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Norovirus is one of the most common causes of viral gastroenteritis in the world, causing significant morbidity,
deaths, and medical costs. In this work, we look at stochastic modelling methodologies for norovirus transmission by
water, human to human transmission and food. To begin, the proposed stochastic model is shown to have a single global
positive solution. Second, we demonstrate adequate criteria for the existence of a unique ergodic stationary distribution
RS > 1 by developing a Lyapunov function. Thirdly, we find sufficient criteria 935 < 1 for disease extinction. Finally,
two simulation examples are used to exemplify the analytical results. We employed optimal control theory and examined
stochastic control problems to regulate the spread of the disease using some external measures. Additional graphical
solutions have been produced to further verify the acquired analytical results. This research could give a solid theoretical
foundation for understanding chronic communicable diseases around the world. Our approach also focuses on offering a
way of generating Lyapunov functions that can be utilized to investigate the stationary distribution of epidemic models with
nonlinear stochastic disturbances.

Keywords: stochastic norovirus model, stochastic transmission, stochastic perturbation, stochastic stability,

stochastic optimal control
PACS: 02.50.Ey, 02.50.Fz, 02.50.Ga

1. Introduction

Acute viral gastritis is still one of the most common ill-
nesses on the globe. Human noroviruses (NoV) have gained
growing attention in recent decades, despite the fact that they
are caused by members of a number of viral families. The
NoV is spread through the faecal oral route, which involves
contact with human faeces; they could also be released in
vomitus. Specific transmission of the NoV can occur directly
between persons or indirectly via ingestion of infected water
or food, or contact with fomites, based on these two decisive
sources.!!! Although the proportional importance of each of
these channels is debatable, it is widely acknowledged that the
NoV group alone is responsible for a significant amount of the
global foodborne disease burden. >3]

The most common meals linked to sporadic instances and
outbreaks of viral gastroenteritis are three!*!

Al During production, molluscan shellfish became in-
fected.

A2 Contaminated fresh products during harvesting, manu-
facture or packing.

A3 During the processing of prepared or ready-to-eat (RTE)
foods, contamination occurred.

Infected food workers’ poor personal hygiene habits are
the source of contamination for prepared foods, which is the
type of product most frequently associated in NoV outbreaks.
Many factors influence the risk of contamination posed by in-
fected food handlers, including the stage of clinical infection,
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which influences the degree of virus shedding, health and hy-
giene habits, virus removal and/or inactivation efficacy, virus
perseverance, ease of virus transfer and a variety of individual
characteristics. Contaminated hands, and to a lesser extent,
contaminated surfaces, clearly play an important role as virus
givers and recipients.[!

Many elements can aggravate norovirus transmission and
the resulting sickness. Over half of infections occur during
the winter months, indicating that the virus has a high seaso-
nality.!® Seasonal variation is attributed to environmental fac-
tors as well as population behavior. Norovirus, for example, is
more easily spread at cooler temperatures and may be boosted
by greater rains. "8 Other factors in the population can influ-
ence the intensity of norovirus outbreak. The disease affects
people of all ages, although it is more common in children un-
der the age of five.[”] According to serological studies, the first
norovirus infection occurs in childhood. Individuals who are
elderly or immunocompromized are more prone to develop se-

9101 Ag a result, while infection

rious problems and could die. !
is self-limiting in healthy people, the consequences for certain
groups with high-risk can be devastating. It has been shown
that these groups can shed for far longer periods of time, po-
tentially prolonging an outbreak.[!1-14]

Mathematical modelling is an important tool for studying
disease transmission and forecasting the efficiency of novel

15.16] Mathematical models can establish a

control methods. !
compromise between biological reality in their depiction of

infection’s natural history and the strength of their data link.
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Norovirus models built at various sizes, out from outbreak to
population levels, have discovered a wide range of reproduc-
tion numbers estimates. Environmental noises are always the
main factors in real-world systems and in biological phenom-
ena. Variations in the environment have a significant impact
on the spread of the NoV epidemic.!!”! Because of the unpre-
dictability of person-to-person connections or other aspects of
population, an epidemic growth and its transmission is funda-
mentally unpredictable. As a result, the epidemic’s condition
is influenced by the environment’s variety and randomness.
The NoV infection is an excellent example of epidemic growth
and dissemination being unpredictable due to unpredictability
of contaminated water or food or person to person contact.
Parasite spread and persistence are influenced by envi-
ronmental changes. The role of stochasticity has a large im-
pact on epidemiology, fluctuations might be random but pos-
itively autocorrelated, such that the environment is compara-
ble to the recent past (red noise), or random and uncorrelated
with the past (white noise), the stochastic noises, can be ana-
lytically calculated by considering aerial image as a probabil-
ity density function of photons.[!8-22] The deterministic and
the stochastic modeling techniques are the two main types of
approach for epidemic modeling. When it comes to mathe-
matical modelling of biological phenomena, stochastic differ-
ential equation models are preferable to deterministic models
because they can provide a higher level of realism than their
deterministic versions.!?>~2! Because we may build up a dis-
tribution of the anticipated outcomes, such as the number of
infected classes at time #, by running a stochastic model sev-
eral times, it produces more valuable output than deterministic
models. A deterministic model, on the other hand, will only
provide a single outcome irrespective of the experiments thus
far. For the description of the viral dynamics of NoV, many de-
terministic epidemiological schemes have been suggested, for
instance see Refs. [27,28]. The vast majority of NoV transmis-
sion models employ a compartmentalized approach, in which
the population is divided into disease states. In this connec-
tion, the population is usually split into three groups: sus-
ceptible, infected, and recovered (SIR). An exposed or latent
compartment (E) is frequently included in norovirus models.
The exposed compartment is required to measure the efficacy

29301 A a result, only a

of controls aimed at infected people.|
few writers have investigated the dynamics of noise in NoV
models.B! Until now, to the best of the knowledge of the

authors, none of the previous studies reported to prob NoV

transmission due to contaminated water or food by employing
mathematical modeling.

In this study, we suggested a stochastic epidemic model
for understanding the transmission dynamics of the NoV virus
(particularly the long-term behavior) in a shifting population
context with contaminated water and food. We divide the en-
tire community into five distinct groups. Here S(¢) denotes
the susceptible individuals, the variable I(¢) stand for the in-
fected/infectious individuals, R(¢) represents the recovered in-
dividuals, W (7) represents the concentration of the NoV bacte-
ria in the contaminated water and the last class F () represents
the concentration of the NoV bacteria in the foods while con-
sidering the environmental fluctuations. Besides, the proposed
NoV model take into consideration the following assumptions:

A2-1 The state variables and the parameter(s) used in
the model are nonnegative.

A2-2  Per unit of time, the mean number of contacts is
“c”.

A2-3  Every subject in the SIR compartment is exposed

to the same risk of moving to another compart-
ment and same for W and F compartments; the
probability distribution of moving between the
classes are subject to the exponential distribution
and the expected average time took in a class can
be calculated by considering the inverse of that pa-
rameter in an exponential distribution.
A2-4 The model fits an epidemic out-break within a
closed population if the whole population can be
regarded stable and stationary with the popula-
tion size remaining constant (without discharges,
deaths or inflow into the population).
A2-5 If the demographic is open, additional transition
coefficient d must be included in the model to ac-
count for new entries, discharges, and deaths. The
maintenance of an endemic state within a popula-
tion requires an open population.
A2-6 The total population N(¢) = N* is a constant and
N°* is independent of time ¢.

We used a set of functions W;(z) fori ={1,...,5}
to incorporate environmental noise into the model
with W;(0) = 0 as the standard Brownian motion
and oy, 0, 03, 04, 065 > O representing respective
intensities of the environmental noises.

A2-7

Assuming assumptions A2-1-A2-7 and further consider-
ing that the stochastic perturbations are directly related to S(z),
I(t), R(t), W(t), and F(r). Based on the above assumptions,
we obtained the following stochastic model:

ds(t) = [H

_BW@)S@)  BuF()S(t) _ Bal(t)S(t)
N N

BWOS() | BuF()S() | BuI(©)S

N
(t)f(

- dS(t)} dr+ oy S(r)dW (1),

di(t) = {
dR(7)

N N N
[yI(t) — dR(¢)] dt + o3R(z) dW3(t),

Y+ d)I(t)} dr + ol (1) dWa (1),

dw(t) = [0I(¢) —d W (2)] dt + caW (¢) dWa(2),
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dF (1) = [AL(t) —dyF(t)] dt + asF (t) dWs(1),

ey

where the description of parameters is presented in Table 1. Furthermore, the time-dependent functions W;(¢) for i = 1,2,...,5

represents independently the Brownian motions and Ot,-2 stand for the intensities of these noises with ; > 0 for all values of i.

Table 1. Parameters description.

Symbols  Description

I Natural birth rate

Bw Water (NoV bacteria) to human transmission rate

Br Food (NoV bacteria) to human transmission rate

B Transmission rate of infection from human to human

Y Recovery rate

d Natural death rate

A Rate at which NoV bacteria in food are produced by an infected individual
[ Rate at which NoV bacteria in water are produced by an infected individual
dy NoV bacteria removal rate in food and water

Now, on the basis of model (1) we may proposed the fol-
lowing questions:

Q1 Is white noise affect the dynamics of a disease caused
by NoV?

Q2 What role contaminated water plays in the spreading of
disease due to NoV?

Q3 What role does contaminated food play in the transmis-
sion dynamics of NoV?

Q4 What are the criterion that ensure the existence of sta-
tionary distribution?

Q5 What conditions are required in the stochastic optimal
control?

The organization of this paper are arranged as follows. In
Section 2, we provide the existence/uniqueness of the unique
positive global solution after stating a few lemmas. By using
a single condition, we proved the persistence of the disease
in Section 3. Section 4 of this study focuses on establishing
sufficient criteria ensuring the existence and uniqueness of the
ergodic stationary distribution. The stochastic optimal control
problem is presented and investigated rigorously in Section 5.
The theoretical findings are verified numerically and the re-
sults are displayed in Section 6. The study was concluded in

Section 7 by stating the conclusion and future research direc-
tions.

2. Global positive solution

The system (1) describes the dynamics of a biological
population. Hence, the population sizes should be nonnega-
tive and bounded. For this reasons, we first establish the global
existence, positivity, and boundedness of solutions for the pro-
posed model.

Theorem 1 The solution of the system (1), that is,
(S(2), I(t), R(t), W(t), and F(¢)) is unique for r > 0 and
for an initial value (S(0),7(0),R(0),W(0),F(0)) € R, It
will continue to exist in R, with unit probability, namely
(S(t),1(1),R(t),W(t),F(t)) € R, V1t >0.

Proof Clearly the coefficients are continuous locally Lip-
schitz for (S(0), 1(0), R(0), W(0), and F(0)) in RS, which
show that the solution (S(z),I(¢),R(¢),W(t),F(t)) is unique
and local in the interval [0, 7) for any 7, here 7. stands for the
explosion time (see for more detail in Refs. [32,33]). Proving
T. = oo guarantees that the solution is in fact global. Let ko be
a constant and assume that it is non-negative, and be a large
number, so that (S(z),1(¢),R(¢), W (¢),F(z)) lies in [ko, 1/ko].
Then by defining k > ko and

T = {t €[0,7) : min{S(¢),1(z),R(t),W(t),F(t)} < % or max{S(¢),1(t),R(t),W(t),F(t) > k}. )

We now set inf¢ = oo, as ¢ is the empty set. Here 7 is in-
creasing as k approaches to co. Assume that 7. is the limit-
ing value, that is, lim;_,., with 7. < 7. a.s. Here it is enough
to show that 7., = o a.s., then 7. = oo, which proves that
(S(t),1(2),R(t),W(t),F(t)) € RS a.s., for every t > 0. We ver-
ify that 7. = o a.s. If this not holds, then there will be a pair

of constants 0 < T existing and € from the interval (0, 1), like

the form
€ <P{T > 1..}. 3)

So an integer ko < k1 will be there, such that we have the fol-
lowing expression:

P{T > 1} > ¢, forall k| <k.

Define the following Lyapunov function:

020202-3
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S
G= (S—C—Clogc> +(I—1—1logl)+ (R—1—logR) + (W — 1 —logW) + (F — 1 —logF), @)

where C will be determined later.
Applying It formula to Eq. (4). We assume that k > ky and choosing arbitrary 7" > 0, then
dG(V,W,X,Y,Z) = LG(S,I,R,W,F)dt 4+ a; (S — C)dW, (r) + c(I — 1) dWx(¢)
+o3(R—1)dWs(t) + 03 (W — 1)dWa(t) + az(F — 1)dWs(z). (®)]

In Eq.(5), we define the G : Ri — R by the assertion

C BWS BwFS PulS Coy?
LG=(1—=) (- — — — -—
G ( S>< N N N )+ 2

+<1_1> (BfWS BuFS | BulS

1 2
I —
7 N TN T w (y+d)>+2az

LA Yoz (1- LY s Yoz (1= or- L
+<1 R)(y] dR)+ 5 04 +(1 W)(al W)+ 50 +<1 F)(u dyF) + 50

WS FS IS CIl CBW CPyF CPul WS
BWS _BuFS _BulS o CIL CBW  CBuF  CBl ., P

N N N S N N N N
BwFS  BulS BiWS  ByFS  BulS Yl
= I— - — I1—dR— =

+ (y+d) N N N +(y+d)+yl—d R +d

N N
s Al Colt 02+ 02+ 0 + o
+5I—d\,WfWererA],dvF,?erer 1+O‘2+23+ ;0

=JI —

CBW , CBuF
N N

Caj+03+0f+ai+a?
2
Coi+og+o5+0;+05
> .
Let B = Max{By, B}, then choose C = dy /B, such that Cf —d, = 0, from Eq. (2), we know that S(¢) +I(¢) +R(¢) + W(z) +
F(t) < 1, then we have

< I+

+CBy+Cd+ (y+d)+d+ 381 —dW +dy+ Al —dyF +dy, +

< O+CP+Cd+y+2d+06+CBW+CByF —dy(W+F)+A+2d,+Al+ 61+

6)

2 2 2 2 2
Caj+oy+a3+o; +o5

LGL<II+CP+Cd+y+2d+0++A+2dy+A+0+ )

=M. @)

Accordingly

T AT

E[G(S(1),1(t),R(t),W (1), F (1)) (5 AT)] < G((S,1,R,W,F)(0)) + E [ Mdt} <G((S,I,R,W,F)(0)) +TM. (8

0

Set Q = {1, < T}, for k; <kby Eq. (3), it could be noted that P(£2;) > €. Noticing that for every @ € €, at least one S(7;, ®),
I(t,®), R(1, ®), W(1, ®), F (T, ®), exists, which is equal to k or 1/k. So S(7, @), I(t, ®), R(T, ®), W(T, ®), F (T, ®), is
not less than k —logk — 1 or 1 /k+1logk — 1. Moreover

G(S(t),1(t),R(t),W (t),F(t)) > E(k—1—log k) A <]1€ -1 —l—logk) . )
Following Egs. (3) and (8), we obtain
G(S(O),I(O),R(O),W(O),F(O)) +TM > E [1Q(w)G(S(Tk)71(Tk)aR(Tk)aW(Tk)vF(Tk))]

zs[(klogkl)AGHogklﬂ, (10)

where the function 1g () is called the indicator function of 3. Extinction

Q. Assuming k — o goes to the contradiction, i.e., TM, thus One of the most important concerns in epidemiology is

T = o a.s. and hence end the proof. how to manage disease dynamics in order to eliminate it per-
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manently. In this section, we will discuss sufficient conditions
for the elimination of the disease in model (1). For the sake of

clarity, we define

Lemma 1 Let (S(¢),I(¢),R(¢),W(z),F(¢)) be the solu-
tion of the model (1) with the initial value

(5(0),1(0),R(0),W(0),F(0)) € R3..

=0a.s.

i BP0 .

f—ro0

For proving Lemma 1, one needs to follow the same ap-
proach used in the proof of Lemma 2.1 and Lemma 2.2 in the
work of Zhao,?* and thus we omit it.

Next we are going to discuss the extinction and therefore
first we define the basic reproductive parameter denoted as R
for stochastic model as stated by Eq. (1) and defined by the

following expression:

Then N, = 8B+ APw + Pndy
dy(y+d+a3/2)’
1 In/ InR v 2
lim sup nS() =0, limsu nl(r) =0, limsu nR(r) =0,
t—so0 t 1= 1 t—vo0 Theorem 2 Let (S(¢),1(¢),R(z),W(t),F(t)) be the solu-
lim sup nW(t) 0, Timsup InF(z) —0as. (11) tion of system (1) with (S,I,R,W,F)(0) € R°., if Rs < 1, then
1=ee ! =0 any solution of the stochastic hepatitis B model (1) obeys
Furthermore, if
ofvagvag ol val fim ($()) = as, Jim (1)) =0 as.
d> 7 dy > ) th_}rg)<R(t)> =0 as, tli_)1£10<W(t)> =0 as,
and then lim (F(t))=0 as., (13)
't 't
lim M =0, lim M =0, namely the disease extinct with probability one.
[—>o0 t—>oo
; f(; R(s)dWs(s) . féW (s)dWi(s) Proot.' By directly integ.rating the propo.sed system (1),
Jim T = 0, lim = 0, ‘ the following system of equations can be obtained:
—-S(0 wS FS IS 3 S(r)dW,
f Wy W) t
1(t)—1(0) _ B(WS)  Bu(FS) Bu(IS) o [§1(r)dWs(r)
POl Py B (g ay(n) 4 2T,
t W) W) t
R(t)—R(0 o3 JoR(r)dWs(r)  W(t)—W (0 o Jo W (r)dWu(r
()t ()=7<1>—d<R>—|— 3]0 (t) 3()’ ()t ()=5<1>—dV<W>—|— f() (t) 4(),
F(t)—F(0 JF (r)dw:
(t)t ( ):;\,<I>—dv<F>+a5f0 (:) 5(r). (14)
From the second last Eq. (14), we can easily obtain
5 1 (W(t)—W(0) ay [ JoW(r)dWa(r) )
= (- — L) 2 (TR ) = )+ ML), 1
W)= dv( . > . 7D+ M) (15)
Let
1 (W@E)=W(0)\ g [ oW (r)dWa(r)
M )= —— _— Pa— —_—
w(t) d, ( t + d, t ’
and in the similar way from the last Eq. (14), where
1 (F(t)—F(0) as (o F(r)dWs(r)
Mi(t) = —— | ——— - =—
i) dy ( t * dy t ’
we can obtain
A L (F(t)—F(0 as [ fo F(r)dw: A
(Fy="(I)—— (t) (0) + 3 Jo F (r)dWs(r) = 2 1)+ My(1). (16)
dy dy t dy 1 dy

Applying Itd formula on the second equation of system (1), then we can get

BWS  ByFS
IN "IN

dlogl(t) = [

BuS
+ N

2

(y+d)— Oﬂ dr + o dWh (1)
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B Bur

<[

The following equation can be easily obtained if we integrate Eq.

<[ﬁf< ), Bu(F)
RS

Substituting Egs. (23) and (24) into Eq. (18), then we can get

logl —1logI(0)
t

+

log/(r) _ [ Bi((8/dv){I) + My (1

2
+Bn— (y+d+ Oéz)] dt + o dWh(t).

ﬁw((k/dv)<l> +Mf(t))

A7)

(17) over [0,¢] and divide the resultant by z, i.e.,

2

g

o dWs (1)
—

+ (18)

Bn — <Y+d+ 5

2 o dWs (1)

)
ro| (1) i
[ Be(8/d,){I)
(1)

/l[iw

(1)
Bu(A/dy){I)
(1)

IN

5B s\, BeMi(r)

+ Bn — <y+d+ 5 )

logI(0
Ogt()+

+

+[3h—<y+d+ ;

g

2
BaMy (1)
o

IOgI(O) I 0% sz(t)

BeM: (1)
(1)

L B0 |

log1(0)
t

o dW, (t)
t

+ +

Ik

<y+d+

@ 2

{1

Moreover

o t
=% [aw()
t Jo

where i = {1,2,3,4,5} which is a local continuous martingale

and M;(0) = 0. Applying the limit # — oo and using Lemma 1,
we have
lim sup Mt(t) =0. (20)
And in a similar way we can say lim,_,..supMy () = 0 and
limy o sSup Mg (7) = 0.
If R < 1 is satisfied, then equation (19) becomes
tliﬁrgsup@ < <Y+d+ 0;22) (Rs—1)<0 as.  (21)

|
B Be(WS) B Bw(FS)

S(1)~S(0) _

B Bn(IS)

; ; (19)

{0

\
A direct result from Eq. (21) is given by

lim (1())
By substituting Eq. (22) into Eqgs. (23) and (24), and utilizing

=0 as. (22)

the properties of lim,_,. sup My (f) = 0 and lim,_,. sup M¢ () =
0, then we can get
[152<W(t)> =0 as., (23)
lim (F(t))=0 as. (24)

Moreover, by considering the the first equation in model (14),
integrating it between [0,¢] and dividing by #, and finally using
Egs. (22)-(24), we obtain

(041 f(; S(r) dw, (r)

t

Ny )

_Blls)

—d(S)+

S(t) — S(0)

t )

n o [§S(r)dwy(r)

(N)

(25)

(s) = o 1 Be(WS) B Bw(FS)
d d| (N) (N)
Thus implies that
) II
tlgg (S(1)) = 7 s (26)
In a similar way, we can get
lim (R(1)) =0 a.s., 27

o0

which proves the complete result.

4. Stationary distribution

In studying epidemiological dynamics, we are concerned
not only with situation in which the disease extinct out of the
population, but also dealing with the prevalence of the dis-

ease. For model (1), there is no disease present equilibrium

(V)

t t

of the model. Therefore, in this portion of the study, we use
the theory of Khasminskii!*! to focus on the existence of a
stationary distribution, reflecting whether the disease is preva-
lent. Let X(¢) be a homogeneous “Markov” techniques in
the d-dimensional real line space RY, which satisfies the au-

tonomous equation

dX (1) = i ¢ (X)dB,(t) + b(X)dr. 28)
r=1

It is well known that the diffusion matrix corresponding to
Eq. (28) has the form

A(X) = (a;j(x)), where a;;(x Zgr gl(x)

(29)
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Lemma 2?°! Let U € R be a bounded open domain with Theorem 3 Assume that
continuous boundary I", which has the given characteristics: dPa
.= 5 > > L (30)
H1 There exists a positive constant M. (d+oi/2)(v+d+05/2)

5 then for a certain initial value (S(0),1(0),R(0),W(0),F(0)) €

Zl aU ‘51 & > ME|", Ri, model (1), has a unique stationary distribution 7(-) and
ij

the ergodicity holds.

forallx € U and § € R Proof From Eq. (29), we know the diffusion matrix of

H2 There is a C>-function 0 < V satisfying LV < 0 for any system (1) has the form

RY—U.
*e A(X) : = diag(0?S?, 0212, 02R2, a2 W2, a2 F2).

Then the “Markov” techniques X (¢) have a unique ergodic sta-
According to Lemma 2, we only need to verify the condi-

tions H1 and H2. Let

tionary distribution 7r(-). In this situation,

{jim / F(x dt—/ Flx b =1, forallxeR?,
T —eT M:= min {aiS?, 0317, 03 R* , a3 W?, 0iF*} > 0,
. . . . (S.LRW,F)EU,CRY,.

where the function f(-) is considered to be integrable w.r.t

measure 7. then we have

Z aij(x)&&j = o SPEY + 03P S + G REF + agWPEF + e F2E} > MIEP,
i,j=1

for all (S,I,R,W,F) € U, : = [1/n,n]’ provided that n € Z, is sufficiently large. Note that & = (&, &, &3, &4, E5) € R, Hence,

the condition H1 holds. To verify condition H2, we denote

b:.=3I1

3 dpn 3
(d+of/2)(y+d+0a3/2)
Since M2 > 1, then we have b > 0. Now, let us define the C?-nonnegative function V(-) : R — R, by
V(S,,LRW,F):=PVi+V,—InS—InR—InW —InF,
where
Vi:=S+R+I+W+F—CiInS—CyInl and V5 := (S+R+I1+W+F)P*L,

P and p are positive constants satisfying the conditions

2d

—Pb+B< -2, 0<p<
-7 P atvaivaivoiVod

1
= (dA(y+d)Ndy) — 5p(oclz\/oazz\/0532\/0&\/0552),

A= sup {A(p+1)(S+R+I+W+F)P—1(p+1)m(S+R+I+W+F)P“}<<>o,
(S,RIW,F)ERS 2
1 of + 03 +af+al
B=  sup {—(p+1)m(SP+‘+IP+‘+RP“+WP+1+FP+‘)+A+3d+2dV+y+ LT 72 "~ 5},
(S.R.IW,F)ER 2 2

and C; and C;, are unknown constants to be determined at later stages.
Using It6’s formula, we obtain

CiIT  C\BW  CiPuF  CiBul Ciad  GBWS  C2BuFS  GpiS

LV, = IT—dN — Cd Cy(y+d
: (S A A A IN NI N ertd)
G GpS o o3 o o
< —3¢{/dN x +C (d+= ) +c d+ 2 ) 4+C3(2dy+ =+ 2 )+ +T
< \/ 5 X N 1{d+ > +C | Y+d+ > +C3 v+ > + > + 11+
(X2 a2 2 2
< =3V/dCIICBy+C (d+2‘> +C, <y+d+22) +C3 (2d +2+25) +IT+7, @31
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let Cy(d + a?/2) = I1, and Co(y+d + 03 /2) = II, then we can get
ol o _CBW | CBF  CBWS  CopuFS
d+o2/2 7 y+d+o2 N N IN NI

C =

Then we can obtain

LV, < =311

3 P - Y < -3IT|YRe—1|+7T 2
¢<d+a%/z><y+d+a%/z> +Y <3[R —1] 47, 32

Similarly, we have
Vy=(p+1)(S+R+I+F+W)P[IT—d(S+1+R)—yl —dy(W+F)]

+g(p+ 1)(S+R+I1+F+W)PTH(a?S?* + a3R* + o317 + 02 W? + o} F?)

1
<SA=S(p+ Dm(SPH 4RI 4 P WP pPE,

Moreover, we get where
o Bw BuF  Bul a? 1 1 1 1 1
_ et et AT ek i el ZL U= |-,k -,k -,k —,k k.
L( IHS) S+ N —+ N + N +d+ 2 k k7 X ka X k7 X k7 X k7
2 _
L(—InR) = _LI +d+ o3z Hence, V(S,I,R,W,F) is continuous with minimum (Sp, /o,
AI 2 o2 Al o2 Eo, Wo, Fo) in the interior of R3.. Thus, we can define a posi-
L(=InW) = —y Tt L(=InF) = —*‘Fd‘*‘? tive C2—function V : R} — R of the form
Therefore, we can easﬂy check that V(S LLRW,F)=V(S,I,R,W,F) — V(SO,TO,RMWO,FO)-
liminf V(S,I,R,W,F)=
kﬁw,(‘g};{l[l’lQr;gRi \Uy (8.1,R, W, F) ’ ‘ Therefore, it follows that
dpn o BWw  BuF  Bul of vl
LV < —3PIT | ¢ I LA LA N S
- \/(d+a /2)(}/+d+a /2) S N N N 2 R
al Al o Al
oy TS - +7+A—7(p+ ym(SPH 4 RPH 4 PPy wPHL 4 pPT),
Construct the following compact subset
1 1 1 1 1
De, = {(SRIWF)eIRP+ 81<S<—l 81<1<T & §R<8 81<W<—1 81<F<81} (33)
1
|
where & is sufficiently small constants and in the R \Dy,, l(p +1)m 1+1 1G< 1, (39)
they satisfy ef
II 1 1 <
—g TP (34) —g(P+l)m£13T3+Hf—l7 (40)
—Pb+(P+1))Te +B< —1, 35 1 1
(P+1)Ye+B< (35) Lorm k<, @
T(S]) 5 gp
2 +D < 1, (36) . 11
i
2 +D < -1, (37) &
11 1 where D, F, G, H, K, Z are real and positive and are defined
1 F<-1 38
(p—|— m p“ trs-h (38) as follows:
1
D= sup {(p+l)m(Sp+1 +RPHL L P L wPH L FPAY L (P 1)Y + (3p+ 1)IT
(S,R.IW,F)eRL 2
o +al+a2+a
+A+2d+2d, + Lt 3+2 Azt 5}, (43)
1 1
F=  sup {—(p +1)msPH! — S+ Dm(SPH! 4 RPHL 4 [P WPl pptly)
(S,RIW,F)eRY
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20 21 20 2
oy +05 + 0y + o
+(P+1)Y+ (3p+ DIT+A+2d +2dy + — = 5}, (44)
1 1
G= sup {_5(p_|_1)mlp+1_2(p_|_1)m(SP+l+RP+1+1P+1+WP+1+FP+1))
(S.R.IW,F)eRY
of + 05+ 05 +0s
+(P+1)Y +(Bp+ D)I+A+2d+2d, + 5 } (45)
1 1
H=  sup {—S(p +1)mRPH! — S+ Dm(SPH! 4 RPH 4 [P WP+l L ppFLy)
(S,R.IW,F)eRY
of o5 +of +od
+(P+1)Y+Bp+ D)II+A+2d+2dy+ 5 } (46)
1 1
K= sup {(p + D)mWPT — ~(p + 1)m(SPT! + RPF - P wPH 4 pPTTY)
(S,R.IW,F)eRL 2
of +0f + o +ad
+(P+1)Y+@Bp+1)1+A+2d+2d, + 5 }, (47)
1 1
Z=  sup {—(p + D)mFPT — ~(p+ 1)m(SPH 4 RPT - [PH WPt pPly)
(S,R.IW,F)eRY 5 2
of +oi+of+ad
+P+1D)Y+GBp+ DI +A+2d+2d, + 5 }, (48)
| 1
and {SRIWF eRi,1>}
- €1
b=3M[{Rg—1]+7. |
_ N ={(S,R,I,W,F)eR,R> — 5,
For sufficiently small &1, condition (35) holds due to —Pb + €]
B < —2. For convenience of calculation, we divide the set _ { (S,R,I,W,F) & ]Ri,O <W< 81}
Ri \Dyg, into eight domains,
= R,I,W,F) e R} 1<
Dy = {(S,R,I,W,F) ER,0<S< 81}, { (S,R,I,W,F) €RL0<I <&, W > 81}
> <
(S,R.I,W,F) eR1,0<1<el,S>el} {SRIWF JERLO<F <8

Dy = {(S,R,I,W,F) €ER,0<I<g,F > 6]3}, (49)

then we will illustrate LV < —1 on the set R3 \ Dy, .

{SRIWF eRi,o<R<sl,1>e,}
{ Case 1 If (S,R,I,W,F) € D}, we obtain

1
(S,R,I,W,F) eRi,S>}
&

|
11 ﬁfW BWF ﬁhl

LV < 3PI4Y — &+ 4 2 4 P g4 of dy+ 03— — +dy+a
Y- S el - dtog - dv+ o

1
4+ A— E(p 4 1)m(5p+1 4+ RPHL P+l Pl +FP+1)

A
<——+D. (50)
€

By using inequality (34), we obtain LV < —1 for all (S,R,I,W,F) € D;.

By making use of inequalities (35)—(37), and being a similar way to the proof of Case 1, we make the conclusion that
LV < —1forall (S,R,I,W,F) € Dy, (S,R,I,W,F) € D3, (S,R,I,W,F) € Dy, (S,R,I,W,F) € Dy, and (S,R,I,W,F) € Dy.

Case 2 If (S,R,I,W,F) € Ds, we have that

I BW BuF  Bul 81 81
LVS—3PH+T—E—I—ﬁf——i-BL—i-&—l—d—l—alz—W—i—dv—i—a%—w—l—dv—i—af

1
+A— S (p+ Dm(SPH 4 RPT 1P WP P

1 1
—5(p+Dm iy +F. (51)

< _Z
-5
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According to inequality (38), we achieve LV < —1 for all
(S,R,I,W,F) € Ds. Furthermore, being similar to the proof
of Case 2 and combining with Egs. (39) and (40), the con-
clusion LV < —1 can be obtained for all (S,R,I,W,F) € D,
(S,R,I,W,F) € D7,and (S,R,I,W,F) € Dg.

On the basis of the above discussion, it follows that

LV < —1, Y(S,R,I,W,F) € R}\Dg,, (52)

which proves the condition (H2) of Lemma 2, and model (1)
has one and only one stationary distribution and thus the er-
godicity holds.

5. Investigation of the stochastic optimal control

In recent years, optimal control strategies have received
a lot of attention. These techniques are used to provide the
best control solutions for a variety of diseases. The principle
of control theory is a useful tool for determining the appropri-
ate information circulation technique. [*6-! In the discipline of
optimality, there is a large literature and numerous applications
in the fields of dynamical systems, economics, and mathemati-
cal physics.37) We recommend the readers to see Ref. [38] for
a discussion of necessary optimality criterion and other related
conclusions in state restricted control systems.

The optimum disease-control approach is one that has
the greatest chance of reducing the number of infected peo-
ple at the lowest expense. The basic steps are summarized
as follows: linking a model to a real-world problem. This
stage is not an essay task due of an absence of physical under-
standing related to the phenomenon. In many circumstances,
we just have experimental data and some literature results to
work with. To identify a well-adapted model, extensive bib-
liographic research and several trials with various mathemat-

ical models are required. The mathematical framework will

need to be modified to conform to the experimental data, there-
fore a first representation is rarely convenient. Liu and Meng
also looked at the best harvesting techniques as well as the
dynamical elements of the stochastic delay model.?>4% The
authors derived optimal harvesting techniques and the upper
limit of expectation of sustainable yield using optimal harvest-
ing theory, the method of Hessian matrix and ergodic theory,
see Refs. [26,35] and cited work therein for recent updates on
the stochastic optimum control strategy.

As a result, we design stochastic optimal strategies based
on the preceding literature by including the following time-
dependent control variables and some other features into
model (1).

A1 The control measure u; represents the isolation of wa-
ter and food (NoV bacteria) and infected populations.
The prominent role of the control u; is to decrease wa-
ter (NoV bacteria) transmission rate f, and transmis-
sion rate B due to food NoV bacteria.

A2 The control variable u, physically shows the treatment
of NoV infected people. With the help of this control
measure, the infected population will tend to decline and
will ultimately get recovery.

A3 The control variable u3 describes an effective process
through which growth of water NoV bacteria could be
controlled. This control aims to minimize the size of
water NoV bacteria population.

A4 The control variable uy4 is used to control food NoV bac-
teria population and via this control, one can reduce the

rapid growth of food NoV bacteria.

Based on the aforementioned assumptions, as well as
the four control variables u;, uy, us, and uy, the associated

stochastic controlled version (1) is of the form

ds(t) = [H W(l —ui(t)) — W(l —u (1)) — w dS(t)] dt+ oy S(r)dW (1),
dI(r) = [BfWSiI)S(I)(l —u (1)) + W(l —u (1)) + w — (y—|—d+u2(t))1(t)} dt + ol (t)dWa (1),
dR(t) = [vI(t) + upl (t) — dR(2)] dt + o3 R(¢) AW (1), dW (¢) = [81(¢) — (dy +u3(t))W (1)] df + asW (1) AWy (2),
dF(t) = [M(t) — (dy +ua(t))F(¢)] dt + os F (t) dWs(2), (53)
satisfying the conditions
0 < 5(0),0<1(0),0 <R(0),0 <W(0),0 < F(0). (54)
The following vectors are defined for the ease of use:
s(t) = [s1(2),52(2),53(0),54(0),55(1)]),  w() = [u1 (1), u2(),u3(), ua (1))’ (55)
ds(t) = f(s(t),u(r))dr +g(s(t))dB(r). (56)
Moreover, vector which accumulates the initial data is given by
5(0) = [51(0),52(0),53(0),54(0),55(0] = 50, (57)
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where f and g are also vectors with components of the form

fis(0.u(0) = [11 - BYSO g ) BFIOSE)
), ue)) = [PPSO () 4 L
f3(x(0),u(t)) = [¥I(1) +ual (r) — dR(2)] dt + oz RAW3 (1),
Fs(x(t),u(t)) = [AI(t) = (dy +uq(t))F (1)] di + asF dWs(t

where g1 = 015,82 = l, 83 = 3R, g4 = wuW,g5 = s F.

We consider a cost function that is quadratic in nature

1 B B,
G(u)=~E / Al — AR+ AW +AGF + 2l 12212
2 0 2 2
where the notions A;, B;,and k; fori=1,...,4and j=1,...,5

denotes the positive real numbers.
Our main objective in this work is to find the control vec-

tor u*(¢) = (uj(t),us(r),u5(r),u;(r)) in such a way that

Jw)>J(u"),YueUl, (60)

where U is the set of admissible control(s) and is defined as

U={u:u€l0,],Vu; e *[0,t] t € (0,1},  (61)

max for i = 1,...

where [; = u; ,4 are real and positive which
denotes the respective maximum values of the control func-
tions. For utilizing the stochastic version of maximum princi-
ple, first of all, it is necessary to define the Hamiltonian func-

tion H,,(x,u, p,q) of the form
<f(S,M),p> - (S’ M) + <g(s)aq>a

where (-,-) stands for the Euclidian inner product while the

[P1,P2,p3; P4, ps) and g = (91,42, 43,94, 5]  de-
note the adjoint vectors. The following results can be obtained

H(s,u,p,q) = (62)

vectors p =

) (1—ui(2))— w - dS(t)} dt+ oy S(r)dW (1),
up(t))+ w - (Y+d+u2(t))l(t)} dr+ ol (t)dWs,
Fa(x(2),u(r)) = [61(t) — (dy +uz(2))W(¢)] dr + oW dWa(2),
), (58)
B; §+BZ ) dtJrkzlSZ+]‘2212+k23122+]‘2“W2+k2 Fz}, (59)
\
easily from the standard maximum principle
ds* (1) = ‘Wdt +g(s°(1)dB(1), (63)
dp*(r) = Wdt—i—q@)dE(r), (64)
Hm (S*vu*7p7q):rlfleal}(Hm (S*7u*apaQ)7 (65)

here s* denotes an optimal curve of x(¢). The condition on the
state variable at t = 0 and ¢ = #; of Egs. (65) and (66) are
5*(0) = xo,

play = -2,

respectively. As, equation (67) indicates that the optimum

(66)
(67)

value of the control(s) u* are functions of the adjoint and states

variables, thus, we can write

W (1) =9 (s p,q),

here ¢ is an unknown function and can be found with the help

(68)

of Eq. (67). Therefore, the corresponding Hamiltonian func-
tion will takes the form

H= (AII—A2R+A3W+A4F+ 5 1+B; %+l;3 §+Bz4 i+"2152+k2212+k2’1e2+]‘24w2+];5 )
e (1= PO 1y ) - B 1y ) - BN )
+p2<BfW§vt)S(t)(1 w@)+ 2L E@’ D1y oy BIUSO hl(]tv)s(t) —(V+d+uz(t))1<f))
T3 (PI(0) T (1) — dR(1)) + pa (S1(0) — (dy + u3(1))W (1))
+ps (AL(t) — (dy +us(1))F (1)) + 01 Sq1 + 02lgr + 03Rq3 + 0uW gs + Qs Fgs. (69)

By considering the derivatives of the Hamiltonian w.r.t the state variables (i.e., S, I, R, W, and F), we get system of ODEs

describing the dynamics of the adjoint variables of the form

d W F* I*
1) () P 1)+ (o1 - PE D (i) (o1 - p) P 4 pr iy
dpa(t) Bel* (1) . .
” =—Ai+(p1—p2) N +pa(d+us(t) +y) — p3(us(t) +v) — pad — psA + 0aqy,
Py pravangs 22— a1 o) PV 1)) 4 pac + g
d * .
%(t) = —As+(p1 *Pz)ﬁfljv(t) (1—uj(t)) + psdy + 05gs, (70)
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supported by the additional conditions at initial and final time

§*(0) =38, I'(0)=1I, R*(0)=R, W*(0) =W, F*(0)=F, p(tf) = —

ki ko k3

h(S,I,R,W,F) = 582 + =P+ =R+

2 2

Ih(s* (tf))
ds
ks

w2+ ?RZ, (72)

(71)

where pi (tr) = —kiS, p2(tr) = —kol, pa(tr) = —k3R, ps(tr) = —kaW, p4(tr) = —k4F. Now differentiating the Hamiltonian

equation with respect to uy, up, us, and uq, we get the following characterization of the controls

1
uj = max {min{l,(pz—pl) (
By

[26,36]

BV ()S° 0BV 05 <f>) } ,o} 7

1

uézmax{min{l,(ps—Pz)I*}»O}a
B

* . 1 * * . 1 *

uy =max<ming 1, —psW* 5 0, wuy=max{minq 1, —psF”5,0¢. (73)
B3 B4

We will slightly change the controls in a dynamic sys-
tem to achieve the goals when dealing with the optimal con-
trol problems. We used ordinary differential equations for the
representation of the system and chooses the structure and
limits of the control measures in order to build up and solve
the optimal control problem as shown by Eq. (60). By us-
ing the subsequent equation (61), we designed the objective
functional for the problem. To create an objective functional
that is relevant, it is required to balance competing factors in
the functional and decide whether or not to add terms in the
end. Because the optimal control results are greatly influenced
by the objective functional being chosen, selecting one is a
critical task that should be approached with caution. If there
are more than two components involved in the objective func-

tional, weights should be only assigned to those components

based on their respective relevance. Before applying the max-

1401 firgt of all, we must use the compactness

imum principle,
theory for proving the existence of the optimal controls. This
argument is based on the set of controls being utilized, which
are commonly continuous piecewise or Lebesgue measurable
and bounded functions. After that, one can design a maxi-
mizing/minimizing sequence of controls and relative state se-
quences, as well as prove convergence in the proper feasible
space, to prove that the objective functional is bounded for all
feasible controls. The challenge of finding a control that maxi-
mizes the objective functional subject to the state ordinary dif-
ferential equation (ODE) and initial values is converted to the
problem of optimizing the Hamiltonian point wise using this
principle. According to Ref. [40], we may define the Hamilto-
nian as the following expression:

Hamiltonian = (integrand of the objective functional) 4 (adjoint) (RHS of differential equations).

For maximizing the value of H, we must consider the derivative of H w.r.t u for deriving the optimality conditions. To derive

the adjoint system, we will take the partial derivative of H w.r.t to the state variables and the system will be supported by the

condition(s) which are called the transversality conditions as described by Eq. (73).

6. Numerical simulations and discussion

In applied problem particularly problems in mathematical modelling, one must verify the model predictions or theoretical

results through simulating the model. In this work, we intend to simulate model (1) with the help of quickly converging numerical

schemes. The simulation to be presented here are mostly relevant to qualitative aspects of the study and the assumed parameters

are justified biologically. The standard RK-4 method is used and the following scheme for the proposed model is presented:

o BWOS()  BuEDS()  B(0S()

Sit1 —SH—{ N N

liqy=1i+

N N N

[.Bfwi(t)si(t) 4 BFi0)Si0) | Budi(1)Si(0) iy

2
(04
()| &+ s+ S - D

2
Y+ d)I,-(t)] At + o liVALG i+ %L‘(sz,i — 1Az,

2
a
Rit1 = Ri+ [YIi(t) — dRi(1)] At + o3Ri VA G5+ %Ri(@z,i —1)Ar,

2
(07
Wit = Wit [81(1) = dyWi(t)] At + Wi/ A+ —EWi(—1 4 L) A,

2

Fiin = Freb AT (1) — (1)) A + 0 Fi/ArGs + S Fi(—1+ G2, (74)
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The terms §; j (i = 1,...,5) are the independent random vari-
ables (Gaussian) having N(0, 1) distribution, whereas, the time
step is Ar. Further, ¢; fori=1,...,5 are positive real numbers
and physically they describe the values of the white noises.

6.1. Stochastic stability and numerical simulations

To perform numerical simulation and biological feasibil-
ity of system (1), we must assume parameter values and noise
intensities from Examples 1 and 2. The initial compartmental
values of susceptible, infected, removed, water, and food NoV
becteria are also shown in Examples 1 and 2. The desired time
interval is [0, 80].

Theorem 2 establishes sufficient conditions for the extinc-
tion of the disease and the theorem is proved using stochastic
stability theory. Simulations suggest that only if 85 < 1 then
conclusion of Theorem 2 will hold and in such cases, the dis-
ease will tend to dies out with probability one. Solution curves
of both the models will tend to disease-free fixed point and this
assertion is supported by Fig. 1 which shows that the disease
will extinct within a finite time.
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Fig. 1. Trajectories of stochastic system (1) with its corresponding deter-
ministic version: (a) stochastic tobacco smoking model and (b) deterministic
tobacco smoking model.

On the other hand, Theorem 3 ensures the persistence of
the disease whenever the dynamics of the disease was mod-
eled by the proposed model. By using the values of parame-
ters from Example 2 we calculated that Ry > 1. As hypothesis
of Theorem 3 is satisfied and the disease must persist in such
a case. As shown in Fig. 2, under dynamics of model (1) the

disease will tend to persist and hence for the proposed model,
there exists an ergodic stationary distribution.
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Fig. 2. Trajectories of stochastic system (1) with its corresponding determin-
istic version: (a) S(¢)-susceptible individuals, (b) I(¢)-susceptible individ-
uals, (¢) R(t)-susceptible individuals, (d) W (¢)—concentration of the NoV
bacteria in water, (e) F (¢)—-concentration of the NoV bacteria in food.
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bacteria in water, (e) F(¢)—concentration of the NoV bacteria in foods.

We simulated the model for about 1000 times and ob-
tained the mean extinction time for the infectious class. If
we choose different values of the intensities, we will obtain

different values of mean extinction time. We concluded that
there exists an inverse relationship between the mean extinc-
tion time and noise intensities which is the key result of The-
orem 3. The histograms shown in Fig. 3 depict the probability
distribution of each compartment.

Example 1 We choose the parameters as Il = 10,
Bw = 0.02, B =0.02, B, =05, y=0.04, d =05, A =
0.02, 6 = 0.03, dv = 0.2 for the initial value, we choose
(S(2),1(t),R(t),W(t),F(r)) = (50,30,10,05,05) for noise in-
tensity o = 0.150, op = 0.100, 0z = 0.115, 04 = 0.110, and
a5 = 0.90. The basic reproduction number R; < 1 can be
easily calculated and according to Theorem 2 the solution of
model (1) must obey

logl(t
lim sup og/ (1) <0, a.s.,
t—yoo t

logW (¢
lim supLo <0, as.,
oo t

logF (¢
lim supL() <0, as.
o0 t

This suggests that in such a circumstance, the disease will be
eradicated from the population, as seen in Fig. 1, where nu-
merical simulations back up our theoretical findings.

Example 2 In a similar way we choose the parameters
asI1=25,B,=03, =03, f,=0.5,y=0.06,d =0.1,
A =0.05, 6 =0.06, dv = 0.2 for the initial value, we choose
(S(#),1(1),R(t),W(t),F(t)) = (50,30,10,05,05) for noise in-
tensity o = 0.100, oo = 0.99, oz = 0.80, oy = 0.75, and
as = 0.90 for stationary distribution of model (1). We cal-
culated 937 and found that it exceeds unity. The statement of
Theorem 3 is about the persistence of the disease and figure 2
is in the support of this statement. In the same way, we showed
analytically that the model has an ergodic stationary distribu-
tion and numerically figure 3 confirms this assertion.

Here, the notion S(z) stands for susceptibles, /() denotes
the infected individuals, R(¢) denotes the recovered individu-
als, W (¢) represents the concentration of the NoV bacteria in
the contaminated water, and the last class F () represents the
concentration of the NoV bacteria in the foods.

6.2. Numerical results on the stochastic control theory

We will show some graphical results on the optimal con-
trol theory of system (1) in this subsection. The simulation
will be carried out here again by using the fourth-order Runge—
Kutta technique. We choose the parameters values as those in
Example 2.

Both with the control and without control, our problems
were simulated and the results are shown in Figs. 4(b), 4(d),
and 4(f), which describe the dynamics of susceptible, infected
class, and recovered individual by considering the correspond-
ing deterministic version of system (1). The key aims of the
control section is shown by the figures and the infected and
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susceptible populations will tend to decline and similarly, the
recovered one will build up. Also, it is clear form the figures
that the water and food NoV bacteria will tend to decrease (see
Fig. 4).
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Fig. 4. Simulations for the stochastic models (1) and its corresponding de-
terministic version, both with and without control: (a) () with and without
control for stochastic system, (b) S(z) with and without control for determin-
istic system, (c) I(¢) with and without control for stochastic system, (d) (z)
with and without control for deterministic system, (¢) R(z) with and without
control for stochastic system, (f) R(¢) with and without control for determin-
istic system.

Besides, the controlled and without control version of
system (1) is simulated with the help of RK4 tools. The best
technique is to solve approximately the states and adjoint sys-
tem while keeping the transversality criteria in mind. The state
system (70) is solved initially with the help of RK4 method
and then an iterative procedure is presented for the state equa-
tions. The adjoint equations along with transversality condi-
tions (71) are solved by backward method. We updated the
control variables with the help of convex combination of the
control obtained previously and the new controls (73). The
iterative procedure was repeated until the two successive ap-
proximations are enough close to each other.

The computed results for optimal control under strategies
1 and 2 are reflected in Figs. 4(a), 4(c), 4(e), one can ob-
serve that the control strategy results a decrease in the num-
ber of susceptible and infected under model (1), and from
Fig. 5(a), we can see that the recovered ones are increas-
ing, we can clearly see in Figs. 4 and 5. Furthermore, fig-
ure 6(a) represents the dynamic of the optimal control vari-
ables of model (1). Clearly, the difference between the two
cases is visible, see Fig. 6.

60

50 b ---- Without control
— With control

40

s 30
20

10

ot
—10

R
H
'
'

0 10 20

16 T

14t 7 e

s T 1
10} .
---- Without control
— With control

=

()]
30 40 50 60 70 80
t

O N B O

0 10 20

60
50
40
30

----Without control
— With control

20 ¥ g W k!

10 [ o

—10

0 10 20 30 40 50 60 70 80

12

10

6 :" ---- Without control
9 : — With control

0 (d)
0 10 20 30 40 50 60 70 80
t

Fig. 5. Simulations for the stochastic models (1) and its corresponding deter-
ministic version, both with and without controls: (a) W (¢) with and without
control for stochastic system, (b) W(z) with and without control for deter-
ministic system, (c) F(¢) with and without control for stochastic system, (d)
F () with and without control for deterministic system.

7. Conclusion and directions

In this work, we formulated a new stochastic model which
describes the dynamics of NoV bacteria spreading through
food and water. After studying basic properties of the model,
we presented sufficient criterion for the permanence and ex-
tinction of the infection. By considering the possible varia-
tions in noises, we studied the behavior of the threshold param-
eter. We showed that the infection will tend to dies out of the
population for R; < 1. Utilizing the techniques of stochastic
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Fig. 6. Simulations of control variables for the stochastic models (1) and its
corresponding deterministic version: (a) trajectories of optimal control vari-
ables for stochastic systems and (b) trajectories of optimal control variables
for deterministic systems.

Lyapunov, sufficient condition is derived for the ergodicity of
the model and it is proved that infection will be permanent
in the population if we keep SRS > 1. We considered a few
external control characteristics of the infection and rigorous
analysis for the stochastic control model was presented. By
using the stochastic RK-4 method, we depicted sample curves
for stochastic models both with and without controls. In par-
allel, we provided sample curves for the corresponding ODE
model and compared the results with stochastic predictions.
We find that the proposed control strategies can prevent and
control the disease in a cost effective way. Using this ap-
proach, we conclude that the norovirus transmission dynam-
ics by contaminated food and water reducing the number of
cross contamination events were more important than human
to human NoV transmission. However, we should point out
that it is necessary to simultaneously control all three of these
components in order to significantly reduce risk. In future,
we intend to include more characteristics related to the disease
while modelling. We also intend to include spatial and age ef-
fects into the models describing the dynamics of NoV in our

future works.
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