nσ+ρσ+, (16)

where M = sinh2(r), N = cosh(r)sinh(r), and r is the squeez-
ing strength. θ denotes the reference phase. For simplicity,
the reference phase is fixed at θ = 0. The equations of motion
for the density matrix elements are

·
ρ11 = γMρ22− γ(M+1)ρ11, (17a)
·
ρ12 = −γ

(
M+

1
2

)
ρ12− γNρ21, (17b)

·
ρ21 = −γ

(
M+

1
2

)
ρ21− γNρ12, (17c)

·
ρ22 = γ(M+1)ρ11− γMρ22. (17d)

Then, the atomic density matrix elements are given by

ρ11 =
M

2M+1
+

[
cos2(α)− M

2M+1

]
e−γ(2M+1)t , (18a)

ρ12 = cos(α)sin(α)e−γ(M+N+ 1
2 )t , (18b)

ρ21 = cos(α)sin(α)e−γ(M+N+ 1
2 )t , (18c)

ρ22 =
M+1

2M+1
−
[

cos2(α)− M
2M+1

]
e−γ(2M+1)t . (18d)

When two two-level atoms interact with the squeezed
vacuum reservoir, the evolved state of the system is shown as
follows:

ρ4(t) =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0

ρ41 0 0 ρ44

 , (19)

where the elements of the reduced density matrix are ex-
pressed as Eq. (B2) of Ref. [69], respectively.

The QFI of the squeezing strength is obtained by Eqs. (2),
(18) and (19). When the atomic probe is employed, the fidelity
of the atomic system embedded in the squeezed vacuum reser-
voir can be calculated by using Eqs. (3), (18) and (19).

When the probe is a single qubit, the QFI of the squeez-
ing strength as a function of dimensionless time γt is shown in
Fig. 6(a). From Fig. 6(a), one can find the increase of the inter-
action time is beneficial to estimating the squeezing strength.
When α = 0◦, a drop and rise of the QFI occurs at γt ' 1.20.
It is caused by the following reasons: one is that the process of
the information of the squeezing strength is encoded into the
atom, and the other is the decoherence effect. If the decoher-
ence effect is greater than the process of the information of the
squeezing strength encoded into the probe, the estimation pre-
cision of the squeezing strength will decrease, otherwise, the
estimation precision of the squeezing strength will increase.
Time dependence of the fidelity for the atom immersed into
a squeezed vacuum reservoir is exhibited in Fig. 6(b). Fig-
ure 6(b) shows the final atomic state is completely differ-
ent from the initial atomic state when α = 0◦. Comparing
Figs. 6(a) and 6(b), we find that superposition states can im-
prove the estimation precision of the squeezing strength. The
estimation of the squeezing strength shows the similarity with
the case of the temperature estimation. The maximal QFI of
the squeezing strength with the one-qubit probe is 5.41× 102

at γt = 10.
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Fig. 6. When one-qubit probe is applied, (a) QFI of the squeezing
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line) and α = 45◦ (green solid line); (b) time dependence of the fidelity
for the atom interacts with a squeezed vacuum reservoir. Other param-
eters used are θ = 0, r = 0.1 and γ = 1.
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Fig. 7. (a) The QFI of the squeezing strength, (b) time dependence
of the fidelity of the atomic system when the atoms interact with the
squeeze vacuum reservoir for different numbers of atom probes. The
green solid lines correspond to the one-qubit probe. The red dashed
lines denote the two-qubit probe. The other parameters used as Fig. 5.

Figure 7(a) presents the QFI of the squeezing strength
with the two-qubit probe increases monotonically in time, and
up to the value 1.21×103 at γt = 10. The fidelity of the atomic
system is plotted in Fig. 7(b) when the atoms interact with the
squeezed vacuum reservoir. The green solid lines, which have

been shown in Fig. 6, correspond to the one-qubit probe, while
the red dashed lines correspond to the two-qubit probe. For
estimating the squeezing strength, the QFI with the one-qubit
probe is close to 0 within the high probe fidelity, which is far
less than the QFI with the two-qubit probe. Figure 7 tells us
that only the precision of the parameter estimation is optimal
with the two-qubit probe.

4. Conclusions
In this paper, a simple and feasible scheme approach is

presented to estimate the environmental parameter, the detun-
ing, the temperature of the thermal reservoir and the squeezing
strength of the squeezed vacuum reservoir. When the detun-
ing between the atomic transition frequency and the frequency
of the cavity field is estimated, there is the memory effect.
Besides, we find the precision of estimation is evidently en-
hanced by utilizing two-qubit probe. For the temperature es-
timation, when the probe is a single qubit with the superpo-
sition initial state, the estimation precision monotonously in-
creases with the increase of the interaction time. The results
show that both the precision of the parameter estimation and
the fidelity of the atomic system are optimal with the initially
superposition state of the one-qubit probe. When the squeez-
ing strength of the squeezed vacuum reservoir is estimated,
the dynamics of the QFI appears a drop and rise by using the
one-qubit probe with the initial eigenstate. Although the preci-
sion of the squeezing strength estimation is improved by using
the two-qubit probe, the fidelity of the atomic system is re-
duced by comparing with the one-qubit probe. Based on the
quantum Cramér–Rao bound, the estimation precision of pa-
rameters can be obtained. In the time range, 0 < λ t ≤ 100
and 0 < γt ≤ 10, the maximal QFI of the estimated param-
eters are 1.58× 103, 80 and 1.21× 103, respectively. And
the precision of estimated parameters can be further improved
via increasing the interaction time. The reason behind this re-
sult is that the measurement of the detuning, the temperature
and the squeezing strength corresponds to the measurement
of the energy, and from the energy-time uncertainty relation
∆E ·∆t ≥ h̄,[70] the realization of the limit ∆E → 0 requires
the time ∆t→ ∞.

Our work not only shows the sudden drop of the QFI can
be suppressed at longer time in the dissipation environment,
but also provides the optimized probe state for achieving the
ultimate bound of parameter estimation in open quantum sys-
tems. In addition, the initial atomic state and configuration
in our scheme are easy enough to implement in practice com-
pared with that in previous studies, such as the GHZ state,[39]

the pure dephasing of the probes,[47] and time-local optimal
control.[61] One possible future goal is to simultaneously im-
prove the estimation precision of the environmental parameter
and the fidelity of the atom probe by optimizing the model or
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measurement method.[71] Our results provide a potential appli-
cation in the laser frequency stabilization technique, quantum
thermometry, and quantum metrology.
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