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In the towed line array sonar system, the tow ship noise is the main factor that affects the sonar performance. Conven-
tional noise cancelling methods assume that the noise is towards the endfire direction of the array. An acoustic experiment
employing a towed line array is conducted in the western Pacific Ocean, and a strange bearing-splitting phenomenon of the
tow ship noise is observed in the array. The tow ship noise is split into multiple noise signals whose bearings are distributed
between 10◦ and 90◦ deviating from the endfire direction. The multiple interferences increase the difficulty in recognizing
the target for the sonar operator and noise cancellation. Therefore, making the mechanism clear and putting forward the tow
ship noise splitting bearing estimation method are imperative. In this paper, the acoustic multi-path structure of the tow ship
in deep water is analyzed. Then it is pointed out that the bearing-splitting phenomenon is caused by the main lobe of direct
rays and bottom-reflected rays, as well as several side lobes of direct rays. Meanwhile, the indistinguishability between
the elevation angle and the bearing angle due to the axial symmetry of a strict horizontal line array causes the bearing to
deviate from the endfire direction. Based on the theory above, a method of estimating bearing of the tow ship noise in deep
water is proposed. The theoretical analysis results accord with the experimental results, which helps to identify the target
and provide correct initial bearing guidance for noise cancelation methods.

Keywords: deep water, direct zone, towed line array, the tow ship noise
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1. Introduction

The towed line array has advantages of low frequency,
large array gain and variable depth, which makes it an effec-
tive tool for underwater detection.[1] The tow ship noise is the
main factor that affects the sonar performance, which however
can be cancelled out through noise cancellation methods. The
conventional cancelling methods[2–6] assume that the tow ship
noise is towards the endfire direction of the array and adopt
different ways to cancel the noises in this direction. However,
it was found in the experiment that the direction of the tow
ship noise is far from a simple issue of the endfire direction.
In the actual environment, the noise of the tow ship can reach
the array in multi-path with different elevation angles.[7] The
horizontal line array is unable to distinguish between the el-
evation angle and the bearing angle because of its axial sym-
metry, which results in the bearing estimation error of the tow
ship.[8,9] Hence, the noise from the tow ship can form multi-
ple targets deviating from the endfire direction in the array due
to the rays with multi-path and different elevation angles.[10]

Meanwhile, the sidelobe of the noise is also strong because
the tow ship is very close to the array, which further increases
the number of false targets. When the real target and multiple
tow ship noise exist in the array at the same time, the accu-
rate locating of the bearings of multiple noises is of critical

importance in identifying the target and canceling the noise.
Ma and Liu[5] and Buckingham[6] observed multiple tow

ship noise deviating from the endfire direction of the towed
line array in the shallow water experiment. Through multi-
path structure analysis, they suggested that the phenomenon
is caused by the rays from the tow ship reflected at least once
by the bottom. In deep water, Wu et al.[7] analyzed the beam
splitting phenomenon specifically when the towed line array
observe the target located at a greater distance in the direct
zone of deep water. Yang[8] conducted simulations to exam-
ine the dependence of the bearing errors with a towed array on
the range and bearing of a source at a very large distance. Wu
et al.[11] analyzed the bearing estimation error and bearing-
splitting phenomenon of the deep horizontal array near the
seafloor for shallow source.

The above studies in deep water are, in general, for the
target at a greater distance in the direct zone. However, an
experiment in western Pacific Ocean in the paper shows that
the tow ship noise distribution is more complex as the source
is much close to the array. It is found that the tow ship noise
splits into a number of targets which are distributed in a range
between 10◦ and 90◦ widely deviating from the endfire direc-
tion. The above phenomenon seriously affects target recogni-
tion and increases the difficulty in canceling noise. Till now
very few literature has focused on the bearing distribution of
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the target in the near field of the direct zone in deep water
such as the tow ship noise. In this work, in order to give a the-
oretical explanation, the acoustic multipath structure in deep
water is analyzed, and the results indicate that the tow ship
noise reaches the array in the form of the direct ray cluster
and the bottom reflection ray cluster. The elevation angle of
the direct ray cluster increases significantly outside the mixing
layer, which leads the noise bearing to deviate from the end-
fire direction by a certain angle. In comparison, the elevation
angle of the bottom reflection ray cluster is close to vertical
direction, with noise bearing being close to the broadside di-
rection in the array. As the energy of the direct ray cluster is
much higher than that of the bottom reflection ray cluster, not
only the main lobe but also several side lobes of the direct ray
cluster can be observed in the array. Therefore, multiple tow
ship noise can also be observed in the side lobe directions of
the direct ray cluster. Based on the theory above, a method of
estimating the direction of the tow ship noise in deep water is
proposed. The theoretical results in this paper are consistent
with the experimental data, which helps to identify the target
and provide correct initial bearing guidance for noise cancel-
lation methods.

2. Towed line array experiment in deep water
In October 2014, an underwater acoustic experiment was

conducted in western Pacific Ocean. The sea depth of the ex-
perimental area is 5190 m, and the sound speed profile mea-
sured is shown in Fig. 1, indicating that there exists a mixture
layer of 40 m in thickness. In the experiment, the towed line
array was towed by a ship displayed in Fig. 2, showing that
the number of the array elements is 192 and the spacing be-
tween elements is 1.5 m. The array depth was 140 m and the
distance from the array to the tow ship varied between 700 m
and 1000 m.
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Fig. 1. Sound speed profile measured in experiment.
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Fig. 2. Diagram of towed line array sonar system.

In a conventional beamforming method, the weight vector
𝑊 is set to be[12]

𝑊 =

[
1,exp

(
j
ωs
cf

sinθc

)
, . . . ,

exp
(

j
ω (N−1)s

cf
sinθc

)]
, (1)

where N is the number of array elements, s is the spacing be-
tween elements. cf is the reference sound speed normally at
the array position, and θc is the beamforming scanning an-
gle, ω is the angular frequency and ω = 2π f with f being the
source frequency.

Figure 3 shows the bearing-time record (BTR) calcu-
lated by the broadband conventional beamforming at 300 Hz–
400 Hz. The horizontal axis is the bow bearing, with 0◦ being
the endfire direction and 90◦ being the broadside direction,
while the vertical axis represents the time of flight. The color
in the figure changing from blue to yellow indicates the in-
crease of the beam intensity.
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Fig. 3. Beamforming result of array.

As can be seen, first, the bearing estimation error of the
tow ship noise is large. The tow ship is located in the endfire
direction of the array and the theoretical bow bearing should
be 0◦. But figure 3 shows that the local maximum value of
the BTR of the tow ship noise is at ±11.5◦. Second, the tow
ship noise distribution is complex. There is an obvious bearing
splitting phenomenon that one noise signal splits into a num-
ber of signals which are distributed in a range between ±10◦
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and ±90◦, widely deviating from the endfire direction on the
BTR. Of all the splitting signals, five can be chosen whose sig-
nal intensities are relatively strong, with the strongest values
at ±11.5. The split intensity gradually decreases at ±17.5◦,
±22.2◦, and ±24.6◦. Even at ±85◦ the signal can also be ob-
served. The abolve signals can easily be mistaken for the real
target, and thus increasing the difficulty in cancelling noise at
the same time.

3. Relationship between bearing estimation re-
sult of conventional beamforming and acous-
tic multipath structure of source
In the actual ocean channel, the directivity function

|Y0(θT)| of the conventional beamforming method for a hor-
izontal array with N array elements follows the form of
Eq. (2)[13] based on the normal mode theory (the derivation
process can be seen in Appendix A).

|Y0(θT)|=

∣∣∣∣ M
∑

m=1
ambm

∣∣∣∣
max

θc

∣∣∣∣ M
∑

m=1
ambm

∣∣∣∣ , (2)

with M being the mode number and θT the target bearing that
deviates from the broadside direction of the array, am and bm

can be obtained from Eqs. (3) and (4) respectively and shown
below:

am =
j

ρ(z0)
√

8πr
e−j π

4 ψm(z0,ω)ψm(zr,ω)
e jµmd1−βmd1
√

krm
, (3)

bm =
N

∑
n=1

e j(n−1)φm =
sin(Nφm/2)
sin(φm/2)

e j N−1
2 φm , (4)

where krm and ψm(z,ω) are the eigenvalue and the eigenfunc-
tion of the m-th mode, krm = µm + jβm with µm being the hor-
izontal wavenumber and βm the attenuation cofficient of the
m-th mode, z0 and zr are the target depth and the array depth
respectively, d1 is the distance from the target to the first ele-
ment in the array, And φm can be expressed as

φm = µmssinθT−
ωs
cf

sinθc. (5)

According to Eq. (2), the directivity function of the array is
equivalent to the coherent summation of the directivity func-
tions of the M modes where the directivity function of the n-th
mode can be expressed as

|Yn(θT)| =
|anbn|

max
θT
|anbn|

=
sin(N

2 (µnssinθT− ωs
cf

sinθc))

N sin
(

1
2 (µnssinθT− ωs

cf
sinθc)

) . (6)

When the n-th normal mode excited by the source plays a dom-
inant role, the main lobe direction θ̂Tn can be expressed as

θ̂T = arcsin
(cfµn

ω
sin(θT)

)
(7)

with µn is the horizontal wavenumber of the n-th mode.
To clarify the relationship between the beamforming re-

sult and the acoustic multi-path structure of source, the ray the-
ory is introduced. According to the equivalence between ray
and normal mode,[14–17] the n-th dominant mode whose eigen-
value and horizontal wavenumber are kr and µn corresponding
to the dominant ray whose elevation angle is ϕn, which satis-
fies the following equation:

cosϕn =

∣∣∣∣µn

kr

∣∣∣∣ , (8)

where kr = ω/cr, with cr being the sound speed at the array
depth. Substituting Eq. (8) into Eq. (7), θ̂Tn can be acquired as
follows:

θ̂Tn = arcsin
(

cf cosϕn

cr
sin(θT)

)
. (9)

When cf = cr, θ̂Tn can be expressed as

θ̂Tn = arcsin(cosϕn sin(θT)) . (10)

It can be seen from Eq. (10) that θ̂Tn = θT occurs only when
ϕn = 0. When there are several multi-path dominant rays from
the source to the array with non-zero elevation angles ϕi, ϕ j,
. . . , ϕn, the source with a bearing of θT will split into several
targets with bearings of θ̂Ti, θ̂T j, . . . , θ̂Tn in the array after
conventional beamforming.

4. Analysis of acoustic multipath structure be-
tween array and tow ship in deep water

It can be seen from Section 3 that multi-path rays with
non-zero elevation angles from the source to the array will lead
the bearing to split and deviate as well (see Fig. 3). There-
fore, it is necessary to study the vertical arrival structure of
the rays from the tow ship to the array in the deep water.
Under the sound speed profile in Fig. 1, analysis with bell-
hop shows that there are 6 propagation paths including direct
path (DP), surface-reflected path (SR), bottom-reflected path
(BR), surface-bottom-reflected path (SBR), bottom-surface-
reflected path (BSR), and surface-bottom-surface-reflected
path (SBSR)[18] from the tow ship to the array as shown in
Fig. 4. Meanwhile, the arrival times of the 6 rays are shown in
Fig. 5.

Considering that the elevation angle is the key factor of
bearing splitting and bearing deviation, we divide the rays into
two groups according to the elevation angles. Each group con-
tains several rays with similar elevation angles, which form
a target at a certain angle deviated from the endfire direc-
tion. Two groups will split one target into at least two targets.
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Fig. 5. (a) Arrival times of 6 rays, (b) local enlarged drawing of rays of direct path and surface-reflected path, and (c) local enlarged drawing of
rays of 4 bottom-reflected paths.

We call the group containing several rays the ray cluster. Ac-
cording to the definition above, rays of DP and SR have rela-
tively small elevation angles and reach the array first without
bottom-reflection. Thus, they are called direct ray cluster for
short. In contrast, the rays of BR, SBR, BSR, and SBSR have
larger elevation angles than the former and reach the array
later through bottom-reflection. Thus, they are called bottom-
reflected ray cluster for short. The elevation angles and energy
difference between the two ray clusters are studied, which can
serve as the theoretical basis for studying the bearing splitting
and bearing deviation phenomenon.

Take the average elevation angle of the DP ray and the
SR ray as the elevation angle of the direct ray cluster, and the
average elevation angle of the BR ray, the SBR ray, the BSR
ray, and the SBSR ray as the elevation angle of the bottom-
reflected ray cluster, then bellhop is used to calculate the ele-
vation angles of the 2 ray clusters at depths of 0 m–350 m and
distances of 0 km–3 km. The result is shown in Fig. 6.

Figure 6 shows that the elevation angles of the direct ray
cluster at most of positions are relatively small except for a
few positions at very close distances, where only direct rays
with large elevation angles can reach. Meanwhile, dramatic
changes of the elevation angles exist above and below the mix-
ing layer, with an average value of 2.63◦ within a depth range
of 0 m–40 m and 14◦ within a depth range of 40 m–350 m.
This can be explained by the critical angle theory of the mixing
layer, which states that the rays with small emanating angles
propagate in the mixing layer and only those with emanating

angles greater than the critical angles can reach the array with
large depth. On the contrary, the elevation angle of the bottom-
reflected ray cluster is large on the whole and the average value
reaches 75.29◦ because rays only with large elevation angles
can reach the array through bottom-reflection.
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Fig. 6. (a) Elevation angle of direct ray cluster and (b) elevation angle of
bottom-reflected ray cluster.
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In addition to the angle characteristic, the acoustic energy
of the 2 ray clusters is also worth noting, which determines
the intensity of the tow ship noise interference on the sonar.
Therefore, the ray theory is used to derive the acoustic energy
as indicated below.

The pressure Pr,z at the coordinate (r,z) can be ex-
pressed as the coherent sum of the rays with different paths
as follows:[7]

Pr,z =
M

∑
l=1

1
Rl

VslVbl e j2π f tl(r,z), (11)

where M is the number of rays, Rl is the path length of the l-th
ray, Vsl and Vbl are the reflection coefficient of the surface and
the bottom, respectively, and tl is the arrival time of the l-th
ray from the source to the receiver.

According to Eq. (11), the pressure Pm of the direct ray
cluster can be expressed as the coherent sum of the DP ray
and the SR ray. Considering that neither of the 2 rays expe-
riences bottom-reflected and the normal of surface reflection
coefficient is 1 with phase shift π , Pm can then be written as

Pm =
1

R1
e j2π f t1(r,z)− 1

R2
e j2π f t2(r,z), (12)

where R1 and R2 represent the path length of the DP ray and
the SR ray respectively. According to the Lloyd–Mirror effect,
equation (12) can be approximated by[19]

|Pm| ≈
2
R
|sin(kzs sinθ)| , (13)

where zs is the source depth, R and sinθ can be expressed as√
r2 + z2 and z/

√
r2 + z2 respectively.

Similarly, the pressure Pn of the bottom-reflected ray clus-
ter can be expressed as the coherent sum of the BR ray, the
SBR ray, the BSR ray, and the SBSR ray. As a result, Pn can
be expressed as

Pn =
1

R3
Vb3 e j2π f t3 − 1

R4
Vb4 e j2π f t4

− 1
R5

Vb5 e j2π f t5 +
1

R6
Vb6 e j2π f t6 , (14)

where R3, R4, R5, and R6 are the path length of the BR ray,
the BSR ray, the SBR ray, and the SBSR ray respectively; Vb3,
Vb4, Vb5, and Vb6 are the bottom reflection coefficients of 4 rays
respectively. After being approximated, equation (14) can be
simplified into[20]

|Pn| ≈ 2
∣∣∣∣ 1
R3

Vb3

∣∣∣∣√1− cos2π f ∆t12 ·
√

1− cos2π f ∆t13, (15)

where ∆t12 is the difference in time delay between the BR ray
and the SBR ray, while ∆t13 is the difference in time delay
between the BR ray and the BSR ray, ∆t12 and ∆t13 can be
approximated by Eqs. (16) and (17) respectively:

∆t12 = 2
∫ zs

0

√
n2(z)− cos2 ϕ dz/c0, (16)

∆t13 = 2
∫ zr

0

√
n2(z)− cos2 ϕ dz/c0. (17)

Here, n(z) is the index of refraction and ϕ is the emanating an-
gle of bottom-reflected ray cluster, and c0 is the sound speed at
the source depth. Substituting Eqs. (16) and (17) into Eq. (15)
and assuming n(z) to equal 1, |Pn| can be obtained as follows:

|Pn| = 4
∣∣∣∣ 1
R3

Vb3

∣∣∣∣ · |sin(π f ∆t12)| · |sin(π f ∆t13)|

= 4
∣∣∣∣ 1
R3

Vb3

∣∣∣∣ · |sin(2π f · zs sinϕ)|

×|sin(2π f · zr sinϕ)| . (18)

Employing Eqs. (13) and (18) for a source with a fre-
quency of 500 Hz at a depth of 5 m, the values of |Pm| and
|Pn| at different depths and distances can be acquired as Fig. 7
if a sound speed profile in Fig. 1 is utilized.
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Fig. 7. (a) The |Pm| and (b) |Pn| at different depths and distances.

As can be seen from Fig. 7, |Pn| presents a much
more rapid oscillation than |Pm|, which can be explained by
Eqs. (13) and (18). According to Eq. (18), |Pn| varies with
sinϕ in two interference cycles of Tn1 = 1/ f zs and Tn2 =

1/ f zr. Since Tn1� 1 and Tn2� 1, |Pn| changes rapidly when
sinϕ changes with distance and the depth. In contrast, |Pm|
varies with sinθ in the interference cycle Tm which can be ex-
pressed as

Tm=
2π

kzs
=

cs

f zs
. (19)
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As f = 500 Hz and zs = 5 m are used and cs = 1500, Tm is
much bigger than Tn1 and Tn2. Therefore, in this case, |Pm| has
a slower oscillation as sinθ varies with distance and depth.

Considering the rapid oscillation of |Pn|, the local max-
imum value of |Pn| is chosen as the acoustic intensity which
can be expressed as 4 |(1/R3)Vb3|. Let γ(r,z) be the difference
between the acoustic intensity of the direct ray cluster and the
bottom-reflected ray cluster, then, according to Eqs. (13) and
(18), γ(r,z) will be able to be written as

γ(r,z) = 10log
R2

3

R2V 2
b3
|sin(kzs sinθ)|2 , (20)

where R3 can be approximated by

R3 ' 2

√(
r
2

)2

+H2, (21)

with H being the sea depth. Substituting Eq. (21) and R =√
r2 + z2

r into Eq. (20) generates

γ(r,z) = 10log
r2 +4H2

r2 + z2
r
|sin(kzs sinθ)|2−10logV 2

b3. (22)

Applying the same calculation conditions to Fig. 7 and as-
suming a bottom loss of 4.5 dB accordance with the bottom
loss curves in deep water given by Marsh,[21] the difference in
theoretical intensity difference between the 2 clusters can be
calculated from Eq. (22), and the results are shown in Fig. 8.
Simultaneously, to verify the correctness of Eq. (22), the in-
tensity difference calculated by bellhop at the positions where
|Pn| has a local maximum is plotted with the red circles. The
two results are basically consistent with each other.
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Fig. 8. Plot of difference in intensity between direct ray cluster and bottom-
reflected ray cluster versus distance.

In Fig. 8, the average intensity difference is 13 dB and the
maximum value reaches 30 dB. The large difference is due to
the bottom loss and the attenuation in the water of the bottom-
reflected ray cluster.

5. Bearing estimation of tow ship noise based on
acoustic multipath structure in deep water
It is generally considered that the tow ship noise spreads

mainly towards the endfire direction of the array. When a

strong signal deviates from the endfire direction, the sonar op-
erator will focus on it and tends to assume it to be a target.
Meanwhile, the conventional cancelling methods adopt differ-
ent ways to cancel the noise in the endfire direction.

But in deep water, the tow ship noise splits into multiple
strong signals and distributed in multiple directions deviating
from the endfire direction as indicated in Fig. 3. Thus, mul-
tiple interferences are formed, which increases the difficulty
in recognizing the target for the sonar operator. Meanwhile,
some noise cancellation methods are difficult to achieve good
results due to the lack of initial bearing guidance.

In order to better identify the target and cancel the noise,
in the paper we put forward a method to predict the bearing
distribution of the split tow ship noise in deep water, which
helps to identify the target and provide correct initial bearing
guidance for noise cancellation methods. The method is based
on the acoustic multi-path structure analysis above and shown
in Fig. 9.

From the method, what is first obtained is the multi-path
structure and the elevation angle of the tow ship noise through
the bellhop model. Then the strong signal split by the tow ship
noise is selected and the bearing of them is calculated. In the
selection process, noise formed by both the direct ray cluster
and the bottom-reflected ray cluster should be considered. It
is worth noting that not only the main lobe of the direct ray
cluster but also the side lobe of it can form obvious targets in
the towed line array as the energy of the direct ray cluster is
high. Thus, all the side lobes of the direct ray cluster with en-
ergy greater than the bottom-reflected ray cluster are selected
as the strong signal in the method, while the ones with energy
less than the bottom-reflected ray cluster are neglected.

To verify the effectiveness of the method and explain the
phenomenon in the experiment, we estimate the tow ship noise
bearing with the method in Fig. 9, and then compare it with the
actual result in Fig. 3. The main process is as follows.

(i) Calculate the elevation angle of the direct ray cluster
and that of the bottom-reflected ray cluster irradiated by the
tow ship.

The array depth is 140 m, and the distance from the array
to the tow ship is 700 m–1000 m. From Fig. 6 it can be seen
that the elevation angle of the direct ray cluster and that of the
bottom-reflected ray cluster are 11.1◦–13.1◦ and 84.2◦–86◦ re-
spectively.

(ii) Estimate the main lobe bearing of the direct ray clus-
ter and that of the bottom-reflected ray cluster.

The tow ship is towards the endfire direction of the towed
array, thus θT is 90◦. Substituting θT into Eq. (10), the bearing
estimation result of the tow ship θ̂T can be expressed

θ̂T = arcsin(cosϕn) . (23)
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Acquire the transmitting array depth and the frequency,  meanwhile measure sound speed profile 

Calculate the elevation angles of the direct ray cluster and the bottom-reflected ray cluster 

with bellhop 

 

Estimate the main lobe bearing of the direct ray cluster and the bottom-reflected ray cluster 

according to equation (10) 

Calculate the intensity difference of the direct ray cluster and the bottom-reflected ray cluster 

according to equation (22) 
 

Find the side lobes of  the direct ray cluster whose energy are higher than the main lobe  

of the bottom-reflected ray cluster, and estimate the bearing of the side lobes  

Take the bearing estimation result of the main lobe and the side lobes above as the final 

results to provide correct initial bearing guidance for all kinds of noise cancellation methods
 

Fig. 9. Main process of bearing estimation method based on acoustic multi-path structure.

Substituting the elevation angle of the direct ray cluster and
that of the bottom-reflected ray cluster obtained in step (i) into
Eq. (23), the theoretical main lobe bearing of the direct ray
cluster and the bottom-reflected ray cluster are 11.1◦–13.1◦

and 84.2◦–86◦ (deviating from the endfire direction) respec-
tively. Meanwhile the actual results in Fig. 3 are 11.5◦ for tar-
get 1 and 85◦ for target 5, respectively. The theoretical result
is basically the same as the actual one.

(iii) Analyze the influence of the sidelobe of the direct ray
cluster.

For the array of 192 elements with the element spacing
1.5 m in the experiment, the normalized directivity function is
shown in Fig. 10 when θT = 90◦ and the elevation angle is 0◦.
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Fig. 10. Normalized directivity function of array with θT = 90◦ and eleva-
tion angle 0◦.

According to Fig. 10, the intensity of the main lobe is

17.86 dB, 25.19 dB, and 26.7 dB higher than that of the first
side lobe, the second side lobe and the third side lobe re-
spectively. As the acoustic intensity of direct ray clusters is
24.7 dB–26.7 dB higher than that of bottom-reflected ray clus-
ters under the experimental condition, three targets (targets 2–
4 in Fig. 3) formed by three side lobes of the direct ray cluster
will present a certain angle deviating from the endfire direc-
tion, which is consistent with the actual experimental result in
Fig. 3.

The actual bearing of the first side lobe, the second side
lobe and the third side lobe are 77◦ (103◦), 72◦ (108◦), and
69◦ (111◦) when the elevation angle is 0◦. When the actual el-
evation angle is 11.1◦–13.1◦ under the experimental condition,
the bearing estimation results of the first sidelobe, the second
sidelobe and the third sidelobe are 71.57◦–73.35◦ (106.65◦–
108.43◦), 67.8◦–69.25◦ (110.75◦–112.2◦), and 65.37◦–66.63◦

(113.37◦–114.63◦), respectively, according to Eq. (10). Mean-
while, the actual experimental results in Fig. 3 are 72.5◦

(107.5◦, target 2), 68◦ (112◦, target 3), and 65.4◦ (114.6◦, tar-
get 4), which are basically the same as the estimation results.

6. Conclusions
The tow ship noise is the main factor that affects the

towed line array performance. It is generally considered that
the tow ship noise is towards the endfire direction of the towed
array. Therefore, different kinds of noise cancellation methods
are used to cancel the tow ship noise towards the endfire direc-
tion. But in deep water, the tow ship noise deviates from the
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endfire direction and spreads in multiple bearings because of
the rays with multi-path and different elevation angles. How to
accurately estimate the bearings of the tow ship noise and how
to provide initial bearing guidance for all kinds of noise can-
cellation methods have become a key problem. In this paper,
the acoustic multipath structure between the array and the tow
ship in deep water is analyzed. Based on the analysis results,
a bearing estimation method of tow ship noise in deep water is
proposed. After that, the validity of the method is verified in
experiment. The main conclusions are as follows.

(I) The towed line array is usually located in the direct
zone of the tow ship noise in deep water. The tow ship noise
reaches the array in the form of the direct ray cluster and
bottom-reflected ray cluster. The former includes the rays of
DP and SR which have relatively small elevation angles; the
latter includes the rays of BR, SBR, BSR, and SBSR which
have large elevation angles.

(II) When the array depth is beyond the mixing layer, the
elevation angle of the direct ray cluster increases significantly.
As a result, the bearing estimation result of the direct ray clus-
ter deviates from the endfire direction. In comparison, the ele-
vation angle of the bottom-reflected ray cluster is nearly verti-
cal, which makes the bearing estimation result approach to the
broadside direction.

(III) The energy of several side lobes of the direct ray
cluster is higher than that of the main lobe of the bottom-
reflected ray cluster. Therefore, multiple targets will appear,
caused by the side lobes of the direct ray cluster.

(IV) Aiming at the bearing splitting phenomenon of tow
ship noise in the array, we can estimate the amount and the
bearing of the multi-path noise by analyzing the elevation an-
gles and the energy of the direct ray cluster and the reflected
ray cluster.

After that, the initial orientation guidance can be provided
for various noise cancellation methods.

Acknowledgements
Project supported by the National Defense Basic Science

Research Program, China (Grant No. JCKY2016607C009)
and the Youth Innovation Promotion Association of the Chi-
nese Academy of Sciences (Grant No. 2018025).

Appendix A
For a towed lined array sonar with N array elements, the

received signal vector 𝑋(ω) can be expressed as

𝑋(ω) = [x1(ω),x2(ω), . . . ,xn(ω), . . . ,xN(ω)]T

= s(ω) ·𝑃 (ω)+𝑁(ω), (A1)

where xn(ω) is the received signal of the n-th array element,
N the element number, s(ω) the signal spectrum, 𝑁(ω) the

noise spectrum vector, and 𝑃 (ω) the channel transfer func-
tion vector and can be expressed as

𝑃 (ω) = [p1 (ω) , p2 (ω) . . . , pn (ω) . . . , pN (ω)]T , (A2)

with pn(ω) being the channel transfer function of the n-th ar-
ray element which can be written as[22]

pn(ω) =
j

ρ(z0)
√

8πr
exp
(
−j

π

4

)
×∑

M
ψm(z0,ω)ψm(zr,ω)

e jµmdn−βmdn

√
krm

. (A3)

Here, krm and ψm(z,ω) are the eigenvalue and the eigenfunc-
tion of the m-th mode, krm = µm + jβm with µm and βm being
the horizontal wavenumber and the attenuation cofficient of
the m-th mode respectively; z0 and zr are the target depth and
the array depth, respectively; dn is the distance from the target
to the n-th element in the array.

When using conventional beamforming method with
weight vector 𝑊 in Eq. (1), the output power Pout (ω) can
be written as

Pout (ω) =

∣∣∣∣∣ N

∑
n=1

w∗nxn(ω)

∣∣∣∣∣
2

=𝑊𝐻(ω)𝑋(ω)𝑋𝐻(ω)𝑊 (ω), (A4)

where the superscript ∗ denotes the complex conjugate. Sub-
stituting Eq. (A1) and Eq. (1) into Eq. (A4) generates

Pout (ω) = δ
2
s

∣∣∣∣∣ M

∑
m=1

ambm

∣∣∣∣∣
2

+Nδ
2
n , (A5)

where δ 2
s and δ 2

n are the power spectral density of the source
and the noise respectively, am represents the amplitude term
and bm denotes the phase term, which can be written as

am =
j

ρ(z0)
√

8πr
exp
(
−j

π

4

)
ψm(z0,ω)ψm(zr,ω)

× e jµmd1−βmd1
√

krm
, (A6)

bm =
N

∑
n=1

e j(n−1)φm =
1− e jNφm

1− e jφm

=
sin(Nφm/2)
sin(φm/2)

exp
{

j
N−1

2
φm

}
, (A7)

where φm = µmssinθT−(ωs/cf)sinθc with θT being the target
bearing (the angle deviating from array broadside direction).

According to Eq. (A5), the directivity function |Y0(θT)|
of the array in actual ocean channel can be expressed as

|Y0(θT)|=

∣∣∣∣ M
∑

m=1
ambm

∣∣∣∣
max

θT

∣∣∣∣ M
∑

m=1
ambm

∣∣∣∣ . (A8)
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