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Rayleigh—Taylor instability (RTI) of finite-thickness shell plays an important role in deep understanding the character-
istics of shell deformation and material mixing. The RTT of a finite-thickness fluid layer is studied analytically considering
an arbitrary perturbation phase difference on the two interfaces of the shell. The third-order weakly nonlinear (WN) so-
lutions for RTT are derived. It is found the main feature (bubble-spike structure) of the interface is not affected by phase
difference. However, the positions of bubble and spike are sensitive to the initial phase difference, especially for a thin shell
(kd < 1), which will be detrimental to the integrity of the shell. Furthermore, the larger phase difference results in much
more serious RTI growth, significant shell deformation can be obtained in the WN stage for perturbations with large phase
difference. Therefore, it should be considered in applications where the interface coupling and perturbation phase effects

are important, such as inertial confinement fusion.
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1. Introduction

When the heavier fluid is supported or accelerated by the
lighter one, the perturbed fluid interface between two fluids is
subject to Rayleigh-Taylor instability (RTT).!"?! RTT is widely
exist in laboratory experiments, such as magneto-inertial fu-
sion (MIF)P! and inertial confinement fusion (ICF).[* The
RTI is considered to be a critical mechanism for the whole per-
turbation growth in ICF implosions.!*! The typical ICF central
ignition capsule contains two fluid layers, the imploded fuel
shell is distributed on the inside and the outside is surrounded
by an ablation layer. Therefore, there are at least three inter-
faces for the implosion capsule, namely, the ablation interface,
the fuel-ablator interface, and the hot-spot interface. During
the acceleration phase of the implosion, the high density fuel
shell is accelerated by the ablative plasma and the ablation in-
terface is subject to RTI. The hot-spot interface is also suffer
to RTI in the deceleration stage where the heavy fuel shell is
decelerated by the internal light hot-spot. The RTI growth can
cause the ablator material to mix into the hot-spot, limit the
implosion compression of the fuel, and even destroy the in-
tegrity of the implosion shell. More seriously, the RTI would
hinder the formation of hot-spots, resulting in the degradation
of ICF implosions. Because of its importance and significance
to the basic research and engineering application for ICF im-
plosion, it is still a key issue to investigate the RTI growth in
the ICF implosions.
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The classical RTI (CRTI) is first studied analytically by

2 the linear growth for two semi-

Rayleigh!!! and Taylor,!
infinity fluids is derived. It is found that small perturbations at
the fluid interface grow exponentially in time, i.e., () /Mo ~
e, where y = \/Akg is growth rate and 1) is the initial pertur-
bation amplitude, A is the Atwood number at the interface, & is
perturbation wave-number, and g is the gravitational acceler-
ation. Most researchers deal with classical RTI model of two

e.[0-111 However, we

semi-infinity fluids with a single-interfac
want to investigate an accelerated thin shell in ICF implosion.
How perturbations on one interface are transmitted to another
interface is a critical issue for ICF implosion. Mikaelian!1%!3]
studied the linear growth of RTI for arbitrary number of strat-
ified fluids, the linear growth rate and the interface coupling
effect is discussed analytically. Recently, we have investi-
gated the linear growth of RTI in planar,l'*! cylindrical, ']
and spherical geometry,!'® the explicit interface coupling phe-
nomenons are analyzed. Weis!'”! studied the RTI growth on a
finite plasma slab with an arbitrary magnitude magnetic field
and obtained the feedthrough factor between the slab inter-
faces. The RTT of finite-thickness shell in spherical and cylin-
drical geometry are discussed by Velikovich!!®! with Bell—
Plesset effects!!”! into consideration. All these works men-
tioned above are about linear growth of RTI, the experiment

results[20-2!1

I have confirmed that the perturbation is in the lin-
ear stage when the perturbation amplitude 1(¢) is less than

the wavelength A (1(¢) < A). When the perturbation ampli-
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tude grows to be comparable to the perturbation wavelength,
kn(t) ~ 1, the perturbation begins to enter into the weakly
nonlinear (WN) stage. The initially symmetrical interface will
transform into an irregular bubble-spike-like structure. The
WN model can be used to describe the RTI growth and the
interface deformation in WN stage, which is consistent with
the experiment results. 21?2 Jacobs!®! developed a third-order
WN model of A = 1 to study three-dimensional CRTI with dif-
ferent interface symmetries (rectangular, circular, and hexago-
nal). The CRTI for arbitrary Atwood number A with initial in-
terface and velocity perturbations are studied by Wang.[®! It is
found the coupled interface and velocity perturbations play an
important role in the experiment.?”! Recently, a single-mode
WN model for RTI growth on finite-thickness fluid shell is
established, >34 the perturbation growth and the shell defor-
mation is illustrated clearly. All these works are about per-
turbations at the shell interfaces with the same phase. Due to
the inhomogeneity of the imploded shell and the asymmetry
of the laser drive, the phases of the perturbations at the inter-
faces are random. The evolution of interface instability is af-
fected by small-scale details of the initial phase condition until
later nonlinear stage.>! In this research, the RTI growth for
finite-thickness shell in WN stage is presented where the per-
turbations on the shell interfaces are initiated with an arbitrary

phase difference.

2. Theoretical model

In the present work, a finite-thickness shell with fluid den-
sity p and thickness d is immersed in a gravitational field
—gé,, as displayed in Fig. 1. Both sides of the fluid shell
are vacuum. The finite-thickness fluid is considered to be in-
compressible, irrotational, inviscid, and immiscible. A two-
dimensional Cartesian coordinate is used, where x and y are
along and normal to the upper interface of the fluid shell, re-
spectively. The unperturbed upper and lower interfaces are
located at y = 0 and —d, respectively. In the following dis-
cussion, the physical quantities on the upper interface are in-
dicated by superscript “u” and that on the lower interface by

“I”, unless otherwise indicated.

LA

! Upper interface z

Lower interface

—d t }
N hn
\A‘AZA\/L_\

Fig. 1. Schematic drawing of finite-thickness fluid shell considered in this
paper.

The velocity potential related to the incompressible fluid
that can be written as

¢ (x,y,1) :¢(0)(t)+(p(x,y7t), (H

where @) (t) is unperturbed velocity potential and @(x,y,t)
is the perturbed velocity potential. The Bernoulli equations
which describe the pressure conditions at the upper and lower
interfaces are

1
Vo0 ==p |0t 50 e 0] @)

1
o7 =—p [0 3 (V0P e’ ~sd 1)

where p‘(‘o) and p1(0> are the unperturbed pressures at the two
interfaces. Thus, the unperturbed pressures at the upper and
lower interfaces are

Ploy = —p [90) () + f(0)], )
Plo) = —P [9(0)(t) —gd + f(1)], ©)

where the dot above represents the derivative of time. As can
be seen, the equilibrium pressure condition pl(o) — p‘(’o) =pgd
has been satisfied. Therefore, the perturbed pressures can be
obtained as

~i 1 i
P'=—p|o+5 (e +97) +en'|, ©)

where i = u,] represents the physical quantities at the upper
and lower interfaces. For a finite-thickness fluid layer in a
gravitational field, the perturbed pressures at the two interfaces

23,24]

are zero,| namely, p' = 0. The kinematic conditions at the

upper and lower interfaces are

Qe M — 9y =0, Q)
which means the normal components of velocity at the two
interfaces are continuous.

Considering the initially single-mode perturbations at the
upper and lower interfaces have an arbitrary phase difference.
Then, the perturbations and perturbed velocity potential are
expressed in the first-order as

N1y (1) = uj(t) cos(kx) +uj (1) sin(kx), (8)

n(ll)(xj) = I(t) cos(kx) + [} (¢) sin(kx), 9
0y (x.3,1) = [ar ()R + b1 (1)e ™| cos(kx)

+ {cl(t)eky—i-dl (t)e*ky} sin(kx), (10)

Substituting Egs. (8)—(10) into Egs. (6) and (7), the gov-
erning equations for u§(¢), u}(r), I$(¢), and [} (¢) are obtained.
Considering there are single-mode cosinusoidal perturbations
at the upper and lower interfaces with an arbitrary phase def-
ference, which can be expressed as

nE‘l)(x,t:0):Aocos(kx+ 0), an
Niyy(x,t = 0) = By cos(kx), (12)
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where Ag and By are initial perturbation amplitudes at the up-
per and lower interfaces, 0 is the initial phase difference of
the perturbations at the two interfaces. Then, using the initial
conditions Eqgs. (11) and (12), the linear solutions for the RTI
growth of the perturbations are derived as

172’1) =e ¢ [(EA cos 0 + Eg) cosh(yr)

- (EA cos e’ + EB) cos(}/t)} cos(kx)

+Z4sin 6 {e‘g cos(yr) —e° cosh(yt)} sin(kx), (13)
Ny = [(EA cos 0 + Ep) cosh(yr)

- (EA cos 6 + 336_25) cos(yt)} cos(kx)
+E4 sin O[cos(yr) — cosh(yt)] sin(kx), (14)

where ¥ = /kg is the growth rate and € = kd is the normalized
fluid thickness. The coefficients Z4 = —Age ™% /(1—e~2¢) and
Zp=By/(1—e 2%). As can be seen, perturbations on the two
interfaces are coupled especially for a thin shell (§ < 1), the
coupling effect is represented by =4, Zp, and ¢ 5. The lin-
ear growth rate 7y is independent on the phase difference 6.
However, interface deformation and the perturbation ampli-
tudes are affected by 8, which will be discussed later. When
the perturbations at the two interfaces are in phase (8 = 0), the
linear results of CRTI in Refs. [2,24] are recovered.

In order to investigate the weakly nonlinear (WN) growth
of the finite-thickness RTI with an arbitrary phase difference
into consideration, the oscillation terms (i.e., cos(yr)) and the
terms decaying exponentially in time (i.e., ") are dropped,
keeping only the dominate terms (i.e., e”, e?", &3¥') at each
order.?>?* Thus, at arbitrary time #, the interface perturba-
tions N%(x,¢), n'(x,), and velocity potential @(x,y,?) can be
expanded into the third-order in a formal parameter € as

I
Mw

0, (x.1) g [u;“(:) cos(nkx) + s (¢) sin(nkx)} L (15)

3
Ny (nr) = Y & [z;OS(wcos(nkx)H;i“(t) sin(nkx)}, (16)

3
P(x,yt) = Z " [(Pﬁos(y,t) cos(nkx)
3" (0.1) sin (k) a7)

the perturbation amplitudes are ut®(r) = Z]Jy:() Uy n€""" and
usn(¢) = 1jv=0 Uy, n€"", wherem=n+2jand N = [(3—n)/2|
is Gauss’s symbol which represents the maximum integer less
than or equal to (3 —n)/2. The corresponding perturbation

N ¢ entt

amplitudes at the lower interface are [;**(t) = Yo/,

and I§"(7) = Z]}':O I, ,€"". The amplitudes for velocity po-

tentials are @5 = YV (amne® +bmae )" and g5t =

ZZJ\-’:() (c,,meky +dm7ne_k~") €. The perturbed velocity poten-
tial already satisfies the Laplace equation V2@ = 0. The
U (3, ,) are the amplitudes of n-th cosinusoidal (sinusoidal)
Fourier harmonic in the m-th order of € on the upper interface.
The I, , (1;,,) are the corresponding amplitudes on the lower
interface. The amplitudes u;, ,, Uy, ,, I, ,» and [, , depend on
shell thickness d and initial phase difference 6 which are un-
knowns that we want to obtain. Substituting Eqs. (15)-(17)
into Eqgs. (6) and (7), picking out terms with the same power
of parameter €” to establish the governing equation. Then, we
can solve these resulting equations step by step forn =1,2,3.
The amplitudes of first three cosine harmonics at the lower in-
terface are derived as

If | = Excos 8 + Ep, (18)
15,= —%k (E3cos(20) +2cos OE Ep+ EF),  (19)
3= %k%il [(2cos(26) — 1) =3

+2cos0E4Ep + EF], (20)
5, = —%k%jl (3e—25 +2)

x (Ef +2c0s0E Zp+ EF) . (1)

The corresponding amplitudes for sine harmonics are ob-
tained simultaneously as

[} =—CEpsiné, (22)
Lo =~k 1Ty, (23)
3= %kzlil [(2cos(260) +1) =3

+6c0s0Z4Eg +3E7], (24)

1
By ==k (3e*2‘5 +2)

x (Ef+2c0os0E,Ep+ E5) . (25)
The perturbation amplitudes u,, , and u;, , at the upper
interfaces are
l%,2e7n§7 m= n?
s = (3 n 2e*25) (26)
lﬁq(ys,,)e’é X, m#n.
(2 +3e7% )

If the initial phase difference 8 = 0, the classical third-
order WN results for finite-thickness RTI are recovered. >34
As can be seen, the perturbation growth and interface defor-
mation of finite-thickness are dependent on the shell thickness
and the initial phase difference 6. That means phase differ-
ence O plays an important role in WN evolution of finite RTI

which will be discussed in the following.
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3. Results and discussion

In this section, the WN evolutions of RTT on the two inter-
faces of finite-thickness shell with arbitrary phase difference
0 are studied. The dependence of interface deformation and
bubble-spike growth on the shell thickness and phase differ-
ence are illustrated in some detail.

In Fig. 2, temporal evolutions of perturbed upper and
lower interfaces are displayed at y# = 5.0 for initial phase dif-
ference 6 = 0,7 /4,37/5, and 7. The initial perturbation am-
plitudes are Ag = By = 0.001A4, where A = 2x/k is the per-
turbation wavelength with k = 1. The 6 = 0 (in phase) case
for finite-thickness RTI>* is shown for comparison. As can
be seen, initial cosinusoidal perturbations develop into bubble-
spike structure in the WN stage for a thin shell. Because of the
interface coupling effect, the upper interface (initially stable)
also becomes unstable. The larger phase difference 0 leads to
more obviously irregular deformation of the shell. Although
the initial phases of perturbations on the upper and lower inter-
faces are different, the phases of the perturbation growth at the
two interfaces become the same with time proceeding. That
means only a bubble and a spike exist in one period along the
horizontal direction. However, we can also found that the posi-
tions of the bubble and the spike are related to the initial phase
difference 6. When the perturbations on two interfaces are in
phase (6 = 0), the spike position is xpike = 0.54. When phase
difference is 6 = 7/4, the position of spike is xgpixe ~ 0.6184.
In ICF implosions, the perturbation source at the interfaces
of the shell can be either initial perturbations or feedthrough
among the shell during the implosion. As the perturbations on
the two interfaces are random, perturbations on the two inter-
faces with phase difference will be a common phenomenon in
the process of ICF implosion that should be considered care-
fully.

0.4 0.4

(a) 0=0

(b) 9=rn/4

z/A z/A

Fig. 2. Temporal evolutions of interface positions of upper and lower inter-
faces at yr = 5.0 for phase difference 6 = 0 (a), /4 (b), 37/5 (c), and ©
(d). The dashed lines represent the unperturbed shell with shell thickness
kd = 0.4. The initial perturbations are Ay = By = 0.0011.

The distance between the adjacent bubble and the spike
is A /2, which implies that the main structure of the interface

caused by RTI for different 6 remains unchanged (retaining
the characteristics of single-mode RTI perturbation). How-
ever, the positions of the bubble and the spike are related to 6.
The position of the spike corresponds to the position where the
perturbation amplitude is maximum, which can be obtained
using the formulas (16), (18), and (19), as

sin 0
(Ao/Bo)es —cos O’

tan(kxspike) = 27
the explicit dependence of thickness & and phase difference 6
are shown. The dependences of the spike position Xgpike On
kd and O are displayed in Fig. 3. As the phase difference
6 increases to 7, the normalized spike position xgpike/A in-
creases gradually to the maximum and then decreases to 0.5.
The larger shell thickness kd results in the smaller the maxi-
mum position of the spike under the same conditions. When
kd approaches 4.0, the position of the spike is not affected by
the phase difference, as the upper and lower interfaces are de-
coupled for a thick shell. We can also obtain from Eq. (27)
that the position of the spike is determined by the coupling
between two interfaces in the linear stage. The specific shape
and growth of bubble—spike asymmetry are also affected by
the phase difference which will be discussed later. Thus, it is
found that phase difference of perturbations on two interfaces
play an important role in the WN evolution of the shell, es-
pecially for kd < 1. In typical ICF implosions, a thin shell is
imploded inward, phase difference will cause the spike of the
fluid to move in the vertical direction of the implosion acceler-
ation. Then, the integrity of the shell will be destroyed, which
will accelerate the mixing of ablated materials and DT fuel,
thereby affect implosion compression and reduce energy gain.

0.7F
[ —0—kd=0.2
—o—kd=0.4
C —%— kd=0.8
=< L —0—kd=4.0
< i
T 06F
& i
8
0.5
PR U SR S EN S S S N I SR S S S E S S S
0 w/4 2m/4 3m/4 s
0

Fig. 3. The position of the spike tip xpike/A versus the initial phase dif-
ference 6 for kd = 0.2, 0.4, 0.8, and 4.0. The initial perturbations are
Ao = By = 0.001A.

The distortion of the shell is exhibited in Fig. 4 by study-
ing the evolution of shell thickness djpike at the spike tip and
dpupble at the bubble vertex. The evolution of normalized
dspike /d and dpypple /d with different 6 are displayed in this fig-
ure. The shell thickness dipixe increases with time proceeding

but dpubble decreases with time y¢. That means the growth of
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finite-thickness RTI exacerbates the deformation of the shell.
As can be seen, the dpike increases with 6 but dpyppie decreases
with 8. Thus, the in phase case (6 = 0) for the growth of per-
turbation at the two interfaces of the shell will underestimate
the perturbation growth. The phase difference of perturba-
tion should be considered when predicting shell deformation
in ICF implosions.

2.0F
| (a)
| —o0— 0=m7/4
r —Oo— 0=m7/2
3
S i A g
2 15f =m
-@ L
1.0 o it BRI B
1.0
[ (b)
S L
3 L
ng 0.8
el L
’B -
0.6
P R AU RN B B
0 1 2 3 4 5 6
vyt

Fig. 4. Temporal evolutions of shell thickness at the spike tip (a) and the bub-
ble vertex (b) for initial shell thickness kd = 0.5. The initial phase differences
are 0 = /4, /2, and 7, respectively.

In Fig. 5, the evolution of dimensionless velocity
vepike (k/g)!/? of spike and vpupple (k/g)'/? of bubble for dif-
ferent initial phase difference 6 are analyzed. The velocity of
spike tip vgpike increases with time, the larger phase difference
0 leads to larger spike velocity. The velocity of bubble ver-
tex Vpubble grows gradually with time, the bubble velocity is
sightly affected by phase difference 6. The velocity of spike
is sensitivity to the phase difference until late nonlinear stage.
Therefore, it is necessary to consider the influence of the initial
phase difference on the perturbation growth in ICF implosion.

Temporal evolutions of fundamental mode nécl,s) /A for co-
sine mode perturbation are displayed in Fig. 6(a) and the cor-
responding second harmonic generation —n§§§ /A is shown in
Fig. 6(b). For different phase difference 0, the nc(éz grows
gradually to a maximum with time y#, and then decreases
quickly. Since the decreasing amplitude in the WN stage is un-
realistic, the scope of application of the third-order WN theory
is before the fundamental mode exceeding the maximum am-
plitude. The large phase difference 6 results in larger perturba-
tion growth of the fundamental mode. The negative amplitude
—n§§§ means the phase of the second harmonic changes by
7 in comparison to the fundamental mode. When the second
harmonic is generated, the bubble-spike structure on the inter-
face is formed. As can be(;)een, the larger 6 leads to larger

perturbation amplitude —1)¢o4, the more round bubble tip and

more narrow spike tip can be obtained. Thus, we can conclude
that the perturbation growth and bubble—spike deformation are
affected by 6, which is consistent with the phenomenon ob-
served in Fig. 2.

1.0F
| (a)
C
< 05
g
&
2
0
1.0F
= |
~ L
~2
= 0.5f
2 L
2 L
S
e SR T S NS W T\ W NS VR
% 1 2 3 4 5

it

Fig. 5. Temporal evolutions of the velocity of spike tip vypike (k/g) 1/2 (a) and

bubble vertex viybbie (k/g) 1/2 (b) at the lower interface of the shell. The initial
phase differences are 6 = /4, m/2, and 7, respectively.

0.10F

/<

~

ZZ 005

=
% 1 2 3 4 5

Nt

0.10

,<

~

52 0.05

T

Fig. 6. Temporal evolution of normalized amplitudes of the perturbation fun-

damental mode nfolz /A (a) and the second harmonic 7170(52 /A (b). The initial
phase differences are 6 = 0 (CRTI), /4, 7/2, and 37/5, respectively.

Temporal evolutions of the fundamental mode ns(ih) /A and
the second harmonic —ns(ii) /A for sine mode perturbation are
displayed in Figs. 7(a) and 7(b), respectively. When the pertur-
bations on the upper and lower interfaces are initiated with an
arbitrary phase difference 6, the sine-mode perturbation will
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be generated. The interaction of the cosine mode and the sine
mode causes the positions of the bubble and the spike to be
related to the initial phase difference 6. When yr = 4.0 and
kd = 0.5, the sine-mode perturbation 1\ /. is ~ 0.035, 0.044
and 0.04 for 6 = /4, 2n/4, and 37/5. Thus, the different 6
leads to different growth of the sine mode, which causes the
positions of bubbles and spikes to rely on 6. The second har-
monic —n;i) /A also plays an important role in the develop-
ment of bubble-spike structure. The amplitude of the second
harmonic depends on shell thickness d and phase difference 6.
For kd = 0.5, the amplitude —ns(izn) is approximately related to
~ sin 0, so the perturbation amplitudes are approximately the
same for @ = /2 and 37/5 ,which can be seen in Fig. 7(b).
The sine-mode perturbations are disappeared for 6 = 0 which
means the results for previous finite-thickness RTI growth are

recovered.[23:24]
0.10 M (a)
[ —0— 0 = 7T/4
< | ——0=2n/4 N
£ 0.05 ——0=3n/4
=
0%
0.10
’<
~~
SE 005
T

Fig. 7. Temporal evolutions of normalized amplitudes of the perturbation

fundamental mode ns(iln)/ A (a) and the second harmonic 7715(;) /A (b). The
initial phase differences are = 7/4, 7/2, and 37 /5, respectively.

4. Conclusion

The WN model for RTI growth of finite-thickness incom-
pressible shell is investigated analytically, considering that
there is an arbitrary phase difference for the perturbations at
the upper and lower interfaces. The third-order solutions are
obtained to describe the perturbation growth and the shell de-
formation. When the phase difference 8 = 0, the WN results
for RTI growth of a finite-thickness slab are recovered. >4l
The phase difference plays an important role in perturbation
growth and the deformation of imploded shell for ICF implo-

sions. The larger 6 leads to more obvious bubble-spike struc-

tures at the shell interfaces. That means larger 6 results in
more round bubble shape and more narrow spike tip. Mean-
while, the positions of bubble and spike are dependent on shell
thickness d and phase difference 6. For a thin shell implo-
sion, the initial cosine-mode perturbations on two interfaces
are coupled, and the sine-mode perturbation will be generated
with the time proceeding which affects the position of bubble-
spike structure. The analytical model is expected to improve
the understanding of the interface coupling and initial pertur-
bation phase effect on the RTI growth of a finite-thickness
shell in ICF implosion. It is notable that the potential influ-
ences of compressibility are not included in our model. They
are quite important for ICF. Considerations of compressibil-
ity effects are beyond the scope of this work, which will be
pursued in the future.
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