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phononic crystal structure
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Based on the theory of composite materials and phononic crystals (PCs), a large-size rectangular piezoelectric com-
posite plate with the quasi-periodic PC structure composed of PZT-4 and epoxy is proposed in this paper. This PC structure
can suppress the transverse vibration of the piezoelectric composite plate so that the thickness mode is purer and the thick-
ness vibration amplitude is more uniform. Firstly, the vibration of the model is analyzed theoretically, the electromechanical
equivalent circuit diagram of three-dimensional coupled vibration is established, and the resonance frequency equation is
derived. The effects of the length, width, and thickness of the piezoelectric composite plate at the resonant frequency are
obtained by the analytical method and the finite element method, the effective electromechanical coupling coefficient is also
analyzed. The results show that the resonant frequency can be changed regularly and the electromechanical conversion can
be improved by adjusting the size of the rectangular piezoelectric plate. The effect of the volume fraction of the scatterer
on the resonant frequency in the thickness direction is studied by the finite element method. The band gap in X and Y
directions of large-size rectangular piezoelectric plate with quasi-periodic PC structures are calculated. The results show
that the theoretical results are in good agreement with the simulation results. When the resonance frequency is in the band
gap, the decoupling phenomenon occurs, and then the vibration mode in the thickness direction is purer.

Keywords: composite materials, rectangular piezoelectric plate, coupled vibration, band gap

PACS: 43.40.+s, 43.35.+d, 63.20.D–, 63.20.–e DOI: 10.1088/1674-1056/ac3649

1. Introduction
Piezoelectric ceramic transducers are widely used in

high-power ultrasonic and underwater acoustic fields. In or-
der to improve the performance of transducers, many schol-
ars combine piezoelectric materials with polymer materials to
expand the advantages of materials.[1–7] It is found that the
strength and brittleness of the ceramics can be effectively re-
duced by adjusting the volume ratio and mass ratio of the ma-
terial. The transverse coupling of the ceramics can be reduced,
the longitudinal electromechanical conversion efficiency of
the composite can be increased, and the composite also has
wide bandwidth, low acoustic impedance, and easy impedance
matching with water, skin, and other media.[8–10] As a func-
tional material with periodic structure, PC is also composed of
two kinds of materials, and because of their band gap and pass-
band characteristics, in recent years, many scholars have stud-
ied their applications in noise reduction and vibration reduc-
tion of acoustic transducers.[11–14] Kong et al.[15] and Ahmed
et al.[16] have shown that the existence and width of a complete
band gap can be adjusted by adding a defect state into the PC
structure, thereby changing the filling rate of the scatterer, the
temperature, etc. Based on their bandgap characteristics, the
PCs have been widely used in vibration suppression. Shao et
al. applied the PC of honeycomb structure to low-frequency
vibration reduction. The effects of plate thickness, column

height, and column radius are analyzed. It has been found
that the amplitude of the vibrating plate can be significantly
reduced under the optimal size.[17] Wilm et al. used the plane
wave expansion method to obtain the dispersion curves of the
wave propagating in the composites by considering the piezo-
electric effect, the acoustic loss, and the electric excitation.[18]

Silvia et al.[19] and Aragon et al.[20] drilled a periodic cylin-
drical hole array in the thickness direction of the piezoelectric
ceramic and found that the finite-period PC structure has an
obvious effect on suppressing the coupled vibration. Several
researchers have effectively improved. The large-scale ultra-
sonic plastic welding system by designing the quasi-periodic
PC structure on the front cover plate of the transducer and
the tool head, and the uniformity of the displacement distri-
bution on the radiation surface of the front cover was also
improved.[21–24]

The characteristics of a piezoelectric ultrasonic trans-
ducer are closely related to the material, geometry, and size of
the piezoelectric vibrator. The piezoelectric composite plate
is the key to the vibration of the transducer, so it is important
to study the vibration characteristics of the piezoelectric vi-
brator. In general, the transverse dimension of a piezoelectric
ceramic transducer is less than one-fourth of its wavelength,
so the transverse vibration can be neglected. When trans-
ducers are used at high frequencies and in applications such
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as ultrasonic welding, the transverse dimension of transduc-
ers needs increasing. The vibration mode of the piezoelec-
tric ceramic transducer is affected by the vibration mode of
other dimensions, and the influence of coupled vibration on
the transducer cannot be neglected in the theoretical calcula-
tion. Otherwise, the frequency error will increase. Therefore,
the coupled vibration theory must be used to analyze the vi-
bration of the large-size rectangular composite piezoelectric
plate to reduce the error.[25,26] Many scholars have studied the
vibration of the piezoelectric ceramic rectangular plates. Ji et
al. have studied the two-dimensional (2D) coupled vibration
of a rectangular piezoelectric plate, and discussed the correla-
tion between transverse effective electromechanical coupling
coefficient and the ratio of length to width. Lin et al.[27] used
the equivalent elastic method to analyze the three-dimensional
(3D) coupled vibration of the piezoelectric ceramic rectangu-
lar plate with and without the piezoelectric effect. The 3D
equivalent circuit was derived, and the resonant frequency of
the piezoelectric vibrator was calculated. It is shown that the
theoretical results are in good agreement with the experimen-
tal results and can be effective.[28,29]

In the present work, a piezoelectric composite plate com-
posed of piezoelectric ceramics and epoxy is proposed. The
structure of PZT-4 and epoxy are analyzed by the theory of PC.
A large-size rectangular piezoelectric composite plate model
with the quasi-periodic PC structure is presented in Fig. 1(a).
The length, width, and thickness are l1, l2, and l3. Figure 1(b)
shows a protocell of PC. The epoxy resin that is not connected
is called scatterer and the side length is a; the PZT-4 con-
nected with the epoxy rasin as a whole is called matrix and
the side length is b. The equivalent material parameters of the
rectangular piezoelectric composite plate are derived by us-
ing the series-parallel connection theory and the uniform field
theory proposed by Newnham et al.[30] The complex coupled
vibration of a rectangular piezoelectric composite plate is sim-
plified into the coupling of three one-dimensional (1D) vibra-
tions, and the electromechanical equivalent circuit diagram of
the coupled vibration is obtained. According to the resonance
frequency equation of coupled vibration, the resonance fre-
quency of three dimensions can be calculated. When the vol-
ume fraction of the piezoelectric ceramics is 91% and the vol-
ume fraction of the epoxy is 9%, the influence of the thickness,
length, and thickness of the rectangular composite piezoelec-
tric composite plate on the resonant frequency and the elec-
tromechanical coupling coefficient in different dimensions are
studied. The influence of the volume fraction of polymer on
the thickness resonance frequency of the transducer is also in-
vestigated. The acceleration response curves in the X and Y
directions are calculated by the finite element method. The
bandgap range of the large-size rectangular piezoelectric com-
posite plate with the quasi-periodic PC structure is calculated.

When the volume fraction of the polymer is changed such that
the thickness resonance frequency of the rectangular piezo-
electric composite plate is in the bandgap range of in the X
and Y directions, the transverse vibration can be suppressed
effectively. The thickness vibration amplitude increases and
the vibrational modes also become purer.

Z

X
Yl2

l3

l1

b

a
P

v21

v22

v32 v11

v12

v31

(a) (b)

Fig. 1. (a) Diagram of large-size rectangular piezoelectric composite plate
with quasi-periodic PC structure. (b) Cell of rectangular PC.

2. Derivation of equivalent material parameters
of large-size rectangular piezoelectric plate
with quasi-periodic phononic crystal struc-
ture
In order to study the vibration characteristics of the large-

size rectangular piezoelectric composite plate with the quasi-
periodic PC, the effective equivalent parameters of the mate-
rial need calculating. By using the Smith’s method to analyse
the composite materials, the strain and electric field are chosen
as the independent coordinates in our analysis.[31] The piezo-
electric phase is made of PZT-4, we take it to be poled along
the P in Fig. 1(a):

T1 =C11S1 +C12S2 +C13S3− e31E3, (1)

T2 =C12S1 +C11S2 +C13S3− e31E3, (2)

T3 =C13S1 +C13S2 +C33S3− e33E3, (3)

D3 = e31S1 + e31S2 + e33S3 + ε33E3. (4)

The epoxy is an isotropic homogeneous medium, and the
constitutive equation is as follows:

Tp1 =Cp11Sp1 +Cp12Sp2 +Cp12Sp3, (5)

Tp2 =Cp12Sp1 +Cp11Sp2 +Cp12Sp3, (6)

Tp3 =Cp12Sp1 +Cp12Sp2 +Cp11Sp3, (7)

DP3 = εp11EP3. (8)

Here, subscript p is used to distinguish the parameters of dif-
ferent materials for the polymer parameters, and subscript m
for the equivalent parameters of composites; T is the stress;
S is the strain; E is the electric field strength; D is the elec-
tric displacement; C is the elastic stiffness constant; e is the
piezoelectric stress constant; ε is the dielectric constant.
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In the X and Y directions, the piezoelectric phase and
the polymer phase are connected in series so that the lat-
eral stresses are equal in both phases, and the lateral strains
are calculated according to the volume fraction of the con-
stituent phases, i.e., T1 = TP1 = Tm1, Sm1 = v1S1 + v2SP1,
T2 = TP2 = Tm2, and Sm2 = v1S2 + v2SP2. In the Z direction,
the piezoelectric phase and the polymer phase are connected
in parallel, and the two phases vibrate together with uniform
thickness, so the vertical strain is the same and the stress is
calculated according to the volume fraction of the constituent
phases, i.e., Tm3= v1T 3+v2TP3 and S3 = SP3 = Sm3. The elec-

tric field intensity components are equal, and the electric dis-

placement component is calculated according to the volume

fraction of the constituent phases, i.e., E3 = EP3 = Em3 and

Dm3= v1D3 + v2DP3. Here v1 and v2 are the volume fractions

of the piezoelectric phase and the polymer phase respectively.

The T1, T2, S3, and E3 are the independent variables in piezo-

electric phase and TP1, TP2, SP3, and Ep3 are the independent

variables in polymer phase. Taking the equal quantities in two

phases as independent variables, the constitutive relation can

be established as follows:

S1 =−
−C11E3e31 +C12E3e31 +C11C13S3−C12C13S3−C11T1 +C12T2

C2
11−C2

12
, (9)

S2 =−
−C11E3e31 +C12E3e31 +C11C13S3−C12C13S3 +C12T1−C11T2

C2
11−C2

12
, (10)

T3 =−
−2C13E3e31 +C11E3e33 +C12E3e33 +2C2

13S3−C11C33S3−C12C33S3−C13T1−C13T2

C11 +C12
, (11)

D3 =−
−2E3e2

31 +2C13e31S3−C11e33S3−C12e33S3− e31T1− e31T2−C11E3ε33−C12E3ε33

C11 +C12
, (12)

Sp1 =−
Cp11Cp12Sp3−C2

p12Sp3−Cp11Tp1 +Cp12Tp2

C2
p11−C2

p12
, (13)

Sp2 =−
−Cp11Cp12Sp3 +C2

p12Sp3−Cp12Tp1 +Cp11Tp2

−C2
p11 +C2

p12
, (14)

Tp3 =−
−C2

p11Sp3−Cp11Cp12Sp3 +2C2
p12Sp3−Cp12Tp1−Cp12Tp2

Cp11 +Cp12
, (15)

Dp3 = Ep3εp11. (16)

It can be obtained from Eqs. (9)–(16) that
S1
S2
T3
D3

= A


T1
T2
S3
E3

 , (17)


Sp1
Sp2
Tp3
Dp3

= B


Tp1
Tp2
Sp3
Ep3

 , (18)

where

A =



C11
C2

11−C2
12

−C12
C2

11−C2
12

−C11C13−C12C13
C2

11−C2
12

−C12e31−C11e31
C2

11−C2
12

−C12
C2

11−C2
12

C11
C2

11−C2
12

−C11C13−C12C13
C2

11−C2
12

−C12e31−C11e31
C2

11−C2
12

C13
C11+C12

C13
C11+C12

− 2C2
13−C11C33−C12C33

C11+C12
−−2C13e31+C11e33+C12e33

C11+C12

e31
C11+C12

e31
C11+C12

− 2C13e31−C11ε33−C12e33
C11+C12

−−2e2
31−C11ε33−C12ε33

C11+C12

 ,

B =



Cp11
C2

p11−C2
p12

−Cp12
C2

p11−C2
p12

−
Cp11Cp12−C2

p12
C2

p11−C2
p12

0

−Cp12
C2

p11−C2
p12

Cp11
C2

p11−C2
p12

−
Cp11Cp12−C2

p12
C2

p11−C2
p12

0

Cp12
Cp11+Cp12

Cp12
Cp11+Cp12

−
−C2

p11−Cp11Cp12+2C2
p12

Cp11+Cp12
0

0 0 0 εP11


.

The constitutive equation of the composites can be expressed as
Sm1
Sm2
Tm3
Dm3

= v1A


T1
T2
S3
E3

+ v2B


TP1
TP2
SP3
Ep3

= (v1A+ v2B)


Tm1
Tm2
Sm3
Em3

 . (19)
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According to the transformation of Eq. (19), the equivalent parameter matrix can be obtained as follows:
Tm1
Tm2
Tm3
Dm3

=


Cm11 Cm12 Cm13 −em31
Cm21 Cm22 Cm23 −em32
Cm31 Cm32 Cm33 −em33
em31 em32 em33 εm33




Sm1
Sm2
Sm3
Em3

 , (20)

where

Cm11 =

(
C11

(
C2

p11−C2
p12

)
v1 +C2

11Cp11v2−C2
12Cp11v2

)
(

C2
p11v2

1−C2
p12v2

1 +2C11Cp11v1v2−2C12Cp12v1v2 +
(
C2

11−C2
12

)
v2

2

) ,
Cm12 =

C12

(
C2

p11−Cp12

)
v1 +C2

11Cp12v2−C2
12Cp12v2

C2
p11v2

1−C2
p12v2

1 +2C11Cp11v1v2−2C12Cp12v1v2 +
(
C2

11−C2
12

)
v2

2
,

C13m =
C13 (Cp11 +Cp12)v1 +(C11 +C12)Cp12v2

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

e31m = −
(Cp11 +Cp12)e31v1

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

Cm21 =
C12(C2

p11−C2
p12)v1 +C2

11Cp12v2−C2
12Cp12v2

C2
p11v2

1−C2
p12v2

1 +2C11Cp11v1v2−2C12Cp12v1v2 +(C2
11−C2

12)v
2
2
,

Cm22 =
C11(C2

p11−C2
p12)v1 +C2

11Cp11v2−C2
12Cp11v2

C2
p11v2

1−C2
p12v2

1 +2C11Cp11v1v2−2C12Cp12v1v2 +(C2
11−C2

12)v
2
2
,

Cm23 =
C13(Cp11 +Cp12)v1 +(C11 +C12)Cp12v2

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

em32 = −
(Cp11 +Cp12)e31v1

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

Cm31 =
C13(Cp11 +Cp12)v1 +(C11 +C12)Cp12v2

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

Cm32 =
C13(Cp11 +Cp12)v1 +(C11 +C12)Cp12v2

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

Cm33 = C33v1 +
v2

(
−2C2

13v1 +C2
p11v1 +4C13Cp12v1−2C2

p12v1 +Cp11 (Cp12v1 +C11v2 +C12v2)
)

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

em33 = −
v1(Cp11e33v1 +Cp12e33v1−2C13e31v2 +2Cp12e31v2 +C11e33v2 +C12e33v2)

Cp11v1 +Cp12v1 +(C11 +C12)v2
,

εm33 =
2e2

31v1v2

Cp11v1 +Cp12v1 +(C11 +C12)v2
+ v2εP11 + v1ε33.

The elastic constant matrix is the inverse of the flexible matrix,
we have Sm11 Sm12 Sm13

Sm21 Sm22 Sm23
Sm23 Sm23 Sm23

=

Cm11 Cm12 Cm13

Cm21 Cm22 Cm23

Cm23 Cm23 Cm23

 .
−1

(21)

The equivalent piezoelectric constant can be obtained as fol-
lows: (

dm31 dm32 dm33
)

=
(

em31 em32 em33
) Sm11 Sm12 Sm13

Sm21 Sm22 Sm23

Sm23 Sm23 Sm23

 . (22)

3. Vibration analysis of large-size rectangu-
lar piezoelectric composite plate with quasi-
periodic phononic crystal structure

3.1. Theoretical analysis of three-dimensional coupled vi-
bration of large-size rectangular piezoelectric com-
posite plate with quasi-periodic phononic crystal
structure

When the X , Y , and Z dimensions of the large-size rectan-
gular piezoelectric composite plate with the quasi-periodic PC
structure are comparable to each other, the complex coupling
vibration can be formed in the three directions. By introducing
3D mechanical coupling coefficients n1 = T1/T2, n2 = T2/T3,
and n3 = T3/T1, the equivalent circuit diagram of 3D coupled
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vibration can be obtained as shown in Fig. 2, where V is the
total voltage of the rectangular piezoelectric composite plate,
V =V31 =V32 =V33, where V31, V31, and V31 are the voltages
across the two electrodes of the corresponding resonator in the
three extensional vibration modes, respectively.

Cx

Cy

Cz

I31I

V

I32

.N22

.N11

.N33

I33
Z31

Z32

Z33

Z11

Z12

Z13

Z21

Z22

Z23

v11

v12

v22

v21

v31

v32

Fig. 2. Electromechanical equivalent circuit of 3D coupled vibration of
large-size rectangular piezoelectric composite plate with quasi-periodic PC
structure.

In Fig. 2, Zi1, Zi2, and Zi3 are equivalent mechanical
impedances in the three directions (i = 1, 2, 3), I31, I32, and I33

are the currents flow into the rectangular piezoelectric plate,
the total current I = I31 + I32 + I33.

Z11 = Z12 = jZ0x tan
(

Kxl1
2

)
, (23)

Z13 =
Z0x

j sin(Kxl1)
, (24)

I31 = jωC0xV31−N11 (v11 + v12) , (25)

Z21 = Z22 = jZ0y tan
(

Kyl2
2

)
, (26)

Z23 =
Z0y

j sin(Kyl2)
, (27)

I32 = jωC0yV32−N22 (v21 + v22) , (28)

Z31 = Z32 = jZ0z tan
(

Kzl3
2

)
, (29)

Z33 =
Z0z

j sin(Kzl3)
, (30)

I33 = jωC0zV33−N33 (v31 + v32) . (31)

Here, Z0x = l1l3ρVx, Z0y = l1l3ρVy, Z0z = l1l2ρVz. ρ= v1ρ1 +

v2ρ2, ρ1 is the density of the piezoelectric material, and ρ2

is the density of the polymer. The velocities at the ends in
the X , Y , and Z dimensions are v11, v12, v21, v22, v31, and
v32. Vx =

√
1/sxρ , Vy =

√
1/syρ , and Vz =

√
1/(szρ) are

called the equivalent sound velocity along the X , Y , and Z
dimensions. Kx = ω/Vx, Ky = ω/Vy, and Kz = ω/Vz are
named the equivalent wave number of the extensional vibra-
tion of the piezoelectric composite plate in the X , Y , and Z

directions. V31 = E3l3, V32 = E3l3, and V33 =
l3∫
0

E3 dz are re-

ferred to as the voltages. sx = Sm11 + Sm12/n1 + Sm13n3, sy =

Sm11 +Sm12n1 +Sm13/n2, and sz = Sm33 +Sm13n2 +Sm13/n3−
[dm33(dm33 +dm31n2 +dm31/n3)]/εm33 represent the equiva-
lent elastic compliance constant in the X , Y , and Z dimensions.

N11 = l2 (dm31 +dm31/n1 +dm33n3)/sx,

N22 = l1(dm31 +dm31n1 +dm33/n2)/sy,

N33 = l1l2

(
d33 +d31n2 +

d31

n3

)/
szl0

×
[

1+
d33

(
d33 +d31n2 +

d31
n3

)
(ε33sz)

]
denote the electromechanical conversion coefficient of the X ,
Y , and Z dimensions.

C0x =
l1l2[εm33−dm31(dm31 +dm31/n1 +dm33n3)/sx]

l3
,

C0z =
l1l2ε33

l3
[
1+ d33(d33+d31n2+d31/n3)

(ε33sz)

] ,
C0y =

l1l2[εm33−dm31(dm31 +dm31n1 +dm33/n2)/sy]

l3

are the equivalent clamped capacitance in the X , Y , and Z di-
mensions.

When the large-size rectangular piezoelectric composite
plate vibrates freely, F11 = F12 = F21 = F22 = F31 = F32 = 0.
The equivalent electrical admittances Y1, Y2, and Y3 in the X ,
Y , and Z dimensions are expressed as

Y1 =
I31

V31
=

jωl1l2ε33

l3

[
1−K

′2
31 +K

′2
31

(
tan(kxl1/2)

kxl1/2

)]
, (32)

Y2 =
I32

V32
=

jωl1l2ε33

l3

[
1−K

′2
32 +K

′2
32

(
tan(kyl2/2)

kyl2/2

)]
, (33)

Y3 =
I33

V33
=

jωl1l2ε33

l3

[
1−K

′2
33

1−K ′233 (tan(kzl3/2)/kzl3/2)

]
, (34)

where

K′231 =
dm31(dm31 +dm31/n1 +dm33n3)

ε33 (Sm11 +Sm12/n1 +Sm13n3)
,

K′232 =
dm31(dm31 +dm31n1 +dm33/n2)

ε33 (Sm11 +Sm12n1 +Sm13/n2)
,

K′233 =
dm33(dm33 +dm31n2 +dm31/n3)

εm33

are called the equivalent transverse and longitudinal elec-
tromechanical coupling factors in the X , Y , and Z dimensions.

When the large-size rectangular piezoelectric composite
plate is in resonance, the input electric admittance becomes
infinite. The three frequency equations can be obtained from
Eqs. (30)–(32) as follows:

tan
(

kxl1
2

)
= ∞, (35)

tan
(

kyl2
2

)
= ∞, (36)

1−K
′2
33 (tan(kzl3/2)/kzl3/2) = 0. (37)
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The third equation is clearly a transcendental equation,
let ∆ = ( fa− fr)/ fa, where fr and fa are the resonance fre-
quency and antiresonance frequency in the Z direction respec-
tively. For the fundamental mode, Kz =ω/Vz, Ka =ωa/Vz, and
tan(kal3/2) = ∞. According to the three frequency equations,
the frequency equation of the large-size rectangular piezoelec-
tric composite plate with the quasi-periodic PC structure con-
sidering the piezoelectric effect and vibration coupling in dif-
ferent directions can be written as follows:

α (1)P3 +α (2)P2 +α (3)P+α (4) = 0, (38)

where

α(1) =
C4

1C2
3(1−∆)2

l2
1 l2

2 l2
3

,

α(2) = − C4
1

l2
1 l2

2
+

C4
1K2

33

l2
1 l2

2
−

C2
1C2

3(1−∆)2

l2
1 l2

3

−
C2

1C2
3(1−∆)2

l2
2 l2

3
,

α (3) =
C2

1

l2
1
−

C2
1K2

33

l2
1

+
C2

1

l2
2
−

C2
1K2

33

l2
2

+
C2

3(1−∆)2

l2
3

−
C2

3(1−∆)2υ2
12

l2
3

− C2
1υ13υ31

l2
1

− C2
1υ13υ31

l2
2

+
C2

1(1−∆)2υ13λ31

l2
1

+
C2

1(1−∆)2υ13λ31

l2
2

,

P =
π2

ω2 ,

C2
1 =

1
(Sm11ρ)

,

C2
3 =

1
(Sm33ρ)

.

3.2. Influence of size of large-size rectangular piezoelectric
composite plate with quasi-periodic phononic crystal
structure on its vibration characteristics

The piezoelectric material used in this model is PZT-4,
and its material parameters are ρ1 = 7500 kg/m3, C11 = 13.9×
1010 m2/N, C12 = 7.78×1010 m2/N, C13 = 7.43×1010 m2/N,
C33 = 11.5× 1010 m2/N, e31 = −5.2 C/m2, e33 = 15.1 C/m2,
ε33/ε0 = 1300, and ε0 = 8.8542× 10−12 F/m. The poly-
mer is epoxy resin, and its material parameters are Cp11 =

8× 1010 m2/N, Cp12 = 4.4× 1010 m2/N, and εp11 = 0.037×
10−9 F/m. The volume fractions of piezoelectric materials and
polymers are fixed at 91% and 9%, a = 10 mm, and b = 3 mm.
Wolfram Mathematica 9.0 can be used to calculate the values
of equivalent parameters of the large-size rectangular piezo-
electric composite plate from Eqs. (20)–(22). The resonance
frequencies of the rectangular piezoelectric composite plate in
the X , Y , and Z dimensions can be obtained by substituting the
parameters into Eq. (38).
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Fig. 3. (a) Relationship between resonance frequency and length of rectan-
gular piezoelectric plate. (b) Relationship between effective electromechan-
ical coupling coefficient and length of rectangular piezoelectric plate.

Figures 3(a)–5(a) respectively illustrate the effect of ge-
ometric size on resonant frequency by changing the length,
width, and thickness of the piezoelectric plate. The black solid
line denotes the resonance frequency curve calculated by the
analytical method; the red dotted line refers to the resonance
frequency curve calculated by FEM. The square point repre-
sents the resonance frequency in the X direction; the triangle
point represents the resonance frequency in the Y direction;
the diamond point represents the resonant frequency in the Z
direction. As can be seen from Figs. 3(a)–5(a), when the width
and thickness of the rectangular plate are fixed at 50 mm and
30 mm, respectively, the resonance frequency in the X direc-
tion decreases with the increase of the length of the rectangular
plate; the resonance frequency in the Y direction remains al-
most unchanged; the resonance frequency in Z direction also
decreases slowly. When the length and thickness of the rect-
angular plate are fixed at 100 mm and 30 mm, respectively, the
resonance frequency in the Y direction decreases with the in-
crease of the width of the rectangular plate, the resonance fre-
quency in the X direction remains almost unchanged, and the
Z direction resonance frequency decreases slowly. When the
length and width of the rectangular plate are fixed at 100 mm
and 40 mm, respectively, the resonance frequency in the Z
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direction decreases with the increase of the thickness of the
rectangular plate, the resonance frequency in the Y direction
decreases slowly, and the X direction resonance frequency re-
mains almost unchanged.

The effective electromechanical coupling coefficient of
the transducer can be expressed as

Keff =

√
1− ( f r/ fa)

2,

where fr and fa represent the resonance frequency and antires-
onance frequency of the piezoelectric composite plate respec-

tively. Keff−x, Keff−y, and Keff−z represent the effective elec-

tromechanical coupling coefficients of the piezoelectric rect-

angular plate in the X , Y , and Z directions, respectively. The

effect of geometry on the effective electromechanical coupling

coefficient is studied and shown in Figs. 3(b)–5(b). It can be

seen that the resonance frequency of the piezoelectric compos-

ite plate and the effective electromechanical coupling coeffi-

cient can be changed by adjusting the size of the piezoelectric

composite plate.
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3.3. Influence of volume fraction of scatterer on thick-
ness vibration characteristics of large-size rectangu-
lar piezoelectric composite plate with quasi-periodic
phononic crystal structure

The volume fraction of the polymer phase, also known
as the filling ratio of the scatterer, affects not only the mate-
rial parameters of the composite piezoelectric composite plate
but also the existence and width of the complete band gap of
the PC. The lattice period also affects the band gap of the PC.
When the vibration frequency is within the band gap range,
the propagation of elastic waves can be suppressed or even
forbidden. The large-size rectangular piezoelectric composite
plate is a typical quasi-periodic 2D PC with the finite periodic

structure in the X and Y directions. When the thickness reso-

nance frequency of the piezoelectric composite plate is within

the band gap range in the X and Y directions, the transverse

vibration can be suppressed and the thickness vibration can be

more uniform. The dispersion curve can be used to visualize

the band gap properties of PCs. The plane wave expansion

method is usually used to calculate the dispersion curve of an

ideal 2D PC with infinite period in two dimensions. The quasi-

periodic PC structures used in transducers are all finite peri-

odic structures. Based on the characteristic of finite periodic

structure, the finite element method can be used to calculate

the band gap. The acceleration response curves in the X and Y
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directions can be obtained by uniformly applying 1-m/s2 ac-
celeration to one side and calculating the output response to
the other side of the finite-period 2D PC.

The length, width, and thickness of the rectangular piezo-
electric composite plate are 100 mm, 40 mm, and 10 mm re-
spectively, a is 10 mm, and b is changed from 2 mm to 5 mm.
v is the volume fraction of the scatterer, specifically v = b2/a2.
The relationship between resonance frequency and v, studied
by the analytical method and by finite element method, are
shown in Fig. 6(a). It is obvious that the effective electrome-
chanical coupling coefficient increases to about 0.5 with the
increase of v in Fig. 6(b). When b = 2 mm, the resonance
frequency of the piezoelectric composite plate is 180650 Hz.
As shown in Fig. 7(a), it is obvious that its thickness vibra-
tion mode is affected by the transverse vibration. The vibra-
tion amplitude is small and the mode is chaotic. As shown in
Fig. 7(b), when the side length of the scatterer is b = 5 mm,
the thickness resonance frequency of the large-size rectangu-
lar piezoelectric composite plate with the quasi-periodic PC
structure is 180910 Hz. The extensional vibration in the thick-
ness direction is more uniform, and the vibration amplitude
increases. In this work, the large-size rectangular piezoelec-
tric composite plate with the quasi-periodic PC structure used
in transducers possesses a finite-periodic structure. The two-
dimensional PC structure has a band gap in the X and Y direc-
tions, when the thickness resonance frequency is in the band

gap, the transverse vibration can be suppressed and the thick-
ness resonance frequency can be affected. From Fig. 8, when
the side length of the scatterer is b = 2 mm the resonance fre-
quency 180650 Hz is not in the transverse band gap; when
the side length of the scatterer is b = 5 mm, it is noticed that
the band gap exists in X direction varying from 180300 Hz
to 181500 Hz and the band gap exists in Y direction varying
from 179800 Hz to 183300 Hz near the resonance frequency.
The resonance frequency 180910 Hz is in the band gap range
of both X and Y directions, which can effectively suppress the
influence of the transverse vibration on the thickness vibra-
tion to achieve more uniform thickness vibration. It is shown
that the photonic band gap can be adjusted by changing the
volume fraction of the scatterer and the period. If the thick-
ness resonance frequency is in the range of the transverse band
gap, the coupled vibration of the piezoelectric composite plate
can be effectively reduced. The vibration displacement distri-
butions along the length and width of the rectangular piezo-
electric composite plate when it vibrates along the thickness
direction are drawn. As shown in Fig. 9, when b = 5 mm,
the whole vibration is more uniform and the displacement of
the whole vibration is obviously increased. When used in ul-
trasonic transducers, the structure can effectively suppress the
transverse vibration of the transducers, and the performance of
the transducers can be optimized.
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4. Conclusions
In this work, a large-size rectangular composite piezo-

electric plate with a quasi-periodic PC structure is presented.
The equivalent material parameters of the rectangular compos-
ite piezoelectric plate are derived by using the series-parallel
theory and the uniform field theory. The coupled vibration
frequency equation of the piezoelectric plate is derived by in-
troducing the electromechanical coupling coefficient, and the
equivalent circuit diagram of the 3D coupled vibration is es-
tablished. The vibration characteristics of the structure are an-
alyzed by theory and finite element simulation, and the con-
clusions are drawn as follows.

(i) The equivalent material parameters of a large-size rect-
angular piezoelectric plate with a quasi-periodic PC structure
are derived. By substituting the equivalent material parame-
ters into the coupled vibration frequency equation, the reso-
nant frequencies in the X , Y , and Z directions can be calcu-
lated.

(ii) The resonance frequency and effective electrome-
chanical coupling coefficient can be changed by adjusting the
size of the rectangular composite piezoelectric plate. The the-
oretical results are in good agreement with the simulation re-
sults.

(iii) The influence of material volume fraction on the
thickness vibration characteristics of the large-size rectangu-
lar piezoelectric composite plate with the quasi-periodic PC
structure is studied. The resonance frequency of the thickness
can be located in the band gap in the X and Y directions by
adjusting the volume fraction of the scatter.

(iv) When the thickness resonance frequency is within
the transverse band gap range of the PC structure, the effect
of the transverse vibration on the thickness vibration can be
effectively suppressed. The vibration displacement distribu-
tion along the length and width of the rectangular piezoelec-
tric composite plate are drawn when the plate vibrates along
the thickness direction. The thickness vibration amplitude is
increased and the vibration is more uniform by optimizing the
size of the large rectangular piezoelectric composite plate with
the quasi-periodic PC structure.
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