CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Majorana zero modes, unconventional real-complex transition, and mobility edges in a

one-dimensional non-Hermitian quasi-periodic lattice

Shujie Cheng(Ji%F57%) and Xianlong Gao(/ %% %)
Citation:Chin. Phys. B, 2022, 31 (1): 017401. DOI: 10.1088/1674-1056/ac3222
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Majorana zero modes, unconventional real-complex transition, and mobility edges in a

one-dimensional non-Hermitian quasi-periodic lattice

Shujie Cheng(i+57%) and Xianlong Gao(/5 5t 1¢)
Chin. Phys. B, 2022, 31 (1): 017401. DOI: 10.1088/1674-1056/ac3222

Topological superconductivity in a Bi,Te;/NbSe, heterostructure: A review

Hao Zheng(%B7%5), Jin-Feng lia( %1 & %%)
Chin. Phys. B, 2019, 28 (6): 067403.  DOI: 10.1088/1674-1056/28/6067403

Topological phase diagrams and Majorana zero modes of the Kitaev ladder and tube

Yiming Wang(F.—"%), Zhidan Li(Z=EHH), Qiang Han (5 5:)
Chin. Phys. B, 2018, 27 (4): 047401. DOI: 10.1088/1674-1056/27/4047401

Spatially resolved gap closing in single Josephson junctions constructed on Bi,Te; surface

Yuan Pang(JE i), Junhua Wang(F32£), Zhaozheng Lyu(2 HA1E), Guang Yang(#7%), Jie Fan(#i), Guangtong
Liu(X!]]"[A]), Zhongqing Ji(& FE FK), Xiunian Jing(3= 75 4F), Changli Yang(# £ 22), Li Lu(& 77)
Chin. Phys. B, 2016, 25 (11): 117402.  DOI: 10.1088/1674-1056/25/11/117402

Topological phase transition in a ladder of the dimerized Kitaev superconductor chains

Bo-Zhen Zhou(JH1#5%), Bin Zhou(J# %)
Chin. Phys. B, 2016, 25 (10): 107401. DOI: 10.1088/1674-1056/25/10/107401


http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac3222
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac3222
https://doi.org/10.1088/1674-1056/ac3222
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac3222
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac3222
https://doi.org/10.1088/1674-1056/ac3222
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/6/067403
https://doi.org/10.1088/1674-1056/28/6/067403
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/4/047401
https://doi.org/10.1088/1674-1056/27/4/047401
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/11/117402
https://doi.org/10.1088/1674-1056/25/11/117402
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/10/107401
https://doi.org/10.1088/1674-1056/25/10/107401

Chin. Phys. B 31, 017401 (2022)

SPECIAL TOPIC — Non-Hermitian physics

Majorana zero modes, unconventional real-complex transition,
and mobility edges in a one-dimensional
non-Hermitian quasi-periodic lattice

Shujie Cheng(fH7%) and Xianlong Gao(# 56 %)

Department of Physics, Zhejiang Normal University, Jinhua 321004, China

(Received 26 August 2021; revised manuscript received 18 October 2021; accepted manuscript online 22 October 2021)

A one-dimensional non-Hermitian quasiperiodic p-wave superconductor without P77 -symmetry is studied. By an-
alyzing the spectrum, we discovered that there still exists real-complex energy transition even if the inexistence of P7T -
symmetry breaking. By the inverse participation ratio, we constructed such a correspondence that pure real energies corre-
spond to the extended states and complex energies correspond to the localized states, and this correspondence is precise and
effective to detect the mobility edges. After investigating the topological properties, we arrived at a fact that the Majorana

zero modes in this system are immune to the non-Hermiticity.

Keywords: non-Hermiticity, Majorana zero mode, mobility edge, unconventional real-complex transition

PACS: 74.20.—Z, 72.20.Ee, 71.23.An

1. Introduction

In 1958, P. W. Anderson uncovered that the absence of the
diffusion of wave packets can be induced by disorder.!'! Since
then, Anderson localization has gradually appealed much at-
tention and becomes an active research area in condensed-
matter physics. The scaling theory tells us that when the
strength of the disorder reaches the threshold, all the eigen-
states of the one-dimensional (1D) and two-dimensional (2D)
systems will be the Anderson localized states. However,
Mott found that in some exceptional systems, i.e., the three-
dimensional (3D) Anderson model, only part of the eigenstates
are localized, which are separated from the extended states by
the so-called mobility edges. !

In reality, beyond the 3D systems, in the 1D quasi-
periodic systems, known as the Aubry—André-like (AA-like)
models (extensions of AA modelP), there also occur mobil-
ity edges (MEs). Here, the quasi-periodicity accounts for the
uncorrelated disorder. In 1988, Sarma et al. discovered that in
a class of AA-like model with slow-varying potentials, there
also exist MEs.[*! The numerical solutions show that the den-
sity of states peaks at MEs, and the first-order derivative of
the Lyapunov exponent is discontinuous at MEs. Later, an
asymptotic semiclassical technique was proposed to locate the
MEs.! The authors transformed the problem of solving the
mobility edge into the problem of analyzing the solution of
a characteristic equation. The complex solutions correspond
to the extended states, and the real solutions correspond to
the localized states. Accordingly, mobility edges are acquired
by this strategy. Recently, this analytical method is devel-
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oped to calculate the MEs in off-diagonal AA-like models.
When the slow-varying potential is incommensurate and the
hopping amplitudes are commensurate, Liu ef al. found that
there are two pairs of MEs at weak potential strength, and the
system becomes Anderson localized when the potential gets
stronger.l! When the off-diagonal term is incommensurate
and the potential is commensurate, there is a pair of parallel
MEs; when the two terms are both incommensurate, there will
appear multiple MEs, and the singularity at which the MEs in-
tersect signals the Anderson localization.!”! Furthermore, Liu
et al. investigated the delocalization—localization properties
of another form of off-diagonal AA-like model.[8! The results
show that the wave functions present multifractal behavior,
thus making the phase diagram consist of extended phase and
critically localized phase. Recently, this theoretically model
has been experimentally realized by taking advantage of ultra-
cold atomic momentum-lattice engineering and these phases
predicted in Ref. [8] were successfully probed by observing
the dynamical inverse participation ratio (IPR)."!

Decade ago, ME was discovered in a AA-like model
with long-range hoppings by Biddle er al!'9 In that pa-
per, they solved the expression of the ME by the dual trans-
formation. The exact ME is coincident with the energy
spectra embellished by the IPR. In 2015, Ganeshan inves-
tigated the delocalization—localization properties of an AA-
like model with generalized potentials.!!'!] They demonstrated
the presence of the MEs in this model by means of the
dual transformation. The analytical ME accurately parti-
tioned the energy spectrum into the extended and the local-
ized parts. For this model, Xu ef al. carried out some dy-
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namical investigations.[!?) The dynamical behaviors, such as
the wave packet propagation and Loschmidt echo in the inter-
mediate regime where the mobility edge appears are in con-
trast to those in the extended and localized regimes. Partic-
ularly, Wang et al. discovered the duality between two typ-
ical AA-like models!!¥ and invariable MEs were discussed
in Ref. [14]. Besides, MEs have been investigated in other
quasiperiodic models with self-dual symmetry.[!3-17]
Non-Hermiticity always brings about some novel quan-
tum phenomena without any analogy to the Hermitian

18-2
ga[ §-201

case, such as P7T-symmetry breakin exceptional

points,?!~26] anomalous bulk—boundary correspondence, 7!
skin effect.[?8-33]

interplay between the uncorrelated disorder and non-

and non-Hermitian Furthermore, the
Hermiticity will give rise to the delocalization—localization
transition.3**#!1 An intriguing discovery is the appear-
ance of MEs in Hanato—Nelson model with nonreciprocal

42-45] A recent study provides an intuitive topolog-

hoppings.
ical explanation why localization transition happens in the
Hatano—Nelson model.[*®) Not only that, MEs appear in the
non-Hermtian systems accompanied by the quasi-periodic po-
tentials, showing their robustness against the uncorrelated dis-
order and non-Hermiticity. For example, Liu ef al. con-
centrated on the relationship between the Anderson localiza-
tion and the P7T-symmetry breaking as well as the MEs in a
1D non-Hermitian quasicrystal.[*”] The main findings are that
Anderson localization is accompanied by the P7T -symmetry
breaking, and MEs only emerge in the real energy part. Zeng
et al. determined the topological nature of MEs in a non-
Hermitian AA-like model.! Liu et al.

eral AA-like models with non-Hermitian potentials, and ac-

studied two gen-

quired exact MEs by means of the self-dual condition.°! In
experiments, MEs were successfully observed in 3D Anderson
models*52! and 1D AA-like models. 333!

The delocalization—localization transition and topologi-
cal superconducting were originally two different research
fields, but now are linked by the p-wave pairings. Kitaev
model®”! is a standard superconducting model to interpret
the topological transition in topological superconductors. The
AA-like model with p-wave pairings can be viewed as the
quasi-periodic generalizations®®! of the Kitaev model, imply-
ing that both the two mentioned phenomena are capable of
occurring in a topological superconductor. Coincidently, the
phenomenon that the Anderson localization transition is syn-
chronized with topological superconducting transition was un-
covered by Cai et al. [58] Almost at the same time, the trans-
port properties of this quasi-periodic topological superconduc-
tor were well discussed.’”! However, the exploration of the
physics behind such types of systems is far from over. Re-
cently, the extended-critical was detailedly discussed in the
topological non-trivial phase with chirally distributed Majo-

rana zero states. Moreover, the extended and critical regions
as well as their boundaries completely accord with the pre-
dictions by the multifractal analysis.[®) In recent years, the
relevant studies have been extended to other quasi-periodic
generations,[1-91 and besides, the quench dynamics!®®! and
Kibble—Zurek machanism!®”! were well investigated.

It was noted that the topological non-trivial region of
the Kitaev model where Majorana zero mode (MZM) exists
is independent of the superconducting pairing strength, and
is only determined by the hopping amplitude.®’! The quasi-
periodic potential unexpectedly becomes an advantage that it
broadens the original topological non-trivial region,>®! offer-
ing multiple degrees of freedom to manipulate the topolog-
ical superconducting transition. Dramatically, this advantage
brought by quai-periodicity is greatly fragile in the presence of
non-Hermiticity, which will compress the original non-trivial
region.[%8] But at least, we should reach an agreement that
MZM:s dot not disappear in spite of non-Hermiticity.[6%-74]
In addition, we know that the non-Hermitian systems usually
have complex eigenvalues, which are the direct results of non-
conservation of probability on account of gain and loss. How-
ever, Bender and Boettcher found that in a class of systems
with P T -symmetry (combination of parity () symmetry and
time-reversal (7) symmetry), there exist pure real energies.!'%]
The reason why there exists real energies is that the P7T-
symmetry allows the gain and loss to be coherently balanced.
PT-symmetry breaking indicates that such a balance is bro-
For decades, the
PT-symmetry was once regarded as the minimum constraint

ken, then the energies become complex.
to preserve the real energies. The latest researches, how-
ever, have shattered that perception. There exists a type of
unconventional real-complex transition independent of P7T -
symmetry breaking. Hamazaki er al. found that in a non-
Hermitian many-body system with only time-reversal sym-
metry, many-body localization can significantly restrain the
imaginary part of the complex energies, whereas a system with
broken time-reversal symmetry cannot retain real energies. !
Hereto, does this result mean that the time-reversal symme-
try is the lowest constraint to maintain real energies? The an-
swer is negative. Reference [68] showed that in a class of non-
Hermitian topological superconductor only with particle—hole
symmetry, the real-complex transition still exists. Moreover,
different from the consequence of Hamazaki et al., here the
extended phase maintains the real energies.

In reality, a topological superconductor cannot avoid the
exchange of matter and energy with its surroundings, form-
ing the so called non-Hermitian systems, and this exchange
is not conductive to the existence of MZM.!98] Therefore, it
is desirable to search a topological superconductor that is ro-
bust against the non-Hermitian perturbations. In this paper,
we are motivated to theoretically engineer a topological super-
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conductor which is capable of preserving the same topologi-
cal features as their original Hermitian case, and thus immune
to the fragility caused by the non-Hermitian perturbations. A
topological phase diagram will be presented by means of the
transfer matrix method and the relationship between the topo-
logical phase transition and the gap closing will be discussed.
Besides, we will analyze its energy spectrum to find if there
will be a unconventional real-complex transition independent
of PT-symmetry breaking. Furthermore, we try to reveal
the correspondence between the real-complex transition and
delocalization—localization transition in this system and verify
this correspondence by means of the IPR.

The rest of this paper is organized as follows. Sec-
tion 2 describes the non-Hermitian p-wave superconductor
and presents its Hamiltonian both under periodic boundary
condition (PBC) and open boundary condition (OBC). Sec-
tion 3 introduces the transfer matrix method on the purpose of
extracting the Z, topological invariant of this system. Sec-
tion 4 contains the analysis of the MZMs, the topological
phase diagram, and the real-complex transition, as well as
the correspondence between real-complex transition and the
delocalization—localization transition by means of the IPR.
Section 5 summarizes the results of these investigations.

2. Model and Hamiltonian

We consider a one-dimensional p-wave superconductor
with generalized non-Hermitian quasiperiodic on-site poten-
tials, whose Hamiltonian in the real space is expressed as

L—-1 L
A=Y (—tefenri+A),6+he) + Y Vacien, ()
n=1 n=1

where n is the site index, L is the size of the system, and

¢y (¢1) is the fermion annihilation (creation) operator. ¢ in

the hopping amplitude chosen as the unit of energy, and A

denotes the strength of superconducting pairings between the

s.1571 We choose the real A which makes

18]

nearest-neighbor site
it clear that our system does not possess P7 -symmetry,|
and the system belongs to the class D in the topological
classification.!”®! The generalized non-Hermitian potential V,
has the following form:

14

V= 1 —pei2man’

2
where V represents the strength of the potential, b € (0,1) is
a dimensionless parameter, and o = (v/5 — 1) /2 is the incom-
mensurate modulation frequency which makes the potential
quasiperiodic. Such a complex potential can be experimen-
tally realized in a synthetic mesh photonic lattice and an ex-
perimental proposal has been discussed in Ref. [49]. When
b= o, =0, the model is reduced to the Kitaev model,’”] whose
topological phase boundary is known at V = 2¢ (V < 2f is

topological non-trivial phase and V > 2¢ is topological trivial
phase).

Due to the particle-hole symmetry, we can make a di-
agonalization on the Hamiltonian in Eq. (1) to obtain its en-
ergy spectrum. We perform the Bogoliubov—de Gennes (BdG)
transformation

L
é}( Z [uj,n6; + Vj,nén] , 3)
n=1
where é; is the BAG operator, j is the energy level index and
belongs to 1, ..., L, and the coefficients u;, and v;, are com-
plex numbers, so that the eigenenergy E; of the system can be
determined by the following BdG equations:

{_t(un—1+un+l)+A(Vn—l _Vn+1>+Vnun :Ejum )

t(vnfl +Vn+l) +A(un+l 71/!,1,1) — Vv = Ejvn

To make the above equation a matrix presentation, we intro-
duce the wave function with the following form:

W) = (uj1,vj1,4j2,vj2, s ujr,viL) - (5)

At the n-th lattice site, the probability p, is given as p, =
u2 4 v2. Then, we arrive at the BAG matrix

Ay B O - .. ... C
B4, B 0 0
0B " A3 B 0 - 0
H=1 o e e | (6)

where

v, 0 —1 —A
v ) e (3) o

—t A . 00
andC = (A ; )forsystemwnhPBCandC_ (0 0) for

system with OBC.

Definitely, H is a 2L x 2L matrix. By diagonalizing H, we
can acquire the full energy spectrum E; and the corresponding
wave functions |y;) directly.

In the next section, we will discuss the topological proper-
ties of the system, such as the Z, topological invariant, Majo-
rana zero energy modes, and the corresponding states. More-
over, we will quantitatively analyze the real-complex energy
transition and the mobility edge by the inverse participation
ratio.

3. Transfer matrix method

As mentioned that our system belongs to the class D in
the topological classification, the topological properties of the

system are directly reflected by a Z, topological invariant M.

71,78

We determine M by the scattering matrix method,!””-78! for
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the reason that this method is well-behaved in non-Hermitian

I [68

topological superconductor.®8! The scattering matrix S con-

sists of four submatrices with the following form:

R T
S=(TRJ, ®)

in which the 2 x 2 subblocks { R, R’} and {T',T"} denote the
reflection and transmission matrices at the two ends of the sys-
tem. With the matrix R, the Z, topological invariant M is
given as!08.77.78]

M = sgn(Det(R)), ©)

where sgn is the sign of the determinant (Det) of R. When
M = —1, the system is in the topological nontrivial phase,
which supports the existence of the Majorana zero-energy
mode (MZM), and M = 1 corresponds to the topological trivial
phase where there is no any MZM.

The scattering matrix .S can be acquired by the transfer
matrix scheme. We set the Fermi energy at Er = 0, then Eq. (4)
with zero energy is rewritten as

~F At
tn¢n X f,_ ¢n71 )

=), 1 , 10

(¢n+l > " ( d)n ( )

in which ¢, = (u,,v,)" denotes the wave function at the n-th

site, and
< 0 i
An— (_fnl _fn]fn> (11)
with f, = —to, +1iAo, and %, = V,,0,. After a recursive pro-

cess, the waves at the two ends (n = 1 and n = L) of the system
depend on the total transfer matrix A

SZS\LS\L_y“SzS\l. (12)

In order to separate the left-moving and right-moving waves,
we need to introduce a unitary operators U. After per-
forming a unitary transformation, the total transfer matrix
becomes08-77-78]

< 1 I I
N Sal -
A=U"\U, U_\fz(iI—iI)’ (13)
where I is an identity matrix. Accordingly, the relationship
between R (R') and T (T") is presented as

(8)2(5) () (2) o

Therefore, we can calculate the total transfer matrix A to ob-
tain the Z; topological invariant M.

4. Results and discussion

At the beginning, we investigate the topological proper-
ties of this system. For convenience but not losing general-
ity, we take A = 0.5¢ throughout the following studies. Along

the above strategy, we numerically calculate the Z, topolog-
ical invariant M with various potential strength V and finally
acquire the phase diagram, which is explicitly shown in Fig. 1.
Intuitively, there are two different phases with M = —1 and
M =1, respectively. According to Ref. [68], we know that
here M = —1 stands for the topological non-trivial phase and
M =1 denotes the topological trivial phase. For b = 0, we
have already known that our model is reduced to the Kitaev
model, whose topological boundary is V = 2¢. For other differ-
ent b, the topological boundary is also stably located at about
V = 2t, reflecting that the topological properties are immune
to the non-Hermtian disturbance. This feature is of impor-
tance to its practical applications. Moreover, we note that the
topological boundary is the same as that of the Kitaev model.
From this aspect, our theoretical model is the reappearance of
the Kitaev model in the non-Hermtian case.

1

0 1.0 2.0 3.0 4.0
V/t
Fig. 1. The Z, topological invariant M as a function of the potential strength
V. M = —1 corresponds to the topological non-trivial phase, and M = 1

denotes the topological trivial phase. Other parameters are @ = (v/5 —1)/2
and A = 0.5¢.

For topological insulators and Chern insulators, gap clos-
ing is a key feature to manifest the topological phase transi-
tion. We find that this characteristic is not an exception in
our non-Hermitian p-wave superconductor. With the purpose
of making this conception explicit, we investigate how the real
gap A, behaves with potential strength V. Ay, is the difference
of the (L4 1)-th real energy level and the L-th real energy level
under PBC with the definition of Ay = E7 | — Er. We choose
four typical values of parameter b (b = 0.1, 0.4, 0.7, and 0.9)
and fix the size of the system L = 500, then the correspond-
ing energies can be extracted by diagonalizing the matrix pre-
sented in Eq. (6). Figure 2 shows the variation of A, as a
function of the potential strength V with various b. For differ-
ent b, the real gap of this system is readily seen to be closed
at V = 2r. What needs illustration is that for larger size of the
system, the gap closing point still locates at V = 2¢. This result
is in accordance with the phase diagram in Fig. 1, and confirms
the prediction that the topological superconducting transition
is accompanied by the gap closing. Recalling the potential de-
fined in Eq. (2), in fact, we expanded it as the superposition
of the homogeneous Hermitian part and the non-Hermitian
quasiperiodic one which consists of terms with various or-
ders of the parameter . When the potential strength is small,
the energy gap is sensitive to the non-Hermitian quasiperiodic
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terms. Accordingly, we can see that in Fig. 2, when the system
is in the topological phase, the gap changes as the parameter b
varies. When the potential strength becomes large, the energy
gap will be dominated by the homogeneous Hermitian part.
Therefore, from Fig. 2, we can see that in the topological triv-
ial phase, the energy gap curves for different b collapse to a
single line.

0.6

0.5

0.4r

0371

A/t

0.2

0.1

1.6 1.8 2.0 2.2 2.4

Fig. 2. The variation of real energy gap A as a function of V with various
b. Other involved parameters are @ = (v/5—1)/2, A = 0.5z, and L = 500.

Now that we have figured out the topological phases of
the system, what other physical information can be extracted
from the topological non-trivial phase? By considering OBC,
b=0.5, and L = 500, we acquire the real part of excited spec-
trum of the superconductor, shown in Fig. 3(a). As the picture
shows, there are MZMs in the topological non-trivial phase
(V < 2t), while the MZM in the trivial phase (V > 2¢) is ab-
sent. In other words, MZM is protected by the topology. We
further want to investigate the bulk—edge correspondence by
analyzing the lowest excitation mode. With this purpose, we
rewrite the BAG operator in Eq. (4) as

L
Z Oin¥e — iV, (15)

l\)\'—*

where 74 and y? are the Majorana operators, satisfying y4 =
¢l +¢, and Y = i(¢) — ¢,) and obeying the relations ()';,B)+ =
¥ oand (¥, 15} = 28,484 with B.B' € {A,B}; ¢, =
(uj_’,, + VJ",,) and Yin = (ujm — Vj,n)~

Figures 3(b) and 3(d) (3(c) and 3(e)) present spatial dis-
tributions of |@| (|y]) for their corresponding lowest excitation
modes. According to the real excitation spectrum, we imme-
diately know that when V = 1.5¢, the lowest excitation mode
is exactly the MZM. It can be seen that |¢| and |y| are dis-
tributed at the disparate ends of the superconductor, implying
that the original paired Majorana fermions (MFs) have been
This
phenomenon is the direct result of non-trivial topology. More-
over, no anomalous edge state!?’]

split into two independent and spatial-separated MFs.

is found here. In the same
way, we know that when V = 2.5¢, the lowest excitation mode

ceases to be the MZM, but corresponds to the bulk state. As
Figs. 3(d) and 3(e) show, |¢| and | y/| are distributed in the bulk
of the system, signifying that there is no spatial-separated MF.
This circumstance is determined by the trivial topology.

4 o , , , , ,
a
. 3
~
Q2
T |
g 1HII||||||||H H
0.5 15 2 25 3.0 35 40
v/t
1.5 0.10 "
(b) V=1.5¢ V=2.5¢
o o
= 05 ‘MW
0 0" :
1 100 200 300 400 500 1 100 200 300 400 500
0.3 — 0.10 R
s (© V=1.5¢ (e) V=25t
e = 0.05 i
. =
0 0 ,
1 100 200 300 400 500 1 100 200 300 400 500
J J

Fig. 3. (a) The real part of excitation spectrum under OBC. The MZM exists
when V < 2¢. Spatial distributions of |¢| and |y| for the lowest excitations
with V = 1.5¢ in (b) and (c), respectively, and with V = 2.5¢ in (d) and (e),
respectively. V = 2t is the topological phase transition point of the system.
Other involved parameters are b = 0.5, o = (/5 — 1)/2, and L = 500.

For non-Hermitian systems, we intuitively take the atti-
tude that their eigenvalues are complex. Nevertheless, the the-
orem proposed by Bender and Boettcher points out that there
are real energies in systems with P77 -symmetry.!'8! When this
symmetry is broken, then the energies become complex. Re-
cently, there was a research that discovered an unconventional
real-complex energy transition independent of P77 -symmetry
breaking.[%®! This intriguing finding motivates us to make it
clear if there is other types of real-complex transition that is
not dominated by P7 -symmetry breaking. For the sake of
general consideration, we take b = 0.5, L = 2000, and OBC in
the following analysis. Figure 4(a) plots the energy spectrum
in the complex plane with V = 0.2¢. The system now is in the
topological non-trivial phase. Intuitively, the imaginary parts
of the energies are suppressed at Im(E) = 0. We conjecture
that the real energies are closely related to the extended states.
To validate this speculation, we introduce the IPR,

L
IPR; = Y (luj|* + [vjnl*) - (16)

n=1
For a normalized wave function, if its IPR scales as IPR; o
1/L (approaching O at large L), then this wave function is ex-
tended; if IPR is greater than zero (approaching 1), then this
wave function is localized.”! Figure 4(b) shows the variations
of IPR with Re(E) at V = 0.2r.
is readily seen that IPRs are approaching zero, implying all
these wave functions are extended. Figures 4(c) and 4(d) are
the probability distributions of the typical extended wave func-
tions taken from the 71-th and 1921-th excitation modes, re-
spectively. Readily, the wave functions extend throughout the

With large system size, it
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system, conform to the analysis by the IPR. Here, p denotes
the probability, satisfying p, = u,zl + vfl, and the same below.
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Fig. 4. (a) Energy spectrum in the complex plane with V = 0.2¢. (b) IPR ver-

sus Re(E). Panels (c) and (d) show typical extended wave functions taken

from the 71-th and 1921-th excitation modes, respectively. Other involved
parameters are & = (v/5 — 1)/2 and L = 2000.

If we take V = 6t and the system is in the topological
trivial phase, then we will observe distinctly different phe-
nomena. Compared to the energy spectrum in Fig. 4(a), the
energies at V = 6t shown in Fig. 5(a) are fully complex. The
spectrum presents a closed loop, indicating that there is no
skin effect.*>-*!1 We plot the IPR as a function of Re(E) in
Fig. 5(b). As the figure shows, IPRs are finite numbers, ap-
proaching 1, which indicate that these wave functions are lo-
calized. We choose two typical localized wave functions as
two intuitive examples. Figures 5(c) (the 520-th excitation
mode) and 5(d) (the 578-th excitation mode) show that the
wave functions are localized in the bulk of the system.
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Fig. 5. (a) Energy spectrum in the complex plane with V = 6¢. (b) IPR
versus Re(E). Panels (c) and (d) are the possibility distributions of typical
localized wave functions taken from the 520-th and 578-th excitation modes,
respectively. Other involved parameters are @ = (v/5 — 1)/2 and L = 2000.

From the above numerical analysis, we construct such a
correspondence that real energies correspond to the extended
states and complex energies to the localized ones. Motivated

by this correspondence, we wander whether there exists an-
other type of real-complex transition, i.e., when the param-
eters are specified, the energies consist of pure real part and
complex part. The reason why we pay attention to this issue
is that this case will lead to the appearance of MEs. To reveal
its existence, we take V = 1.5¢. According to the topological
phase diagram in Fig. 1, we know that the topological invariant
is M = —1, implying that the system is in the topological non-
trivial phase. Accordingly, there appears MZM (see Fig. 3(a)),
whose spatial distributions are shown in Figs. 3(b) and 3(c), re-
spectively. However, in this case, the spectrum in the complex
plane presents different features. Concrete speaking, the spec-
trum consists of two small loops and two big loops, as well as
two regions of real energy (see Fig. 6(a)). Besides, the IPRs of
the loop regions are finite numbers, larger than zero, whereas
the ones of the real-energy regions are zero (see Fig. 6(b)). In
Fig. 6(c), the red line shows the probability distribution of a
typical localized wave function taken from the 10-th excita-
tion mode whose corresponding energy is located at the small
energy loop and the green line denotes the one taken from
the 1990-th excitation mode whose corresponding energy is
located at the big energy loop. Differently, in Fig. 6(d), we
see a extended probability distribution whose corresponding
wave function is taken from the 578-th excitation mode with
pure real energy. The difference of the characteristics of the
wave functions announces that the presence of the ME. Intu-
itively seen from Fig. 6(a), these two types of correspondences
are separated by four magenta dashed lines, i.e., the so called
ME:s.
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Fig. 6. (a) Energy spectrum in the complex plane with V = 1.5¢. (b) IPR
versus Re(E). The magenta dashed lines denote the MEs. (c) Red line de-
notes the probability distribution of a typical localized wave function taken
from the 10-th excitation mode whose corresponding energy is located at the
small energy loop and green denotes the one taken from the 1990-th exci-
tation mode whose corresponding energy is located at the big energy loop.
(d) Probability distribution of a typical extended wave function taken from
the 578-th excitation mode with pure real energy. Other involved parameters

are & = (v/5—1)/2 and L = 2000.

The reason why the small energy loop forms the local-
ized states can be understood as the competition between the
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extended p-wave pairing and the localized quasi-disorder. As
mentioned before, the potential consists of the homogeneous
part and the non-Hermitian quasiperiodic part. AtV = 1.5¢,
for the low-energy excitation states, the quasiperiodicity dom-
inates, making these be localized. As V increases, reaching
a finite strength, such as V = 2.5, the extended homogeneous
potential dominates, making the low-energy excitation states
be extended. As Fig. 7 shows, the spectrum at V = 2.5¢ con-
sists of two loop regions and two real energy regions, sepa-
rated by a pair of MEs. The transition of energy from complex
to real appropriately describes the transition of the wave func-
tions from the localized to extended ones by the IPR. The sep-
aration lines (magenta dashed lines) are numerical MEs. As
two intuitively physical pictures, Fig. 7(c) shows the probabil-
ity distribution of a typical extended wave function taken from
the 50-th excitation mode with pure real energy and Fig. 7(d)
shows the probability distribution of a typical localized wave
function taken from the 1950-th excitation mode with complex
energy.
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Fig. 7. (a) Energy spectrum in the complex plane with V = 2.5¢. (b) IPR
versus Re(E). The magenta dashed lines denote the MEs. (c) Possibility dis-
tribution of a typical extended wave function taken from the 50-th excitation
mode with pure real energy. (d) Possibility distribution of a typical localized
wave function taken from the 1950-th excitation mode with complex energy.
Other involved parameters are o = (v/5 — 1)/2 and L = 2000.

S. Summary

All in all, we have investigated the topological proper-
ties, energy spectrum features, and delocalization—localization
properties of a general non-Hermitian p-wave superconduc-
tor. We have known that the system is robust against the non-
Hermitian perturbations and preserves the same topological
boundary as the original Kitaev model. By calculating the
IPR, we have successfully contributed a general correspon-
dence that real energies correspond to the extended states and
the complex ones correspond to the localized states. This cor-
respondence will be instructive to detect the unconventional
real-complex transition and delocalization—localization tran-
sition in other non-Hermitian systems. Our work directly con-

nects three hot research areas: topological superconductors,
real-complex transition induced by non-Hermiticity, and An-
derson localization, and will promote comprehensive devel-
opment of these areas. Unfortunately, it is unknown whether
there exists a type of symmetry breaking which results in this
unconventional real-complex transition. Therefore, revealing
the origination of this unconventional real-complex transition
remains an open question.
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