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propagation model incorporating media coverage and Lévy noise
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The appearance of rumors intensifies people’s panic and affects social stability. How to control the spread of rumors
has become an important issue which is worth studying. In order to more accurately reflect the actual situation in the
real world, a stochastic model incorporating media coverage and Lévy noise is proposed to describe the dynamic process of
rumor propagation. By introducing two control strategies of popular science education and media coverage in an emergency
event, an near-optimal control problem that minimizes the influence and control cost of rumor propagation is proposed.
Sufficient conditions for near-optimal control of the model are established by using a Hamiltonian function. Then the
necessary conditions for near-optimal control are obtained by using the Pontryagin maximum principle. Finally, the effect
of popular science education, media coverage and Lévy noise on rumor propagation process control is verified by numerical
simulation.
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1. Introduction
In recent years, with the rapid development of the Inter-

net, information exchange between individuals has become
more rapid and convenient. As a kind of information with
negative influence, the spreading speed and influence range
of rumors has grown exponentially. In serious cases, rumors
also harm social stability, which should cause all society to
be highly vigilant.[1–3] With the outbreak of COVID-19, there
have been many rumors, such as “You can prevent the virus
with multiple layers of masks”, “A patient flees from Peking
Union Medical College Hospital” and so on. These rumors
spread wildly on the Internet, resulting in the inability to al-
locate and use material resources such as masks, and also
caused strong negative effects and social panic, which largely
hindered the timely prevention and control of the epidemic.
Therefore, it is necessary to minimize the negative impact of
rumor propagation by studying the optimal control theory of
the rumor propagation process.

As for the propagation process, many scholars have done
relevant studies. In 1965, Daley and Kendal proposed the clas-
sic rumor propagation model (DK model),[4] which brought
a breakthrough for further research on rumor propagation.
Later, Maki and Thomson further improved the DK model into
the MK model.[5] On this basis, scholars have proposed and
studied many extended propagation models.[6–8] With the de-
velopment of science and technology, the Internet and other
complex networks have penetrated into people’s lives and be-
come an important platform for rumor propagation. There-
fore, many scholars began to study the influence of complex
network topology on the rumor propagation process. Zanette

studied the dynamics of an infectious disease-like model of
rumor propagation in a small-world network,[9] while Albert
et al. studied the tolerance of complex networks to errors.[10]

Doer et al. analyzed how rumors spread in social networks
and simulated the propagation process of rumors in differ-
ent network topologies.[11] Liu et al. proposed a Susceptible–
Hesitated–Infected–Removed (SHIR) model to study the dy-
namics of competitive dual information diffusion.[12] Dong et
al. proposed a new model for the rumor spreading process
in online social networks.[13] Zhao et al. extended the SHIR
model as in epidemic disease modeling to investigate the prop-
agation dynamics of information online.[14] Zhu et al. pro-
posed a rumor propagation model with nonlinear functions and
time delay in social networks.[15]

The models involved in the above articles are all deter-
ministic, but uncertainty is inherent in most real-world sys-
tems, such as changes in national policies and the involvement
of media coverage (that is, the numbers of ignorant and spread-
ers may change suddenly after the involvement of media cov-
erage). The Lévy jumping process is a discontinuous function
with right continuity and left limit, which can better describe
this mutation. Therefore, it is of great value to study the im-
pact of the Lévy jumping process on the dynamics of rumor
propagation. The stochastic model constructed by the combi-
nation of a deterministic model and Lévy noise can better de-
scribe the propagation process of rumors in the real world. In
recent years, the stochastic propagation model of rumors has
also increasingly attracted scholars’ attention. Some schol-
ars have considered Lévy noise, but they mainly studied the
dynamic propagation behavior of rumors.[16,17] Dauhoo et al.
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converted the deterministic rumor model into a stochastic ru-
mor model by using the stochastic coefficient representing the
influence of the system, proving the existence and uniqueness
of global and local solutions.[18] Jia et al. studied a random ru-
mor propagation model and obtained that the threshold of the
random model under the influence of white noise was less than
that of the deterministic model.[19] Lv et al. studied a random
delayed rumor propagation model.[20] Ankur et al. introduced
a random rumor model into a social network containing ex-
pert intervention, and drew the conclusion that noise might be
one of the reasons for the persistence of rumors in a stochastic
environment.[21]

The purpose of studying the dynamic process of rumor
transmission is to better control rumors and reduce their neg-
ative impact. Therefore, how to control the spread of rumors
has become an issue of concern to an increasing number of
scholars. Amine et al. studied a new rumor propagation model
and theoretically proved the existence of optimal control.[22]

Chen et al. discussed the control of rumor propagation in an
emergency and analyzed the stability of the model.[23] The lit-
erature contains some research in this area. For example, Hui
et al. aimed to study the rumor spreading mechanism on social
network platforms during the transmission of COVID-19, and
to take education as a control measure for rumor spreading.[24]

Wang et al. studied the extent to which media reports before
the crisis effectively refuted rumors, and evaluated the impact
of media reports before the crisis on the effectiveness of ru-
mor refutation in the experiment.[25] Based on the nonlinear
dynamics model, Huo et al. analyzed the rumor propagation
process and studied the influence of media coverage and gov-
ernment emergency strategies on the information propagation
dynamics after emergencies.[26]

There are two possible reasons for the spread of rumors.
First of all, as false information, rumors are extremely mis-
leading and provocative. Some people do not have enough
knowledge to distinguish between true and false information,
which leads people to listen to rumors and propagate them into
facts. Secondly, when a rumor is generated and propagated in
an emergency, there is no corresponding real information re-
leased in time to refute the rumor, which leads to the constant
spread of the rumor. In this case, popular science education
and media coverage are two effective methods to prevent the
crisis of rumor spreading. Popular science education can im-
prove people’s knowledge level and the ability to identify ru-
mors, and directly transform the ignorant into the immune. In
this way, the source of rumor propagation can be reasonably
controlled and the path of rumor propagation can be further
cut off to weaken the influence of rumors. Media coverage
can refute rumors in a targeted way and reduce the probability
of rumors propagating, which can not only let people know the
truth in time, but also guide people to choose the right behav-

ior and prevent overreaction. In addition, the exact solution of
the equation of state and the adjoint equation is difficult to ob-
tain and the exact control is also difficult when the stochastic
factors are considered. Therefore, it is of great practical signif-
icance to study the approximate optimal control of the rumor
propagation model.

Based on the above analysis and actual situation, a rumor
spreading model that joins the Lévy process can describe the
dynamic process of rumor propagation more accurately. Most
researchers use deterministic models when conducting rumor
spreading research, and rarely consider random factors. In ad-
dition, some researchers only conduct research on the process,
and rarely mention control strategies. Therefore, this paper
proposes a stochastic model combining media coverage and
Lévy noise to describe the dynamic process of rumors spread
in the real world. By introducing two control strategies, pop-
ular science education and media coverage, an optimal con-
trol problem is proposed to minimize the influence of rumors
spread and control costs.

The structure of this paper is as follows. Section 2 intro-
duces the preparatory knowledge and establishes the stochas-
tic ignorant–spreader–recovered (ISR) model; Section 3 and 4
give the necessary and sufficient conditions for near-optimal
control; Section 6 carries on the numerical simulation; and
Section 7 summarizes the whole paper.

2. Model formulation
In the classical ISR model of rumor propagation,[27]

nodes in social networks are divided into three categories: ig-
norant (I) is a node without any information about the rumor,
spreader (S) is the node that accepts the rumor and propagates
it, and recovered (R) is the node that finally decides to stop
propagating rumors after contact with rumors. In social net-
works, rumors propagate among people in accordance with the
rules of mass action. The ignorant node has not contacted the
rumor and will not propagate it, but it may become a spreader
by contacting the spreader nodes.

The propagation process of rumors can be described as
follows:

(i) The main propagation model of rumors is commu-
nication after the interaction of individual opinions, that is,
the information exchange between individuals through tele-
phone, instant messaging software, face-to-face conversation
and other means.

(ii) Assume that a spreader propagates rumors with a cer-
tain probability when they meet an ignorant person. Media
coverage can specifically refute rumors by releasing facts, thus
gradually reducing the probability of rumor propagation and
finally reaching a stable value.

(iii) When the spreader meets the recovered or another
spreader, they lose the motivation to spread rumors.
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(iv) Rumors spread within a certain community, and the
total number of people is variable. Those who initially enter
the community are ignorant.

The total population is N = I +S+R. Due to the contact
between different types of individuals, information is transmit-
ted and diffused, and then the types of individuals are changed,
as shown in Fig. 1.

Λ

µI

θI

µS µR

I S R

β1↩β2
S

m⇁S
IS

λ↼S⇁R↽S

Fig. 1. Schematic diagram of a rumor under the influence of popular science
education and media reports.

We develop this problem on the basis of a deterministic
ISR model[28] as follows:

dI(t)
dt

= Λ −
(

β1−β2
S(t)

m+S(t)

)
I(t)S(t)−θ I(t)−µI(t),

dS(t)
dt

=

(
β1−β2

S(t)
m+S(t)

)
I(t)S(t)

−λS(t)(S(t)+R(t))−µS(t),

dR(t)
dt

= λS(t)(S(t)+R(t))+θ I(t)−µR(t), (1)

where Λ is the rate of migration; individuals enter a given
community at a constant rate. θ is the immunity rate of ig-
norant individuals; under the influence of popular science ed-
ucation, some ignorant θ I people have their own judgment of
rumor, that is, they are immune to rumor and directly enter the
R group. β1 is the probability of the ignorant individual I con-
tacting the spreader S, receiving and spreading; β1SI means
that some ignorant people choose to believe the information
of the spreader and enter the classS. β2 is the maximum influ-
ence of media on propagation probability when individual I of
easy dyeing contacts with spreader S. β2

S
m+S refers to the con-

tact between the ignorant I and the spreader S, and the prob-
ability of media obstructing the spread of the rumor. With an
increase in the number of infected people, the media increases
the intensity of reports, and the media obstructing the indi-
vidual from believing and spreading the rumor also increases
gradually, finally tending to a maximum value of β2. m is the
saturation coefficient, which measures the influence of media
reports on communication. Considering that media reports can
slow down the spread and diffusion of untrue information, but
cannot completely stop its spread, we assume β1 > β2. µ is the
rate of removal of individuals from each group for some rea-
son. λ is the probability that the spreader S meets the recov-
ered R, and the spreader loses the power to continue spreading;
or, when two rumor spreaders S meet each other, they both lose
the probability of continuing to spread rumors.

Generally, a Lévy process L̃(t) consists of the sum of a
linear drift, a Brownian motion B(t) and a superposition of
centered independent Poisson processes with different jump
sizes λ (dv) which is the rate of arrival intensity of the Pois-
son process with a jump of size v. According to the Lévy–Ito
decomposition theorem,[29] we get

L̃(t) = at +σB(t)+
∫

Y
vÑ(t, dv), (2)

where a ∈ R, σ ≥ 0,B(t) is standard Brownian motion. Ñ
is a compensated Poisson process and Ñ(t, dv) = N(t, dv)−
λ (dv)t. N is a Poisson counting measure with character-
istic measure λ on a measurable subset Y of (0,+∞) with
λ (Y )< ∞.

In the process of rumor propagation in the real world,
the process of rumor propagation is affected by many uncer-
tain factors, such as national policies and individual person-
ality factors. Therefore, in order to describe the process of
rumor spreading more realistically, we assume that the trans-
mission rate β1 is subject to Lévy noise, that is, β1 is replaced
by β1+η dL̃. Then we obtain a new stochastic ISR model with
Lévy noise

dI =

[
Λ −

(
β1 +ηa−β2

S
m+S

)
IS−θ I−µI

]
dt

−ησ ISdB(t)−
∫

Y
ηvISÑ(dt, dv),

dS =

[(
β1 +ηa−β2

S
m+S

)
IS−λS(S+R)−µS

]
dt

+ησ ISdB(t)+
∫

Y
ηvISÑ(dt, dv),

dR = [λS(S+R)+θ I−µR]dt. (3)

In the above model, when rumors spread to a certain
scale, they may endanger social harmony and stability, and
bring huge losses to the related people. Therefore, it is neces-
sary to study how to control the propagation of rumors. The
reason why rumors are widely spread may be that some peo-
ple are unable to distinguish between true and false informa-
tion due to their insufficient knowledge reserve, so they take
rumors as facts to propagate. Another reason may be that there
is no corresponding real information about the breaking event
to refute the rumor, so the rumor keeps propagating.

Under such circumstances, popular science education and
media reports are the most effective ways to curb the spread of
rumors. On the one hand, popular science education can im-
prove a person’s cognitive level so as to directly transform the
ignorant into the immune. Popular science education stops ru-
mors from spreading in the first place and reduces the number
of the ignorant while increasing the number of the immune.
On the other hand, media coverage can also be a targeted refu-
tation of rumors. By increasing media coverage, the truth can
be publicized in a timely manner and public opinion can be ac-
tively guided so as to reduce the number of spreaders and the
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negative impact of rumor propagation. Reasonable coverage
and time for media coverage and popular science education
can reduce the number of spreaders and ignorants to a lower
level. Therefore, we introduce education and media control
u(t) = (uθ (t),um(t)) into the stochastic ISR model (3) as fol-
lows:

dI =

[
Λ −

(
β1 +ηa−β2

S
(1−um)m+S

)
IS

−(1+uθ )θ I−µI

]
dt−ησ ISdB(t)

−
∫

Y
ηvISÑ(dt, dv),

dS =

[(
β1 +ηa−β2

S
(1−um)m+S

)
IS

−λS(S+R)−µS

]
dt +ησ ISdB(t)

+
∫

Y
ηvISÑ(dt, dv),

dR = [λS(S+R)+(1+uθ )θ I−µR] dt, (4)

where um and uθ represent the control variables for the in-
fluence of science popularization education and media cover-
age, respectively. Let Uad ⊂ R be a bounded nonempty closed
set. uθ ,um : [0,1]×Ω → U is called admissible, if it is an
Ft -adapted process with values in Uad.

The purpose of optimal control is to minimize the nega-
tive effects caused by the propagation of rumors and maximize
the positive social utility. This paper chooses the following as-
pects to consider the social utility of the propagation of untrue
information:

(I) Minimize the number of ignorant individuals I and
spreaders S of rumors.

(II) Minimize the cost of variable control in the process.
We define the associated objective function as

Min J(I0,S0,R0;um,uθ )

=
∫ T

0

[
B0I(t)+B1S(t)+

1
2

B2
(
u2

θ +u2
m
)]

dt+h(x(T ))dt, (5)

where B0,B1 are small positive constants to balance the size of
S(t), which converts all social utilities into cost-oriented func-
tions. B2 is a positive constant. h(x(T )) = (0,S(t),0) is the
number of spreaders at the end of rumor propagation at time
T . The square of the control variable reflects the severity of
side effects reported by popular science education and media
coverage.[30,31]

3. Analysis of near-optimal control for stochas-
tic ISR model
Before we study near-optimal control, we give some pre-

liminary knowledge as follows; let (Ω ,F,(Ft)0≤t≤T ,P) be a

complete filtered probability space on a finite time horizon
[0,T ], and we assume that (Ft)0≤t≤T is the natural filtration
and F = Ft . If the control process u : [0,T ]×Ω → U is an
Ft -adapted process with values in U , then it is called admissi-
ble. We use Uad to denote the set that consists of all admissible
controls; | · | denotes the form of an Euclidean space; fx is the
partial derivative of f with respect to x; χs denotes the indica-
tor function of a set S; and X +Y is the set {x+y : x∈X ,y∈Y}
for any sets X and Y .

The control problem is to find an admissible con-
trol that minimizes or nearly minimizes the objective
function J(0,x0;u(·)) over all u(·) ∈ Uad. V (0,x0) =

min
u(·)∈Uad

J(0,x0;u(·)) is the value function.

Definition 1[32] If u∗(·) attains the minimum of
J(0,x0;u(·)), then an admissible control u∗(·) is called opti-
mal control.

Definition 2[32] For any given ε > 0, if |J(0,x0;uε(·))−
V (0,x0)| ≤ ε , an admissible control uε(·) is called ε-optimal
control.

Definition 3[32] A family of admissible controls {uε(·)}
parameterized by ε > 0 and any element uε(·) in the family
are called near-optimal control, if |J(0,x0;uε(·))−V (0,x0)| ≤
δ (ε) holds for a sufficiently small ε > 0, where δ is a function
of ε satisfying δ (ε)→ 0 as ε→ 0. The estimate δ (ε) is called
an error bound. If δ (ε) = cεk for some c,k > 0, then uε(·) is
called near-optimal with order εk.

Lemma 1 Ekeland’s principle.[33] Let (Q,d) be a com-
plete metric space and F(·): Q→R be a lower-semicontinuous
and bounded from below. For any ε > 0, we assume that
uε(·) ∈ Q satisfies

F(uε(·))≤ inf
u(·)∈Q

F(u(·))+ ε.

Then there is uϖ (·) ∈ Q such that for all ϖ > 0 and u(·) ∈ Q,

F
(
uϖ (·)

)
≤ F(uε(·)), d

(
uϖ (·),uε(·)

)
≤ ϖ ,

F
(
uϖ (·)

)
≤ F(u(·))+ ε

ϖ
d
(
u,uϖ

)
.

There are some assumptions, which will be needed in the
proof of results.

(H1) For all 0 ≤ t ≤ T , the partial derivative hS(t)(x) is
continuous. There is a positive imprecise parameter C such
that (1+ |x|)−1 |hS(t)(x)| ≤C.

(H2) Let x(t), x̂(t) ∈ R3
+ and h(x) be continuous; then

there exists a positive imprecise parameter C for any 0≤ t ≤ T ,
such that

|h(x(t))−h(x̂(t))| ≤C|S(t)− Ŝ(t)|,
|hS(t)(x(t))−hŜ(t)(x̂(t))| ≤C|S(t)− Ŝ(t)|.

(H3) The control set U is convex.
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Under hypotheses (H1) and (H2), the adjoint equation ad-
mits a unique adapted solution. By Mazur’s theorem,[34] we
can then obtain the existence of optimal control under hypoth-
esis (H3).

3.1. Sufficient conditions of near-optimal controls

In order to obtain sufficient conditions of near-optimal
controls, we give the following lemmas for the moment es-
timation of the state and adjoint equation. For convenience,
let x(t) = (x1(t),x2(t),x3(t))T = (I(t),S(t),R(t))T, u(t) =

(um(t),uθ (t)); then we get

dx1(t) =

[
Λ −

(
β1 +ηa−β2

x2

(1−um)m+ x2

)
x1x2

−(1+uθ )θx1−µx1

]
dt−ησx1x2 dB(t)

−
∫

Y
ηvx1x2Ñ(dt, dv),

dx2(t) =

[(
β1 +ηa−β2

x2

(1−um)m+ x2

)
x1x2

−λx2(x2 + x3)−µx2

]
dt +ησx1x2 dB(t)

+
∫

Y
ηvx1x2Ñ(dt, dv),

dx3(t) = [λx2(x2 + x3)+(1+uθ )θx1−µx3] dt. (6)

To simplify the above equation, let

f1(x(t),u(t)) = Λ −
(

β1 +ηa−β2
x2

(1−um)m+ x2

)
x1x2

−(1+uθ )θx1−µx1,

f2(x(t),u(t)) =

(
β1 +ηa−β2

x2

(1−um)m+ x2

)
x1x2

−λx2(x2 + x3)−µx2,

f3(x(t),u(t)) = λx2(x2 + x3)+(1+uθ )θx1−µx3.

Then we have

dx1(t) = f1(x(t),u(t))dt−σ
′
1(x(t))dB(t)

−
∫

Y
g1(x(t),v)Ñ(dt, dv),

dx2(t) = f2(x(t),u(t))dt +σ
′
2(x(t))dB(t)

+
∫

Y
g2(x(t),v)Ñ(dt, dv),

dx3(t) = f3(x(t),u(t))dt. (7)

3.1.1. Some priori estimates of the ignorant, spreader
and recovered

Then we give some prior estimates of the ignorant,
spreader and recovered. The following lemma illustrates the
boundedness of ε moment estimates for the ignorant, spreader
and recovered.

Lemma 2 For any k ≥ 0 and u(t) ∈Uad, we have

3

∑
i=1

E sup
0≤t≤T

|xi(t)|k ≤C, (8)

where C is a positive imprecise parameter that depends only
on k.

Proof Let X(t) = x1(t) + x2(t) + x3(t); we have
dX(t)/dt =Λ −µx1−µx2−µx3 =Λ −µX(t), which shows
that (Λ/µ)−(1/µ)e−µt ≤ lim

t→∞
infX(t)≤ lim

t→∞
supX(t)≤Λ/µ .

Therefore, all solutions xi(t) (i = 1,2,3) of the system (6)
are bounded by Λ/µ , which means Eq. (8) holds. Here we de-
fine a bounded set Γ for simplicity:

Γ =

{
x(t) ∈ R3

+ :
Λ

µ
− 1

µ
e−µt ≤ X(t)≤ Λ

µ

}
⊂ R3

+. (9)

Then we introduce the adjoint equation as follows:

d p1(t) = −b1(x(t),u(t), p(t),q(t),r(v))dt

+q1(t)dB(t)+
∫

Y
r1(v)Ñ(dt, dv),

d p2(t) = −b2(x(t),u(t), p(t),q(t),r(v))dt

+q2(t)dB(t)+
∫

Y
r2(v)Ñ(dt, dv),

d p3(t) = −b3(x(t),u(t), p(t),q(t))dt,

pi(T ) = hxi(x(T )), i = 1,2,3, (10)

where

b1(x(t),u(t), p(t),q(t),r(v)) =−
[(

β1 +ηa−β2
x2

(1−um)m+ x2

)
x2 +(1+uθ )θ +µ

]
p1(t)+

(
β1 +ηa−β2

x2

(1−um)m+ x2

)
×x2 p2(t)+(1+uθ )θ p3(t)−ησx2q1(t)+ησx2q2(t)−

∫
Y

ηvx2r1(v)λ (dv)+
∫

Y
ηvx2r1(v)λ (dv)+B0,

b2(x(t),u(t), p(t),q(t),r(v)) =−
[

β1 +ηa− β2x2(2(1−um)m+ x2)

((1−um)m+ x2)2

]
x1 p1(t)+

[(
β1 +ηa− β2x2(2(1−um)m+ x2)

((1−um)m+ x2)2

)
x1

−λ (2x2 + x3)−µ

]
p2(t)+λ (2x2 + x3)p3(t)−ησx1q1(t)+ησx1q2(t)−

∫
Y

ηvx1r1(v)λ (dv)+
∫

Y
ηvx1r1(v)λ (dv)+B1,

b3(x(t),u(t), p(t),q(t)) =−λx2 p2(t)+(λx2−µ)p3(t).
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The second moment estimate of the adjoint Eq. (10) is
given in the following lemma.

Lemma 3 For any um(t),uθ (t),u′m(t),u
′
θ
(t) ∈ Uad, we

have
3

∑
i=1

E sup
0≤t≤T

|pi(t)|2 +
2

∑
i=1

E
∫ T

0
|qi(t)|2 dt

+
2

∑
i=1

E
∫

Y
|ri(v)|2 dv≤C, (11)

where C is a positive imprecise parameter.

Proof Integrating both sides of the first equation of
Eq. (10) from t to T , we get

p1(T ) − p1(t) =−
∫ T

t
b1(x(s),u(s), p(s),q(s),r(v))ds

+
∫ T

t
q1(s)dB(s)+

∫ T

t

∫
Y

r1(v)Ñ(ds, dv). (12)

Squaring Eq. (12) and making use of the second moments,
where x(t) ∈ Γ for all t ≥ 0, we have

E|p1(t)|2 +E
∫ T

t
|q1(s)|2 ds+(T − t)E

∫ T

t
|r1(v)|2 dv,

≤ CE|p1(T )|2

+C(T − t)E
∫ T

t
|b1(x(s),u(s), p(s),q(s),r(v))|2 ds

≤ CE|1+ p1(T )|2 +C(T − t)
3

∑
i=1

E
∫ T

t
|pi(s)|2 ds

+C(T − t)
2

∑
i=1

E
∫ T

t
|qi(s)|2 ds

+C(T − t)
2

∑
i=1

E
∫

Y
|ri(v)|2 dv. (13)

In the same way, we have

E|p2(t)|2 +E
∫ T

t
|q2(s)|2 ds+(T − t)E

∫ T

t
|r2(v)|2 dv

≤ CE|1+ p2(T )|2 +C(T − t)
3

∑
i=1

E
∫ T

t
|pi(s)|2 ds

+C(T − t)
2

∑
i=1

E
∫ T

t
|qi(s)|2 ds

+C(T − t)
2

∑
i=1

E
∫

Y
|ri(v)|2 dv, (14)

E|p3(t)|2

≤ CE|1+ p3(T )|2 +C(T − t)E
∫ T

t
|p2(s)|2 ds

+C(T − t)E
∫ T

t
|p3(s)|2 ds. (15)

Therefore, by Eqs. (13)–(15), we can get

3

∑
i=1
|pi(t)|2 +

2

∑
i=1

E
∫ T

t
|qi(s)|2 ds

+(T − t)
2

∑
i=1

E
∫

Y
|ri(v)|2 dv

≤
3

∑
i=1

CE|1+ p1(T )|2 +C(T − t)
3

∑
i=1

E
∫ T

t
|pi(s)|2 ds

+C(T − t)
2

∑
i=1

E
∫ T

t
|qi(s)|2 ds

+C(T − t)
2

∑
i=1

E
∫

Y
|ri(v)|2 dv. (16)

Then we have
3

∑
i=1
|pi(t)|2 +

1
2

2

∑
i=1

E
∫ T

t
|qi(s)|2 ds+

1
2

2

∑
i=1

E
∫

Y
|ri(v)|2 dv

≤
3

∑
i=1

CE|1+ p1(T )|2 +C(T − t)
3

∑
i=1

E
∫ T

t
|pi(s)|2 ds, (17)

where t ∈ [T − ξ ,T ] with ξ = 1/(2C). From Eq. (17) and
Gronwall’s inequality, we get

3

∑
i=1

E sup
0≤t≤T

|pi(t)|2 ≤ C,

2

∑
i=1

E
∫ T

t
|qi(t)|2 dt ≤ C,

2

∑
i=1

E
∫

Y
|ri(v)|2 dv ≤ C. (18)

Using the same method in Eqs. (13)–(15) in [T −ξ ,T ], the es-
timate in Eq. (17) holds for all t ∈ [T −2ξ ,T ]. Thus, we know
that Eq. (18) holds for t ∈ [0,T ] by repeating a finite number
of steps.

From Eq. (12) we can get

p1(t) = p1(T )+
∫ T

t
b1(x(s),u(s), p(s),q(s),r(v))ds

−
∫ T

0
q1(s)dB(s)+

∫ t

0
q1(s)dB(s)

−
∫ T

0

∫
Y

r1(v)Ñ(ds, dv)

+
∫ t

0

∫
Y

r1(v)Ñ(ds, dv). (19)

By the elementary inequality

|m1 +m2 +m3 +m4|n ≤ 4n(|m1|n + |m2|n + |m3|n + |m4|n),

∀n > 0,

then we have

|p1(t)|2 ≤ C

[
1+ |p1(T )|2 +

∫ T

0

(
3

∑
i=1
|pi(s)|2 +

2

∑
i=1
|qi(s)|2 +

2

∑
i=1

∫
Y
|ri(v)|2 dv

)
ds+

(∫ T

0
q1(s)dB(s)

)2
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+

(∫ t

0
q1(s)dB(s)

)2

+

(∫ T

0

∫
Y

r1(v)Ñ(ds, dv)
)2

+

(∫ t

0

∫
Y

r1(v)Ñ(ds, dv)
)2
]
. (20)

Similar to Eq. (19), we can get similar results of the above inequality. Combining these inequalities, we have

3

∑
i=1
|pi(t)|2 ≤ C

[
1+

3

∑
i=1
|pi(T )|2 +

∫ T

0

(
3

∑
i=1
|pi(s)|2 +

2

∑
i=1
|qi(s)|2 +

2

∑
i=1

∫
Y
|ri(v)|2 dv

)
ds+

2

∑
i=1

(∫ T

0
qi(s)dB(s)

)2

+
2

∑
i=1

(∫ t

0
qi(s)dB(s)

)2

+
2

∑
i=1

(∫ T

0

∫
Y

r1(v)Ñ(ds, dv)
)2

+
2

∑
i=1

(∫ t

0

∫
Y

r1(v)Ñ(ds, dv)
)2
]
. (21)

Taking expectation on both sides and using the Burkholder–Davis–Gundy inequality (see Ref. [35], Theorem 1.7.3), we get

3

∑
i=1

E sup |pi(t)|2 ≤ C

(
3

∑
i=1

E|pi(T )|2 +
3

∑
i=1

E
∫ T

0
|pi(s)|2 ds+

2

∑
i=1

E
∫ T

0
|qi(s)|2 ds+

2

∑
i=1

E
∫

Y
|ri(v)|2 dv

)
. (22)

Using Gronwall’s inequality, we can derive Eq. (11) from the above inequality. Then the proof is complete.

3.1.2. Sufficient conditions for near-optimal controls

In this section, we define the Hamiltonian function H(t,x(t),u(t), p(t),q(t),r(v)), H : [0,T ]×R3
+×Uad×R3

+×R2
+×R2

+→R,

H(t,x(t),u(t), p(t),q(t),r(v)) = f T (x(t),u(t))p(t)+σ
T
∗ (x(t))q(t)+

∫
Y

gT (x(t),v)r(v)λ (dv)+L(x(t),u(t)), (23)

where

f (x(t),u(t)) =

 f1(x(t),u(t))
f2(x(t),u(t))
f3(x(t),u(t))

 , σ∗(x(t)) =
(

σ ′1(x(t))
σ ′2(x(t))

)
, g(x(t),v) =

(
g1(x(t),v)
g2(x(t),v)

)
,

and L(x(t),u(t)) = B0x1(t)+B1x2(t)+B2(u2
θ
+u2

m).
Then we discuss the sufficient conditions for the existence of near-optimal control of ISR models by applying lemmas 2 and

3.
Theorem 1 Suppose (H1), (H2) and (H3) hold. Let (xε(t),uε(t)) be an admissible pair and (pε(t),qε(t),rε(v)) be the

solutions of adjoint Eq. (10) corresponding to (xε(t),uε(t)). If H(t,x(t),u(t), p(t),q(t),r(v)) is convex, that is, for some ε > 0, if

min
u(t)∈Uad[0,T ]

E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m(

(1−um)m+ xε
2(t)
)2

(
pε

1(t)− pε
2(t)
)
um +θxε

1(t)(pε
3(t)− pε

1(t))uθ +B2(u2
m +u2

θ )

)
dt

≥ E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m

((1−uε
m)m+ xε

2(t))
2 (pε

1(t)− pε
2(t))u

ε
m +θxε

1(t)(pε
3(t)− pε

1(t))u
ε
θ +B2(u2ε

m +u2ε
θ )

)
dt− ε, (24)

then

J(0,x0;uε(t))≤ inf
u(t)∈Uad[0,T ]

J(0,x0;u(t))+Cε
1/2.

Proof From Eq. (5) and the definition of H(t,x(t),u(t), p(t),q(t),r(v)), we get

J(0,x0;uε(t))− J(0,x0;u(t)) = k1 + k2− k3, (25)

where

k1 = E
∫ T

0

[
H(t,xε(t),uε(t), pε(t),qε(t),rε(v))−H(t,x(t),u(t), pε(t),qε(t),rε(v))

]
dt,

k2 = E[h(xε(T ))−h(x(T ))],

k3 = E
∫ T

0
[ f T (xε(t),uε(t))− f T (x(t),u(t))]pε(t)+ [σT

∗ (x
ε(t))−σ

T
∗ (x(t))]q

ε(t)

+
∫

Y
[gT (xε(t),v)−gT (x(t),v)rε(v)λ (dv)]dt. (26)
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For the convexity of H(t,xε(t),uε(t), pε(t),qε(t),rε(v)), we have

k1 ≤
3

∑
i=1

E
∫ T

0
Hxi (t,x

ε(t),uε(t), pε(t),qε(t),rε(v))(xε
i (t)− xi(t))dt

+E
∫ T

0
Hum(t,x

ε(t),uε(t), pε(t),qε(t),rε(v))(uε
m(t)−um(t))dt

+E
∫ T

0
Huθ

(t,xε(t),uε(t), pε(t),qε(t),rε(v))(uε
θ (t)−uθ (t))dt, (27)

k2 ≤
3

∑
i=1

E [hxi(x
ε(T ))(xε

i (t)− xi(t))] . (28)

Applying Ito’s formula[36] to
3
∑

i=1
pε

i (t)(x
ε
i (t)− xi(t)), we obtain

3

∑
i=1

E[hxi(x
ε(T ))(xε

i (t)− xi(t))] =−
3

∑
i=1

E
∫ T

0
Hxi(x

ε(s),uε(s), pε(s),qε(s),rε(v))(xε
i (s)− xi(s))ds

+
3

∑
i=1

E
∫ T

0
pε

i (s)| fi(xε(s),uε(s))− fi(x(s),u(s))|ds+
2

∑
i=1

E
∫ T

0
qε

i (s)|σi(xε(s))−σi(x(s))|ds

+
2

∑
i=1

E
∫ T

0

∫
Y

rε
i (v)|gi(xε(s),v)−gi(x(s),v)|λ (dv)ds.

Then we have

k3 =
3

∑
i=1

E
∫ T

0
Hxi(x

ε(s),uε(s), pε(s),qε(s),rε(v))(xε
i (s)− xi(s))ds+

3

∑
i=1

E [hxi(x
ε(T ))(xε

i (t)− xi(t))]. (29)

Substituting Eqs. (27)–(29) into Eq. (25), we obtain

J(0,x0;uε(t))− J(0,x0;u(t))≤ E
∫ T

0
Hu(t)(u

ε(t)−u(t))dt. (30)

According to Eq. (24), we can get

E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m

((1−um)m+ xε
2(t))

2 (pε
1(t)− pε

2(t))um +θxε
1(t)(pε

3(t)− pε
1(t))uθ +B2(u2

m +u2
θ )

)
dt

+E
∫ T

0

{[
Λ −

(
β1 +ηa−β2

xε
2(t)

(1−um)m+ xε
2(t)

)
xε

1(t)x
ε
2(t)− (1−uθ )θxε

1(t)−µxε
1(t)
]

pε
1(t)

+

[(
β1 +ηa−β2

xε
2(t)

(1−um)m+ xε
2(t)

)
xε

1(t)x
ε
2(t)−λxε

2(t)(x
ε
2(t)+ xε

3(t))−µxε
2(t)
]

pε
2(t)

+[λxε
2(t)(x

ε
2(t)+ xε

3(t))+(1−uθ )θxε
1(t)−µxε

3(t)] pε
3(t)−ησxε

1(t)x
ε
2(t)q

ε
1(t)

+ησxε
1(t)x

ε
2(t)q

ε
2(t)−

∫
Y

ηvxε
1(t)x

ε
2(t)r

ε
1(t)λ (dv)+

∫
Y

ηvxε
1(t)x

ε
2(t)r

ε
2(t)λ (dv)

}
dt

≥ sup
u(t)∈U [0,T ]

E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m

((1−uε
m)m+ xε

2(t))
2 (pε

1(t)− pε
2(t))u

ε
m +θxε

1(t)(pε
3(t)− pε

1(t))u
ε
θ +B2(u2ε

m +u2ε
θ )

)
dt

−ε +E
∫ T

0

{[
Λ − (β1 +ηa−β2

xε
2(t)

(1−um)m+ xε
2(t)

)xε
1(t)x

ε
2(t)− (1−uθ )θxε

1(t)−µxε
1(t)
]

pε
1(t)

+

[(
β1 +ηa−β2

xε
2(t)

(1−um)m+ xε
2(t)

)
xε

1(t)x
ε
2(t)−λxε

2(t)(x
ε
2(t)+ xε

3(t))−µxε
2(t)
]

pε
2(t)

+[λxε
2(t)(x

ε
2(t)+ xε

3(t))+(1−uθ )θxε
1(t)−µxε

3(t)] pε
3(t)−ησxε

1(t)x
ε
2(t)q

ε
1(t)

+ησxε
1(t)x

ε
2(t)q

ε
2(t)−

∫
Y

ηvxε
1(t)x

ε
2(t)r

ε
1(t)λ (dv)+

∫
Y

ηvxε
1(t)x

ε
2(t)r

ε
2(t)λ (dv)

}
dt. (31)
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According to Eqs. (31) and (23), we can obtain

E
∫ T

0
H(t,xε(t),uε(t), pε(t),qε(t),rε(v))dt

≥ sup
u(t)∈Uad[0,T ]

E
∫ T

0
H(t,xε(t),u(t), pε(t),qε(t),rε(v))dt

−ε. (32)

Then we define a function F(·) : Uad→ R

F(u(t)) = E
∫ T

0
H(t,xε(t),u(t), pε(t),qε(t),rε(v))dt. (33)

To estimate the term Hu(t)(t,xε(t),uε(t), pε(t),qε(t),rε(v)),
we define a complete metric d̃ on Uad: for any u(t) and
u′(t) ∈Uad,

d̃(u(t),u′(t)) = E
∫ T

0

(
1+

3

∑
i=1
|pε

i (t)|+
2

∑
i=1
|qε

i (t)|

+
2

∑
i=1
|rε

i (v)|
)
|u(t)−u′(t)|dt. (34)

According to hypothesis (H2), we can obtain the fact that F(·)
is continuous on Uad with regard to the metric d̃. Therefore,
from Eq. (32) and lemma 1, there exists a ũε(t)∈Uad such that

d̃(uε(t), ũε(t))≤ ε
1/2,

F(ũε(t))≤ F(u(t))+ ε
1/2d̃(u(t), ũε(t)), ∀u(t) ∈Uad. (35)

Then we can obtain

H(t,xε(t), ũε(t), pε(t),qε(t),rε(v))

= min
u(t)∈Uad

[
H(t,xε(t),u(t), pε(t),qε(t),rε(v))

+ε
1/2
(

1+
3

∑
i=1
|pε

i (t)|+
2

∑
i=1
|qε

i (t)|

+
2

∑
i=1
|rε

i (v)|
)
|u(t)− ũε(t)|

]
. (36)

From lemma 1 and Eq. (16), we have

0 ∈ ∂u(t)H
(

t,xε(t), ũε(t), pε(t),qε(t),rε(v)
)

⊂ ∂u(t)H
(

t,xε(t), ũε(t), pε(t),qε(t),rε(v)
)

+
[
−ε

1/2
ω,ε1/2

ω

]
, (37)

where ω = 1+
3
∑

i=1
|pε

i (t)|+
2
∑

i=1
|qε

i (t)|+
2
∑

i=1
|rε

i (v)|.

Since the Hamiltonian function is differentiable in u(t)
by hypothesis (H2), then we can obtain that there exists an
ωε

1 (t) ∈ [−ε1/2ω,ε1/2ω] such that

Hu(t)

(
t,xε(t), ũε(t), pε(t),qε(t),rε(v)

)
+ω

ε
1 (t) = 0. (38)

Therefore, from Eq. (38) and hypothesis (H2), we get∣∣Hu(t) (t,x
ε(t),uε(t), pε(t),qε(t),rε(v))

∣∣
≤
∣∣∣∣Hu(t) (t,x

ε(t),uε(t), pε(t),qε(t),rε(v))

−Hu(t)

(
t,xε(t), ũε(t), pε(t),qε(t),rε(v)

)∣∣∣∣
+

∣∣∣∣Hu(t)

(
t,xε(t), ũε(t), pε(t),qε(t),rε(v)

)∣∣∣∣
≤ Cω

ε(t)|uε(t)− ũε(t)|+ω
ε
1 (t)

≤ Cω
ε(t)|uε(t)− ũε(t)|+2ε

1/2
ω

ε(t). (39)

According to lemma 3 and the definition of d̃, the expected
conclusion can be obtained from Eqs. (30) and (39) and
Holder’s inequality.

3.2. Necessary conditions for near-optimal controls

In this section, we discuss the necessary conditions of
near-optimal control. First, we give the following priori es-
timates to the ignorant, spread and recovered persons of the
system to get our results.

In order to give the following lemma, we first define a
metric on the admissible control field Uad[0,T ] as follows:

d(u(t), û(t)) = E [mes{t ∈ [0,T ] : u(t) 6= û(t)}] ,
∀u(t), û(t) ∈Uad, (40)

where mes stands for the Lebesgue measure. Since Uad is
closed, it can be proven that Uad is a complete metric space un-
der d.[34] The problem of moment estimation of the distance
between two state variables is discussed by using the distance
of the defined control variables.

Lemma 4 For all k ≥ 0 and 0 < l < 1 satisfying kl <
1, and u(t), û(t) ∈ Uad, along with the corresponding trajec-
tories x(t),x′(t), there exists a positive imprecise parameter
C =C(k, l) such that

3

∑
i=1

E sup
0≤t≤T

|xi(t)− x̂i(t)|2k

≤ C
[
d(um(t), ûm(t))lk +d(uθ (t), ûθ (t))lk

]
. (41)

Proof We assume that k ≥ 1. Let β = β1 + ηa, v′ =∫
Y ηvdv. The following equation is obtained by using the ele-

mentary inequality

E sup
0≤t≤r

|x1(t)− x̂1(t)|2k

≤ CE
∫ r

0

[
(β 2k +(ησ)2k + v′2k)|x1(t)x2(t)− x̂1(t)x̂2(t)|2k

+µ
2k|x1(t)− x̂1(t)|2k

]
+

∣∣∣∣∣ β2x1(t)x2
2(t)

(1−um)m+ x2(t)
− β2x̂1(t)x̂2

2(t)
(1−um)m+ x̂2(t)

∣∣∣∣∣
2k

+|(1+uθ )θx1(t)− (1+u′θ )θ x̂1(t)|2k dt
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≤ CE
∫ r

0

2

∑
i=1
|xi(t)− x̂i(t)|2k dt

+C
[

E
∫ r

0
χu(t)6=û(t)(t)dt

]lk

≤ C

[
E
∫ r

0

2

∑
i=1
|xi(t)− x̂i(t)|2k dt +d(um(t), ûm(t))lk

+d(uθ (t), ûθ (t))lk

]
. (42)

If 0 < l < 1,k ≥ 1, through the Cauchy–Schwarz inequality,
we get

E
∫ r

0
χu(t)6=û(t)(t)dt

≤ C
(

E
∫ r

0
dt
)1−lk

×
(

E
∫ r

0
χu(t)6=û(t)(t)dt

)lk

≤ C
[
d (um(t), ûm(t))

lk +d (uθ (t), ûθ (t))
lk
]
. (43)

Then, we assume k ≥ 1. For ∀r > 0, we get the following
inequality through the elementary inequality:

E sup
0≤t≤r

|x2(t)− x̂2(t)|2k

≤ CE
∫ r

0

[
(β 2k +(ησ)2k + v′2k) |x1(t)x2(t)− x̂1(t)x̂2(t)|2k

+λ
2k
∣∣∣x2

2(t)− x̂2
2(t)
∣∣∣2k
]

+

∣∣∣∣∣ β2x1(t)x2
2(t)

(1−um)m+ x2(t)
− β2x̂1(t)x̂2

2(t)
(1− ûm)m+ x̂2(t)

∣∣∣∣∣
2k

+λ
2k |x2(t)x3(t)− x̂2(t)x̂3(t)|2k

−µ
2k
∣∣∣x2

2(t)− x̂2
2(t)
∣∣∣2k

dt

≤ CE
∫ r

0

3

∑
i=1
|xi(t)− x̂i(t)|2k dt +C

[
E
∫ r

0
χu(t)6=û(t)(t)dt

]lk

≤ C

[
E
∫ r

0

3

∑
i=1
|xi(t)− x̂i(t)|2k dt +d(um(t), ûm(t))lk

]
. (44)

Using the same method to estimate to |x3(t)− x̂3(t)|2k,

E sup
0≤t≤r

|x3(t)− x̂3(t)|2k

≤ CE
∫ r

0

[
λ

2k|x2
2(t)− x̂2

2(t)|2k
]

+λ
2k|x2(t)x3(t)− x̂2(t)x̂3(t)|2k +µ

2k|x2
2(t)− x̂2

2(t)|2k

+ |(1+uθ )θx1(t)− (1+ ûθ )θ x̂1(t)|2k

−µ
2k
∣∣∣x2

2(t)− x̂2
2(t)
∣∣∣2k

dt

≤ CE
∫ r

0

3

∑
i=1
|xi(t)− x̂i(t)|2k dt +C

[
E
∫ r

0
χu(t)6=û(t)(t)dt

]lk

≤ C

[
E
∫ r

0

3

∑
i=1
|xi(t)− x̂i(t)|2k dt +d(uθ (t), ûθ (t))lk

]
. (45)

From Eqs. (44) and (45), we obtain

3

∑
i=1

E sup
0≤t≤r

|xi(t)− x′i(t)|2k

≤ C

[∫ r

0

3

∑
i=1

E sup
0≤t≤r

|xi(t)− x′i(t)|2k dt+d(u(t),u′(t))lk

]
.

We have this result with Gronwall’s inequality.
Then, for 0≤ k ≤ 1, using the Cauchy–Schwarz inequal-

ity, we have

3

∑
i=1

E sup
0≤t≤r

|xi(t)− x̂i(t)|2k ≤
3

∑
i=1

E sup
0≤t≤r

[
|xi(t)− x̂i(t)|2

]k
≤
[
Cd(u(t), û(t))l

]k

≤ Ck
[
d(u(t), û(t))lk

]
. (46)

The proof is complete, which is the result of the estimation of
the state Eq. (6).

For the result of moment estimation of the adjoint equa-
tion, we have the following lemma.

Lemma 5 Let hypotheses (H2) and (H3) hold. For any
0 < l < 1 and 1 < k < 2 satisfying (1+ l)k < 2, there exists
a positive imprecise parameter C = C(l,k) such that for any
u(t), û(t)∈U along with the corresponding trajectory x(t), x̂(t)
and the solution p(t),q(t),r(v),(p̂(t), q̂(t), r̂(v)) of the adjoint
equation, we have

3

∑
i=1

E
∫ T

0
|pi(t)− p̂i(t)|k dt +

2

∑
i=1

E
∫ T

0
|qi(t)− q̂i(t)|k dt

+
2

∑
i=1

E
∫

Y
|ri(t)− r̂i(t)|k dt ≤Cd(u(t), û(t))lk/2.

It is shown that the lemma can be proven by the similar method
of lemma 4.2 in Ref. [32].

Then we discuss the necessary conditions for near-
optimal controls.

Lemma 6 Let hypotheses (H1) and (H2) hold.
(pε(t),qε(t),rε(v)) is the solution of the adjoint Eq. (10) under
the control uε(t). For any l ∈ [0,1), ε > 0 and any ε-optional
pair (xε(t),uε(t)), there exists a positive impressive parameter
C such that

min
u(t)∈Uad[0,T ]

E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m

((1−um)m+ xε
2(t))

2 (pε
1(t)− pε

2(t))

×um +θxε
1(t)(pε

3(t)− pε
1(t))uθ +B2(u2

m +u2
θ )

)
dt

≥ E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m

((1−uε
m)m+ xε

2(t))
2 (pε

1(t)− pε
2(t))

×uε
m +θxε

1(t)(pε
3(t)− pε

1(t))u
ε
θ +B2(u2ε

m +u2ε
θ )

)
dt
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−Cε
l/3. (47)

Proof The key step in the proof is to figure out that
Hu(t)(t,xε(t),uε(t), pε(t),qε(t),rε(v)) is very small and esti-
mate it with ε , defining a new metric d as follows:

d(uε(t), ũε(t))≤ ε
2/3, ε > 0, (48)

J̃(0,x0; ũε(t))≤ J̃(0,x0;u(t)), ∀u(t) ∈Uad[0,T ], (49)

where the cost function is

J̃(0,x0;u(t))≤ J(0,x0;u(t))+ ε
13d(u(t), ũε(t)). (50)

This means (x̃ε(t), ũε(t)) is optimal for system (6) with the
above cost function. Then for a.e. t ∈ [0,1], l ∈ [0,1), a
stochastic maximum principle yields

H(t, x̃ε(t), ũε(t), p̃ε(t), q̃ε(t), r̃ε(t))

= min
u(t)∈Uad

[
H(t, x̃ε(t), ũε(t), p̃ε(t), q̃ε(t), r̃ε(t))

+ε
l/3
(
|u(t)− ũε(t)|

)]
, (51)

where p̃ε(t), q̃ε(t), r̃ε(t) is the solution of Eq. (10) with ũε(t).
Let

M1(t) = H
(

t, x̃ε(t), ũε(t), p̃ε(t), q̃ε(t), r̃ε(t)
)

−H (t,xε(t),uε(t), pε(t),qε(t),rε(v)) ,

M2(t) = H
(

t, x̃ε(t), ũε(t), p̃ε(t), q̃ε(t), r̃ε(t)
)

−H (t,xε(t),u(t), pε(t),qε(t),rε(v)) .

According to Eq. (51) and elementary inequality, there exists
a constant C such that

E
∫ T

0
H (t,xε(t),uε(t), pε(t),qε(t),rε(v))dt

≤ E
∫ T

0
H
(

t, x̃ε(t), ũε(t), p̃ε(t), q̃ε(t), r̃ε(t)
)

dt

+E
∫ T

0
|M1(t)|dt

= E
∫ T

0
min

u(t)∈Uad

[
H
(

t, x̃ε(t), ũε(t), p̃ε(t), q̃ε(t), r̃ε(t)
)

+ε
l/3
(
|u(t)− ũε(t)|

)]
dt +E

∫ T

0
|M1(t)|dt

≤ E
∫ T

0
min

u(t)∈Uad
[H (xε(t),uε(t), pε(t),qε(t),rε(v))] dt

+E
∫ T

0
|M1(t)|dt +Cε

l/3

≤ E
∫ T

0
min

u(t)∈Uad
[H(xε(t),uε(t), pε(t),qε(t),rε(v))]dt

+E
∫ T

0
min

u(t)∈Uad
|M2(t)|dt +E

∫ T

0
|M1(t)|dt +Cε

l/3

≤ min
u(t)∈Uad

E
∫ T

0
[H(xε(t),uε(t), pε(t),qε(t),rε(v))]dt

+ min
u(t)∈Uad

E
∫ T

0
|M2(t)|dt +E

∫ T

0
|M1(t)|dt +Cε

l/3.

Then, we can get

min
u(t)∈Uad[0,T ]

E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m(

(1−um)m+ xε
2(t)
)2 (pε

1(t)− pε
2(t))

×um +θxε
1(t)(pε

3(t)− pε
1(t))uθ +B2

(
u2

m +u2
θ

))
dt

≥ E
∫ T

0

(
β2xε

1(t)x
2ε
2 (t)m(

(1−uε
m)m+ xε

2(t)
)2 (pε

1(t)− pε
2(t))

×uε
m +θxε

1(t)(pε
3(t)− pε

1(t))uε
θ +B2

(
u2ε

m +u2ε
θ

))
dt

−Cε
l/3. (52)

4. Numerical simulations
In this section, we use MATLAB to perform numerical

simulations and use these numerical examples to illustrate the
impact of popular science education, media reports and Lévy
noise on the dynamics of rumor spreading. We set the parame-
ter values as follows: Λ = 0.25, µ = 0.15, β1 = 0.6, β2 = 0.4,
λ = 0.2, θ = 0.2, σ = 0.009.

According to Milstein’s method,[37] we can get the corre-
sponding discretization equation of the state Eqs. (4) and (10)
as follows:

Ii+1 = Ii +

[
Λ −

(
β1 +ηa−β2

Si

(1−um)m+Si

)
IiSi− (1+uθ )θ Ii−µIi

]
∆t−ησ IiSi

√
∆tξi

−ησ IiSi(ξ
2
i −1)∆t−

∞

∑
j=1

VjηvIiSi(a(i))−1/d ,

Si+1 = Si +

[(
β1 +ηa−β2

Si

(1−um)m+Si

)
IiSi−λSi(Si +Ri)−µSi

]
∆t +ησ IiSi

√
∆tξi

+ησ IiSi(ξ
2
i −1)∆t +

∞

∑
j=1

VjηvIiSi(a(i))−1/d ,

Ri+1 = Ri +[λSi(Si +Ri)+(1+uθ )θ Ii−µRi]∆t, (53)
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p1i = p1i+1 −

[((
β1 +ηa−β2

Si+1

(1−um)m+Si+1

)
Si+1 +(1+uθ )θ +µ

)
p1i+1

−
(

β1 +ηa−β2
Si+1

(1−um)m+Si+1

)
Si+1 p2i+1 − (1+uθ )θ p3i+1 +ησSi+1q1i+1 −ησSi+1q2i+1

+
∞

∑
j=1

VjηvSi+1(a(i+1))−1/dr1i+1 −
∞

∑
j=1

VjηvSi+1(a(i+1))−1/dr2i+1 −B0

]
∆t

−q1i+1

√
∆tξi+1−

q2
1i+1

2
(ξ 2

i+1−1)∆t +
∞

∑
j=1

Vj(a(i+1))−1/dr1i+1 ,

p2i = p2i+1 −

[(
β1 +ηa− β2Si+1(2(1−um)m+Si+1)

((1−um)m+Si+1)2

)
Ii+1 p1i+1 −

((
β1 +ηa− β2Si+1(2(1−um)m+Si+1)

((1−um)m+Si+1)2

)
Ii+1

−λ (2Si+1 +Ri+1)−µ

)
p2i+1 −λ (2Si+1 +Ri+1)p3i+1 +ησ Ii+1q1i+1 −ησ Ii+1q2i+1 +

∞

∑
j=1

VjηvIi+1(a(i+1))−1/dr1i+1

−
∞

∑
j=1

VjηvIi+1(a(i+1))−1/dr2i+1 −B1

]
∆t−q2i+1

√
∆tξi+1−

q2
2i+1

2
(ξ 2

i+1−1)∆t +
∞

∑
j=1

Vj(a(i+1))−1/dr2i+1 ,

p3i = p3i+1 −
[
λSi+1 p2i+1 +(λSi+1−µ)p3i+1

]
∆t. (54)

The intensity of Lévy noise can affect the rumor propaga-
tion process. Figure 2 depicts the influence of Lévy noise on
the rumor propagation process. r(v) stands for response inten-
sities. As shown in the figure, the trend chart of the number of
spreaders over time is different under different response inten-
sities r(v). The greater the value of r(v), the faster the value of
S(t) decreases. Therefore, we can reduce the ultimate spread
scale of rumors by strengthening external intervention. For
example, when rumors spread wildly and even cause bad so-
cial impact, the government should promptly popularize rele-
vant knowledge about rumors to guide people to correctly view
the content of rumors, and relevant media should also increase
their reporting efforts. In this way, the number of spreaders of
rumors can be reduced by strengthening external intervention.

We also simulated the time evolution diagram of the num-
ber of people in different states during rumor propagation un-
der four different control conditions: (1) um = 0,uθ = 0 repre-
sents the uncontrolled situation; (2) um = 0,uθ 6= 0 represents
the situation where only popular science education control is
added; (3) um 6= 0,uθ = 0 represents the situation where only
media coverage control is added; and (4) um 6= 0,uθ 6= 0 rep-
resents the situation where both media coverage and popular
science education control are added. As can be seen from
Fig. 4, when media coverage and popular science education
control are added at the same time, the peak value and number
of spreaders drop sharply, and the influence scope of rumors
becomes smaller. Compared with the other three conditions,
the rumor propagation process is easier to control, indicating
that this situation is nearoptimal control. For example, in the
early days of the COVID-19 outbreak, many people were not
familiar with the specific case of novel coronavirus. It was

rumored that “symptoms such as fever and cough were signs
of infection with COVID-19”. The rampant propagation of
this rumor was bound to cause public panic. In order to pre-
vent this crisis, the government provided the latest research on
COVID-19 in official news and educated the public through
multiple media channels. Popular science education allowed
people to learn more about the symptoms of COVID-19 infec-
tion, which directly reduced the number of the ignorant and
enabled them to convert directly to the immune. Media cov-
erage directly reduced the number of communicators through
targeted refutation of the rumor.

In addition, it can be seen from Figs. 3–5 that the dy-
namic optimal control is effective. Both the control of popular
science education and the control of media coverage decline
faster than the situation without control. Under the control
of government and media intervention, the number of spread-
ers declines faster than in the absence of control. For exam-
ple, during the COVID-19 outbreak, the public listened to the
rumor that “Shuanhuanglian could prevent the novel coron-
avirus”, so they rushed to buy Shuanhuanglian, causing chaos
in the market. The government quickly educated the public
about the novel coronavirus treatment, and many media out-
lets debunked the rumor. The double control increased the
number of people immune to the rumor. Taking a closer anal-
ysis, we can see that when the media coverage control strategy
is added, the control effect is good but not great. When the
government science education control strategy is added, the
control effect is significantly improved. This simulation result
shows that the government science education control strategy
is more effective than the media coverage control strategy.
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Fig. 2. Path of S(t) under different response intensities r(v).
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As for the near-optimal control, it can be seen from Fig. 6
that solutions p1, p2, and p3 of adjoint Eq. (10) converge to
zero in the end, indicating that the objective function reaches
the minimum value.
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Fig. 6. Path of p1, p2, p3 for the stochastic ISR model with initial
(I0,S0,R0) = (0.8,0.2,0.05).

5. Conclusion

This paper studies the problem of near-optimal control
of rumor propagation. We first construct a stochastic model
that includes media reports and Lévy noise. Then, in order to
minimize the impact of rumor propagation and control costs,
we introduce two control strategies: popular science educa-
tion and media coverage. Using the Hamiltonian function and
Pontryagin maximum principle, the necessary and sufficient
conditions for the model to be close to the optimal control are
obtained. Finally, we verify the effects of popular science edu-
cation, media report control and noise control through numer-
ical simulations. The results show that popular science educa-
tion and media coverage can effectively control the spread of
rumors, and these two control strategies can reduce the cost
of rumor dispelling to the lowest level. At the same time,
Lévy noise will also affect the process of rumor propagation.
The louder the noise, the faster the attenuation speed of the
spreader. In this paper, we assume that the parameters are pre-
cisely known, but may not be true due to various uncertainties.
The influence of uncertain parameters and time delay on the
rumor control process is worthy of further study.
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