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SPECIAL TOPIC — Non-Hermitian physics

Topology of a parity—time symmetric non-Hermitian rhombic lattice

Shumai Zhang(5k #7i%), Liang Jin(4:5%)7, and Zhi Song(RH)

School of Physics, Nankai University, Tianjin 300071, China

(Received 19 August 2021; revised manuscript received 17 October 2021; accepted manuscript online 4 November 2021)

We investigate the topological properties of a trimerized parity—time (P7) symmetric non-Hermitian rhombic lattice.
Although the system is P7T -symmetric, the topology is not inherited from the Hermitian lattice; in contrast, the topology
can be altered by the non-Hermiticity and depends on the couplings between the sublattices. The bulk—boundary corre-
spondence is valid and the Bloch bulk captures the band topology. Topological edge states present in the two band gaps
and are predicted from the global Zak phase obtained through the Wilson loop approach. In addition, the anomalous edge
states compactly localize within two diamond plaquettes at the boundaries when all bands are flat at the exceptional point
of the lattice. Our findings reveal the topological properties of the P77 -symmetric non-Hermitian rhombic lattice and shed
light on the investigation of multi-band non-Hermitian topological phases.

Keywords: topological phase, P7 symmetry, Wilson loop

PACS: 03.65.Vf, 03.65.—w

1. Introduction

In recent years, parity—time (P7) symmetry has at-
tracted increasing attention in non-Hermitian quantum

mechanics.[1=11]

PT-symmetric non-Hermitian systems,
which may possess entirely real spectra,!'?] have been widely
explored in the optical waveguides, resonators, and cold atoms
in optical lattices. The exceptional point (EP), known as the
P T -symmetric phase transition point, indicates the transition
between the exact P77 -symmetric phase and the broken P7T -
symmetric phase.!!3-1°! The EP means not only a bifurcation
point of the energy bands, but also the eigenstate coalescence
at the defective Hamiltonian.['>?] The EP has potential ap-
plication in the sensing.[?*!

The investigation of topology has been extended to

non-Hermitian physics.[?4471

Topological systems are of
great significance in the condensed-matter physics.[*8-%1 The
researches on non-Hermitian Su-Schrieffer—Heeger (SSH)
chain, Chern insulator, and nodal-line semimetals have re-
ceived great interests.l” 71 As the progress on optical re-
alization of the topological systems, the field of topologi-
cal photonics has been stimulated.!”®! Edge states,!””-8] band
theory, 7”39 and topological invariants'3'~871 are major fo-
cuses in topological physics. The topological invariant, ob-
tained from the Bloch bulk, characterizes the feature of en-
ergy bands.!®3! The existence of edge states under the open
boundary condition (OBC) is predictable by topological in-
variants under the periodic boundary condition (PBC), which
is referred to as the bulk—boundary correspondence. The

bulk—boundary correspondence is invalid in the non-Hermitian
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systems!®] when the non-Hermitian Aharonov—Bohm effect
present,®1 and different approaches to find the topological in-
variant are developed.8°-°1]

In this paper, we investigate the topological properties of
a PT -symmetric non-Hermitian rhombic lattice. The non-
Hermitian rhombic lattice is trimerized and has a quarter of a
magnetic flux quantum enclosed in each triangular plaquette,
where the balanced gain and loss present. Although the lattice
has PT symmetry, the topological features are not inherited
from the Hermitian rhombic lattice and the non-Hermiticity al-
ters the band topology. The bulk—boundary correspondence of
the non-Hermitian rhombic lattice is valid and the Bloch bulk
captures the band topology. The topology is characterized by
the global Zak phase, which predicts the presence of the topo-
logical edge states decaying from the lattice boundaries. The
rhombic lattice supports a spectrum fully consisting of disper-
siveless flat bands at the proper condition. Consequently, we
find the anomalous edge states that compactly localize in two
diamond plaquettes at the boundaries under the destructive in-
terference.

The remainder of the paper is organized as follows. In
Section 2, the P7T -symmetric non-Hermitian rhombic lattice
model and the energy bands are presented. In Section 3, the
topological edge states and anomalous edge states in the non-
Hermitian rhombic lattice are investigated. In Section 4, the
global Zak phase is introduced and predicts the nontrivial band
topology. In Section 5, the conclusion is summarized and the

prospect is discussed.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

010312-1


http://dx.doi.org/10.1088/1674-1056/ac364a
mailto:jinliang@nankai.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 010312 (2022)

2. Energy bands of the non-Hermitian rhombic
lattice

Rhombic lattice The non-Hermitian rhombic lattice is
depicted in Fig. 1(a), it is translationally invariant in the hor-
izontal direction and is a trimerized lattice with three sublat-
tices {A,B,C}. Sublattice A is passive, and sublattices B and
C have gain and loss with rates y. The gain and loss are stag-
gered in the translational invariant direction. Sublattice A cou-
ples to sublattices B and C at the coupling strengths g; and g,
and the Peierls phase factor e!® presents in the coupling with
arrow, resulting in the synthetic magnetic flux 2@ enclosed
in the diamond plaquette, where & = /2. The coupling be-
tween the sublattices B and C is 8. The parameters are chosen
81,82, Y and 8 > 0 without loss of generality. The unit cell of
the non-Hermitian rhombic lattice is the two nearby triangular
plaquettes containing six sites.
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\/§g1 \Egz d+v 0—v ‘/l;

Fig. 1. (a) Schematic of the non-Hermitian rhombic lattice. The solid black
(blue) lines represent reciprocal couplings g; (g2). The black (blue) lines
with arrows indicate nonreciprocal couplings, being gje'® (g2¢!®) for pho-
tons tunneling along the arrow and gie~'® (goe™'®) for photons tunneling
against the arrow with @ = /2. The vertical coupling & between sublattices
B and C is in magenta. The sites in blue are passive and sites in green (red)
have gain (loss). (b) Schematic of the non-Hermitian chain with nonrecip-
rocal couplings & £ 7. (c) Schematic of the equivalent trimerized chain with
reciprocal coupling /uv. The unit cell is enclosed by the black solid box.

Bulk Bloch Hamiltonian We consider an equivalent
Bloch Hamiltonian with simple structure to investigate the
topological features of the non-Hermitian rhombic lattice, be-
cause of the complexity caused by multiple components work-
ing in the rhombic chain. The foundation of the equivalent lat-
tice is the Bloch Hamiltonian Hj of the non-Hermitian rhom-
bic lattice obtained by applying Fourier transformation to the
real-space Hamiltonian,

0 & G O G§e_ik gre ik
g1 iy 6 Gy O 0
Gy 0 —iy @ 0 0
Hy = * * ) 1
¢ 0 G & 0 g G M
Gt 0 0 g —iy 5

ggeik 0 0 Gy o i’)/
where G| = glei‘p and G, = gzeiq’.

Technologically, there are two consecutive steps to ac-
quire the equivalent lattice. The first step is to obtain the 1D

chain H; with asymmetric couplings depicted in Fig. 1(b). Un-
der a unitary transformation H;, = U 'HU; with

V200 0 00
0 1i 0 00
1 0 i1 0 00
U =— 2
'l 0oo00v2oo |’ @
000 0 1 i
000 0 il
the Bloch Hamiltonian Hj changes into
0 V2g 0 0 0 V2ge ik
V2¢r 0 8-y 0 0 0
ke 0 0 V2¢ 0 V2g 0 '
0 0 0 V2g1 0 S+v
V2ge 0 0 0 -y O

Uy is a block diagonal matrix composed of 3 x 3 matrix
L@ [(60—1— ioy)/ \/ﬂ with identity matrices I}, oy and the
Pauli matrix o,. \/m =¢e? and \/W = e ¢ indicate an
imaginary gauge field effectively applied to the reciprocal cou-
pling /i for the couplings yt = § —yand v = & + 7, respec-
tively. However, the imaginary magnetic flux does not accu-
mulate along the translational invariant direction with the pres-
ence of alternately introduced asymmetric couplings 6 + 7,
which induces that the accumulated factor e*? cancel each
other in every unit cell.[®! That is, the net imaginary mag-
netic flux is zero under PBC. The imaginary magnetic flux
also vanishes without the enclosed imaginary magnetic field
under OBC. Thus, the imaginary gauge field does not affect
the energy band of the rhombic lattice under either the peri-
odic boundary condition or the open boundary condition.

The second step removes the imaginary gauge field ¢ (the
phase factor e*? in the asymmetric couplings & & 7) in H;.
Under a similarity transformation H} = U, 'H,U, with

1/vv 0 0 0 0 0
0 1/yv 0 0 0 0
B 0 0 1/ym 0 0 0
=9 o o ym o o [@W
0 0 0 0o 1/ym 0
0 0 0 0 0 1/Vv
the Bloch Hamiltonian Hj changes into
0 V2g 0 0 0 2ge ¥
V2 0 yEV 0 0 0
- 0 yav 0 V2g 0 0 )
k 0 0 V2 0 V2g 0 '
0 0 0 V2 O VIV

V2gelk 0 0 0 Juv 0

The lattice with reciprocal couplings is schematically depicted
in Fig. 1(c) in real space, where the repeat unit contains three
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sites. Therefore, the Bloch Hamiltonian of the equivalent

chain depicted in Fig. 1(c) is reduced to

0 V2g1 V2ge ¥
Ve 0 v, (6)
V2grelt /v 0

hi =

in the momentum space. At v > 0, that is, when the gain/loss
rate is weak y < 8, the equivalent lattice is Hermitian with
a fully real spectrum, reduces into a generalized SSH model
with a uniform trimer cell at g; = g» = g and supports topolog-
ical edge modes with energy ++/2¢ in the nontrivial region. %]
At uv < 0, that is, when the gain/loss rate is strong y > 8,
the coupling /iLV reduces to an anti-P7 -symmetric recipro-

[93

cal imaginary coupling,[®*! the lattice becomes non-Hermitian

and the energy spectrum is fully complex.

0 (m)

0 (m)
Fig. 2. Energy bands of the real-space rhombic lattice at different non-
Hermiticity ¥ under PBC (left panels) and OBC (right panels). The real
(imaginary) part of the band energy is in blue (red). The lattice model
has 10 unit cells, being 60 sites in total. The parameters are g = g» = 1,
5 =1—(1/2)cos 8 with (a), (b) y=1/2; (c), (d) Y= 1; (e). () y = 3/2.
Energy bands The non-Hermitian rhombic lattice has a
special parameter point 6 = v that all the energy bands are
flat. It is worth noting that the point is the exceptional point of
the non-Hermitian rhombic lattice, where all the energy lev-
els coalesce at energies 0 and +4/2g3 +2g3. The exceptional
points occur at 8 = 0 for Fig. 2(a), 6 = +7/2 for Fig. 2(c), and
6 = +x for Fig. 2(e) under PBC. Moreover, ¥ < 6 and ¥ > &

correspond to the exact P77 -symmetric phase and the broken
‘PT-symmetric phase, respectively. The bulk—boundary corre-
spondence for the non-Hermitian rhombic lattice is valid and
predicts the existence of edge states in the band gaps under
OBC. Distinct from the energy spectra in the left panel, the
isolated bands with energy iﬁgl in Figs. 2(b), 2(d), and 2(f)
are known as the edge states, resulted from the open bound-
ary condition. The non-Hermiticity persists in the quasi-1D
rhombic lattice when y # 0. The trimerized chain in Fig. 1(c)
is Hermitian when y < 8 because the reciprocal coupling /[LV
is real and is non-Hermitian when ¥ > 8§ because the reciprocal
coupling /@V is imaginary. However, the energy spectrum of
the lattice in Fig. 1(a) is in accordance with that in Fig. 1(c)
due to the equivalence of the two models.

3. Edge states

Topological edge states In this section, we study the
edge states of the non-Hermitian rhombic lattice. In gen-
eral case, we retrieve the topological properties of the non-
Hermitian rhombic lattice through studying the equivalent
chain in Eq. (6). The band energies are determined from the
cubic equation E,? — (Zg% + Zg% + uv) Ey—4g182/HVcosk =
0 for the equivalent lattice. The existence of edge states de-
pends on the coupling strength truncated at the open boundary.
If v/2g5 is larger than either of the other two coupling strengths
V2g) or |/IV/|, the edge state appears: for g1 < g2, two edge
states with energy +,/1V exist and localize at the right bound-
ary; for |62 — 2| < 2¢3, two edge states with energy +v/2g;
exist and localize at the left boundary.

Furthermore, different situations of the band spectrum
with left and right edge states are presented in Fig. 3, which
verifies the conclusion about the edge states. In Fig. 3(a), the
energy bands with different types of edge states under OBC
are shown. In Fig. 3(b), /62 — 2 < \@gz < ﬁgh a pair of
edge states with energy ++/2g; locate at the left boundary. In
Fig. 3(c), v2g1 < V282 < 1/ 82 — y2, a pair of edge states with
energy i\/m locate at the right boundary. In Fig. 3(d),
V/2g> is the largest, and two pairs of edge states exist. The
amplitudes of the edge states evanescently decay as the index
of the unit cell. The specific conditions for different types of
edge states are described in Fig. 4, where the presence of a
pair of edge states, two pairs of edge states, and the absence of
edge state are shown. In Fig. 4, results of the existence of edge
states altered by reciprocal coupling 6 and non-Hermiticity y
are the same. In the Hermitian case y = 0, the appearance of
edge states is constrained by two conditions: for g; < g2, two
edge states with energy 48 localize at the right boundary; for
8 < V2g», two edge states with energy ++/2g; localize at the
left boundary.

Anomalous edge states The energy bands at the EP are
dispersiveless and all the eigenstates are compactly localized.

010312-3
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This is a consequence of the destructive interference at the ap-
propriate match of couplings, gain and loss, and the synthetic
magnetic flux enclosed in the plaquette. The corresponding
edge state still appears at the EP of the rhombic lattice, but
the edge state is anomalous, only localized in two diamond

plaquettes at the boundary.

0.4

0.3

0.2

0.1

|2
|2

0.1

0 30 60

J J
Fig. 3. Energy bands and edge-state amplitudes of the non-Hermitian rhom-
bic lattice under OBC. (a) Energy bands at parameters g; =y =1, § =
V34 (1/2)sin8 and go = 1 + (1/2)cos 8. All bands are entirely real with
0 ranging from —x to 7. The non-Hermitian model includes 10 unit cells
with 60 sites. The horizontal axis indicates the site number. The ampli-

tudes of edge states localized at the boundaries are numerically depicted at
(b) 6 = —0.6m, (c) 6 =0.37, and (d) 6 = —0.17.

82

8,y

Fig. 4. Phase diagram of the non-Hermitian rhombic lattice in the go—6 (go—
) plane. The parameters are gy = Y =1 (g; = 6 = 1). Phase diagram in the
g2—0 plane is the same as that in the go—7y plane. The yellow (blue) region
has a pair of left (right) edge states with energy ++v/2g; (/8% — ¥2). The
red area has two pairs of edge states with energies &=v/2g; and ++/8% — 72.
The white region has no edge states.

The non-Hermitian rhombic lattice reduces to the stan-
dard Hermitian rhombic lattice at § = y = 0, the eigenvalues
of the Hermitian rhombic lattice are independent of the mo-
mentum k, the spectrum of the Hermitian rhombic lattice is
constituted by three flat bands {O,i\ /2g%+2g%}, and the
eigenstates are compactly localized in two diamond plaque-
ttes, being {0,—g1,1g1;0,—1g2, g2} for the flat-band energy 0
and {O,gz,figz;:Fi, /2g%+2g%,fig1,g1} for the flat-band

0 30 60

energy = /Zg% + Zg%. The flat bands and the localization of
their eigenstates are consequence of the destructive interfer-

ence induced by the 7 magnetic flux enclosed in each diamond
plaquette.

It is worth pointing out that the eigenstates are still local-
ized within two boundary plaquettes under the open boundary
condition, which indicates that the edge states are localized,
refereed to as the anomalous edge states. Notably, these fea-
tures are unchanged in the P77 -symmetric non-Hermitian gen-
eralization at = . The formation mechanism of the anoma-
lous edge states is the destructive interference, and the forma-
tion mechanism is greatly different from the formation mech-
anism of the topological edge states, which is induced by the
difference in the lattice coupling strengths. Notably, both the
topological edge states and the anomalous edge states exist
at the EP of the rhombic lattice. The zero-energy anomalous
edge state localized at the left boundary of the non-Hermitian
rhombic lattice is schematically illustrated in Fig. 5(a), and the
anomalous edge state with nonzero energy +,/ Zg% + Zg% lo-
calized at the right boundary is illustrated in Fig. 5(b). In the
following, we study the topological characterization to further
unveil the topological properties of the P7 -symmetric non-
Hermitian rhombic lattice.

(a) —g —igy
e o o o
ig 82
(b) 82 —igy

—igy /A &1

Fiv2gi+2g5

Fig. 5. (a) The anomalous edge state with energy 0 localized at the left bound-
ary of the non-Hermitian rhombic lattice. (b) The anomalous edge state with

energy +/ Zg% + Zg% localized at the right boundary of the non-Hermitian
rhombic lattice.

4. Topological characterization

The geometric phase reflects the topological property of
the non-Hermitian rhombic lattice from another aspect in con-
trast to the edge states. The Zak phase for the non-Hermitian
system is analytically generalized along the closed loop L,

. . d
L= ) (0 (0] 5 un (0) . ™

with k constrained in the momentum space and the integer n €
[1,6] indicating the index of all the six energy bands. |u, (k))
and |ii, (k)) are eigenstates of Hamiltonians Hy and H;, sat-
istying H |u, (k)) = Ex [uy (k) and H] |, (k)) = Ej |y (K)),
respectively. |u, (k)) and |ii, (k)) constitute a set of biorthogo-
nal basis obeying (i, (k)| u, (k)) = 8y. The momentum vec-

tor traces out the closed loop L in the momentum space.[*+%]
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The integration path 2L indicates two times of circling in the
parameter space, to ensure the wavefunctions of energy bands
come back to their initial conditions.!?®! The energy levels
have pairwise interchange after one circle and are restored af-
ter two circles, which is numerically demonstrated in the left
panel of Fig. 6. In the following, we introduce the numerical
implementation of the Zak phase in the bulk. We divide the
two loops into N small segments and consider a 6 x 6 matrix
Ay, for a segment from k; to k; 1,

(iy (ki) uy (kig1)) -+ (i (ki) | ue (Kiv))
Ay = : : (8

(i (ki) ur (kiv1)) -~ (i (ki)|ug (kiv1))

where the integer i € [1,N] and ky,; = k;. The matrix A is
defined as the product of matrices Ay, for all small segments

with the employment of the Wilson loop approach, !

N
A= HA,W ©)

The eigenvalues of the 6 x 6 matrix A are denoted as a,,, where
the subscripts n =1, 2, 3, 4, 5 and 6 represent different energy
bands.

For each energy band, the accumulated Zak phase ob-
tained via the Wilson loop approach is

I/ = —argay. (10)

The Zak phase associated with each energy band of the non-
Hermitian rhombic lattice is not an integer over 7 in general
case; however, the summation of the Zak phase for all the
bands, which is referred to as the global Zak phase, is an inte-
ger over 7 and considered as a topological invariant. We give
the expression of global Zak phase for the system

6
r=yr,. (1)
n=1

The Zak phase for each energy band is traditionally intro-
duced as

N
I, = —arg [ [ (i (ki) | un (it 1)) (12)
i=1

The corresponding expression of global Zak phase for the sys-
tem is

6
r=Yr. (13)
n=1

Notably, I, # I,/ from their definitions; however, the summa-
tion of all eigenvalues of a matrix equals to the trace of the
matrix, that is, the global Zak phase I' = I'’ can also be ob-
tained via the Wilson loop approach.

The global Zak phase of the non-Hermitian rhombic
lattice in both topological trivial and topological nontrivial

phases are exemplified by the solid black lines in the right
panel of Fig. 6, which presents the whole process of global
Zak phase accumulation along the path integral in the param-
eter space. Topological edge states present in the region with
nonzero global Zak phase 87, and the 87 Zak phase indicates
topological edge states presenting in both two band gaps. In
contrast, topological edge states are absent and the global Zak
phase is 0. The numerical simulation of the Wilson loop ap-
proach is depicted by the red dashed lines in the right panel
of Fig. 6, which are exactly in accord with the solid black
lines. By employing the Wilson loop approach, the global Zak
phase accumulated along two closed circles is 87 in the non-
trivial phase, while the global Zak phase accumulated along
two closed circles is 0 in the trivial phase.

(a) 3 (b) 8
\/ 8
£ 6
o,
I g 4
=
~ ] i
=
3
=35 2 2 < 0 2 4
k (m) k (m)
(c) 4 (d 8
\/ 3))
£ 6
[oN)
mooo g 4
=
] B
=]
3
45 p) 2 < O p) 4
k (m) k (m)
(e) 4 (f) 8
\/ %
= 6
o,
S g 4
=
ZE 2
Il -
5]
4 2 1 < 0 D) 4
k () k ()
(g) 3 (h)og
Q
\/ %
=
2o
S g
E _02
=
I -
=
_3 S —0.4
0 2 4 < 0 2 4
k (m) k ()

Fig. 6. Energy bands in momentum space (left panel) and global Zak phase
in trivial/nontrivial topological phases (right panel). Both the energy bands
and the corresponding eigenfunctions come back to their initial values after
two circles. Parameters are (a), (b) 8 = —0.67, (c), (d) 8 = 0.3x, (e), ()
6 = —0.17, and (g), (h) 6 = —0.97 with g; =y=1, 8 = v/3+(1/2)sin6,
g =14(1/2)cos 6. In (b), (d), (f), and (h), solid black lines indicate nu-
merical results of global Zak phase in Eq. (13); red dashed lines indicate
numerical results in the Wilson loop approach in Eq. (11).
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5. Conclusion

We have investigated the topological properties of a
The bulk—
boundary correspondence of the lattice is valid and the topo-

PT-symmetric non-Hermitian rhombic lattice.

logical properties are encoded in the bulk Bloch Hamiltonian.
The topological edge states present in the two band gaps in
the topologically nontrivial phase. In addition, the anomalous
edge states localized in two diamond plaquettes are induced
by the destructive interference when all energy bands are flat.
The Wilson loop approach is employed to acquire the global
Zak phase for the topological characterization of the trimer-
ized model. The global Zak phase is nonzero in the nontrivial
phase, and the global Zak phase vanishes in the trivial phase.
Our findings uncover the topological properties of the PT -
symmetric non-Hermitian rhombic lattice and provide a pro-
totypical approach for obtaining the topological properties of
the 1D multi-band non-Hermitian topological phases.
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