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In the ring-shaped Su—Schrieffer—Heeger (SSH) double-chain, the quantum interference between the two different
electron tunneling paths of the upper and lower chains has an important influence on the electron transport properties of
non-trivial topological edge states. Here, we have studied the electron transport signatures of non-trivial topological edge
states in a ring-shaped SSH double-chain system based on the wave-guide theory and transfer-matrix method. In the ring-
shaped SSH double-chain with the upper chain being different from the lower one, it is demonstrated that the electron
transmission probability displays the four and two resonance peaks associated with the non-trivial topological edge states
in the weak and strong coupling regimes, respectively. Whereas in the case of the upper chain being the same as the lower
one, the two transmission resonance peaks associated with the non-trivial topological edge states in the weak coupling
regime are only found, and that in the strong coupling regime disappear that originated from the destructive interference
between the two different electron tunneling paths of the upper and lower chains. Consequently, the variation of the number
of transmission resonance peaks associated with the non-trivial topological edge states in the weak and strong coupling
regimes suggests that an alternative scheme for detecting non-trivial topological edge states in the ring-shaped SSH double-
chain system.

Keywords: ring-shaped Su—Schrieffer—Heeger double-chain, non-trivial topological edge states, transmission

probability
PACS: 73.23.-b, 73.20.-1, 71.23.An, 74.25.Jb

1. Introduction

Non-trivial topological edge states have potential ap-
plications in spintronics and quantum computation because
they have a strong robustness against local material defects
and disorders. "> The one-dimensional Su-Schrieffer—Heeger
(SSH) chain,¥! which was originally used to describe poly-
acetylene molecule, is one of the simplest systems with
Particularly, the SSH

models have been experimentally realised with the photonic
[4-6 8.9]

non-trivial topological edge states.
lattices,!“! optical lattices,!”] engineered atomic chains!
and microring array.!'%! To realize quantum devices based on
non-trivial topological edge states, how to detect the edge
states is one of the important topics. Consequently, how to
determine the existence of non-trivial topological edge states
in the SSH chain systems has become an important topic in

[11-23] Recently, it has been demon-

condensed matter physics.
strated that electron transport properties associated with non-
trivial topological edge states can be used to determine the ex-

5.[24-301 Com-

istence of the non-trivial topological edge state
pared with the SSH chains being of the topologically triv-
ial and plain phases, the (Andreev) conductance and the shot
noise of the topologically nontrivial chain in the zero-bias limit
display an opposite odd—even parity effects.*°! In particular,

the transport current and its Fano factor can be used to dis-
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tinguish whether the SSH chain system is of the topologically
non-trivial or trivial phases.!?”-?8! For example, in the vicinity
of the zero energy, the variation of the number of transmission
resonance peaks in the weak and strong coupling regimes can
be used to detect whether the SSH chain is of the nontrivial
topological state or not and determine the winding numbers

(29,301 Interestingly, in

of different nontrivial topological states.
a ring-shaped SSH double-chain system, which is contrary to
the two coupled SSH double chains,'%!73% the conduction
electrons from the source electrode have two different paths
through the SSH system and tunnel into the drain electrode. In
this case, the two different electron tunneling paths can exhibit
the quantum interference effect. However, the influence of the
quantum interference between the two different electron tun-
neling paths on the electron transport properties of non-trivial
topological edge states in a ring-shaped SSH double-chain sys-
tem has not yet been revealed.31-30]

In this paper, we study the electron transport signatures
of non-trivial topological edge states in a ring-shaped SSH
double-chain system, and discuss the dependence of the elec-
tron transport properties of edge states on the quantum inter-
ference between the two different electron tunneling paths of
the upper and lower chains. In the case of the upper chain

being different from the lower one, the four and two trans-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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mission resonance peaks associated with the non-trivial topo-
logical edge states in the weak and strong coupling regimes
can be found, respectively. Whereas in the case of the upper
chain being the same as the lower one, the number of the trans-
mission resonance peaks in the weak coupling regime is only
two, and the two transmission resonance peaks in the strong
coupling regime will disappear that originating from the de-
structive interference between the two different electron tun-
neling paths of the upper and lower chains. Importantly, the
number of the corresponding transmission resonance peaks in
the strong coupling regime is also reduced by two. Therefore,
with increasing the strength of tunneling coupling between the
ring-shaped SSH double-chain and the two external electrodes
from the weak to the strong coupling regimes, the non-trivial
topological edge states can be detected by observing the varia-
tion of the number of transmission resonance peaks associated
with the non-trivial topological edge states in the vicinity of
the zero energy.

The paper is organized as follows. In Section 2, we in-
troduce the ring-shaped SSH double-chain system, and out-
line the procedure to calculate the transmission probability of
electron transport through the ring-shaped SSH double-chain
system based on the wave-guide theory and transfer-matrix
method. The numerical results are discussed in Section 3,
where we first discuss the topological properties of the non-
trivial edge states of the SSH single-chain, and then study the
influence of the quantum interference between the two differ-
ent electron tunneling paths of the upper and lower chains on
the electron transport properties of non-trivial topological edge
states in the ring-shaped SSH double-chain system, and sug-
gest an alternative scheme for detecting its non-trivial topo-
logical edge states. Finally, in Section 4 we summarize the
work.

2. Model and formalism
2.1. The ring-shaped SSH double-chain system

The ring-shaped SSH double-chain, which consists of
the two SSH chains connected in parallel to two leads, see
Fig. 1(a), is described by the Hamiltonian

Ny .
HssHoring = Vi Z (dl"nVBdl,n,A +dr7n,Ad1,n7B>
n=1

N1
+w ) (d;r,n,Bdl,n—H,A +d}L,n+l,Ad1,n,B)
n=1
Ny
+02 ) (d;m_’BdZ,mA —i—d;’m’ Adz,m,B)
m=1

Nr—1
+w Z (d;,m,de-,erLA +d;r,m+l,Ad27mvB) . (l)
m=1

The first and second terms describe the upper SSH chain, and
the third and fourth terms describe the lower SSH chain. Here,

d;m B (dy »,p) is the creation (annihilation) operator of an elec-
tron at B (B = A, B) sublattice in n-th cell of the upper chain
of the ring-shaped SSH double-chain, v; the intra-cell hop-
ping amplitude of the upper chain and w inter-cell hopping
one of the upper and lower chains; while in the case of the
lower chain i = 2. N; and N, are the number of cells of the
upper and lower chains, respectively.
The two leads are modeled as the Hamiltonian

1
s
Hijead =10 Y, (ajajfl +a;_1aj>, 2
jzfoo
HR jead = 10 Z (aj'aj+l +aj+1aj) , 3
=1

where a} (aj) is the creation (annihilation) operator of an elec-
tron at j-th lattice in the leads, and ¢y the hopping amplitude
between two nearest-neighbor lattices in the leads. The elec-
tron tunneling between the ring-shaped SSH double-chain and
the two leads reads

Hunneling = 11,14 1d1,14 +tL,ld;17Aafl +tR,laIdl,N] B
¥ ¥
+ir,1d) §, g1 +1L0d (daya +1L2d, | pa-1
¥
+irpa do N, B+ tR,2d;N2’Bala 4

where t4 1 (tq,2) is the amplitude of electron tunneling between
the a-lead and the upper (lower) chain of the ring-shaped SSH
double-chain.

N,—1
() /2/ w AN
Uy
\\Nl
tRﬁl% to
tr2 Right lead

N,

(b)
to t, v w A tr  t
O0-0-0-O—e PY —O ---- PY PY 0-0-0-0
Left lead 1 2 3 N-1 N Right lead

SSH single-chain

Fig. 1. Schematics of the considered ring-shaped SSH double-chain and the
SSH single-chain systems coupled to the left (source) and right (drain) leads
(electrodes). The hollow circles denote lattices on the leads, and red and
green circles describe the sublattices A and B of the SSH chain, respectively.
to describes the hopping amplitude between the two nearest-neighbor lattices
on the leads. (a) o1 (t¢2) characterizes the strength of tunneling coupling
between the upper (lower) chain and the a-electrode, and v; (v;) the intra-
cell hopping amplitude of the upper (lower) chain, and w inter-cell hopping
amplitude of the upper and lower chains. N; and N, are the number of cells of
the upper and lower chains, respectively. (b) v and w describe the intra-cell
hopping amplitude and the inter-cell hopping amplitude of the SSH single-
chain, respectively. t, characterizes the strength of tunneling coupling be-
tween the SSH single-chain and the a-electrode, N denotes the number of
cells of the SSH single-chain.
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2.2. The transmission probability and transfer-matrix
method

To calculate transmission probability of electron transport
through the ring-shaped SSH double-chain, the wave-guide
theory and transfer-matrix method are adopted in the follow-
ing calculation. In the Wannier basis, the wave function of the
total system |¥) can be expressed as

) = i aj,k|j>+§,laj,k|j>

Jj=—o0

Ny
+ Y (dipaklnA)+dynpilnB))

n=1
Ny
+ Y (domak|mA) +drmpimB)), (5
m=1
where the coefficients a;x and dy , g x (d2, ) correspond to
the probability amplitudes at j-th lattice in the leads and
sublattice in n-th cell of the upper (lower) chain of the ring-
shaped SSH double-chain, respectively. Inserting Eq. (5) into
the time-independent Schrédinger Equation H |¥) = E |¥), by
setting the coefficients of Wannier states on the left-hand side
of the equation being equal to that on the right-hand side, the
following set of coupled linear equations can be obtained as

toaox+iLadiiaxt+iLadoax=Ea 1y, (6)
VidiiprtiLia—1 = Ediax, (7
Vidipax +Widipriax =Edinpr, 1<n<N—1, (8
Vidi i +Widin—18x = Edipax, 2<n <N, &)
Vidin ax IR 101k = Edi N, B s (10)
Vady 1 pr+1L2a0-1k = Edyjax, (11)

Vodomak+Wadomirak =Edympr, 1 <m<Ny—1,(12)
Vodo i +wWadom 18k =Edomar, 2<m<Ny, (13)
Vady yy Ak + 1R 201k = Edy N, Bk, (14)

toar x +1tr1d1 N, Bk T IR 20 N, Bx = Eay k. (15)

Using transfer-matrix method, Egs. (8)-(14) can be reex-

pressed as
ai di Ak
o) oq ((dorak) 16
<d1.N1,B.k> 1( a—1k ) (16)
a dy 1.4k
ko) op (@rak) 17
<d27N2,B7k> 2< a—1k ) 4
with
E_w E o
Ti=| mRi IR [M,']N’_1 v v |,
1 0 1 0
E_w\[(E v
M,': V; V; w w
1 0 1 O

Moreover, Egs. (16) and (17) can be further written as

ark =[Ny diax+I[Tilpa 1k (18)
din k= [T1]o1diiax+[Tilna—1x, (19)
ark = D]y dyax+[Tlpa 1k (20)
dyny Bk = [T2]p doiak+ Do) ypa i k- 21

To simplify the calculation, the wave functions associated with
the conduction electrons are chosen as plane waves, and the
corresponding wave amplitudes of the left and right leads read
as

a_ix= e ik + rreﬂectioneikav

a_ax=e 24 r pectione® 9, (22)

ark = tiransmission€ 5

a2k = fransmission€” <. (23)
Then, inserting Egs. (22) and (23) into Egs. (6), (18)—(21), and
(15), the six coupled linear equations can be rewritten as

- [Tl]lz e_ika = [Tl]lz eika"reﬂection + [Tl]ll dl,l,A,k
- eilmttransmissiona

- [Tl]zz e ke = [Tl]zz eikar reflection + [Tl]zl dl,l,A,k
—di N, Bks

- [TZ] 12 eiiku = [TZ] 12 eiku”‘reﬂection + [TZ] 11 dZ.I,A,k

— ek transmission s

- [T2]22 eiika = [T2]22 eikar reflection T [T2]21 d2,1,A,k
—do N, B s

Eeika _ o o—2ika (toe2ika _Eeika) F eeflection

+roadiiaxt+tL2dagaks
0=1tr1d1 N, Bk TR 200N, BK

2ik ik
+ (tOe 4 —Fe! a) Ttransmission -

By solving the above coupled linear equations, the trans-
mission probability of electron through the ring-shaped SSH
double-chain system is given by

T = |ttransmissi0n |2 .

3. Results and discussion

We now study the transmission probabilities of electron
transport through the ring-shaped SSH double-chain system
in the vicinity of the zero energy. In the following numerical
calculations, the parameters of the ring-shaped SSH double-
chain system are chosen as f1,1 =12 =1, IR,] = IR2 = IR,
L=t =t,t =1.0,and w=1.0. To investigate electron trans-
port signatures of the non-trivial edge states in the ring-shaped
SSH double-chain, we first discuss the SSH single-chain sys-
tem.

027304-3
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3.1. The topological properties of the SSH single-chain

In a finite-length SSH single-chain, the energy difference
between the two non-trivial topological edge states is not equal
to zero, which depends on the intra-cell hopping amplitude v,
see Fig. 2(a). Moreover, for a given intra-cell hopping ampli-
tude v, the energy difference between the two non-trivial topo-
logical edge states depends on the length of SSH single-chain,
namely, the number of cells N, see Fig. 2(b). To characterize
the non-trivial topological properties of the SSH single-chain,
we here choose the winding number to describe the non-trivial
topological edge states. For a infinite SSH single-chain, the
winding number of non-trivial topological edge states is equal
to 1 when v < w.3”1 However, the non-trivial topological re-
gion of a finite-length SSH single-chain is smaller than the
above mentioned prediction region. Taking into account the
inter-cell hopping amplitude w = 1.0, we set v < 0.5 when
considering the SSH single-chain being of non-trivial topo-
logical edge states.

3-(a) w=1.0, / ,".
2t _— /
o, 1 1;/ ;
80
S
Q
2
€3
v v
1.0F, .1.0F .
(C):f —to—t 1):0A4I (d) : —:—N:11
0.8} LEWR=VE L, =050.8F 4 o=t o N
|t =0.0005 I L =tr - N=[12
0.6F 1w=10 10.6F jt=0.001" | N=|13
&~ "N 10 I lo=05 |
0.4f i i0.4- lw=10 |
0.2F 1 10.2} | !
ol | r. j

-8 —4 0 4 8 -4 -2 0 2 4
Ein (1074) Ein (1074)

Fig. 2. (a) The energy spectrum of the finite-length SSH single-chain with
N = 10. (b) The energy spectrum of the non-trivial topological edge states
for different finite-length SSH single-chain. (c) and (d) The transmission
probabilities of electron transport through the SSH single-chain in the vicin-
ity of the zero energy as a function of the energy of incident electron. (c)
The same finite-length SSH single-chain for different intra-cell hopping am-
plitudes with N = 10 and #, = g = 0.0005. (d) The different finite-length
SSH single-chain with v = 0.5 and #;, = rr = 0.001. The inter-cell hopping
amplitude of the SSH single-chain is chosen as w = 1.0.

To explore the dependence of the non-trivial topologi-
cal edge states of the SSH single-chain on the electron trans-
port properties, we study the electron transport through the
finite-length SSH single-chain in the vicinity of the zero en-
ergy. When the SSH single-chain weakly coupled to the source
and drain leads, the positions of transmission resonance peaks
in the vicinity of the zero energy can characterize the en-
ergy spectrum of the non-trivial topological edge states, see
Figs. 2(c) and 2(d).
mission resonance peaks associated with the non-trivial topo-

Consequently, the properties of trans-

logical edge states suggest an alternative scheme to determine

whether the SSH single-chain is of the non-trivial topological
edge states or not.

3.2. Detecting non-trivial topological edge states of the

SSH single-chain

In general, to detect the non-trivial topological edge states
of the SSH single-chain based on the properties of transmis-
sion resonance peaks in the vicinity of the zero energy, it is
necessary to study the signatures of transmission resonance
peaks associated with the non-trivial topological edge states as
a function of the externally tunable physical quantities. Here,
we select the strength of tunneling coupling between the SSH
single-chain and the two leads #;, = fr as a tunable physical
quantity. In the case of the SSH single-chain weakly cou-
pled to the source and drain leads, e.g., i, = fr = 0.004, the
transmission probability of the SSH single-chain in the vicin-
ity of the zero energy displays the two resonance peaks, see the
solid line in Fig. 3(a). With increasing the tunneling coupling
strength 71, = g, the two transmission resonance peaks first
evolved into a relatively wide resonance peak gradually, and
then the wide resonance peak disappears finally when the tun-
neling coupling strength 71, = fg reaches a certain value, e.g.,
1, =tr = 0.05, see Fig. 3(a). We next illustrate the physical
mechanism of electron transport properties of the SSH single-
chain in the vicinity of the zero energy.

In the case of the SSH single-chain coupled to the two
leads, the energy spectrum of the SSH single-chain will be in-
fluenced by the electron tunneling processes between the SSH
single-chain and the two leads. To understand the dependence
of the energy spectrum of the SSH single-chain on the magni-
tude of the tunneling coupling strength, we here consider the
energy spectrum of the SSH single-chain coupled to the two
nearest-neighbor lattices of the left and right leads j = —1 and
j = 1. When the SSH single-chain weakly coupled to the two
leads, the magnitude of the tunneling coupling strength has
a slight influence on the energy spectrum of the SSH single-
chain. Consequently, the positions of the two transmission res-
onance peaks in the vicinity of the zero energy correspond to
the energy levels of the two non-trivial topological edge states,
see the solid lines in Fig. 3(b). However, the magnitude of
the tunneling coupling strength will have a significant influ-
ence on the energy spectrum of the SSH single-chain when
the SSH single-chain strongly coupled to the two leads. Par-
ticularly, the energy levels of the two non-trivial topological
edge states will disappear, see the dashed lines in Fig. 3(b), as
a results the transmission probability approaches zero, see the
short-dash-dotted line in Fig. 3(a). Therefore, the number of
transmission resonance peaks associated with the non-trivial
topological edge states will be reduced from two to zero with
increasing the strength of tunneling coupling between the SSH
single-chain and the two leads from the weak to the strong
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coupling regimes. These results suggest an alternative way to
detect whether the SSH single-chain is of the non-trivial topo-
logical edge states or not.

1.0-(a)
0.8
0.6
M
0.4
0.2F
Y — .
_gbm) —#=00000i "7 LTI ST T
< (b) t—o0.00001 M REE o
w=1.0
= 4+ £=0.00001 o
Z i t=0.00001
% - - £=0.00100
g o—af - - - £=0.00100
= - - - £=0.00100 .
= —8r So 2000100 | eeeeeroI T
------ T i h [-=a-
0 0.1 0.2 0.3 0.4 0.5
v

Fig. 3. (a) The transmission probabilities of electron transport through the
SSH single-chain in the vicinity of the zero energy as a function of the en-
ergy of incident electron for different strengths of tunneling coupling #, = rR.
(b) Energy spectrum of the SSH single-chain coupled to the two nearest-
neighbor lattices of the left and right leads j = —1 and j = 1 in the vicinity
of the zero energy with #, =g = 0.00001 and #;, = tg = 0.001. The parame-
ters of the SSH single-chain are chosen as v = 0.4, w = 1.0, and N = 10.

3.3. Detecting non-trivial topological edge states of ring-
shaped SSH double-chain

In a ring-shaped SSH double-chain system, the conduc-
tion electrons from the source electrode have two different
paths of the upper and lower chains tunnel out the SSH sys-
tem and tunnel into the drain electrode finally. Consequently,
we can study the influence of the quantum interference be-
tween the two different electron tunneling paths on the elec-
tron transport properties of the non-trivial topological edge
states. Here, we discuss the two cases, namely, the ring-shaped
SSH double-chain with the upper chain being different from
the lower one, and that with the upper chain being the same as
the lower one. In the former case, we consider the two types
of ring-shaped SSH double-chain, namely, the length of upper
chain being the same as the lower one but with different intra-
cell hopping amplitude, and the intra-cell hopping amplitude
of the upper chain being the same as the lower one but with
different length.

In the first type of ring-shaped SSH double-chain with
the upper chain being different from the lower one, we choose
v = 0.4, 1, =0.5, and N; = N, = 10. When the ring-shaped
SSH double-chain weakly coupled to the two leads, the trans-
mission probability displays the four resonance peaks in the
vicinity of the zero energy, see the solid and the dashed lines
in Fig. 4(a). Here, the positions of the two middle resonance
peaks correspond to that of two resonance peaks of the SSH
single-chain with v = 0.4, while the positions of the two other
resonance peaks correspond to that of two resonance peaks

of the SSH single-chain with v = 0.5. When the tunneling
coupling strength #;, = tg is increased gradually, the width of
the four resonance peaks will be broadened, and the positions
of the first peak on the left and that of the first peak on the
right will move towards the zero energy position, and the two
middle resonance peaks will especially evolve into a relatively
wide resonance peak, see Fig. 4(b). Interestingly, when the
tunneling coupling strength 71, = fg reaches at a certain value,
the width of the first peak on the left and that of the first peak
on the right will become narrower and form two sharp peaks
finally, whereas the relatively wide resonance peak evolved
from the two middle resonance peaks will disappear gradually,
see Fig. 4(c).

1.0-(a) 1.0 —— ¢t=0.001
0.8 v =04 #§ - - -t=0.002
& 0.6p  w=05 i t=0.004
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1.0 —— ¢ =10.010
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~ 0.6 t=0.100
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Ein (1073)

Fig. 4. The transmission probabilities of electron transport through the ring-
shaped SSH double-chain in the vicinity of the zero energy as a function of
the energy of incident electron for different strengths of tunneling coupling
t;, = tr. The parameters of the ring-shaped SSH double-chain are chosen as

=04,v,=0.5w=1.0,and Ny =N, = 10.
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Fig. 5. Energy spectrum of the ring-shaped SSH double-chain coupled to the
two nearest-neighbor lattices of the left and right leads j = —1 and j =1
in the vicinity of the zero energy with w = 1.0. (al) #, = tgr = 0.00001 and
Ni =N, =10. (bl)y, =g =1.0and N; =N, = 10. (a2) #, = tr = 0.00001,
Ny =10and N, =11. (b2)t, =tg = 1.0, Ny = 10 and N, = 11.

To illustrate the physical mechanism of the transmission
resonance peaks, we also consider the energy spectrum of
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the ring-shaped SSH double-chain coupled to the two nearest-
neighbor lattices of the left and right leads j = —1 and j = 1.
In the weak coupling regime, e.g., #i, = tr = 0.00001, the four
energy levels in the vicinity of the zero energy correspond to
the positions of the four transmission resonance peaks, see
Figs. 4(a) and 5(al). Whereas in the strong coupling regime,
e.g., i =tr = 1.0, the two energy levels in the vicinity of
the zero energy correspond to the positions of the two trans-
mission resonance peaks, see Figs. 4(c) and 5(bl), which is
different from the case of the SSH single-chain. To further de-
termine that whether the eigenstates of these energy levels in
the vicinity of the zero energy is of the non-trivial topological
edge states or not, it is necessary to investigate the distribu-
tion of probability amplitudes of the wave functions of these
nearly zero-energy eigenstates. In the weak coupling regime,
the distribution of probability amplitudes of the wave func-
tions of the four nearly zero-energy eigenstates display the
characteristics of non-trivial topological edge states, namely,
the first and last sublattices of the upper and lower chains have
the maximum magnitudes of probability amplitudes, respec-
tively, and the magnitude of the probability amplitudes expo-
nentially decays from the two ends to the middle of the upper
(lower) chain, see Figs. 6(al)-6(d1). While in the strong cou-
pling regime, the wave functions of the two nearly zero-energy
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eigenstates are also exponentially localized at the two ends of
the upper and lower chains, see Figs. 7(al) and 7(b1). This
characteristic indicates that the first type of ring-shaped SSH
double-chain strongly coupled to the two leads still has two
non-trivial topological edge states.

While in the second type of ring-shaped SSH double-
0.5, Ny =10, and N, = 11. In the
vicinity of the zero energy, with increasing the tunneling cou-

chain, we choose v = 1V, =

pling strength from the weak to the strong coupling regimes,
the variation of the transmission resonance peaks is the same
as that in the first type of ring-shaped SSH double-chain, see
Fig. 8. Moreover, the positions of the transmission resonance
peaks in the weak and strong coupling regimes also correspond
to the energy levels of the ring-shaped SSH double-chain cou-
pled to the two nearest-neighbor lattices of the left and right
leads j = —1 and j = 1, see Figs. 8, 5(a2), and 5(b2). Impor-
tantly, the wave functions of the four nearly zero-energy eigen-
states in the weak coupling regime and that of the two nearly
zero-energy eigenstates in the strong coupling regime are also
exponentially localized at the two ends of the upper and lower
chains, see Figs. 6(a2)-6(d2), 7(a2), and 7(b2). Consequently,
the second type of ring-shaped SSH double-chain in the weak
and strong coupling regimes also has the four and two non-
trivial topological edge states, respectively.
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Fig. 6. The distribution of probability amplitudes of the wave functions of the four nearly zero-energy eigenstates of the ring-shaped SSH double-chain

coupled to the two nearest-neighbor lattices of the left and right leads j = —1 and j =1 with w = 1.0 and 7, =
10, and N, = 11.

0, =0.5,and N| =N, = 10. (a2)~(d2), v =0, =0.5, N} =

tr = 0.00001. (al)-(dl), vy =0.4,
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Fig. 7. The distribution of probability amplitudes of the wave functions of
the two nearly zero-energy eigenstates of the ring-shaped SSH double-chain
coupled to the two nearest-neighbor lattices of the left and right leads j = —1
and j =1 with w=1.0and# = =1.0. (al) and (bl) v; =0.4, v, =0.5,
and Ny = N, = 10. (a2) and (b2) v} = v, =0.5,N; =10, and N, = 11.

We last discuss the case of the upper chain being the same
=04 andN1 = Nz =10.
In the vicinity of the zero energy, the transmission probabil-

as the lower one, and choose v; = 1V

ity in the weak coupling regime displays the two resonance
peaks only, see Fig. 9(a), which is different from the case
of the upper chain being different from the lower one, see
Figs. 4(a) and 8(a). Particularly, the two transmission reso-
nance peaks will disappear gradually by increasing the tun-
neling coupling strength from the weak to the strong coupling
regimes, see Fig. 9(a). These characteristics can also be under-
stood in terms of the energy spectrum of the ring-shaped SSH
double-chain coupled to the two nearest-neighbor lattices of
the left and right leads j = —1 and j = 1. In the weak cou-
pling regime, the energy spectrum of the system have the two
twofold-degenerate energy levels in the vicinity of the zero
energy, see the dashed and the dotted lines Fig. 9(b), thus
the two corresponding transmission resonance peaks is found.
Whereas in the strong coupling regime, although the energy
spectrum of the system has two non-degenerate energy lev-
els in the vicinity of the zero energy, see the dash-dotted lines
Fig. 9(b), the transmission resonance peak can not found. This
characteristic indicates that the disappearance mechanism of
the transmission resonance peaks can be attributed to the de-
structive interference between the two different electron tun-
neling paths of the upper and lower chains.

Therefore, in the ring-shaped SSH double-chain cou-
pled to the two leads, with increasing the tunneling coupling
strength from the weak to the strong coupling regimes, the
number of transmission resonance peaks in the vicinity of the
zero energy will be reduced by two. For example, in the case
of the upper chain being different from the lower one, the num-
ber of transmission resonance peaks will be reduced from four
to two; whereas that will be reduced from two to zero in the

case of the upper chain being the same as the lower one. These
results suggest an alternative way to detect whether the ring-
shaped SSH double-chain system is of the non-trivial topolog-
ical edge states or not.
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Fig. 8. The transmission probabilities of electron transport through the ring-
shaped SSH double-chain in the vicinity of the zero energy as a function of
the energy of incident electron for different strengths of tunneling coupling
1, = tr. The parameters of the ring-shaped SSH double-chain are chosen as
v =1, =0.5,w=10,N, =10,and N, = 11.
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Fig. 9. (a) The transmission probabilities of electron transport through the
ring-shaped SSH double-chain in the vicinity of the zero energy as a function
of the energy of incident electron for different strengths of tunneling coupling
1, =tr. (b) Energy spectrum of the ring-shaped SSH double-chain coupled to
the two nearest-neighbor lattices of the left and right leads j = —1 and j =1
with #, = tr. The parameters of the ring-shaped SSH double-chain system
are chosen as vy = 1, =0.4,w= 1.0, and N; =N, = 10.

4. Conclusion

We have studied the transmission probability of electron
transport through the ring-shaped SSH double-chain system in
the vicinity of the zero energy. We have demonstrated that the
positions of transmission resonance peaks in the vicinity of the
zero energy correspond to the energy levels of the non-trivial
topological edge states. In particular, the quantum interfer-
ence between the two different electron tunneling paths of the

upper and lower chains has a significant influence on the num-
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ber of transmission resonance peaks associated with the non-
trivial topological edge states. For example, in the case of the
upper chain being different from the lower one, the electron
transmission probability displays the four and two resonance
peaks in the weak and strong coupling regimes, respectively;
whereas in the case of the upper chain being the same as the
lower one, the electron transmission probability displays the
two transmission resonance peaks in the weak coupling regime
only, and the transmission resonance peak disappears in the
strong coupling regime that originated from the destructive in-
terference between the two different electron tunneling paths
of the upper and lower chains. The predicted properties of the
variation of the number of transmission resonance peaks asso-
ciated with the non-trivial topological edge states in the weak
and strong coupling regimes suggest an alternative way to de-
tect whether the ring-shaped SSH double-chain system is of
the non-trivial topological edge states or not.
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