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We studied the rectified transport of underdamped particles subject to phase lag in an asymmetric periodic structure.
When the inertia effect is considered, it is possible to observe reversals of the average velocity with small self-propelled
force, whereas particles always move in the positive direction with large self-propelled force. The introduction of phase lag
leads particles to follow circular orbits and suppress the polar motion. In addition, this can adjust the direction of particle
motion. There exists an optimal value of polar interaction strength at which the rectification is maximal. These results open
the way for many application processes, such as spatial sorting of particles mixture and separation based on their physical
properties.
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1. Introduction
Self-propelled particles can take energy from the en-

vironment and propel themselves into an out-of-equilibrium
state.[1,2] Due to the sustained energy uptake and dissipation at
the scale of the active unit, these systems exhibit several exotic
phenomena that are inaccessible in systems at thermal equilib-
rium, for instance, swarming, flocking, and the emergence of
other collective properties. The phenomenon of collective mo-
tion can be observed on vastly different length scales, includ-
ing in schools of fish,[3] insect groups,[4,5] collections of glid-
ing bacteria,[6–8] driven biopolymers,[9,10] and cellular flows
in extended tissues.[11,12]

The external unbiased force can cause the directed motion
of the diffusing particles in the ratchet system, which is called
rectification. Generally speaking, the ratchet model with recti-
fication can be divided into the following three types:[13] (i)
Rocking ratchet:[14–16] the transient time asymmetry of the
system is caused by the unbiased external force. (ii) Flash-
ing ratchet:[17,18] the asymmetric potential field of the parti-
cle randomly transitions between two or more states or adopts
the time modulation of the potential to form a directed mo-
tion. (iii) Correlation ratchet:[19,20] this model mainly con-
siders the influence of color noise on rectification. In all
of the above models, the unbiased driving force can break
the thermodynamic equilibrium and induce the rectification
of particles. Other types of ratchet models can be summa-
rized as the above three types of extensions or their com-
binations. For example, a model based on a dual-noise,
non-uniform temperature field and an asymmetric spatial en-

vironment can be attributed to a rocking ratchet. When
the model is proposed in different states, or particles tran-
sition between multiple states, the system can be attributed
to the flashing ratchet model. Researchers have committed
to studying the rectification motion in asymmetric structures
from various aspects, such as (i) particle classification: active
particles,[21,22] polar particles,[23,24] chiral particles,[25] run-
tumble particles,[26] and others. (ii) The physical properties of
particles: size, shape, and mass.[27,28] (iii) Asymmetric struc-
tural properties: fixed structures[29] or structures with constant
velocity.[30] Most studies on the transport of self-propelled
particles have referred to the consideration of the overdamped
regime. However, the overdamped approximation is not justi-
fied in many situations. The inertial effect of particles exhibits
remarkable behaviors, including current reversals and chaotic
transport.[31–33] In addition, different noise types[34–36] also
have a great influence on the motion of underdamped parti-
cles.

Nikita and colleagues studied the stochastic dynamics of
self-propelled particles with polar interaction subject to phase
lag and revealed the existence of a traveling band, clouds,
and vortical structures.[37] However, the influence of rectifi-
cation has not been considered yet. In this paper, we extend
this work[37] by studying the ratchet transport of underdamped
particles with polar interaction subject to phase lag. We focus
on finding how the inertia effect influences the rectification of
particles and investigating the underlying mechanisms of polar
interaction and phase lag.
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2. Model and methods
We model N particles moving in a two-dimensional (2D)

space with periodic boundary conditions along the x direction
and hard wall boundary conditions along the y direction (see
Fig. 1(a)). The shape of the spatially periodic channel is mod-
eled by the half width h(x),

h(x) =


W
2
+

H
L1

x, 0≤ x < L1,

W
2
+

H
L2

(L− x), L1 ≤ x < L,
(1)

where L corresponds to the periodic of the channel, and param-
eters W and 2H+W control the minimal and maximal channel
width, respectively. The asymmetric parameter is denoted as
∆ = (L1− L2)/L. The reflecting channel boundaries are de-
fined by Eq. (1), which ensures the confinement of particles
inside the channel.[22] The coordinates of particles i= 1, . . . ,N
can be described by 𝑟i ≡ (xi,yi) and they are oriented at the
angle θi of the polar axis 𝑛i ≡ (cosθi,sinθi). We consider the
short range interaction force, 𝐹i =Fx

i 𝑒x+Fy
i 𝑒y =∑𝐹i j, acting

on particle–particle interactions. Particle i evolves according
to the following Langevin equation:

m
d2xi

dt2 =−Γ
dxi

dt
+ f0 cosθi +Fx

i , (2)

m
d2yi

dt2 =−Γ
dyi

dt
+ f0 sinθi +Fy

i , (3)

dθi

dt
=

g
|Zi

ρ |
∑
jεZi

ρ

sin(θ j−θi−α)+
√

2Dθ ξθi(t), (4)

where m is the mass of the particles, Γ is the Stokes friction
coefficient, f0 is the self-propelled force and Dθ is the rota-
tional diffusion coefficient. ξθ i(t) denotes zero mean white
noise with the relation 〈ξθi(t)ξθ j(t

′)〉= δθiθ j δ (t− t ′).
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L
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Fig. 1. (a) Schematic illustration of the ratchet device: self-propelled par-
ticles move in a two-dimensional periodic channel with periodicity L. The
reflecting channel boundaries are defined by Eq. (1), which ensures the con-
finement of particles inside the channel. (b) Schematic diagram of the polar
interaction case. Polar interaction leads to the parallel alignment of the ve-
locity of moving objects.

According to Eq. (4), we consider the polar interaction of
particles, and particles interact with each other within a radius
ρ . Each particle adjusts its direction of motion to the average

motion direction of the neighborhood Zi
ρ . Zi

ρ denotes the car-
dinality of the set of all neighbors. The set of all neighbors for
a particle i obeys the following equation:

Zi
ρ = { j| j ∈ {1, ...,N}\i,(xi− x j)

2 +(yi− y j)
2 ≤ ρ

2}. (5)

Polar interaction is controlled by a coupling strength g and ad-
ditionally adds a phase lag parameter α . The orientational or-
der can be characterized by the polar order parameter P,[38–40]

P =

〈∣∣∣∣∣ 1
N

N

∑
j=1

eiθ j(t)

∣∣∣∣∣
〉
, (6)

where 〈· · · 〉 denotes time average. Here, P→ 1 represents par-
ticles moving in the same direction, P→ 0 represents particles
moving in any direction.

Pairs of particles i and j interact through a stiff repulsive
harmonic force, 𝐹i j = k(ri j − 2r)𝑟̂i j when ri j < 2r (𝐹i j = 0
otherwise). r denotes the radius of the particle, k is the spring
constant, and ri j = |𝑟i− 𝑟 j| and 𝑟̂i j = (𝑟i− 𝑟 j)/ri j. In order
to mimic hard particles, we use a larger value for the product
of the spring constant, thus ensuring that the particle overlaps
decay quickly.

Before the statistical simulation, we can rewrite Eqs. (2)–
(4) in the dimensionless forms, giving the characteristic length
scale x̂ = x/L, ŷ = y/L and the timescale t̂ = t/τ0, τ2

0 = mL.

d2x̂i

dt̂2 =−Γ̂
dx̂i

dt̂
+ f̂0 cos θ̂i + F̂x

i , (7)

d2ŷi

dt̂2 =−Γ̂
dŷi

dt̂
+ f0 sin θ̂i + F̂y

i , (8)

dθi

dt̂
= ĝ ∑

jεZi
ρ

sin(θ j−θi− α̂)+

√
2D̂θ ξ̂θi(t̂), (9)

where Γ̂ = (τ0/m)Γ , ĝ = (g/|Zi
ρ |)τ0, α̂ = ατ0, D̂θ = Dθ τ0,

and χ̂ = (χ/L) (χ = L1,L2,r,W,H). From now on, we will
only use the dimensionless variables and omit the hat for all
quantities appearing in the above equations.

In this paper, we use the second-order stochastic Runge–
Kutta algorithm. To characterize the particles’ drift in the
absence of external biases, the average velocity along the x-
direction can be obtained as vθ0 = lim

t→∞
(〈x(t)〉θ0/t), where θ0

is the initial angle of the trajectory. The rectification power
after a second average over all θ0 is

v =
1

2π

∫ 2π

0
dθ0vθ0 . (10)

The area coverage of the self-propelled particles is φa =

Nπr2/L(H +W ).

3. Results and discussion
In the simulation results, the initial position of the parti-

cles is randomly distributed in the sample; meanwhile, orienta-
tions are also random over the interval [0,2π]. We have chosen
less than 10−3 integration step time and over 107 simulation
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time to reach a steady state. Unless otherwise illustrated, the
set parameters are H = 4.0, L = 15.0, ∆ =−0.7, r = 0.5, and
φa = 0.2.

Actually, there are two critical elements of the ratchet
setup in nonlinear systems.[41] One is the asymmetry (tem-
poral and/or spatial) that can violate the left–right symme-
try of the response because transport in a fully symmetrical
system is unbiased. The other is the fluctuating input zero-
mean force: it should break the thermodynamical equilibrium,
which prevents the appearance of any directed transport due
to the second law of thermodynamics. For our system, the
asymmetry comes from the left–right asymmetry of the chan-

nel and the fluctuating input zero-mean force comes from the
self-propulsion of active particles.

Figure 2 describes the average velocity v as a function
of the self-propelled force f0 for various values α . When
f0→ 0, particles can be seen as passive and the self-propulsion
disappears; thus, the average velocity is not obvious. When
f0 → ∞, no external ratchet mechanism is applied to the par-
ticles; this means that the symmetry of the system cannot be
broken and thus v drops to zero. In order to discuss this in
detail, we compare −Γ

dx
dt + f0 cosθ(t) for the underdamped

case (see Fig. 2(a)) and f0 cosθ(t) for the overdamped case
(see Fig. 2(b)).
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Fig. 2. Average velocity v versus the self-propelled force f0 for various values α at Γ = 3.0. (a) Underdamped case (with the inertial term). (b) Overdamped
case (without the inertial term). (c) Average velocity v versus the self-propelled force f0 at Γ = 30.0 and α = π/6.0 when the inertial term is included and
neglected. (d) Description of the average position x versus time starting from the random initial condition for various values f0, corresponding to a, b, c
in Fig. 2(a). (e) 2D histogram of particle probability density distribution corresponding to a in Fig. 2(a). (f) 2D histogram of particle probability density
distribution corresponding to b in Fig. 2(a). The other parameters are Dθ = 0.01, ρ = 1.5, W = 3.0, and g = 0.1.

For the overdamped case (without inertial term) shown in
Fig. 2(b), the particle always moves along the easy direction
of the substrate asymmetry (positive v) and no current rever-
sals occur. The ratchet phenomenon can be explained as fol-
lows. Note that ∆ controls the direction of the average veloc-
ity. When ∆ =−0.7, the left side of the structure is steeper and

it is easier for particles to move toward the slanted side than to-
ward the steeper side, so on average particles move to the right
(positive average velocity). It is important to note that in the
overdamped limit current reversals of the non-active particles
can be induced by several combined rectification mechanisms
in complex systems.[42,43] However, in our simple system, the
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ratchet effect only occurs in a single direction when the inertia
is neglected.

For the underdamped case (with the inertial term) shown
in Fig. 2(a), the transport behaviors become complex. For the
certain value of α , upon increasing f0, the average velocity
firstly increases to its negative maximal value, then decreases,
and finally reverses its direction. The most important feature
for the underdamped case is the occurrence of current reversal.
This phenomenon is also a common feature in collectively in-
teracting non-active systems,[44–46] where the reversal mecha-
nism is different from that in the present system.

Now we will explain the above behaviors. The direc-
tion of transport is determined by the competition between the
slope of the structure and the distance from the lowest to the
highest part of the asymmetric structure. When the distance
from the lowest to the highest part of the asymmetric structure
dominates the transport (particles can easily pass the barrier),
and the distance from the slanted side is longer than the steep
side, the particles are easily thrown out from the steep side,
resulting in negative average velocity. As shown in Fig. 2(e),
most of the particles are concentrated on the steep side; thus,
on average the average velocity is negative. As f0 increases,
the effect of inertia weakens; the slope of the structure dom-
inates the transport (particles cannot easily pass the barrier),
and the left side of the asymmetric structure is steeper and thus
particles prefer to gather on the slanted side (see Fig. 2(f)), re-
sulting in particles on average moving to the right. Of course,
if the structure is negligible, the ratchet effect will disappear.
Note that the direction of the particles also depends on the
magnitude of α; please refer to Fig. 5 for a specific explana-
tion. For a very large value of Γ (e.g., Γ = 30.0), shown in
Fig. 2(c), the system reduces to its overdamped version and

thus the curves are almost identical for both underdamped and
overdamped cases.

In Fig. 2(d), we plot the average position x of particles as
a function of the time t starting from the random initial condi-
tion for various values f0, corresponding to a, b, c in Fig. 2(a).
At a and b, |x| increases over a long period of time, which
means that particles continuously flow in the right (or left) di-
rection near the optimal value f0. At c, x is near zero for a
long time, illustrating that the directed transport is destroyed
for large f0.

The dependence of the average velocity v on the friction
coefficient Γ for various values α are presented in Fig. 3. In
the underdamped regime, at short timescales (t � 1/Γ ), the
dynamic of particles is dominated by inertia and the trajec-
tory cannot be self-similar, which is termed “ballistic Brow-
nian motion”.[47] In the overdamped regime, particles show
diffusive motion at short timescales.[48] According to Eq. (7),
there exists competition between the friction coefficient Γ and
the self-propelled force f0. This means that at small values of
Γ , the self-propulsion force plays a key role in transport and
thus the average velocity is prominent. When Γ →∞, the self-
propulsion force is completely suppressed and rectification is
destroyed, thus v→ 0. However, for intermediate values of Γ

(e.g. 1.0 < Γ < 10.0) and desirable values of f0 (e.g. f0 = 0.5
see Fig. 3(a)), the distance from the lowest to the highest part
of the asymmetric structure dominates the transport; the par-
ticles are easily thrown out from the steep side and thus the
average velocity is negative. However, for the case of f0 = 2.0
[see Fig. 3(b)], the slope of the structure dominates the trans-
port; the average velocity is always positive and there exists an
optimal value of Γ at which v is maximal.
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v
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Γ

(a) (b)

Fig. 3. Average velocity v versus the friction coefficient Γ for various values α . (a) Self-propelled force f0 = 0.5. (b) Self-propelled force f0 = 2.0. The
other parameters are Dθ = 0.01, W = 3.0, ρ = 1.5, and g = 0.1.

We present the average velocity v versus the polar interaction strength g for various α in Fig. 4. When the polar interaction
is considered, particles show clustering behaviors. Note that the size of the cluster increases with polar interaction strength.
When g→ 0, the polar interaction can be ignored and particles cannot form a cluster. As g increases, the polar interaction takes
effect and particles form some clusters. Also, the clusters begin to interact with asymmetric structures. For the case of f0 = 0.5,
shown in Fig. 4(a), particles are very sensitive to the distance from the lowest to the highest part of the asymmetric structure
and particles can be easily thrown out from the steep (left) side, resulting in negative average velocity. For the case of f0 = 2.0,
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shown in Fig. 4(b), the slope of the structure dominates the transport and thus the average velocity is always positive. When
g→ ∞, all particles form a big cluster and the effect of asymmetric structures is negligible; the ratchet effect will disappear and
thus v reduces to zero. The corresponding polar order parameter P as a function of g is plotted in Fig. 4(c). Because the polar
interaction dominates the transport, particles move in the same direction and form a big cluster (see Fig. 4(d)), leading P→ 1.
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Fig. 4. Average velocity v versus the polar interaction strength g for various values α at Γ = 3.0. (a) Self-propelled force f0 = 0.5. (b) Self-propelled force
f0 = 2.0. (c) Polar order parameter P as a function of the polar interaction strength g for various values α at Γ = 3.0 and f0 = 2.0. (d) Representative
trajectories of particles (different particles are differentiated by color) moving inside the channel at g = 21 and α = 0.0 described by a in panel (b). The other
parameters are Dθ = 0.01, W = 3.0, and ρ = 1.5.
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Figures 5(a) and 5(b) show the average velocity v and po-
lar order parameter P over the phase lag α . For α = 0, we
can feature the phenomenology of the Vicsek model. In this
model, two solutions are possible: one observes the formation
of the polar order when the noise is small, whereas particles
exhibit disordered motion. Due to the current value of the rota-
tional diffusion coefficient Dθ = 0.01, our system satisfies the
former scenario. In this case (α = 0.0), particles form some
clusters and P attains a maximal value, shown in Figs. 5(b) and
5(d). The presence of the phase lag causes the synchronized

particle system to start rotating (see the trajectory of the parti-
cles in Fig. 6(a)), which suppresses the rectification and polar
strength. Therefore, both the average velocity and the polar
order decrease. The introduction of phase lag can be consid-
ered as a substitution of chirality explicitly by the rotation fre-
quency of each particle.[37,49,50] In addition, when we perform
analysis of the right-hand side of Eq. (9), it is found that the
term of α has a periodic effect on the rectification. Thus, the
above discussion is valid only based on the minimum period
regime of α .
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Fig. 6. (a) Representative trajectories of particles (different particles are differentiated by color) illustrate the underlying mechanics between α and the polar
interaction: for large α (α = π/2.0), particles follow circular orbits and frustrate the polar interaction. The other parameters are g = 1.0, Dθ = 0.01, ρ = 1.5,
W = 3.0, and f0 = 2.0. (b) Dependence of the average velocity v on the rotational diffusion coefficient Dθ for various values Γ . The other parameters are
f0 = 0.5, g = 0.1, α = 0.0, W = 3.0, and ρ = 1.5.
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Fig. 7. (a) Contour plots of v as a function of f0 and α . (b) Contour plots of P as a function of f0 and α . The other parameters are Dθ = 0.01, g = 0.1,
Γ = 3.0, W = 3.0, and ρ = 1.5.

Figure 6(b) depicts the impact of the rotational diffusion
coefficient Dθ on the rectification of self-propelled particles.
The correlation function of the orientation is expressed as
〈𝑛(t) ·𝑛(t ′)〉 = e−Dθ |t − t ′|.[51] When Dθ → ∞, this correla-
tion converts to the delta function, the persistence length de-
creases (eventually vanishes) and the self-propelled force acts
as a zero mean white noise; thus, the system is in equilibrium
and the rectification disappears. When Dθ is small, the curves
v(Dθ ) are different for two cases: (A) for the damping case
(e.g. Γ = 0.3,3.0) and (B) for the weak damping case (e.g.
Γ = 0.05). For the damping case (Γ = 0.3,3.0), the momen-
tum relaxation time τ = 1/Γ is far less than the persistence
time τp = 1/Dθ = 100. Thus, rotational diffusion dominates
the transport; this case is similar to the adiabatic regime in the

forced thermal ratchet.[52] This means that the self-propelled
angle θi remains nearly the same and the average velocity ap-
proaches its maximal values. For the weak damping case (e.g.
Γ = 0.05), the momentum relaxation time τ becomes large,
and the damping process competes with the rotational diffu-
sion. When increasing Dθ from zero, the thermal noise, by
pulling the particles towards the channel, acts as lubricant and
thus the average velocity increases. When Dθ → ∞, the sys-
tem begins Brownian motion and becomes homogeneous, thus
suppressing the rectification.

To investigate the dependence of v and P on α and f0

in detail, we show the contour plots v and P as a function of
α and f0 in Figs. 7(a) and 7(b). By adjusting f0 and α , the
curves of v and P change periodically. When α is increased
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from zero, the average velocity is always positive at f0 < f1;
interestingly, in the period range of α ∈ [0,2π] (0 < α < α1),
the particle changes its direction twice at f0 > f1. The critical
values of f1 and α1 depend on the system parameters.

4. Conclusion
In this work, we have numerically studied the ratchet

transport of underdamped particles subject to phase lag in a
2D asymmetric channel. We found that when the inertial term
is included, the transport behaviors become complex. For very
small values of Γ , the average velocity is always positive.
For intermediate values of Γ , the average velocity is negative
for a small self-propelled force and positive for a large self-
propelled force. For very large values of Γ , the system can
be reduced to an overdamped version. In addition, there ex-
ists an optimal value of the polar interaction strength at which
the rectification is maximal. We have shown that it is possible
to change the direction of the particles in the presence of α .
On increasing the phase lag from zero, the average velocity
can change its direction serval times for characteristics of crit-
ical f0. Moreover, by introducing the phase lag, particles start
to rotate and might suppress the rectification. For the damp-
ing case, the average velocity decreases monotonously with
increasing Dθ ; however, for the weak damping case, there ex-
ists an optimal value of Dθ at which the average velocity is
maximal.
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