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TOPICAL REVIEW — Optical field manipulation
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The semiclassical method based on Feynman’s path-integral is in favor of uncovering the quantum tunneling effect,
the classical trajectory description of the electron, and the quantum phase information, which can present an intuitive and
transparent physical image of electron’s propagation in comparison with the ab initio time-dependent Schrödinger equation.
In this review, we introduce the basic theoretical concepts and development of several semiclassical methods as well as some
of their applications in strong-field physics. Special emphasis is placed on extracting time delay on attosecond scale by the
combination of the semiclassical method with phase of phase method. Hundreds of millions of trajectories are generally
adopted to obtain a relatively high-resolution photoelectron spectrum, which would take a large amount of time. Here we
also introduce several optimization approaches of the semiclassical method to overcome the time-consuming problem of
violence calculation.

Keywords: semiclassical method, attosecond time delay, Phase of Phase, deep learning
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1. Introduction
Since the invention of the first laser in 1960s,[1] its rapid

development has made it possible to obtain high intensity
pulses, which has provided opportunity to study a variety of
nonlinear phenomena in strong-field physics. As early as
1965, Voronov et al.[2,3] had already observed the multiphoton
ionization (MPI) phenomenon experimentally, that is, elec-
trons can absorb many photons to be ionized. Soon after,
Agostini et al.[4] also observed the MPI phenomenon in ex-
periment. In 1979, the above threshold ionization (ATI) of
the xenon atom exposed to an intense laser field was observed
for the first time by Agostini et al.,[5] in which electrons ab-
sorb more photons in excess of the minimum photon number
necessary to overcome the ionization potential, thus forming a
series of peak structures separated by one photon energy in the
energy spectrum. In 1987, Shore et al.[6] predicted the high-
order harmonic generation (HHG) and it was experimentally
confirmed by McPherson et al.[7] In the past few decades, the
investigation of these nonlinear phenomena had made great
progresses, which can be used to not only detect the micro-
scopic particle dynamics process but also reveal the structure
information of matter in the strong-field community.[8–25]

The theoretical study of strong-field dynamics can
be traced back to the theory proposed by Keldysh,[26,27]

Faisal,[28] and Reiss[29] (often called as KFR theory), which
is widely used to explain experimental phenomena. Based on
KFR theory, the various theoretical models considering differ-
ent effects were developed, such as the well-known strong-
field approximation (SFA) method. In 1966, Perelomov et
al.[30,31] obtained the ionization rate under the non-adiabatic
condition of atomic Coulomb potential system, which is usu-
ally called the PPT model. Later, in 1986, Ammosov et
al.[32,33] simplified the PPT theory and obtained the electron
ionization rate under the quasi-static adiabatic approximation,
namely, the ADK model. These theories provide a cornerstone
for the later development of a variety of semiclassical methods
for strong-field ionization of atoms and molecules.

Here, another early theory involved in the existing
semiclassical methods is mentioned. Compared with the
Schrödinger picture and Heisenberg matrix, Feynman gave
a completely new expression of quantum mechanics in his
article “Space–Time Approach to Non-relativistic Quantum
Mechanics” in 1948, namely the Feynman’s path-integral
approach.[34] In this method, the probability of a particle from
state A to state B is described as the coherent superposition of
the probability amplitude of each path, where the contribution
from each path is postulated to be an exponential whose (imag-
inary) phase is the classical action for the path. It is mentioned
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that the Feynman’s path-integral method has not changed the
quantum mechanical concept of probability.[35] Therefore, the
wavefunction obtained by the superposition of all path contri-
butions is equivalent to the result of the Schrödinger equation.

It is well known that there are many theoretical meth-
ods in strong-field ionization of atoms and molecules, the
quantum, classical and semiclassical methods all play an im-
portant role in revealing various physical phenomena. The
simple classical method is proposed to investigate the sub-
cycle dynamics[36] and the mechanism of physical phe-
nomena such as nonsequential double ionization (NSDI) of
atoms.[37,38] Similarly, the quantum method taking time-
dependent Schrödinger equation (TDSE), which is a fully
quantum method for the quantitative theoretical simulation has
made outstanding contributions in explaining a variety of non-
linear physical phenomena.[39,40] Because of its high accuracy,
TDSE result is widely used as a benchmark for evaluating ex-
perimental data and other theoretical data.[41–44] However, the
TDSE method cannot usually provide an intuitive and trans-
parent physical image. In addition, due to its large compu-
tation, TDSE method is always used to the simple atomic or
molecular system.

It is impractical to solve TDSE for the multi-electron cor-
relation of complex systems. To provide an alternative ap-
proach, compared with TDSE, the semiclassical method has
been developed, which can be conducive give a clear physical
picture of the strong-field electric dynamics process.

The semiclassical method refers to the classical image to
describe the motion of the electron and supplies the classical
particles with non-classical phase information. It is derived
from the simple man’s model[45,46] in which the strong-field
ionization is divided into three-step process: tunneling, accel-
eration, and collision. It should be emphasized that the semi-
classical method presents a clear physical image of the ioniza-
tion process of atoms and molecules in strong-field ionization,
which is helpful to explore the mechanism of some nonlin-
ear physical phenomena.[47] In 1997, Hu et al.[48] developed
the classical trajectory Monte Carlo (CTMC) model, by con-
sidering the transverse momentum distribution of tunneling
electrons and the effect of Coulomb potential on the classi-
cal trajectories of the ionized electrons. This model had suc-
cessfully explained the angular distribution structure of high-
energy electrons. However, the CTMC method does not con-
sider the interference effect between different ionization paths,
which leads to some obvious differences in the quantitative
fitting of experiments. To tackle this limitation, in 2014, Li
et al.[49,50] developed an intuitive quantum-trajectory Monte
Carlo (QTMC) model encoding with Feynman’s path-integral
approach, in which the Coulomb effect on electron trajecto-
ries and interference effects between electrons with different
paths with the same final momentum are fully considered. The

QTMC model successfully explains the high-resolution pho-
toelectron angle distribution of ATI, and it was found that the
ionic potential plays a significant role in ionization process.[49]

It is worth noting that the QTMC uses the quasi-static tun-
neling rate (ADK model) to describe the first step of ioniza-
tion. In 2016, Song et al.[51,52] took into account the non-
adiabatic effect on the basis of QTMC method and subse-
quently developed the generalized quantum-trajectory Monte
Carlo (GQTMC) method. The GQTMC approach can be used
to obtain the momentum distribution for different polariza-
tions of the laser field and wide range of Keldysh parameter
γ . The GQTMC method has achieved great success in study-
ing ionization process for the deep tunneling region and re-
vealing the mechanism of side lobes[53] in both adiabatic and
non-adiabatic regions.[54,55]

Another branch of semiclassical methods is a series of
SFA methods developed based on KFR theory. In the SFA,
the plane-wave Gordon–Volkov state,[56,57] which is is used
to approximate the continuous state to simplify the transition
process from the ground state to the continuous state. It is
noted that in SFA, the interaction between electrons and the
Coulomb potential is ignored. Therefore, the results are diffi-
cult to be fully quantitatively consistent with the experimental
or TDSE results. To tackle this problem, the different cor-
rection methods to improve the SFA model were developed.
One of the common corrections is Coulomb–Volkov approx-
imation (CVA)[58,59] which uses Coulomb-distorted wave re-
placed by plane wave. In 2008, Popruzhenko et al.[60] de-
veloped Coulomb-corrected SFA (CCSFA) method by taking
the perturbation Coulomb effect into the action of SFA to
correct the phase, in which the electron trajectory is not af-
fected by the Coulomb potential. Subsequently, based on the
CCSFA, Yan et al.[61,62] developed trajectory-based Coulomb
SFA (TCSFA), by considering the influence of Coulomb po-
tential on the motion of electrons in continuous state. Gen-
erally, there need to be hundreds of millions of trajecto-
ries for both CCSFA and TCSFA in calculations to get rel-
atively clear physical picture, while the Coulomb quantum-
orbit strong-field approximation (CQSFA) is an exception as
it only needs a few contributed trajectories for each value of
the final momentum.[63–65]

This review starts with the semiclassical method based
on Feynman’s path-integral. On this basis, we focus on the
important applications of semiclassical methods in trajectory
analysis and information extraction. The rest of this paper
is organized as follows: in Section 2, we will briefly intro-
duce some semiclassical methods commonly used to deal with
laser-matter interactions. In Section 3, we will mention the ap-
plication of semiclassical methods to analyze the underlying
physical mechanisms of interference structures. In Section 4,
we present some examples of attosecond time extraction by
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semiclassical methods. Then in Section 5, we show some
time-saving optimizations for semiclassical calculations. At
last, we will summarize in Section 6.

2. Theoretical method
There are many semiclassical methods in strong-field

physics, such as QTMC, TCSFA, CQSFA, etc., whose detailed
description can be seen in Refs. [66,67]. In this review, we will
mainly introduce the GQTMC and CCSFA methods.

2.1. GQTMC method

GQTMC method is based on the nonadiabatic ioniza-
tion theory,[30,31] classical dynamics with combined laser
and Coulomb fields,[48,68] and Feynman’s path-integral
approach.[49,69] The ionization rate is given as

Γ (t) = N(t)exp
{
−

E2
0 f 2 (t)
ω3 Φ (γ (t) ,θ (t))

}
. (1)

The preexponential factor is expressed by

N (t) = An∗,l∗Bl,|m|

(
3κ

γ3

)
CIp

(
2(2Ip)

3/2

E(t)

)2n∗−|m|−1

, (2)

κ = ln(γ +
√

γ2 +1)− γ√
γ2 +1

, (3)

where l and m are the orbital angular momentum and its pro-
jection along the direction of polarization, respectively. n∗ =
Z/2
√

Ip (Z is the ion charge, Ip is the ionization potential) and
l∗ are the effective principal quantum number and the effective
orbital angular momentum of the initial state of the atom. The
coefficients An∗,l∗ and Bl,|m| are

An∗,l∗ =
22n∗

n∗Γ(n∗+ l∗+1)Γ(n∗− l∗)
, (4)

Bl,|m| =
(2l +1)(l + |m|)!
2|m| |m|!(l−|m|)!

. (5)

The coefficient C = (1 + γ2)|m|/2+3/4Am(ωγ) is the
Perelomov–Popov–Terentev (PPT) correction to the qua-
sistatic limit γ ≤ 1. Am(ωγ) is given as

Am(ω,γ) =
4√
3π

1
|m|!

γ2

1+ γ2 ×∑
∞

n≤ν

× exp
{
−α(n−ν)ωm(

√
β (n−ν))

}
, (6)

ωm(x) = e−x2
∫ x

0
ey2

(x2− y2)|m|dy

=
x2|m|+1

2

∫ 1

0

e−x2t |m|

(1− t)1/2 , (7)

where

α = 2
[

arcshγ− γ

(1+ γ2)1/2

]
,

β = 2γ(1+ γ
2)−1/2,

ν =
Ip

ω

(
1+

1
2γ2

)
are the functions of the laser frequency and the electric field
strength.

In Eq. (1), E0 is the peak field, f (t) is the envelope func-
tion, and θ(t) is the phase of the field. The function Φ(γ,θ) is
expressed by

Φ(γ,θ) =

(
γ

2 + sin2
θ +

1
2

)
lnc

−2
√

b−a
2
√

2
sin |θ |−

√
b+a

2
√

2
γ, (8)

where

a = 1+ γ
2− sin2

θ , b =

√
a2 +4γ2sin2

θ ,

c =

√(√
b+a
2

+ γ

)2

+

(√
b−a
2

+ sin |θ |
)2

.

Following ionization, the evolution of the electron
wavepacket is simulated by launching randomly a set of elec-
tron trajectories with different initial conditions. The classi-
cal motion of an electron in the combined laser and Coulomb
fields is governed by the time-dependent Newton equation
(TDNE)

d2

dt2 𝑟 =−𝐸 (t)−∇(V (𝑟)) , (9)

where V (𝑟) is the Coulomb potential. Each electron trajectory
is weighted by the ionization rate Γ (t0v⊥0) = Γ (t0)×Ω(v⊥0)

in which

Ω(v⊥0) ∝

[
2Ip

|E(t0)|

]
exp

[√
2Ip(v⊥0)

2

|E(t0)|

]
.

Note that “⊥” is the direction perpendicular to the laser polar-
ization axis.

In addition to modify the ionization rate, the more accu-
rate tunnel exit point is given by

z0 =
2Ip

E(t0)

[
1+
√

1+ γ2(t0)
]−1

. (10)

Here, γ(t0) is the Keldysh parameter depending on the instan-
taneous time. It is noticed that the exit point shifts toward
the atomic core due to the nonadiabatic effect. According to
Feynman’s path-integral approach, the phase of the j-th elec-
tron trajectory in the ensemble is given by the classical action
along the trajectory[49,69]

S j(𝑝, t0) =
∫ +∞

t0

{
v2
𝑝(τ)

2
+ IP−

1
|𝑟(t)|

}
dτ, (11)

where 𝑝 is the asymptotic momentum of the electron. The
probability of each asymptotic momentum is determined by

|Ψ |2𝑝 =

∣∣∣∣∑ j

√
Γ (t0,v

j
r)exp(−iS j(𝑝, t0))

∣∣∣∣2 . (12)

033101-3



Chin. Phys. B 31, 033101 (2022)

2.2. CCSFA method

Compared with SFA,[70] the effect of Coulomb potential
on the ionized electron is considered in the CCSFA approach.
Hence this method has a wide range of applications in strong-
field physics.

The Hamiltonian of an atom coupled to the time-
dependent external field, which is described by an operator
HI (t), is given by

H (t) = H0 +HI (t) , (13)

where the operator H0 = −∇2/2 +V (𝑟) and V (𝑟) is bind-
ing potential. The laser-induced ionization corresponds to the
transition from the initial bound state |Ψ0(t)〉= |Ψ0〉 e iI𝑝t with
ionization potential I𝑝 to the final continuum state |Ψ𝑝(t)〉 of
the asymptotic momentum 𝑝. The transition amplitude reads

M𝑝 = lim
t→∞,t→−∞

〈Ψ𝑝(t)|U(t, t ′)|Ψ0(t ′)〉, (14)

where U (t, t ′) is the exact time-evolution operator for the
Hamiltonian (12) from the initial time t ′ to the final time t,
which satisfies the Dyson equation[71]

U
(
t, t ′
)
=U0

(
t, t ′
)
−i
∫ t

t ′
dτU (t,τ)HI (t)U0

(
τ, t ′
)
, (15)

where U0 (t, t ′) denotes the time-evolution operator of the
Hamiltonian H0.

Substituting Eq. (15) into Eq. (14) and using the orthogo-
nality 〈Ψ𝑝(t)|Ψ0(t ′)〉= 0, the transition amplitude can be writ-
ten as

M𝑝 =−i lim
t→∞

∫ t

−∞

dτ 〈Ψ𝑝(t)|U(t,τ)HI (t) |Ψ0(τ)〉, (16)

which is exact.
The simplest form of SFA it accounts only for the so-

called “direct” electrons, which are bound to the atom up to
the detachment time τ and at later times just move in the laser
field without any interaction with the parent atom anymore.
Then it comes to the crucial step of the SFA that one makes the
substitutions 〈Ψ𝑝(t)|→

〈
ΨV
𝑝 (t)

∣∣ and U(t,τ)→Uf(t,τ). Here,
Uf denotes the time-evolution operator of Hamiltonian without
the Coulomb binding potential Hf (t) = −∇2

2 +HI (t) and the
Volkov state

〈
ΨV
𝑝 (t)

∣∣ is the eigenstate of Hf. The transition
amplitude can be written as

M𝑝 =−i
∫

∞

−∞

dτ
〈
Ψ

V
𝑝 (τ)

∣∣HI (τ) |Ψ0 (τ)〉 . (17)

Here, for t < τ , the electron is bound to the atom its interac-
tion with the laser field can be ignored. At time τ , it is ionized,
and for t > τ , the electron motion is driven by the intense laser
field without the influence of the binding potential.

In the length gauge, the Volkov state
〈
Ψ V
𝑝 (t)

∣∣ =
|𝑝+𝐴(t)〉 e−iS𝑝(t) and the interaction HI (t) = 𝑟 ·𝐸(t). Sub-
stituting them into Eq. (17), the transition amplitude in the
length gauge is given by

M𝑝 =−i
∫

∞

−∞

dτ e iS𝑝(τ) 〈𝑝+𝐴(τ)|𝑟 ·𝐸(τ) |Ψ0〉 , (18)

with

S𝑝 (t) =
∫ t

−∞

dτ

{
[𝑝+𝐴(τ)]2

2
+ Ip

}
. (19)

The phase term S𝑝(τ) in Eq. (17) changes with time much
faster than the pre-factor 〈𝑝+𝐴(τ)|𝑟 ·𝐸(τ) |Ψ0〉, so the sad-
dle point method is adopted to deal with this problem.[72] Us-
ing the saddle point approximation (SPA), the integral form in
Eq. (18) can be approximately written as the sum of all saddle
points

M𝑝 ∼∑s

√
2π i

S′′𝑝(ts)
〈𝑝+𝐴(ts)|𝑟 ·𝐸 |Ψ0〉 e iS𝑝(ts), (20)

where ts satisfies the saddle point equation

∂S𝑝(t)
∂ t

∣∣∣∣
t=ts

=
[𝑝+𝐴(ts)]

2

2

+ Ip = 0. (21)

Considering the Coulomb potential, the final transition ampli-
tude is expressed as

M𝑝 ∼∑s

(2Ip)
5/4

21/2𝐸(ts) [𝑝+𝐴(ts)]
e iS𝑝(ts). (22)

For Ip > 0, the solution ts of Eq. (21) is complex, the real part
of the saddle tr is associated with the time when the electron
appears in the continuum, and the imaginary part ti is relative
to the ionization probability.

The initial velocity while tunneling out of the Coulomb
barrier can be defined as

v0 = 𝑝+𝐴(tr) , (23)

and the initial position can be defined as the real displacement
under the barrier

r0 = Re
∫ tr

ts
[𝑝+𝐴(τ)] dτ = Re

∫ tr

ts
𝐴(τ)dτ. (24)

After tunneling, the subsequent classical motion of elec-
tron satisfies Eq. (9), and the phase term of the CCSFA in
Eq. (22) can be separated into two parts:

S𝑝(t) = −
∫ tr

ts
dτ

{
[𝑝+𝐴(t)]2

2
+ Ip

}

−
∫ +∞

tr
dτ

{
[𝑝+𝐴(t)]2

2
+ Ip−V (𝑟)

}
. (25)

The first term in the above equation is the phase contribution
of the subbarrier imaginary part, i.e., the quantum tunneling
process, the second term is the phase contribution from the
evolution of electrons in real time space.
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3. Trajectory information extraction based on
semiclassical method
In the previous section, we introduced several typical

semiclassical methods that are widely used in strong-field
physics. The photoelectron momentum distribution (PMD)
is formed by the interference of electrons, so it encodes rich
spatiotemporal dynamic information. The semiclassical meth-
ods can be in favor of extracting the information of spe-
cific interference structure and revealing electronic dynamics
process.[73,74] In the tunneling theory, the ionization rate of
atoms and molecules depends exponentially on the intensity
of the instantaneous laser field.[75] Therefore, in the periodic
oscillating laser field, the ionized wavepackets are formed near
the electric field maximum. These ionization wavepackets in-
terfere with each other and form various interference struc-
tures. The common interference patterns in PMDs include
spider,[76] carpet,[77,78] fan,[79,80] and fork shapes,[81] etc. In
Ref. [82], the PMDs of argon atom and N2 molecule show
different interference patterns in different energy ranges. By
the analysis of electron trajectories, the PMD is attributed to
different trajectories, which can be roughly classified as four
groups, as shown in Fig. 1(a). For type-I trajectories (black
line), the electron moves directly to the detector after ioniza-
tion, without returning to the parent core. For type-II and type-
III trajectories (green, blue, and gray lines), the electron first
moves away from the detector and then turns around and fi-
nally arrives at the detector. For type-IV trajectories (purple
line), the electron initially moving to the detector goes around
the core and finally moves toward the detector again. Surpris-
ingly, it was found that the interference patterns of fan, spider,
and carpet structures are contributed by the interference of tra-
jectories I+II (see Fig. 1(b)), II+III (see Fig. 1(c)), and III+IV
(see Fig. 1(d)), respectively.

Fig. 1. (a) Schematic diagram of the dominant trajectories, classified from
I to IV. (b)–(d) The interference patterns in the final photoelectron momen-
tum distribution of contributions of trajectories in panel (a). Adapted from
Ref. [82].

Recently, Song et al.[54] reconstructed the experimental
PMDs of argon atom exposed to an 800-nm laser pulse with

intensity of 1.7×1014 W/cm2. In addition to the universal
holographic interference stripes, which are almost straight, arc
shape structures are also observed. In the theoretical simula-
tion, both the TDSE and GQTMC methods can well reproduce
the conventional holographic and curved stripes in experimen-
tal results.

In the following, we will focus on the semiclassical anal-
ysis of curved interference patterns. Figure 2(a) shows the
PMD simulated by the GQTMC method, where the straight
holographic interference fringes and curved stripes are marked
by solid and dashed lines, respectively. To gain more insight
into the origin of the curved interference structure, all elec-
tron trajectories contributing to the momentum spectrum with
final longitudinal momentum in the range 𝑝z � 0.3 a.u. was
analyzed. In this region, both holographic fringes and curved
interference fringes can be clearly seen. Figure 2(b) shows the
distribution of the initial tunneling phase and initial transverse
momentum of the trajectories contributing to this momentum
range. One can see that, the initial conditions of the electron
within one laser cycle are separated into four areas, which are
marked as A, B, C, and D. For each area, the initial conditions
are different, so the corresponding electron trajectory types are
also different.

Figure 2(c) shows the typical electron trajectories from
areas B in Fig. 2(b). Obviously, there are two types of electron
trajectories in the B area of Fig. 2(c). The black lines repre-
sent the trajectories of electrons with small initial transverse
momenta, which are formed because of forward scattered by
the ionic potential in the direction of laser polarization. While
the red lines represent the trajectories of electrons with large
initial transverse momenta, which only revisit and pass by the
core at large distances without scattering and are therefore
considered direct electrons. To identify contribution of two
types of electron trajectories to the total momentum spectrum,
only the electron trajectories in area B are first extracted and
the final PMD is reconstructed. In the reconstructed PMD,
there are only straight and radial interference structures, which
correspond to the interference fringes marked by solid line in
Fig. 2(a). This result indicated that electrons emitted from area
B do not result in curved structures.

Figure 2(d) shows typical electron trajectories in area A
and their contributions are analyzed. The reconstructed PMD
contain an obvious curved structure, which means that the
electrons in area A are the source of the curved interference
structure in Fig. 2(a). At first glance, the electron trajectories
of the electron in Fig. 2(d), marked in red and green respec-
tively, look basically the same, but there are obvious differ-
ences in details, especially around z = 0. The enlargements
of electron trajectories are shown in Figs. 2(e) and 2(f). As
more clearly shown in Fig. 2(e), the Coulomb field pulls the
electrons back around z = 0 along the laser polarization and
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then backward scattering in the direction perpendicular to the
laser polarization axis. This kind of special rescattering that
causes the curved interference structure is called “Coulomb
field-driven transverse backward scattering”. Moreover, this
Coulomb-field-driven transverse backward scattering may oc-
cur not only at the first return (see Fig. 2(e)) also at the second
return (see Fig. 2(f)).

As mentioned above, the semiclassical method has an ad-
vantage in analyzing the multifarious interference structures,
which is reflected in the extraction of trajectory information.
It is mentioned that the semiclassical method can be also used
to extract attosecond time of photoelectric emission. We will
discuss some applications of semiclassical method in extract-
ing attosecond time in Section 4.

Fig. 2. (a) PMD simulated by GQTMC method. (b) Distributions of the initial transverse velocities and the initial ionization phases. The
color code denotes the weights of the electrons in areas A–D. (c)–(d) Typical trajectories of electrons in area B (c) and in area A (d). (e)–(f)
Enlargements of electron trajectories scattered at the first and second returns in panel (c). Adapted from Ref. [54].

4. Application of semiclassical method to ex-
tracting photoelectric emission time

4.1. Phase of phase

Momentum photoelectron spectra of atoms and
molecules in an intense laser field carry rich ultrafast dynamics
information, and it is of great significance to reveal this infor-
mation. It has been proved by many pump–probe experiments
that the dynamic information in photoelectric emission can be
extracted by adjusting the carrier-envelope phase (CEP) of a
monochromatic field or the relative phase between two-color
laser fields.[83–85] In fact, as early as 1994, Schumacher et
al.[86] found that the electron yield in a two-color laser field
is modulated by the relative phase. In 2014, Zipp et al.[87]

detected the inherent delay of ATI by modulating the relative
phase and processed experimental photoelectronic signals by
using an asymmetric degree fitting method. It is worthwhile
mentioning that this asymmetric degree fitting method is es-
sentially a Fourier analysis.[88] Subsequently, Skruszewicz et
al.[89] developed the phase of phase method, which takes the
photoelectron yield as a function of the relative phase. In
this process, electrons are first ionized by a strong fundamen-
tal frequency field and then a weak double frequency field
is added as a perturbation to detect the motion of electrons
after ionization.[88] By modulating the relative phases ϕ , the
specific ionization channels can be selectively enhanced or
suppressed.[90,91] More importantly, the associated structure
and its dynamics information can be encoded in the photoelec-
tron momentum spectrum of each determined relative phase.

When the relative phase ϕ changes, the photoelectron
yield Y (𝑝,ϕ) at each momentum 𝑝 can be characterized
by two functions of 𝑝, namely, the relative phase con-
trast (RPC(𝑝)) and phase of phase (PP(𝑝)).[89] Generally,
RPC and PP can be quickly determined by fast-Fourier-
transforming Y (𝑝,ϕ) with respect to ϕ for each 𝑝. If only the
first-order terms in Fourier analysis are considered, the pho-
toelectron yield Y (𝑝,ϕ) behaves predominantly as Y (𝑝,ϕ) =

RPC(𝑝) · cos(ϕ +PP(𝑝))+C, where RPC and PP represent
photoelectron yield periodically modulated by the relative
phase of the dichromatic field and the phase of the signal it-
self, respectively.[92] The phase of phase method can be used
to not only extract temporal information from the photoelec-
tron momentum spectrum, but also has great potential in ana-
lyzing interference structures. In 2017, Almajid et al.[93] stud-
ied the ATI of xenon atoms from both theoretical and experi-
mental aspects in the condition of the two-color linearly polar-
ized laser fields and deduced the first-order Fourier component
with the strong-field approximation method. In 2016, Natan
et al.[88] also measured the relationship between the electron
yield and the relative phase of the two-color laser field, and the
results were basically consistent with those in Ref. [86]. Fur-
ther, the second order component in Fourier analysis is con-
sidered, where the fitting relation is Y (𝑝,ϕ) = RPC(𝑝)2ω

·
cos(ϕ +PP(𝑝)2ω

)+RPC(𝑝)4ω
·cos(ϕ +PP(𝑝)4ω

) . The first
and second order Fourier components of RPC(𝑝) and PP(𝑝)
can be decoupled into the contribution of direct and scattered
electrons to the photoionization process.[88]
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Fig. 3. The spectrum obtained by Fourier analysis. Amplitudes RPC(p)2ω
(a) and phases PP(p)2ω

(c) as a function of momentum components
px (horizontal axis) and py (vertical axis) of the Fourier coefficient that corresponds to frequency 2ω . The amplitudes RPC(p)4ω

(c) and phases
PP(p)4ω

(d) of the Fourier component at 4ω . Adapted from Ref. [88].

In general, the frequency ratio of the two-color laser field
used in the phase of phase method is 1:2. Tulsky et al.[94]

extended the frequency ratio to arbitrary frequency and distin-
guished the incoherent scattering generated by multiple scat-
tering of neutral helium atoms. They also found that the RPC
and PP spectra have triple symmetry under the circularly po-
larized field.[95] In terms of extracting time information, Porat
et al.[91] successfully separated the contribution of two sig-
nals in photoelectron hologram and found that the difference
in ionization time between the two signals was only a few tens
of attoseconds. Würzler et al.[92] studied the effect of super-
position of multiple electrons caused by heavy scattering on
the reconstructed ionization time.

Recently, Song et al.[96] proposed a spectral solution
method, namely, combining the phase of phase method with
the semiclassical GQTMC method. This approach can be used
to extract attosecond time information of photoelectric emis-
sion. Here, we will focus on this spectral method of extract-
ing time information. As in the experimental observation and
theoretical simulations, the PMD is obtained by using a two-
color laser pulse with strong pump and weak probe fields. By
changing the relative phase φL of the two-color fields from 0
to 2π at a step size of 0.05π , the 40 different PMDs contain-
ing ATI and sideband (SB) structures (see Fig. 4(a)) were ob-
tained. For each ATI and SB peaks, the fitting formula for
the dependence between the photoelectron yield Yn and the
relative phase φL is Yn(φL) = Y0+A0 cos(φL + Φn), here Y0,
A0, and Φn are the zero-frequency component, contrast ampli-
tude, and fitting phase, respectively. The fitting time delay is
Φn/ω . For analysis, the typical PMD of the n-th ATI or SB
peak with φL = Φn can be chosen, which means that photo-
electrons of the n-th ATI or SB peaks have the maximal yield
(see Fig. 4(b)). Then, the normalized photoelectron probabil-
ity as a function of initial conditions for the n-th ATI peak can
be used to analyze the spatial-temporal dynamics behind the
measured time delays (see Fig. 4(c)).

The dynamic process of sub-cycle photoelectron emis-
sion can be observed in attosecond scale by using the phase of
phase method combined with GQTMC, which will help us to
explore the most fundamental problem in strong-field physics
and quantum mechanism, namely time. In the following, we
will introduce some typical works of time extraction in strong-
field computation.

Fig. 4. (a) Extracted phase of the phase. (b) The PMD with φL = Φn. (c)
Probability distribution of the initial conditions of photoelectrons contribut-
ing to the n-th ATI peak in the PMD with φL = Φn. Adapted from Ref. [96].

4.2. Attosecond time delay of retrapped resonant ioniza-
tion

In recent years, the research of extracting structural in-
formation from strong field observables capable of providing
time-resolved imaging of ultrafast processes in the attosecond
scale has attracted much attention.[97–99] For example, Zhou
et al.[100] have proposed a method that enables one to ex-
tract complementary structural information represented by the
phase of the scattering amplitude in the near-forward direc-
tion. In addition, strong-field tunneling ionization is the ini-
tial step for various ultrafast dynamics in intense laser-atom
and molecule interactions. Time-resolved tunneling ioniza-
tion is essential for an accurate understanding of these ultrafast
processes and for achieving ultimate accuracy in attosecond
metrology.[101,102]

The time delay in photoelectric emission process is also
one of the hot topics in recent years.[103–106] As mentioned in
Subsection 3.1 above, the phase of phase method is in favor of
the extraction of complex information of photoelectron spec-
trum and the interpretation of photoelectronic dynamic pro-
cess, especially for the extraction of attosecond time of pho-
toemission process. In 2014, Zipp et al.[87] adopted a new
phase technique to detect the inherent delay in ATI. In their ex-
periment, the relative phases of the strong pumped laser field
(400 nm) and the weak probe laser field (800 nm) were ad-
justed to obtain the PMD of argon atom, as shown in Fig. 5.
One can see that sidebands appear in PMD, and each ATI and
sideband display asymmetry, which is attributed to the mul-
tipath interference on adjacent ATI peaks. The interference
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ionization signal of weak probe field can reveal the relative
spectral phase of adjacent ATI channels, so the dynamic time
information can be obtained by analyzing this signal. For anal-
ysis, the asymmetry of each photoelectron peak can be de-
fined as S(n)contrast = [S(n)+z −S(n)−z ]/[S

(n)
+z +S(n)−z ], where S(n)±z is the

angle-integrated photoelectron signal of the n-th peak in the
±z hemisphere. Similarly, the SFA model also showed the os-

cillation signals S(n)contrast of ATI and SB: S(n)contrast = ancos(φ) for
SB and S(n)contrast = ancos(φ −π) for ATI. Then, the results can
be obtained by equivalence treatment of the above S(n)contrast that
obtained from both experimental and theoretical perspectives.
The result shows that phase difference in the signal modulation
of adjacent ATI peaks approaches π . However, the physical
mechanism of this result is not clear.

Fig. 5. Photoelectron momentum spectra at the relative phase of two laser fields of (a) ϕ = 0; (b) ϕ = π/2; (c) ϕ = π . Laser polarization of
both colors was along the vertical axis. Insets display the relative delay of the optical fields. Adapted from Ref. [87].

Fig. 6. 2D spectra of energy versus relative phase φL of the two-color laser
fields simulated by the experiment (a) and the GQTMC method (b). Adapted
from Refs. [87,96].

Fig. 7. Retrieved time delays of ATI and SB peaks from the experiment,
TDSE, and GQTMC simulations. Adapted from Ref. [96].

In 2018, Song et al.[96] used a semiclassical method to
well replicate two-dimensional (2D) spectrum of energy ob-
tained by Zipp et al.[87] (see Fig. 6). Moreover, a spectral so-
lution method combining GQTMC and phase of phase meth-
ods was introduced,[96] which was described in detail in Sub-
section 4.1. Then, by using statistical quantum orbits, ultra-
fast dynamic time information can be obtained by spectral so-
lution. In the calculation, both TDSE and GQTMC method

are used to investigate the time delays in ATI. Through the
above fitting method, π ≈ 667 attosecond (as) out of phase
is obtained between all ATI and sideband (SB) peaks with-
out the atomic potential. When the atomic potential is consid-
ered in GQTMC simulation, the results are in good agreement
with that of both the experiment and TDSE. Comparing with
the case without the atomic potential, there is a large positive
phase deviation in the 1st ATI peak and a small negative phase
deviation in the 5th ATI peak and nearly no deviation for other
ATI peaks, as shown in Fig. 7.

To further explore the underlying physics of phase shift
in ATI spectrum, it is indispensable to analyze the photoelec-
tron probability distribution and its corresponding trajectories.
Figures 8(a)–8(c) are the normalized photoelectron probabil-
ity as a function of initial velocity |v0| and initial ionization
phase ωt0 for the 1st, 3rd, and 5th ATI peaks, respectively.
As can be seen from Fig. 8(a), the photoelectrons contributing
to the 1st ATI peak come from four parts, in which parts A
and B are scattered electron trajectories, while parts C and D
are the direct electron trajectories. Figures 8(d) and 8(g) are
typical of trajectories from part A and its corresponding tem-
poral evolution of the total energy of photoelectron. Evidence
of the photoemission time delay can be easily found by look-
ing at the electron trajectories in Fig. 8(g), i.e., the electron
is transiently re-trapped by the Coulomb field into a negative
energy state and is eventually released with a positive final en-
ergy once the sufficient energy is obtained. This kind of time
delay caused by atom potential induced re-trapped resonant
scattering (RETRS) is a prototypical case of the EWS delay.
Figures 8(f) and 8(i) are the analysis of electron trajectories
in part B, in which besides the RETRS, there also exists rapid
hard collision. As can be seen from Fig. 8(a) to Fig. 8(c), the
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A part of the 3rd and the 5th ATI almost disappears, which fur-
ther proved that the significant phase shift of the 1st ATI was
attributed to RETRS. From the above analysis, we can draw a

conclusion that the RETRS retarding an electron for a positive
time delay and the hard collision contributes to a negative time
delay (see Fig. 8(c)).

Fig. 8. The initial conditions and photoelectron probability distributions of (a) 1st, (b) 3rd, and (c) 5th ATI peaks, respectively: (d) and (e) the
typical trajectory of electrons in part A; (f) the typical trajectory of electrons in part B; (g)–(i) the corresponding temporal evolution of the total
energy of the photoelectron shown in panels (d)–(f), respectively. Adapted from Ref. [96].

The relative time delay of the direct electrons and the scat-
tered electrons is calculated by using the statistical average
method. By distinguishing the trajectories of the direct elec-
trons and the scattered electrons and recording their weights,
the expected value of the total time delay can be expressed as

t̃e =
∑i Wd(i)t̃d +∑ j Wsc(i)t̃sc

∑i Wd(i)+∑ j Wsc(i)
. (26)

Here, Wd(i), Wsc (i), t̃d, and t̃sc are the weights and the ex-
pectation values of the time delay for the direct and scattered
trajectories, respectively. According to Eq. (26), the expec-
tation value of the time delay of the direct electron and the
scattered electron are π and 1.59π , respectively, so the rela-
tive time delay between the scattered and direct electrons con-
tributing to the 1st ATI peak is t̃sc− t̃d ≈ 0.59π ≈ 394 as. In
the same way, the relative time delay for the 5th ATI peak is
−0.1π ≈−67 as.

In fact, the EWS time delay is the energy variation of the
partial wave scattering phase shift at short-range potential. If
considering the Coulomb distortion caused by the interaction
between the emitted electron and the long-range Coulomb po-
tential, the Coulomb correction of the EWS delay can be ex-
pressed as[107,108]

∆tCoul(εr) =
Zeff

(2ε)3/2

[
1− ln(2

√
2εr)

]
, (27)

where Zeff is the effective core charge, ε = 1
2 p2−V (𝑟) denotes

the temporal evolution of the total energy of photoelectron.

From spatial probability distributions (SPD), the wave-

functions of the scattering Ψ sc
t (r) and direct electron Ψ d

t (r)

at any time t can be obtained, and the radial expecta-

tion value
〈
Ψ

sc/d
t (r)

∣∣r∣∣Ψ sc/d
t (r)

〉
can be figured out. Ac-

cording to Eq. (27), the contribution of direct and scat-

tered electrons to the 1st ATI relative time delay is

∆tsc
Coul−∆td

Coul≈ 15.7 a.u.≈ 381 as. Similarly, the relative time

delay between the scattered and direct electrons contributing

to the 5th ATI peak can be obtained −64 as, the two results

are in good agreement with the above results through statisti-

cal processing.

The results obtained above unify the quantum EWS time

delay and classical Coulomb-induced time delay. More impor-

tantly, it provides a new perspective for the detection of high

time-resolved attosecond time delay, which is of great signif-

icance. Just as the Ref. [109] says “Theoretically, the origin

of the time delays measured by the multiphoton technique has

been traced to retrapped resonant ionization and the different

numerical values of the time delays compared to those mea-

sured by the RABBIT technique have been given”.

4.3. Freeman resonance delay

In 1987, Freeman resonance phenomenon was first dis-

covered experimentally.[110] When xenon atoms are exposed

to the pulses at 616 nm ranging from 15 ps to 0.4 ps, it

was found that the low-energy ATI peak is split into several
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fine structures at pulse widths less than 1 picosecond. Each
subpeak of the low-energy part in the energy spectrum is at-
tributed to the resonance from the ground state to an excited
state. Recent studies have predicted that two-photon ioniza-
tion of helium has a significant emission delay when it comes
to the resonant intermediate state, but the physical mechanism
causing resonance and the specific time of the photoelectron
in the excited state are still open questions.[111] In 2017, Gong
et al.[112] observed a Freeman resonance delay of 140±40 at-
toseconds between the photoelectrons emitted via the 4f and
5p Rydberg states of argon by comparison between experi-
ments and GQTMC theoretical simulations.

Experimentally, a phase-controlled orthogonal two-color
(OTC) femtosecond laser pulse with comparable fundamen-
tal field and its second harmonic was employed to observe
the spatial- and energy-resolved photoelectron angular distri-
butions (PADs), which is a function of the relative phase φL of
the OTC field. Figure 9(a) shows the experimentally measured
φL integrated PAD and Fig. 9(b) is the corresponding theoret-
ical simulation result. As you can see that the GQTMC sim-
ulation well reproduces the main features of the experimental
PAD. It is worth noting that the interference structure in the
PAD varies with the emission angle in Fig. 9(a). For φe = 0◦,
only ATI (labeled by white dots) structure appears; while for
φe = 30◦, besides ATI structure, sideband (labeled by black
dots) structure also appears.

Fig. 9. (a) Measured PAD and (b) simulated PAD integrated over φL. The
fundamental field and its second harmonic of the OTC field have comparable
intensities, which are both estimated to be 8.5×1013 W/cm2 in experimental
measurement and theoretical simulation. Adapted from Ref. [112].

Figure 10 shows the relationship between experimental
and theoretical results of electron energy Ee and relative phase
φL at different range of electron emission angles, where the ex-
perimentally measured φL−Ee spectra are given by Figs. 10(a)
and 10(e), and figures 10(b) and 10(f) are the correspond-
ing normalized spectra. By fitting the normalized spectrum
with the formula Y N(φ L) = Y0 + A0 cos(φL + φPP) for each
ATI peak, the contrast amplitude A0 (red dashed curves in
Figs. 10(c) and 10(g) and φPP (Figs. 10(d) and 10(h))) of the
photoelectron energy spectra is retrieved. As can be seen from
Figs. 10(d) and 10(h), the φPP of the sideband s1 is−1.53π and
its adjacent main peaks m1 and m2 are −0.69π and −0.63π ,
respectively. Interestingly, these two peaks correspond to the
bright signal around py = 0.33 a.u. in Fig. 9(a) and the sharp

peaks at 1.75 eV and 2.18 eV in Fig. 10(a). This result indi-
cates that the two peaks are the photoelectrons emitted via the
Freeman resonance[110] of the field-dressed 5p and 4f Rydberg
states of argon.[113,114]

Fig. 10. (a), (e) Measured and (b), (f) normalized 2D spectra of Ee versus
φL. (c), (g) Measured φL-integrated Ee distribution (blue solid curves) and
retrieved contrast amplitude A0 (red dashed curves). (d), (h) Retrieved
phase-of-phase φPP of main (blue solid circles) and sideband peaks (red solid
squares). Adapted from Ref. [112].

The attosecond time delay due to Freeman resonance was
calculated by using the spectral resolution method mentioned
in Subsection 4.1. For each pathway, the time delay of the
photoionization includes the contributions from the multipho-
ton transition process, the propagation of the photoelectron in
the combined field of the atomic potential and the laser field,
and the Freeman resonance delay. In the GQTMC simulation,
the Freeman resonance is not able to be included while other
processes can be well described. However, both the experi-
mental and TDSE results include the Freeman resonance, as
well as other processes already covered by the GQTMC sim-
ulation. The Freeman resonance delay of the photoelectrons
emitted via the field-dressed 4f and 5p states can be obtained
by using the formula

δϕ
4f−5p
PP = δϕ

exp/TDSE
PP −δϕ

GQTMC
PP . (28)

The following table gives the calculation results when the
emission angles are 0◦ and 30◦ respectively.

As you can see from Table 1, Freeman resonance time
does not depend on the emission angle, and the averaged phase
difference is (0.19π +0.21π)/2= 0.205π , which corresponds
to a difference of 140 as of the Freeman resonance delay be-
tween the photoelectrons emitted via the 5p and 4f states.
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Table 1. Experimentally measured and simulated phase differences between two photoionization pathways, photoelectrons emitted via the 4f and 5p states
of argon. Adapted from Ref. [112].

Emission
angle φe

Exp.
δφ

exp
PP = φ 4f

PP−φ
5p
PP

TDSE
δφ TDSE

PP = φ 4f
PP−φ

5p
PP

GQTMC
δφ

GQTMC
PP = φ 2.2 eV

PP −φ
1.8 eV
PP

Expected
ionization phase

differenceδφi

Coulomb correction
Difference

δφc = δφ
GQTMC
PP −δφi

Freeman resonance delay

Exp. -GQTMC
δφ

exp
PP −δφ

GQTMC
PP

TDSE-GQTMC
δφ

exp
PP −δφ

GQTMC
PP

0◦ 0.24π 0.19π 0.05π 0.02π 0.03π 0.19π 0.14π

30◦ 0.42π 0.33π 0.20π 0.01π 0.19π 0.22π 0.13π

5. Optimal calculation of semiclassical method
Both CCSFA and GQTMC are semiclassical methods,

which are developed based on Feynman’s path-integral. The
result of Feynman’s path-integral can be expressed as the co-
herent superposition of all possible space–time path contribu-
tions, which can well reproduce the quantum wavefunction
and its corresponding time evolution.[34,35,115] Although these
semiclassical methods have incomparable advantages in ex-
plaining the formation of the interference structures in PMDs,
a great deal of time is consumed in the calculation of hundreds
of millions of trajectories. Especially for CCSFA method,
there are a lot of inevitable numerical iterations in the solution
process, which takes up too much time and leads to low com-
putational efficiency.[60–62,116] More importantly, compared
with increasingly sophisticated experiments, these semiclas-
sical methods have been limited in terms of explaining some
new quantum phenomena and obtaining high-resolution pho-
toelectron spectra due to their limited number of paths.

For the original CCSFA method, the most time-
consuming step is to find the solution ts of the saddle point
equation for a mass of the initial ensemble. Apparently, ts is
the complex number. The electron undergoing from complex
time ts to real time tr shows the process of tunneling under
the barrier. After tunneling out at real time tr, the motion of
electron would be regarded as the motion of classical particles
driven by an external field and the Coulomb potential, whose
initial conditions are obtained by saddle points.

Recently, there has been a lot of research on im-
proving the performance of CCSFA methods from different
approaches.[117–119] Xiao et al.[118] presented an alternative
time-sampling scheme to overcome the time-consuming prob-
lem. In this method, the given initial random samples are
no longer momentum (px, pz), but random saddle point so-
lution ts = (tr, ti). Thus, the vector Az of the specific laser
pulse should be a complex function as Az(tr, t i) = Ar(tr, ti)+
iAi(tr, ti). Then the saddle point equation (20) can be derived
into the following algebraic equations:[118]

pz+Ar(tr, t i) = 0, (29)

p2
x+2Ip−A2

i (tr, t i) = 0. (30)

The solutions (px, pz) of the above two equations can be ex-
pressed analytically by the sample solution ts = (tr, ti). The
initial conditions for classical motion can also be written as

the function (tr, ti). Therefore, the time-sampling method
eliminates the requirement to solve the saddle point equation,
which saves the computational consumption by tens of times.
It is worth noting that the final state momentum distribution
obtained by the original CCSFA method is uniform in its
sampling momentum space (px, pz), while the time-sampling
method samples in the time plane (tr, ti), which leads to un-
even sampling in the momentum space (px, pz). The essential
reason for this result is that the mapping between momentum
and time is nonlinear. Therefore, it is necessary to introduce
a Jacobian matrix J (ts) between the time and momentum to
modify Eq. (21) and get the correct result of the transition am-
plitude, where Jacobian matrix is written as

J(ts) = J(tr, t i) =

∣∣∣∣∣∣∣∣
∂ px

∂ tr

∂ px

∂ ti
∂ pz

∂ tr

∂ pz

∂ ti

∣∣∣∣∣∣∣∣ , (31)

and the modified effective transition amplitude at time ts is ex-
pressed as

Meff
s =

(2Ip)
5/4

21/2𝐸(ts) [𝑝+𝐴(ts)]
e iS𝑝(ts) · J (ts) . (32)

The 2D PMDs of hydrogen atom obtained by the original
CCSFA and timesampling method are shown in Fig. 11. In the
calculation, multicore parallelization is adopted. For the orig-
inal CCSFA method, the consumed time is divided into two
parts: solving the saddle-point equations and the propagation
of electron in classical region. According to the statistics, the
two processes take 57.5 min and 5.2 min respectively in deal-
ing with one million electrons per core. While with the time-
sampling method, the whole calculation process only spends
3.5 min. For long pulse, the time saving advantage of time
sampling method will be more obvious. Therefore, the time-
sampling method can not only well reproduce the original cal-
culation results of CCSFA method, but also save tens of times
of the calculation time. This will provide a good way to solve
the complex computation problem in strong-field physics.

In recent years, deep learning (DL) has attracted world-
wide attention and has been applied in many fields.[120–124] In
2020, Liu et al.[119] introduced the deep learning performed
strong-field Feynman’s formulation (DLPSFFF), which has
been shown wondrous capacity and high efficiency in process-
ing massive data in strong-field physics.
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Fig. 11. The 2D photoelectron momentum distributions of hydrogen atom
is obtained by (a) CCSFA method and (b) time-sampling method. A 4-cycle
linearly polarized laser pulse at wavelength of 800-nm and peak intensity of
1×1014 W/cm2 with a cos2 envelope is used in the calculation. Adapted
from Ref. [118].

In the DLPSFFF approach, a very small number of sam-
ple trajectories is used for training and a prediction tool is
built, then the built prediction tool is used to calculate a se-
ries of arbitrary trajectory and give the final prediction results.

In general, deep neural networks (DNNs) is used in
DLPSFFF approach to encode the space–time dynamics in-
formation in photoemission and find a unified mapping rela-
tionship between initial and final states for different types of
space–time paths. As can be seen from the schematic illustra-
tions of DNN in Fig. 12, it is divided into three layers, namely
the input layer, the hidden layers and the output layer. Here,
it is important to note three hidden layers with 250 neurons in
each layer are adopted. However, the direct and scattered elec-
tron trajectories in different dynamic processes are mixed up
in the set, which leads to the diversity of data, so it is difficult
to accurately find the mapping between input data and output
data using DNNs alone. To overcome this challenge, a fully
connected multilayer feed forward network, known as mul-
tilayer perceptron (MLP), with three hidden layers was con-
structed to classify the data of direct and scattered trajectories.

Thus, assisted by MLP to pre-classify data of electron trajec-
tories, the DNNs can be trained with only input and output
data of few available sample trajectories, without knowing in
advance the detailed dynamics of the sample trajectories, and
then create a predictive tool that directly predicts the final re-
sults of arbitrary trajectory given its initial conditions.

The following, taking CCSFA as an example, briefly de-
scribes the calculation method of DLPSFFF. As figure 12
shows, DLPSFFF has three main steps. In the first step, with
the given asymptotic momentum𝑝 as the input data, the sad-
dle point equation can be solved by the first DNN. The saddle
point ts = tr + iti is obtained, as output in the first step while
as input in the second step. In the second step, since the ini-
tial state data distribution containing 𝑝 and ts already encodes
the space–time dynamics information, the electrons are classi-
fied into direct and scattered electron trajectories by assistance
of MLP. In the third step, the two types of pre-classification
data as the direct and scattered sample subsets are taken into
the second and third DNN respectively to predict the phase
and final momentum. Through the comparison between the
predicted value and true value, it is found that the predicted
phase obtained by DLPSFFF is in good agreement with the
true phase obtained by CCSFA, and the error between the two
is quite small. Even more interestingly, the time consumption
of the predicted phase is almost negligible, compared with the
cost of calculating the true phase.

Figure 13 shows the PMDs of hydrogen atom driven
by an elliptically polarized laser pulses for different meth-
ods. Here, figure 13(a) showed the PMD constructed by the
CCSFA approach with sampling training data of only 5×105

trajectories. The number of samples is too small to form a
clear interference structure, while these number of trajectories

Fig. 12. Schematic illustrations of deep learning. Adapted from Ref. [119].
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Fig. 13. Comparison between the conventional simulations and the DLPSFFF predictions. The PMDs constructed with (a), (f) 5×105 sample training data,
(b), (g) 1×108 trajectories simulated by the original CCSFA treatment, (c) 1×108, and (h) 1×1010 data predicted by DLPSFFF, and (d), (i) quantum TDSE
results. (e) The comparison of photoelectron angular distributions simulated by the CCSFA and TDSE with that predicted by DLPSFFF. (j) The photoelectron
yield along 𝑃x0 =−1 a.u. (the yellow dashed line) in panels (f)–(i). Adapted from Ref. [119].

are enough as sample training data to create a prediction tool
in the DLPSFFF method. Figure 13(c) shows the final PMDs
predicted by DLPSFFF method with the number of 1× 108

trajectories. The PMDs showed typical ATI rings, which
is in good agreement with the results obtained by CCSFA
(Fig. 13(b)) and TDSE (Fig. 13(d)). In Fig. 13(e), the DL-
predicted photoelectron angular distribution reproduces ex-
actly the CCSFA result and the numerical solution of the
TDSE.

The following example demonstrates another advantage
of DFPSFFF, which is to help discover new phenomena in
strong-field physics. The final PMDs obtained by CCSFA,
DLPSFFF and TDSE methods are shown in Figs. 13(g)–
13(i), respectively, it was found that the PMDs calculated by
DLPSFFF and TDSE show an undetected oblique interference
structure (denoted by blue solid lines) that is absent in the
usual semiclassical CCSFA simulation, even with 108 trajecto-
ries. This indicates that the DLPSFFF method has a significant
contribution to the discovery of some new physical structures.
This method will break the bottleneck of our current semi-
classical method to calculate the time-consuming trajectories
which provides a new method of optimization calculation. The
DLPSFFF has a broad prospect and great potential to uncover
the underlying physical mechanism.

6. Conclusion and outlook
In this paper, we review recent progress of semiclassi-

cal methods in trajectory analysis and information extraction
in strong-field physics. Firstly, several mature semiclassical
methods based on Feynman’s path-integral approach, such
as GQTMC and CCSFA, are introduced. Compared with
TDSE, the semiclassical methods provide clear physical im-
ages, and have natural advantages in extracting trajectory in-
formation and analyzing the physical mechanisms of certain

interference structures. Then we introduce a spectral solu-
tion method (phase of phase) combined with GQTMC method
to extract attosecond time delay in the process of photoelec-
tric emission. Moreover, it had been used to discover differ-
ent physical mechanisms that lead to attosecond time delay
in above threshold ionization experiments, such as re-capture
resonance scattering and Freeman resonance scattering mech-
anisms. Although semiclassical methods have been widely
used in strong-field physics, there are still complex and mas-
sive data problems such as one by one traversal and force cal-
culation. To tackle the problem about large calculation, the
DLPSFFF method together with Rost’s[124] work open the
study of strong-field physics with deep learning. This ap-
proach has a unique advantage in saving computational time
and predicting new physical phenomena. It is expected to
make the best use of semiclassical methods combined with
advanced spectral resolution methods to analyze the ultrafast
electron dynamics processes on attosecond scale, such as pho-
toemission time reconstruction, identifying relevant contribu-
tions, etc.
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