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The effect of the number of defect particles on the structure and dispersion relations of a two-dimensional (2D) dust
lattice is studied by molecular dynamics (MD) simulation. The dust lattice structures are characterized by particle distri-
bution, nearest neighbor configuration and pair correlation function. The current autocorrelation function, the dispersion
relation and sound speed are used to represent the wave properties. The wave propagation of the dust lattice closely re-
lates to the lattice structure. It shows that the number of defect particles can affect the dust lattice local structure and then
affect the dispersion relations of waves propagating in it. The presence of defect particles has a greater effect on the trans-
verse waves than on the longitudinal waves of the dust lattice. The appropriate number of defect particles can weaken the
anisotropy property of the lattice.
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1. Introduction
Dusty plasma allows us to study the basic properties of

plasma at the level of “atomic” dynamics and allows the visu-
alization of collective plasma behavior, such as the Coulomb
lattice and fluctuations.[1–5] The formation of Coulomb lattice
is of great significance to study the structure, dynamic proper-
ties and phase transition of condensed matter,[6–9] thus it can
be used as an ideal simulation system of a condensed matter
system. The propagating waves in a dust lattice can effec-
tively show the structure and properties of the lattice, so more
and more attention has been paid to the study of dust lattice
waves.[10–15]

In a Coulomb lattice, dust particles with the charge Q
through absorbing a certain number of electrons and ions
can interact by the shielding Coulomb potential or Yukawa
potential φ(r) = Q

4πε0r exp(− r
λD

), where λD is the Debye
length.[16–18] When the interaction potential energy of dust
particles greatly exceeds their kinetic energy (e.g., the ratio
of the interaction potential energy to the kinetic energy ex-
ceeds the threshold value τc = 170),[19,20] dust lattice can be
formed. Dust lattices with different structures such as fcc, bcc
and hexagonal have been discovered.[12,21,22] Sun et al. inves-
tigated the dispersion relationship of dust lattice waves under
the external magnetic field.[10] Thomas et al. studied the ef-
fect of particle-wake interaction on the wave dispersion in a
2D dust lattice.[23] When the defect particles appear in a dust
lattice formed by uniform particles, the original ordered struc-

ture of the lattice will be influenced or destroyed, thus the wave
propagation behavior will be affected accordingly. Defect in a
dust lattice can be achieved by using very small amount of
defect particles (with obviously larger or smaller charge or
mass than normal particles) to replace the normal particles. In
Ref. [24], the effect of defect particles on the wave dispersion
was investigated in a 1D dust chain, and it is found that the
appearing of defect particles with larger charge causes the gap
in the dispersion relationship with the gap becoming wider as
the increase of defect particle charge. For a 2D dust lattice, the
structure and wave properties are different from those of a 1D
system. The detailed research on the dispersion relations of a
2D dust lattice with defect particles is needed. In this paper,
the structure and dispersion relations in a 2D Yukawa dust lat-
tice system with changing the number of defect particles are
investigated by simulation.

2. Method of molecular dynamics simulation
In the 2D molecular dynamics (MD) simulations, the

NVT ensemble and the Nose–Hoover thermostat are used to
maintain the system temperature at T = 0.0001 (in the en-
ergy unit). The number of defect particles is denoted by
ND with twice the charge of normal particles. The simula-
tion time step is 0.01ω

−1
pd , where ωpd =

√
Q2/εMa3 is the

dusty plasma frequency (Q and M are the charge and mass of
normal dust particles) and the total simulation runs 6× 104

steps. The length is normalized by λD and the time is normal-
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ized by t0 =
√

4πε0Mλ 3
D/Q2. The dispersion relations of the

transverse and longitudinal waves are obtained by the current
autocorrelation functions together with the Fourier transfor-
mation. The current operator can be expressed as 𝑗(q, t) =

∑
N
m=1𝑣m(t)exp(i𝑞 ·𝑟m(t)), where 𝑣m(t)and 𝑟m(t) are the ve-

locity and the position of the m-th particle at time t, and 𝑞=𝑘a
is the wave vector. The total particle number N is 400 (includ-
ing normal and defect particles) in a L×L box with L = 20a
(a is interparticle distance) under a periodical boundary con-
dition. In the simulation, the number of defect particles varied
from 1 to 23. When adding defect particles, the initial posi-
tions of defect particles with larger charge (2Q) were set ac-
cording to uniformly spatial distribution. As the simulation
goes on, the defect particles will move in the particle system,
and after the system reaches the equilibrium state, the defect
particles will distribute by themselves.

In this paper, the lattice structure is characterized by the
pair correlation function, which is defined as

g(r) =
S
N
· N(r,∆)

2πr∆
, (1)

where S is the area of the simulation region, N is the number
of the total dust particles, and N(r,∆) indicates the number
of dust particles between r− ∆

2 and r+ ∆

2 (in this simulation,
∆ = 0.1a, where a represents the mean interparticle distance).

The dispersion relations of transverse and longitudinal
waves are obtained by calculating the current autocorrelation
function and performing the Fourier transformation. The lon-
gitudinal and transverse current autocorrelation functions are
written as follows:

Cl(q, t) = (N)−1〈[𝑞·𝑗q(t)][𝑞·𝑗−q(0)]〉, (2)

Ct(q, t) = (2N)−1〈[𝑞×𝑗q(t)] · [𝑞×𝑗−q(0)]〉, (3)

where q = |𝑞|= |𝑘a| is the normalized wave number.
The according Fourier transformations are made as

follows:[25–27]

Cl,t(q,ω) =
∫

∞

0
exp(iωt)Cl,t (q, t) dt. (4)

The sound speed can be defined as[28]

Cs = lim
q→0

ω(𝑞)

q
. (5)

3. Simulation results and discussion
Figure 1(a) shows the distribution of defect particles after

the system is in the stable state. The coordinate axis diagram
in the lower right corner shows the coordinate system and di-
rection, and θ represents the angle between the wave number
and the primitive translation vector (in the x axis direction).

To highlight the defect particles, the white points with larger
size are used to represent defect particles, while ordinary dust
particles are denoted by the white points with normal size.
Figure 1(b) shows the nearest neighbor configuration of the
system with different defect numbers. As can be seen, when
the defect number ND is 1, the system mainly maintains the
hexagonal lattice structure. As the number of defect particles
increases, the hexagonal lattice structure surrounding the de-
fect particle is destroyed due to the effect of these defect par-
ticles. This is in an agreement with the result[29] that particles
with different masses and charges have the different thermal
equilibrium in a binary system, which can cause the destruc-
tion of the ordered structures.

ND/ ND/

ND/ ND/

x

q
y

θ

ND/ ND/

ND/ ND/

(a)

(b)

Fig. 1. (a) Distribution of defect particles and (b) the nearest neighbor
configuration of particles after the system is in the stable state.

Pair correlation function g(r) is the measurement of the
relative probability of finding a particle at a distance r from
the reference particle, which can be used to investigate the lat-
tice structure characteristics. Figure 2 shows the g(r) curve
of the system and the first peak value g1p(r) of the g(r) curve
changing as the number of defect particles. From Fig. 2(a),
it can be seen that with increasing the number of defect par-
ticles, the peaks of the g(r) curve gradually become weaken,
meaning that the order structure of the dust lattice is weak-
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ened. From Fig. 2(a), it can also be seen that the double-peak
structure in the second peak of the g(r) curve becomes less and
less obvious with the increase of ND, indicating that the parti-
cle arrangement gradually becomes disordered. From the g(r)
curve, the first peak position (shown by the dashed line) and
the peak intensity with the different number of defect particles
can be obtained. It can be seen that the number of defect par-
ticles does not obviously affect the position of the first peak of
g(r), but affect the intensity of the first peak. It indicates that
a small number of defect particles (ND = 1–23) in the system
composed of 400 particles affect the local structure of the sys-
tem, but from the overall average of the system, the small num-
ber of defects does not affect the first peak position of the g(r)
curve. The relationship between the first peak intensity g1p(r)
and ND is obtained, which is shown in Fig. 2(b). Through the
fitting line of g1p(r)–ND (in Fig. 2(b)), one can see that with
the increase of ND, the peak value of g1p(r) significantly de-
creases, indicating the probability of finding the dust particles
at the average interparticle distance from a reference particle
gradually decreases as ND.

In the 2D hexagonal lattice, longitudinal and transverse
waves can propagate in an arbitrary direction, denoted by the
angle θ (in Fig. 1(a)). Two independent directions are defined,
that is, parallel or horizontal direction (θ = 0) and perpen-
dicular or vertical direction (θ = π/2) to primitive translation
vector.[30] Figure 3 shows the current autocorrelation func-
tions Cl,t(q, ω) of longitudinal and transverse waves in hori-
zontal and vertical directions when the number of defect parti-
cles is 0, 7, 16 and 23. From Fig. 3, one can see that the current
autocorrelation functions with the number of defect particles
of 0 (a1)–(d1), 7 (a2)–(d2), 16 (a3)–(d3) and 23 (a4)–(d4) are
mainly different in the case of transverse waves. When ND

is 0 and 7, the Cl,t(q, ω) with a single peak are dominated in
both longitudinal and transverse current autocorrelation func-
tions. However, when ND is increased to 16, it can be seen that
the spectra of the transverse current autocorrelation functions
(i.e., the Ct(q, ω) curves) are significantly more affected by
the defect particles than those of longitudinal waves (i.e., the
Cl(q, ω) curves), that is, the Cl(q, ω) curves are still dominated
by a single peak, while the Ct(q, ω) curves mainly show two
separated peaks and some of which are with double peaks. In
addition, it can be seen that the peaks in the Cl,t(q, ω) curves
of ND = 23 are more disorder than those of ND = 16.

In Fig. 4, the dispersion relations of longitudinal and
transverse waves along horizontal and vertical directions with
ND being 0, 7 and 16 are shown. It can be seen that for the
three ND values the dispersion relations of longitudinal waves
in parallel or vertical direction are very close, while for the
transverse waves in parallel and vertical direction the disper-

sion relations show different characteristics. For example, the
almost coincident values of ω–q for ND = 0 and 7 indicate that
the dispersion relation is not greatly affected when the number
of defect particles is very small. When ND is 16, the disper-
sion relations ω (t,0) and ω(t,π/2) of the transverse waves
both in parallel and vertical direction show two branches, with
one branch nearly coincident with that of ND = 0 and 7 and
another branch with higher frequencies. The occurrence of the
branch with higher frequencies may be related to the coupling
of defect particles participation. It is probably because in this
simulation the initially uniformly distributed defect particles
with larger charges cause the stronger interaction between de-
fect particles and the surrounding normal particles resulting in
the appearance of high frequency collective mode. When the
number of defect particles is increased to a certain value, the
enhanced collective mode of defect particle participation can
be observed in the transverse waves.

0 1 2 3 4 5 6 7 8 9 10

0

5
0

5
0

5
0

5
0

5
0

5

r/a

g
↼r
↽

g
1
p
↼r
↽

0 5 10 15 20 25

4.0

4.1

4.2

4.3

4.4

4.5

4.6

4.7

ND

ND/

ND/

ND/

ND/

ND/

ND/

(b)

(a)

Fig. 2. (a) Pair correlation function g(r) of the system with the different
number of defect particles; (b) the relationship between the first peak
value of g(r) and the number of defect particles.

035204-3



Chin. Phys. B 31, 035204 (2022)

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

C
l↼
q
↪ω
↽

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

   

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

C
l↼
q
↪ω
↽

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

   

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

ω/ωpd

ω/ωpd

(a1) (a2) (a3) (a4)

(b1) (b2) (b3) (b4)

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

   

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

C
t↼
q
↪ω
↽

ω/ωpd

(c1) (c2) (c3) (c4)

035204-4



Chin. Phys. B 31, 035204 (2022)

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

   

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

q/.

    

q/.

C
t↼
q
↪ω
↽

ω/ωpd

(d1) (d2) (d3) (d4)

Fig. 3. The wave spectra of the longitudinal and transverse current autocorrelation functions Cl(q, ω) and Ct(q, ω) in horizontal (θ = 0) and
vertical (θ = π/2) directions under different defect numbers, (a1)–(a4) Cl(q, ω), θ = 0; (b1)–(b4) Cl(q, ω), θ = π/2; (c1)–(c4) Ct(q, ω),
θ = 0; (d1)–(d4) Ct(q, ω), θ = π/2. (a1)–(d1) ND = 0, (a2)–(d2) ND = 7, (a3)–(d3) ND = 16, (a4)–(d4) ND = 23. The waves number q varies
from 0.314 to 5.966.
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Fig. 4. Dispersion relations of longitudinal and transverse waves in
parallel and perpendicular directions under different numbers of de-
fect particles: (a) ω (l,0), the longitudinal wave along parallel direc-
tion (θ = 0); (b) ω (t,0) the transverse wave in parallel direction; (c)
ω (l,π/2), the longitudinal wave along perpendicular direction (θ =
π/2); (d) ω (t,π/2), the transverse wave along perpendicular direction
(θ = π/2).

For a more obvious comparison, the dispersion relations
of longitudinal and transverse waves with ND = 16 are shown
in Fig. 5. It shows that in parallel direction the higher fre-
quency branch of the transverse wave ω(t,0) almost coincides
with the longitudinal wave ω(l,0). The similar feature was
also found in the perpendicular direction, that is, the higher
frequency branch of the transverse wave ω(t,π/2) almost co-
incides with the longitudinal wave ω(l,π/2). It shows that
the appearance of the branches of higher frequencies reduces
the difference of dispersion relation of waves in different di-
rections. That is, appropriately adding defect particles can
weaken the anisotropy of such a hexagonal lattice.
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Fig. 5. Dispersion relations of the longitudinal and transverse waves
with ND = 16 in parallel and perpendicular directions.

The sound speeds Cs of the longitudinal and transverse
waves are also calculated from the dispersion relations in the
limit q → 0.[30,31] From the calculation (ND = 0–16), it is
known that for the dust lattice without defect particle, the
sound speeds of the longitudinal waves are obviously larger
than those of the transverse waves, and meanwhile when the
number of defect particles is very small (ND ≤ 7) the accord-
ing sound speed is very close to the lattice without defect par-
ticles (ND = 0) in different directions with Cs(l,0) = 0.868,
Cs(l,π/2) = 0.849, Cs(t,0) = 0.132, and Cs(t,π/2) = 0.116,
showing the anisotropy characteristics of the dust lattice. As
the number of defect particles gradually increases, the change
of dispersion relation will accordingly cause the change of
sound speed. For example, when ND is 16, although the
longitudinal sound speeds are close to those of ND = 0 and
7, while the transverse dispersion relations show two sound
speed values, i.e., in addition to the original lower sound
speed values (close to those of ND = 0 and 7), the higher
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sound speeds appear in two directions with Cs(t,0) = 0.863
and Cs(t,π/2) = 0.896, which are close to those of the longi-
tudinal waves. These indicate the anisotropic property of such
a hexagonal dust lattice becomes weaker when the number of
defect particles increases to a certain value.

4. Conclusions
The effects of the number of defect particles on the 2D

dust lattice structure and dispersion relation are investigated.
Particle distribution, the nearest neighbor configuration and
pair correlation function are used to show the lattice struc-
ture characteristics. The current autocorrelation function, the
dispersion relation and sound speed are used to represent the
wave properties. It shows that as the increase of the defect par-
ticle number, the order of the lattice structure becomes weaker,
the current autocorrelation functions and the dispersion rela-
tions of the transverse and longitudinal waves in parallel and
perpendicular directions show different characteristics. The
presence of defect particles has a greater effect on the trans-
verse waves than on the longitudinal waves of the dust lat-
tice. When the number of defect particles increases to a cer-
tain value, a higher frequency branch appears in the dispersion
relations of the transverse waves. The results of dispersion re-
lation and sound speed show the anisotropy property of such a
dust lattice and the appearance of defect particles in the lattice
can weaken the anisotropy property of the lattice.
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