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supersymmetric quantum mechanics approach
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Employing the Pekeris-type approximation to deal with the pseudo-centrifugal term, we analytically study the pseu-
dospin symmetry of a Dirac nucleon subjected to equal scalar and vector modified Rosen—Morse potential including the
spin—orbit coupling term by using the Nikiforov—Uvarov method and supersymmetric quantum mechanics approach. The
complex eigenvalue equation and the total normalized wave functions expressed in terms of Jacobi polynomial with arbi-
trary spin—orbit coupling quantum number k are presented under the condition of pseudospin symmetry. The eigenvalue
equations for both methods reproduce the same result to affirm the mathematical accuracy of analytical calculations. The
numerical solutions obtained for different adjustable parameters produce degeneracies for some quantum number.

Keywords: Dirac equation, modified Rosen—Morse potential, Nikiforov—Uvarov method, supersymmetric

quantum mechanics approach
PACS: 03.65.Nk, 03.65.Pm, 03.65.Db

1. Introduction

About fifty years ago, the understanding of magic num-
bers was encapsulated within the nuclear shell model.!-?!
People found a quasi-degeneracy in single-nucleon states
with quantum numbers (n,,l,j =1+ 1/2) and (n, — 1,1 +
2,j =1+3/2), where n,, [ and j represent the radial, or-
bital and total angular momentum quantum numbers, re-
spectively. This quasidegeneracy structure was defined as
the so-called “pseudospin” symmetry basically expressed in
terms of a “pseudo” orbital angular momentum [ = [ + 1
and a “pseudospin” § = 1/2. From then on, there has been
a tremendous success in providing interpretation to a num-
ber of phenomena in nuclear physics, including the nuclear
superdeformed configurations,>* identical bands,>~"! quan-
tized alignment,'®! magnetic moments and transitions.[*-!1]
Researchers began to study this symmetry using some rel-
ativistic mean-field models as well as nonrelativistic phe-
nomenological models.['>23] Nevertheless, until about the
late 1990s, this symmetry was found to emanate from Dirac
Hamiltonian’s relativistic symmetry where the scalar and the
vector potentials are of equal magnitude and opposite sign.[>4]
More details and recent information about pseudospin can be

25261 Dirac equation is used

seen in the following literatures.|
for the description of spin-1/2 particles.[>”] Spin symmetry is
applicable in particle and high energy physics for the descrip-
tion of mesons. However, pseudo symmetry arises when the

sum of the repulsive Lorentz vector potential V(r) and the

Corresponding author. E-mail: physwichen @ peihua.edu.cn
#Corresponding author. E-mail: ituenokon @uniuyo.edu.ng
© 2022 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/ac2{33

attractive Lorentz scalar potential S(r) is constant, that is,
Z(r)=V(r) + S(r).?*3% On the other hand, the supersym-
metric description can be regarded as an important supplement
to the relativistic description for the pseudospin symmetry due
to its ability to overcome the difficulties encountered in the
conventional relativistic description of pseudospin symmetry,
that is, the difference between two partner Hamiltonians in-
volved in lower component of Dirac wave function cannot be
considered small as compared to the potential difference.?!-3?!
Actually, during an attempt to give interpretation of magic
numbers, many phenomenological potential models such as
the square well, the harmonic oscillator and the Woods—Saxon
potentials were widely used as scalar and vector potentials in-
cluding the spin—orbit potentials in order to test this symmetry
as aforementioned. Typical scientific research works can be
attributed to Haxel, Jensen, Suess!**! and Mayer, **! in which
they independently introduced this type of spin—orbit poten-
tials which largely splits the states with high orbital angular
momentum. Stimulated by these studies, we attempt to exam-
ine the pseudospin symmetry using a modified Rosen—Morse
potential within the framework of Nikiforov—Uvarov method
and shape invariance formalism via supersymmetric quantum
mechanics approach, which have not been considered yet to
the best of our knowledge. It should be mentioned that the
modified Rosen—Morse potential are proposed to fit the effect

of inner-shell radii of two particles for quantum system in the
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form of 3]

6]

e 4 1\ ?
ear_;'_)v) ’

V(r) =D, <1

where the parameters A = e*’ij, D, is the dissociation energy
and r is the equilibrium bond length. The symbol 7;; rep-
resents the nucleon distance depending on the definition of
the dummy variable ij. If i,j = e, then r;; = re, which is
the equilibrium bond length and when i,j =1, then r;; =7,
which is the internuclear distance. The potential of Eq. (1) is
a long range potential used for the description of vibrational
molecular energies for diatomic and polyatomic molecules as
well as some physical systems. This potential approaches to
zero as the internuclear distances approaches to infinity. 36!
Many fantastic research has been reported for the relativistic
and nonrelativistic quantum mechanics. Du et al.’”) studied
the Schrodinger equation for a particle constrained to move
on a rotating curved surface by using thin layer scheme with
proper choice of gauge transformation for the wave function.
Mahmoud and co-authors!33! recently examined the approx-
imate solution to the time dependent Kratzer plus screened
Coulomb potential in the Feinberg—Horodecki equation. Also,
Ikot et al.’*! studied minimal length quantum mechanics of
Dirac particles in non commutative space for spin 1/2 par-
ticles where they obtained energy spectra and energy eigen
function as well as special cases. Gao and Zhang!*’! obtained
the analytical solutions to the Schrédinger equation with the
Eckart potential using the Grenee—Aldrich approximation to
centrifugal term within Nikiforov—Uvarov method. They ob-
tained the discrete energy spectrum and the wave function ex-
pressed in terms of Jacobi polynomial. Their resulting energy
equation agrees excellently with that obtained by other meth-
ods. This article addresses two important issues. Firstly, un-
der the condition of pseudospin symmetry, the corresponding
spinor wave functions of the Dirac equation with the mod-
ified Rosen—Morse potential is obtained by using the para-
metric Nikiforov—Uvarov method. Secondly, the existence of
the pseudospin degeneracies of the Dirac equation is verified
through numerical solutions obtained from the resulting en-
ergy eigen equation. This research paper is divided into six
sections. Section 1 gives the brief introduction of the arti-
cle. The solution to Dirac equation with pseudospin symmetry
through the parametric Nikiforov—Uvarov method is presented
in Section 2. The analytical determination of the normaliza-
tion constant is presented in Section 3. The solution of the
proposed potential through supersymmetric quantum mechan-
ics approach (SUSY) is presented in Section 4. The numerical
results and discussion are presented in Section 5. The article

is finally concluded in Section 6.

2. Solutions to Dirac equation with pseudospin
symmetry using parametric NU

The Nikiforov—Uvarov (NU) method is based on reduc-
ing the second order linear differential equation to a general-
ized equation of hyper-geometric type and provides exact solu-
tions in terms of special orthogonal functions like Jacobi and
Laguerre as well as corresponding energy eigenvalues.[41—43]
The standard differential equation for parametric NU method

44

according to Tezcan and Sever!*#! is given as

" (c1 —cas)
V) e VO
T [
s2(1 —c38)?
The parametric constants are obtained as follows:
1 1 5
€4 = 5(1—01); cs = 5(62—03); C6 =5+ €13
c7=2cq4c5 — p; cg = Cﬁ +Q3; c9g =c3c7 +C%Cs +ce;
cl0 =Ci +2€4+2\/F; c11 =c¢y—2c¢s +2(\/5+C3\/&);

ci2 =ca++/cs; c13=c5—(y/co+c34/cg). (3)

The total eigenvalue equation is given as

con—(2n+1)es 2n+1) (y/eg+c34/cs) +n(n—1)c3
4c7+2c3¢8 +2+/cgcg = 0. “4)

— Q5+ Qs — Q] y(s)=0. (2

The corresponding total wave function is then given as
c —C12— L
W(s) = Nys2 (1 —czs) 3

cio—1, L —cjp—1
Pn( 3 ) (1—2c3s). 3)
The Dirac equation with an attractive scalar S(r) and a repul-
sive vector potential V(r) for a particle of mass M in units

h=c=1reads
| -p+BM+S()| () = (E-V() (). (©)

where E is the relativistic energy of the system, p is the three
dimensional momentum operator and « and 3 are 4 x 4 Pauli

. - 0 o; - I 0 .
matrices defined as o0 = (Gi 0) B = (0 I)' Here, I is

the 2 x 2 unitary matrix and o; are the three vector spin ma-

. . 01 0 —i 10
trices given as 0] = 10)92=\i 0)%=1o_1)

According to the principle of formulas (2)—(5) in literature, ']
a differential equation for lower component can be expressed
as

2 _
{8~ e - a0 - £+ 20)

dE(r) ( d k)

dr \dr r

" M—Ey+Z2(r)

where X(r) = V(r)+ S(r) and A(r) = V(r) — S(r). To
study the properties of the pseudospin symmetry, we take

}Gnkm —o, ™
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dX(r)/dr=0or Z(r) = C = constant, and A(r) as the modi-
fied Rosen—Morse potential and inserting it into Eq. (7) leads
to a Schrodinger like equation

d>  k(k—1) 5 2

+(M —E,1k+C)V(r)}Gnk(r) =0. (8)

Let p=(M—Ey+C), P=M+Ey, L=k(k—1) and
E. = E% +M?, Eq. (8) now reduces to

a2 L .
{dr2errEnkPC+BV(r)}G,,k(r)0. 9)

Substituting Eq. (1) into Eq. (9) gives

d%G(r) L -
T+ _77 +E,, — PC
e®e 42\
+BD. (1 - M) ]Gnk(") =0. (10)

This equation can only be solved analytically when k =
1. Therefore, applying Pekeris-type approximation®! to the
pseudo-centrifugal term k(k — 1) /r2, which has been proven
effective in solving the scattering state problem.*®! The ap-
proximate formula can be expressed as

Lo, 4
P2 0T el T (e 1 A)2

Y

where the parameters

e 2are [3((3""e +A) 2t are(—2e™e A+ A2 420 (73+Otre))]

do =

(X2r§ ’
dy — 28729 (e A A (3tare)+ e (“3+2are )
1= aZrd )
—20re ( o 0Te 3r.0re )
dy = e (e ) [eazrﬁare D-ABror)]l (1

€

Substituting Eq. (11) into Eq. (10) gives

d2G,,k(r) ~ Ld, Ld,

e T [E"k_ (Ld” e A (e‘”—i—l)z) —re
e®e 42\ 2

+BDe (1 - M) ]Gnk(r) =0. (13)

Let (e* 4 1) be expressed in the form of e*" (1 +Ae~*") and
s =—Ae~ %, Eq. (13) can be transformed from r-dimension
to S-dimension as follows:

denk(r) (1 — S) dGnk(r) + 1
ds? s(1—s) ds s2(1—s)
+A3 — Ag+ As — Ag)s* + (2A1 + Ay — 2A4 + As)s

5 [~ (A1 + 42

—(A1 = A1) Gu(s) =0, (14)
where
Ldy Ld, Ld,
1 a2 9 2 Aaz 3 3 lzaz )

E..—PC+ BD,
A4:( nk +ﬁ e)a A5

o2
_ BD.
6~ w2)2

Comparing Eq. (14) to Eq. (2), we can obtain the following

B 2BDe
ald

(e®*+2),

(e%e +1)2. 15)

polynomials:
Q1 =A1+Ay+ A3 — Ay + As — Ag,
Q) =2A1+ Ay —2A4+ As,

Q3 =A; — A (16)

By making use of Eq. (3), the following parameter constants
are obtained:

:la CQZC’;:L C4:0a CSZ_%a
= (A + A4+ A3 —As+As—Ag),

a7

<\/ 1A —As+ VA —A4> ;

cn= (VA —A4),
en=—4 (Vi M+ VA=A ).

By making use of Eq. (4) with much algebraic simplification,

the pseudospin eigenvalue equation can be represented in the
form

(EZ —M?) — [k(k —1)do + (M + Eni.)C — BD]

2 2 \?
o
+<n+5+ o ) =0,
n+0

1 (18)

where Q) = %[ﬁDe(eo"e +A)(e%e —2A) —k(k—1)Ad; —
k(k—1)d>],and § = % + \/% 4 MEDdy PDe(e® 42) The cor-

a)?
responding total pseudospin wave function expressed in terms

of Jacobi polynomial can be calculated by using Eq. (5) as fol-
lows:

Gk (s) = Nys®t (1 —s)%2 p1222=1 (1 _2)
where 1 = (\/Al 7A4), and y» = %+ r/ i + Az — Ag.

3. Analytical calculation of the normalization
constant

19)

The pseudospin wave function as given in Eq. (19) can
be normalized by using the condition

/ | Gu(r) |2 dr = 1. (20)
0
Substituting Eq. (19) into Eq. (20) gives
N;%z/ |t (1—sy2 p2e - o0 Pdr=1. (1)
0

Recall that s = —A e~ %", then the wave function is assumed
to be bound at r € (0,00) and s € (—A,0). If A = —1 the
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wave function is bounded in s € (1,0) such that the integral
of Eq. (21) takes the form

2 0
Mo [P g B (2 P ds=1. @)
J1

Let z = 1 — 2s such that the boundaries of integration change
from s € (1,0) to z € (—1, 1), then Eq. (22) reduces to

N2 11— %0 ] 1+ 2% 3
zoﬁfl[ 21 { 21 PR () dz=1. 23)

Equation (23) can be evaluated by using the standard
integral 47481

L] ] o an

_{ 2DHC (x+n+ DT (y+n+1) } (24)
| n T (x+y+n+D)C(x+y+2n+1)]°

Substituting Eq. (24) into Eq. (23), the normalized constant is
obtained as

|
N — \/ 20nT (2 + 2 £ mLOH +250420) 0

20226T (2) + )T (2), +n+1)

Hence, the total normalized pseudospin wave function is given
as

Gouls) = 20n!T(2x1 + 20 + )T (21 +2x2 +2n)
nk\S) 220+20T(2) +n)D (2 +n+1)

sst (1 — sy 2221 _og), (26)

4. Pseudospin solutions within supersymmetric
quantum mechanics approach

Within the concept of SUSY, Eq. (13) should be arranged
in the form

denk(r)

R [k — Vetr. (r)] G (r) =0,

27

where the effective potential Vg (1) is given as

Ld; Ld,

Qre Qare 2
—ﬁDe(1—2<Zm:£>+(e ) ) 28)

(e +1)2
The superpotential for the proposed potential is

Ae(xr
o(r)=B— ————. 29
(r) T (29)
The square of the superpotential is given as
2ABe®" A2 e205r
2 2
0} =B - . 30
(I‘) (ear+)~) + (ear_;'_)L)Z ( )

The two supersymmetric partner potentials can be obtained by
using the following equations:

Vi(r) = @*(r) + o'(r)

_ a2 2ABe™ A’ Aqhe™

=B oy Tewmaar  ewaan OV
Vo(r) = @*(r) — o'(r)

_ a2 2ABe™ AZe2or Aode®r

=B (e(xr+)t) + (ear+;t)2 + (e‘”+7t)2' (32)

Equations (31) and (32) obey the shape invariance condition
given as

Vi(raj) =V_(r,aj4+1) +Rq;. (33)

The ground state energy can be calculated by solving the as-
sociated Riccati equation

V_ (r) = Veff.(r) - E()k- (34)

Substituting Egs. (28) and (32) into Eq. (34) gives

> 2ABe™ AZe2or Ao e
(e + L) (e +A)2 (e +A)2
Ld, Ld,
= [ Ld, PC
( T (eo"+7t)2) *
eocre_’_l (eare_,'_)L)Z 5

—ﬁDe,(l—Z( emH)+ i)~ 69

Solving Eq. (35) gives rise to three simultaneous equations

Eo = Ldy+PC — BD. — (A—B)?,
2PCA +2BDe(b—A)+ Ldy +2ALdy — 2Eq A
=2AB* —2ABA + A0,
PCA*+LdyA*+Ld\A+Ldy—BDe (A*—2bA +b*) —Eq A
= B2, (36)
where b = (e*e + ). The ground state energy Eg; will be

calculated by using Eq. (36). The solution of Eq. (36) satisfies
the following conditions:

1 1 Ldy, — BD.b?
A:a(zi\/4+2az§2), 37)
L (BDeb(b—2A) —Ld{A — Ld.

The excited supersymmetric state energy is obtained by using
the shape invariant condition. Hence, Eq. (34) can be written
in the form

V_(r,a) = Vegr.(r) — Eog. 39)

Substituting Eqgs. (34) and (36) into Eq. (39) with simplifica-
tion gives

_ 2BDeb + Ld,

Ld, — BD.b?
V,(r,a)_ (ear+;\') 2 B e

(ear_’_l)z

+(A—B)%. (40)
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Substituting the parameter of Eq. (37) into Eq. (40) with sim-
plification gives

V_(ra)= - +- ;

_ 2BDcb+Ld | Ld,—BDeb? 1 <A+ Q2)2
(e® +2) (e + 1) 4 '

4D
LetA =ag, a1 =ap+1, ap =ap+2, and a, = ap + on, then
the following equation can be obtained:

v _ 2BDeb+Ldy | Ldr— BDcb>
)=ty T e g a)?
1 2
= <a0+§j) , “2)
Vo (ray) = 2BD.b+Ld;  Ld> — BDcb?
—-\nha1) — (ear_’_l) (ea,_~_l)2
1 2
+g <al+ff> . 43)

Using Eqgs. (42) and (43), one can write the following recur-
rence relation:

R(al) = V+(V7510) —V_(V,Cll) =

R(ay) = Vi(r,ap—1) —V_(r,ay) =

1 0\ 1 0\*
4<an1+an—l> 4(an+an> . (45)

The higher order supersymmetric energy can be obtained as

2 2
(o 2) o @) e

ap 4 n

The total energy which is the sum of higher order energy and
ground state energy can be calculated as

R(ay) = Enk + Eox = Epg. 47)

™=

k

Substituting Eqs. (36) and (46) into Eq. (47) gives the total
supersymmetric energy as

N 1 S 2
Ey = — Llo-l-% - an"‘%
4 a 4 ay

+Ldy + PC — BD. — (A — B)*. (48)

1

2 2
Recall that (A —B)? = 1 (A+ %) =1 (a0+ %) . Equa-
tion (46) finally reduces to

i 1 g
Ewo=—7 (aﬁ%) +Ldy+PC—BD..  (49)
n

The eigenvalue Eq. (49) obtained by using the supersymmet-
ric invariance method is the same as that obtained by using the
Nikiforov—Uvarov method. This affirms the high mathemati-
cal accuracy of our analytical calculations.

5. Numerical results and discussion

The eigenvalue Eq. (18) can not directly explain the
pseudospin symmetry of the single nucleon spectrum. By
solving the energy level equation numerically, we can find
the energy level characteristics of the single nucleon spec-
trum under pseudospin symmetry. The numerical computa-
tion is carried out with the following set of parameters D, =
2000, = 0.2,M =1,C = —2,r. = 1.6,A = 2, as shown in
Table 1. It is worth mentioning that each quantum state has
both positive and negative numerical values though predom-
inantly negative to ascertain bound state condition and this
categorizes Eq. (18) to be a transcendental equation. In this
work we only report one set of numerical values for all quan-
tum state. The quantum state of degeneracies as shown in
Table 1 are in excellent agreement to the work of Okon et
al. as reported in Ref. [30]. A lot of quantum degenera-
cies were observed in the numerical computation. Few among
them were (1s;/, = 0ds)5), (1p3/2 = Ofs ), (1ds/o = 0g7)2).
(2512 =1d3)2). (2p3/2 = Ifs)»). Degeneracies are expected
to occur in approximate bound state solutions of relativistic
equations especially the Dirac and Klein—Gordon equations.
The numerical data obtained from Table 1 produces a fasci-
nating result for a Dirac nucleon. Firstly, the shell model de-
scribes how much energy is required to move nucleon from
one orbit to another. The orbital angular quantum number /
determines the shape of an orbital of a Dirac nucleon and the
angular distribution with respect to specific sub-shell which
are the s, p, d and f sub shell.
for a Dirac nucleon is expected to be higher than p, d and f

The energy at s-sub shell

sub-orbital shell because of its closeness to the nucleus of an
atom. Our results from Table 1 authenticates the existing the-
ory of sub-orbital energy. (131 /2) has the pseudospin energy
of —1.060406226 which is greater than the energy of (1ps /2)
with pseudospin value of —1.174078710 as expected in gen-
eral perspective. Therefore, the trend of table confirms the
accuracy of both numerical and analytical results.

Table 1. The bound state energy eigenvalues E,,, ; of pseudospin symmetry

for several values n,,k. The parameters D, = 2000, = 0.2,M = 1,C =
—2,A=2r.=1.6.

I npk<0 1, Epxco  nr—1Lk>0142,j+1  E,_j50

1 1,-1 Is;;, —1.060406226 0,2 0dy;,  —1.060406226
2 1,-2 lps;, —1.174078710 0,3 0fs;,  —1.174078710
3 1,-3 1ds;, —1.338236425 0,4 0g7,  —1.338236425
4 1,-4 ls;;, —1.550816544 0,5 0sg/y  —1.550816544
1 2,1 2sy;, —1.062254026 1,2 ld;,  —1.062254026
2 2,-2 2ps; —1.180686269 1,3 Ifs;,  —1.180686269
3 2,-3 2ds; —1.352212746 1,4 lg;,  —1.352212746
4 2,4 257, —1.574553602 1,5 Isg,  —1.574553602
1 3,-1 3s;, —1.063223028 2,2 2dy;,  —1.063223028
2 3,-2 3ps;, —1.184549912 2,3 2, —1.184549912
3 3,-3 3ds;; —1.360870303 2,4 2g7/,  —1.360870303
4 3,-4 3s;, —1.589875212 2,5 259/, —1.589875212
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