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A two-component lattice Boltzmann method (LBM) with a multiple-relaxation-time (MRT) collision operator is pre-
sented to improve the numerical stability of the single relaxation time (SRT) model. The macroscopic and the momentum
conservation equations can be retrieved through the Chapman–Enskog (C-E) expansion analysis. The equilibrium mo-
ment with the diffusion term is calculated, a diffusion phenomenon is simulated by utilizing the developed model, and the
numerical stability is verified. Furthermore, the binary mixture channel model is designed to simulate the sound attenua-
tion phenomenon, and the obtained simulation results are found to be consistent with the analytical solutions. The sound
attenuation model is used to study the numerical stability and calculation accuracy of the LBM model. The simulation
results show the stability and accuracy of the MRT model and the SRT model under different viscosity conditions. Finally,
we study the influence of the error between the macroscopic equation of the MRT model and the standard incompressible
Navier–Stokes equation on the calculation accuracy of the model to demonstrate the general applicability of the conclusions
drawn by the sound attenuation model in the present study.

Keywords: two-component lattice Boltzmann method, acoustic attenuation
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1. Introduction
Acoustic attenuation is a process of estimating energy

loss in sound due to its engendering through media, owing to
mainly two mechanisms known as classical attenuation and re-
laxation attenuation.[1–5] Classical attenuation originates from
transport phenomena of gases, which include viscosity, diffu-
sion, and heat conduction.[6,7] In contrast, relaxation attenua-
tion stems from thermal relaxation of internal degrees of free-
dom of polyatomic molecules.[8,9] The nonlinear relationship
between relaxation attenuation and frequency makes it com-
plex to understand attenuation effect of sound, which com-
pels us to design an accurate acoustic attenuation prediction
model.[10–12]

Energies are stored in the translational and inner de-
grees of freedom at equilibrium for gas at rest. If the
gas is not at rest, external disturbances such as a passing
sound wave may cause a change in its translational energy.
This change will push the degrees of freedom into a out-of-
equilibrium state, and a gradual readjustment to equilibrium
will occur. This readjustment happens throughout molecular
collisions.[13] The results predicted through the lattice Boltz-
mann model include classical attenuation, relaxation attenua-
tion and attenuation caused by other effects, which can rea-
sonably and accurately describe attenuation of sound waves in
gases.

In recent years, the lattice Boltzmann method (LBM)

has emerged as an effective computational method, which
bridges the concept of micro-scale and macro-scale, known
as the mesoscopic method.[14–19] Researchers previously used
the single-relaxation-time (SRT) LBM model to simulate two-
component mixtures.[20–26] Luo et al. established a uni-
fied approach for developing the lattice Boltzmann models
to study the multi-component fluids within the kinetic the-
ory framework.[27,28] Based on this theory, many efforts have
been devoted to exploring the flow of binary mixtures.[29]

At the same time, Zhang et al. extended the discrete uni-
fied gas kinetic scheme towards the study of flows in binary
gas mixtures.[30] The self-collision term found in the above-
mentioned literature adopts the SRT or Bhatnagar–Gross–
Krook (BGK) model. However, the numerical accuracy and
stability of the BGK model are found to depend strongly on
the relaxation time in the evolution equation.[31,32] The SRT
model causes the numerical instability when the viscosity is
too large or too small.

The process of LBM simulation of sound attenuation is
closely related to various factors, predominantly viscosity,
macroscopic velocity, and density. The LBM has been used
as an extensive method to characterize the propagation prop-
erties of sound waves in gases.[33,34] Viscosity has a great in-
fluence on stability of the SRT model,[35–37] and the improved
multiple-relaxation-time (MRT) model significantly improves
the stability. The stability and accuracy of the calculation re-
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sults of the MRT model under extreme viscosity, and the ra-
tionality of studying the LBM model through the sound at-
tenuation model need to be resolved. Therefore, the present
study presents a unique sound attenuation model to address the
above-mentioned problems. The effect of the error term of the
macroscopic equation on the calculation accuracy of the sound
attenuation model is investigated and presented in Section 4.
The results show that the error value of the sound attenuation
coefficient can correctly reflect the error of the macro equa-
tion of the MRT-LBM model. It is perceived that the results of
the MRT model stability and accuracy drawn by the sound at-
tenuation model are general, which can be applied to different
calculation models.

In this paper, an improved simulating model with an MRT
collision operator is presented to study the flows of binary
gas mixtures, and the equilibrium moment with the diffusion
term is calculated. The rest of this paper is organized as fol-
lows. Section 2 presents an improved MRT-LBM model, and
a detailed C-E expansion analysis is given in the appendix.
In Section 3, the improved LBM model is used to simulate
the diffusion phenomenon. Then the numerical stability and
sound attenuation characteristics are also verified. In Section
4, the effects of viscosity, density ratio and concentration on
the stability and accuracy of the MRT-LBM model are mani-
fested. At the same time, the influence of the error term of the
macroscopic equation on the calculation accuracy is analyzed.
In Section 5, we draw summary of the current investigations
along with the future research directions.

2. The two-component MRT-LBM model

Kinetic theory of gas mixtures has received much atten-
tion by the scientific community.[38,39] On the basis of kinetic
theory, an SRT-LBE model with the BGK collision operator
was proposed by Luo et al.[27] In order to improve the stabil-
ity of the above model, we present an improved MRT-LBM
model, and conduct a rigorous C-E expansion analysis. The
evolution equation is expressed as

fα,σ (𝑥+𝑒α δt , t +δt)− fα,σ (𝑥, t)

= −𝑀−1𝛬σσ𝑀( fα,σ − f (0)α,σ )−𝑀−1𝛬σσ̄𝑀

× ρσ̄

ρ

1
c2

s
f (eq)
α,σ (𝑒α −𝑢)(𝑢σ −𝑢σ̄ ), (1)

where fα,σ (𝑥, t) is the discrete density distribution function
of component σ , x is the particle position, δt is the time step,
and α is the number of discrete velocities. In a binary mixture,
σ = 1,2, σ̄ 6=σ means different components. On the right side
of the equation, the first term represents the self-collision term,
and the second term represents the cross-collision term. For
the D2Q9 lattice model, the orthogonal transformation matrix
𝑀 is detailedly given in Ref. [40]. Here, the diagonal relax-
ation matrix 𝛬σσ is defined as[27]

𝛬σσ = diag(τ−1
ρ ,τ−1

e ,τ−1
e2 ,τ−1

j ,τ−1
q ,τ−1

j ,τ−1
q ,τ−1

ν ,τ−1
ν ). (2)

The velocity 𝑒α is defined as[27]

𝑒α =


(0,0) , α = 0,
c(cosθα ,sinθα), θα = (α−1)π/2, α = 1,2,3,4,√

2c(cosθα ,sinθα), θα = (α−5)π/2+π/4, α = 5,6,7,8,
(3)

where c = δx/δt is the lattice constant, and δx = δy is the spa-
tial step.

The equilibrium distribution function f (0)α,σ of the compo-
nent σ can be written as[28]

f (0)α,σ = f (eq)
α,σ

[
1+

(𝑒α −𝑢)(𝑢σ −𝑢)

c2
s

]
, (4)

where f (eq)
α,σ represents the equilibrium distribution function re-

lated to the mutual collisions between molecules of different
components, the expression is given as follows:

f (eq)
α,σ = nσ ρσ ωα

[
1+

𝑒α𝑢

c2
s

+
(𝑒α𝑢)

2

2c2
s
− 𝑢2

2c2
s

]
, (5)

where ωα are the weight coefficients defined as ω0 = 4/9,
ω1−4 = 1/9, ω5−8 = 1/36, and cs = 1/

√
3; nσ is the volume

concentration, which represents the molecular concentration
of component σ in the microscopic view, and represents the
ratio of the volume occupied by the component σ to the total

volume of the mixture in the macroscopic view; ρσ and 𝑢σ

are the mass densities and velocities of σ -th, which are given
by[27]

nσ ρσ = ∑
α

fα,σ = ∑
α

f (0)α,σ , (6)

nσ ρσ𝑢σ = ∑
α

𝑒α fα,σ = ∑
α

𝑒α f (0)α,σ , (7)

the density ρ and the velocity 𝑢 of the mixture are expressed
as

ρ = nσ ρσ +nσ̄ ρσ̄ , (8)

ρ𝑢= nσ ρσ𝑢σ +nσ̄ ρσ̄𝑢σ̄ . (9)

The second term on the right side of Eq. (1) represents the
cross-collision term, so the term ρσ̄

ρ

1
c2

s
f (eq)
α,σ (𝑒α−𝑢)(𝑢σ −𝑢σ̄ )

is defined as the cross-collision equilibrium distribution func-
tion. Using the transformation matrix 𝑀 , Eq. (1) can be trans-
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formed into

𝑚∗σ =−𝛬σσ (𝑚−𝑚
(0)
σ )−𝛬σσ̄𝑚

(eq)
σ , (10)

where the distribution function in the moment space is 𝑚 =

𝑀 f , which can be written as

𝑚= (ρ,e,e2, jx,qx, jy,qy, pxx, pxy)
T. (11)

The equilibrium distribution function of the component σ in
the moment space is 𝑚(0)

σ =𝑀 f (0)α,σ . Since the diffusion phe-
nomenon is closely related to the collisions between molecules
of different components, 𝑚(eq)

σ =𝑀 f (eq)
α,σ

ρσ̄

ρ

1
c2

s
(𝑒α−𝑢)(𝑢σ−

𝑢σ̄ ) is defined as the moment space equilibrium distribution
function with a diffusion term. The calculation results are ex-
pressed as follows:

𝑚
(0)
σ = nσ ρσ



1
−2−3𝑢2 +6(uxuσx +uyuσy)
1+3𝑢2−6(uxuσx +uyuσy)

uσx
−uσx
uσy
−uσy

−u2
x +u2

y +2(uxuσx−uyuσy)
−uxuy +(uyuσx +uxuσy)


, (12)

𝑚
(eq)
σ = nσ

ρσ ρσ̄

ρ



0
6ux(uσx−uσ̄x)+6uy(uσy−uσ̄y)
−6ux(uσx−uσ̄x)−6uy(uσy−uσ̄y)

(uσx−uσ̄x)
−(uσx−uσ̄x)
(uσy−uσ̄y)
−(uσy−uσ̄y)

2ux(uσx−uσ̄x)−2uy(uσy−uσ̄y)
uy(uσx−uσ̄x)+ux(uσy−uσ̄y)


.(13)

Then streaming equation can be written as

fα,σ (𝑥+𝑒α δt , t +δt) = f ∗α,σ (𝑥, t), (14)

where f ∗α,σ (𝑥, t) =𝑀−1𝑚∗σ .
The macroscopic Naiver–Stokes (NS) equation can be de-

rived from Eq. (1). The derivation process is given in the ap-
pendix. The mass and momentum equations of the mixture are
presented as follows:

∂ρ

∂ t
+∇ · (ρ𝑢) = 0,

∂ρ𝑢

∂ t
+∇(ρuu) =−∇P+∇[ρν(∇ ·𝑢+(∇ ·𝑢)T)]

+∇ρ(µ−ν)∇ ·𝑢, (15)

where µ = (nσ ρσ µσ +nσ̄ ρσ̄ µσ̄ )/ρ is the average bulk viscos-
ity, ν = (nσ ρσ νσ +nσ̄ ρσ̄ νσ̄ )/ρ is the average shear viscosity
of the mixture, and P= ρc2

s is the total pressure of the mixture.
The following equation can be obtained from Eq. (15)

provided µ = ν ,

∂ρ

∂ t
+∇ · (ρ𝑢) = 0,

∂ρ𝑢

∂ t
+∇(ρuu) =−∇P+∇[ρν(∇ ·𝑢+(∇ ·𝑢)T)]. (16)

This is the standard incompressible Navier–Stokes (N-S)
equation. The C-E multi-scale analysis shows that the im-
proved model can accurately restore the macroscopic mass and
momentum conservation equations.

3. Verification of flow properties
In order to show whether the MRT model is proper for

studying the flow of two-component mixtures, we simulated
the phenomenon of binary diffusion. At the same time, the
stability of the MRT model was tested with the SRT model.
Then the sound attenuation prediction channel model was es-
tablished to verify the accuracy of the model under different
parameters.

3.1. Verification of diffusion phenomenon

Diffusion is the result of net movement of molecules
driven by a gradient in the chemical potential of fluid
species.[41–43] The advantage of the improved model is that
it gives an equilibrium moment with a diffusion term, which
makes the programming and calculation simpler. To verify
the accuracy of the improved model, this section simulates the
diffusion of binary mixtures. Notably, the diffusion process is
found to be consistent with the physical phenomenon through
the simulation process.

In Fig. 1, we show the initial configuration of the two-
component diffusion. As is shown, there are two-component
mixtures with different concentration nσ on the left and right
sides of the container.

L0

n1/.

n2/. n2/.

n1/.

Fig. 1. Initial configuration of the two-component diffusion.

The upper and lower boundaries adopt nonequilibrium
extrapolation boundary conditions, and full developed bound-
ary conditions are adopted in the left and right boundaries.
The initial velocity of each component is 𝑢σ = 0, and
the diagonal relaxation matrix is 𝛬σσ = diag(1,Ωσ ,Ωσ −
1,1,1.2,1,1.2,Ωσ ,Ωσ ), where Ωσ = 1/(3νσ + 0.5), 𝛬σσ̄ =

𝛬σ̄σ = diag(1,2,2,1,1,1,1,2,2).
In fact, the diffusion phenomenon described in this article

is a one-dimensional problem as the physical field is the same
in the vertical direction.[32] In order to facilitate the setting of
upper and lower boundary conditions, the mesh is chosen as
Nx×Ny = 1000×3, the length of the channel model is L0, the
spatial step is δx = δy = 5/3× 10−4 l.u., and the time step is
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set as δt = 5/3×10−4 t.s. All units used in this paper are stan-
dard lattice units, t.s. means time step, m.u. and l.u. represent
mass unit and lattice unit, respectively. The mole fraction is
defined as Xσ = nσ/n, where n = n1 +n2, and the range of Xσ

is 0–1. The analytical solution expression for the mole fraction
of component σ is as follows:

Xσ =
XL,σ +XR,σ

2
−

XL,σ −XR,σ

2
Erf
(

x− x0√
4Dt

)
, (17)

where Erf is the complementary error function, x0 = L0/2 is
the location of the interface, D = 10−3 is the diffusivity, and
the subscripts L and R indicate the left and right sides of the
container.

As shown in Fig. 2, the triangles and circles represent the
simulation results of component σ = 1,2, respectively. Solid
lines are used for the corresponding analytical solutions. Here
x represents the distance from the left side of the container,
the length of the channel model is L0, and the abscissa x/L0

represents the normalized distance.

. . . .

.

.

.

.

. . . .

.

.

.

.

x/L0 x/L0

x/L0 x/L0

X
σ

X
σ

X
σ

X
σ

X1

X2 X1

X2

. . . .

.

.

.

.

. . . .

.

.

.

.

X1

X2

X1

X2

(a) t=0.2 (b) t=2

(c) t=7 (d) t=13

Fig. 2. Molar fractions of the different component in the diffusion process.

Figure 2 shows the change of the mole fraction at differ-
ent times during the diffusion process. The simulation results
and analytical solutions at different times t = 0.2, t = 2, t = 7
and t = 13 time steps are found in good agreement. From this
study, it is found that the presented MRT model can describe
the flow between various components accurately.

3.2. Verification of numerical stability

It is known that the numerical stability of the lattice Boltz-
mann equation (LBE) is significantly influenced by the re-
laxation times, especially for shear viscosity.[21,26] The SRT
model may lead to numerical instability if shear viscosity is
too large or small. To check whether the presented MRT
model can overcome these problems, we therefore analyzed
the stability of the densities ρσ for both the models of SRT and
MRT. The range of shear viscosity νσ is chosen from 0.001 to

1.5 l.u.2/t.s., τσ = 3νσ + 0.5. When the density simulation
result is stable, the error ∆ρσ between the average value of
the density at different positions and the theoretical value is
calculated. The error expression is ∆ρσ = |ρ̄σ −ρσ |, and the
simulation results of the error ∆ρσ are listed in Table 1.

Table 1. Comparison of the equilibrium properties among the SRT-
LBM model and the present MRT-LBM model. The concentration ratio
is 5:5 and the density ratio are ρ1 : ρ2 = 1 : 2. The density error expres-
sion is ∆ρσ = |ρ̄σ −ρσ |, where ρ̄σ is the average value of the simulated
density of the horizontal centerline of the channel. The “–” sign repre-
sents the calculation result to be unstable.

τσ = τσ̄

SRT-LBM MRT-LBM
∆ρσ ∆ρσ̄ ∆ρσ ∆ρσ̄

0.503 – 4.52×10−5 7.76×10−5

0.53 – 4.52×10−5 7.78×10−5

0.56 – 4.53×10−5 7.79×10−5

0.62 4.54×10−5 7.81×10−5 4.54×10−5 7.81×10−5

1 4.59×10−5 7.91×10−5 4.59×10−5 7.91×10−5

3 4.58×10−5 7.94×10−5 4.59×10−5 7.94×10−5

4 7.38×10−5 1.31×10−4

5 8.61×10−5 1.54×10−4

The SRT model encounters numerical instability for small
or large values of τσ . Fortunately, the present MRT model
works well noticeably for all cases. Henceforth, the simulation
results confirm the superiority of the present models used in
this study in terms of achieving the improved numerical stabil-
ity. It is worth mentioning that the density stability decreases
when the viscosity is high, which will reduce the calculation
accuracy.

3.3. Verification of acoustic attenuation

Next, the MRT-LBM model has been implemented to
simulate the sound attenuation in the binary gas mixture. In
order to investigate the effect of viscosity, concentration, and
density on the sound attenuation, the sound attenuation chan-
nel model has been designed in the following way as shown in
Fig. 3.

Periodic boundary

Periodic boundary

ExitExtrance

0 Nx

x

y

Fig. 3. The sound attenuation channel model.

Sound waves propagate along the x-direction. The source
of sound is located at the channel entrance, whose oscillation
velocity is set to u0 = uA sin(ωt), where uA is the amplitude
of the oscillation velocity and ω is the angular frequency. The
channel is filled with binary gas mixture. The boundary con-
ditions are periodic in the vertical direction, an equilibrium
boundary is adopted at the entrance, and the influence of sound
reflection at the exit is not considered. A certain density dis-
turbance is given at the sound source as follows:

ρ = ρ0 +δρ sin(ωt) = ρ0(1+uA sin(ωt)/cs), (18)
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where ρ0 is the average of the theoretical values of the two
component densities, δρ is the density disturbance. If ρ0 =

1 m.u./l.u.3 and δρ = 0.01 m.u./l.u.3, then uA = csδρ/ρ0 =

0.00577 l.u./t.s. The mesh is chosen as Nx×Ny = 1000× 3,
the length of the channel model is L0, time step and spatial
step are the same as those in the diffusion model. The analyti-
cal solution of this problem is given by the following equation:

𝑢(x, t) = uA e−αx sin(ωt− kx). (19)

Here t is the propagation time, and the sound attenuation co-
efficient is α = 4π2ν0/csλ

2, where ν0 is the viscosity of the
mixed components, and the expression is ν0 = (µ +ν)/2. The
initial parameters values are shown in Table 2.

Table 2. Corresponding parameters of flow field.

Figure ν1 ν2 n1 : n2 ρ1 : ρ2

4(a) 0.2 0.4 5:5 1:2
4(b) 0.5 0.8 5:5 1:2
4(c) 0.2 0.4 1:9 1:2
4(d) 0.2 0.4 5:5 1:8

The simulation results corresponding to different parame-
ters are shown in Fig. 4. The ordinate 𝑢 represents the instan-
taneous velocity of the horizontal centerline of the channel.
By comparison with Fig. 4(a), the variation in the simulation
result clearly shows the influence of the above outlined actors
on the sound attenuation.

Figure 4(b) shows that the increase of viscosity of a cer-
tain component aggravates the sound attenuation. Strikingly

the same trend in variation is observed between the simulation
result and analytical solution, which verifies that the viscosity
of the mixed component is a linear combination of the two-
component viscosities.

In addition, the effect of concentration on the sound atten-
uation simulation results is naked to be similar to that of vis-
cosity, as portrayed in Fig. 4(c). The increase in the concen-
tration of high-viscosity components in the fluid accelerates
the sound attenuation. The change of the concentration ratio
will obviously change the amplitude of the oscillation velocity,
which is due to the difference in the density of the mixture. It
is demonstrated that the improved model can effectively sim-
ulate the sound attenuation phenomenon in binary mixtures
with different viscosities and concentrations.

Figure 4(d) shows that the density has a significant in-
fluence on the attenuation, and as the density of the mixed
components increases, the amplitude of the oscillation veloc-
ity decreases significantly. Obviously, the simulation result
in Fig. 4 is consistent with the analytical solution, indicating
that the MRT model can simulate the sound attenuation phe-
nomenon in binary gas mixtures. It is worth mentioning that
as the density increases, the accuracy of the simulation results
remains stable. In general, high viscosity has a greater impact
on the stability and accuracy of the presented MRT model,
while density and concentration have a relatively small impact
on the stability of the model.

(a) (b)

(c) Analytical solution
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Fig. 4. The sound attenuation simulation results.
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4. Effect of viscosity on the stability and accu-
racy of MRT-LBM
Since the sound attenuation model is mainly studied by

viscosity and density, the sound attenuation model can be used
to test the numerical stability of the MRT model under extreme
numerical conditions. From the comparative analysis of the
density stability of SRT-LBM and MRT-LBM, it is apparent
that the numerical stability of MRT-LBM is much better than
that of SRT-LBM at low viscosity and high viscosity. This
section continues to study further the influence of concentra-
tion, viscosity and density on the stability and accuracy of the
MRT-LBM model based on the concept of the above attenua-
tion channel model by considering the sound attenuation coef-
ficient as an example.

In Subsections 4.1 and 4.2, we select four different den-
sity ratios, and then gradually change the value of the volume
concentration nσ . The purpose is to test whether the stabil-
ity and accuracy of the MRT model under extreme viscosity
will be significantly affected by changes in density ratio and
volume concentration.

In Subsections 4.3 and 4.4, we fix the density ratio as
ρ1 : ρ2 = 1 : 2. This part only changes the concentration ra-
tio and mainly studies the influence of different viscosities on

the stability and accuracy of the model.

4.1. Effect of low viscosity

The relaxation time in the SRT model is determined by
fluid viscosity, and the diffusion coefficient determines the
relaxation time for the convection-diffusion equation.[44–46]

Therefore, for the relatively low fluid viscosity or the diffusion
coefficient, the corresponding relaxation time approaches 0.5,
and consequently the model becomes unstable numerically.

Under the condition of µσ = νσ and νσ = νσ̄ , the simula-
tion results show that when νσ ≤ 0.03, SRT-LBM is unstable.
Therefore, in order to show the stability of MRT-LBM, we
studied the error of the attenuation coefficient calculated by
the MRT model at different concentrations and densities when
νσ = νσ̄ = 0.01, 0.02, 0.03. For a two-component mixture, it
is known that n1 +n2 = 1. Therefore, we set the concentration
of one of the components, such as n1, from 0.1 to 0.9, then
since n2 = 1−n1, binary mixtures with different mixing ratios
can be obtained. As shown in Tables 3(a) and 3(b), only the at-
tenuation coefficient relative error αe when νσ = 0.01 is listed.
The variations in relative error αe with different viscosities are
displayed in Figs. 5 and 6.

Table 3(a). The calculated results of the attenuation coefficient αs under different density ratios, and the viscosity is νσ = 0.01. The relative
errors αe between calculated results and analytical solutions are defined as αe = |(αs−α)/α|×100%.

ρ1 : ρ2 = 2 : 1 αs αe (%) ρ1 : ρ2 = 4 : 1 αs αe (%)

n1 = 0.1 6.214×10−5 9.1265 n1 = 0.1 6.295×10−5 7.9358

n1 = 0.2 6.246×10−5 8.6599 n1 = 0.2 6.383×10−5 6.6529

n1 = 0.3 6.295×10−5 7.9358 n1 = 0.3 6.473×10−5 5.3368

n1 = 0.4 6.322×10−5 7.5506 n1 = 0.4 6.484×10−5 5.1759

n1 = 0.5 6.374×10−5 6.7817 n1 = 0.5 6.537×10−5 4.4042

n1 = 0.6 6.383×10−5 6.6529 n1 = 0.6 6.557×10−5 4.1025

n1 = 0.7 6.419×10−5 6.1572 n1 = 0.7 6.583×10−5 3.7231

n1 = 0.8 6.450×10−5 5.6673 n1 = 0.8 6.616×10−5 3.2403

n1 = 0.9 6.473×10−5 5.3368 n1 = 0.9 6.635×10−5 2.9684

Table 3(b). The calculated results of the attenuation coefficient αs under different density ratios, and the viscosity is νσ = 0.01.

ρ1 : ρ2 = 8 : 1 αs αe (%) ρ1 : ρ2 = 10 : 1 αs αe (%)

n1 = 0.1 6.417×10−5 6.1572 n1 = 0.1 6.473×10−5 5.3368

n1 = 0.2 6.525×10−5 4.5722 n1 = 0.2 6.557×10−5 4.1025

n1 = 0.3 6.583×10−5 3.7231 n1 = 0.3 6.635×10−5 2.9684

n1 = 0.4 6.632×10−5 3.0072 n1 = 0.4 6.653×10−5 2.7015

n1 = 0.5 6.648×10−5 2.7771 n1 = 0.5 6.701×10−5 2.0013

n1 = 0.6 6.686×10−5 2.2238 n1 = 0.6 6.727×10−5 1.6264

n1 = 0.7 6.718×10−5 1.7464 n1 = 0.7 6.701×10−5 1.9138

n1 = 0.8 6.721×10−5 1.7120 n1 = 0.8 6.705×10−5 1.9368

n1 = 0.9 6.707×10−5 1.9138 n1 = 0.9 6.710×10−5 1.8756

As shown in Fig. 5, as the viscosity value gradually increases from νσ = 0.01, the relative error αe becomes significantly
smaller. When νσ = 0.03, the average relative error ᾱe = 1.29%, which is much smaller than the average relative error ᾱe =

4.44% when νσ = 0.01. In addition, if the viscosity is constant, it can be seen that for a two-component mixed gas, the increase
in the concentration of the high-density component reduces the relative error αe.
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Fig. 5. At low viscosity, the influence of concentration nσ and density ρσ on the relative error αe, when the viscosity is fixed to (a) ν1 = ν2 =
0.01, (b) ν1 = ν2 = 0.02, and (c) ν1 = ν2 = 0.03.
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Fig. 6. Effect of low viscosity on the relative error αe, the density is (a)
ρ1 : ρ2 = 4 : 1 and (b) ρ1 : ρ2 = 10 : 1.

Figure 6 shows that the density ratio remains unchanged,

and the concentration gradually increases from 0.1. It can be
seen that when the viscosity νσ = νσ̄ = 0.02, 0.03, the accu-
racy of the model is improved as compared with νσ = 0.01.
From the perspective of the degree of change, when the vis-
cosity νσ = νσ̄ = 0.02, 0.03, the relative error value changes
smoothly with the concentration. When the viscosity νσ =

0.01, the relative error changes relatively larger, but the aver-
age relative error ᾱe < 5%. Therefore, the results show that
MRT-LBM has good numerical stability and calculation accu-
racy at low viscosity.

4.2. Effect of high viscosity

Similar to the above low viscosity case, a large fluid vis-
cosity means a large relaxation time, and the no-slip bound-
ary condition cannot be ensured.[42] This situation will have
a greater impact on the stability of the model. The simulation
results show that under the condition of µσ = νσ and νσ = νσ̄ ,
when νσ > 1.1, the SRT-LBM model is unstable. Similarly, in
order to show the numerical stability of MRT-LBM at high vis-
cosity, we studied the relative error αe calculated by the MRT
model when νσ = νσ̄ = 1.166, 1.5. The calculation results
are shown in Tables 4(a) and 4(b) and the variation in relative
error αe with different viscosities has been displayed in Fig. 7.

Table 4(a). The calculated results of the attenuation coefficient αs under density ratios ρ1 : ρ2 = 4 : 1 and ρ1 : ρ2 = 10 : 1 for the viscosity
ν1 = ν2 = 1.166.

ρ1 : ρ2 = 4 : 1 αs αe (%) ρ1 : ρ2 = 10 : 1 αs αe (%)

n1 = 0.1 6.102×10−3 23.4658 n1 = 0.1 6.375×10−3 20.0430
n1 = 0.2 6.258×10−3 21.5085 n1 = 0.2 6.599×10−3 17.2304
n1 = 0.3 6.375×10−3 20.0430 n1 = 0.3 6.729×10−3 15.6019
n1 = 0.4 6.466×10−3 18.9009 n1 = 0.4 6.814×10−3 14.5349
n1 = 0.5 6.539×10−3 17.9839 n1 = 0.5 6.874×10−3 13.7801
n1 = 0.6 6.599×10−3 17.2304 n1 = 0.6 6.919×10−3 13.2175
n1 = 0.7 6.649×10−3 16.5996 n1 = 0.7 6.594×10−3 12.7816
n1 = 0.8 6.692×10−3 16.0634 n1 = 0.8 6.982×10−3 12.4339
n1 = 0.9 6.729×10−3 15.6019 n1 = 0.9 7.004×10−3 12.1499

According to Table 3(b), the density stability of the MRT

model is affected when the viscosity is high. It can be consid-

ered that the density instability caused by the high viscosity

makes the value of the relative error αe larger. As shown in

Fig. 7, it is seen that when the viscosity is high, the calculation

result of the relative error αe remains stable under different
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viscosites and concentration ratios. From a numerical point of
view, the average relative errors are 16.62% and 29.26% for
the viscosity of 1.166 and 1.500, respectively. However, under
this extreme viscosity, the SRT model is numerically unsta-

ble. Therefore, this can still show that the stability of the MRT
model is better than that of the SRT model at high viscosity.
In the future work, we will try to solve the problem of large
relative error αe from different aspects.

Table 4(b). The calculated results of the attenuation coefficient αs under density ratios ρ1 : ρ2 = 4 : 1 and ρ1 : ρ2 = 10 : 1, the viscosity is
ν1 = ν2 = 1.5.

ρ1 : ρ2 = 4 : 1 αs αe (%) ρ1 : ρ2 = 10 : 1 αs αe (%)

n1 = 0.1 6.289×10−3 38.6848 n1 = 0.1 6.728×10−3 34.4022
n1 = 0.2 6.535×10−3 36.2889 n1 = 0.2 7.129×10−3 30.4986
n1 = 0.3 6.728×10−3 34.4026 n1 = 0.3 7.379×10−3 28.0544
n1 = 0.4 6.886×10−3 32.8674 n1 = 0.4 7.558×10−3 26.3117
n1 = 0.5 7.017×10−3 31.5871 n1 = 0.5 7.692×10−3 25.0104
n1 = 0.6 7.129×10−3 30.4988 n1 = 0.6 7.795×10−3 23.9971
n1 = 0.7 7.225×10−3 29.5599 n1 = 0.7 7.879×10−3 23.1833
n1 = 0.8 7.309×10−3 28.7398 n1 = 0.8 7.948×10−3 22.5141
n1 = 0.9 7.379×10−3 28.0546 n1 = 0.9 8.005×10−3 21.9534
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Fig. 7. Effect of high viscosity and density ratio on the relative error αe.

4.3. Model accuracy comparison at normal viscosity

Different from the previous two sections, it only calcu-
lates the relative error αe of the MRT-LBM model at low vis-
cosity and high viscosity. When the average shear viscosity
is 0.03 < ν ≤ 1.1, the SRT-LBM model is stable. In order to
compare the relative errors calculated by the two models un-
der normal viscosity, we keep the density ratio ρ1 : ρ2 = 1 : 2
and gradually increase the viscosity. By comparing the simu-
lation results of the two models, we find that the relative errors
are the same. Therefore, Table 5 only lists the relative errors
of the MRT model corresponding to the viscosity difference
|ν1−ν2| = 0.1. The variation in relative error αe with differ-
ent viscosities has been displayed in Fig. 8.

Table 5. Under the condition of µσ = νσ , the relative error αe calculated by MRT-LBM.

ν1,ν2 = 0.2,0.3 αs αe (%) ν1,ν2 = 0.3,0.4 αs αe (%)

n1 = 0.1 1.985×10−3 1.5066 n1 = 0.1 2.627×10−3 2.6559
n1 = 0.2 1.946×10−3 1.5122 n1 = 0.2 2.338×10−3 2.6639
n1 = 0.3 1.901×10−3 1.5144 n1 = 0.3 2.545×10−3 2.6514
n1 = 0.4 1.852×10−3 1.5119 n1 = 0.4 2.496×10−3 2.6528
n1 = 0.5 1.796×10−3 1.5026 n1 = 0.5 2.442×10−3 2.5959
n1 = 0.6 1.732×10−3 1.4836 n1 = 0.6 2.379×10−3 2.5948
n1 = 0.7 1.659×10−3 1.4507 n1 = 0.7 2.306×10−3 2.5542
n1 = 0.8 1.573×10−3 1.4034 n1 = 0.8 2.222×10−3 2.5291
n1 = 0.9 1.473×10−3 1.2556 n1 = 0.9 2.123×10−3 2.4406
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Fig. 8. Effect of normal viscosity on the relative error αe.
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By comparing the calculation results of the relative error,
it can be seen that the accuracies of SRT-LBM and MRT-LBM
are completely consistent with each other under normal vis-
cosity. Therefore, it is difficult to reflect the advantages of
MRT model calculation accuracy. However, it reflects from
the side that the MRT model has increased the scope of ap-
plication without reducing its accuracy. Only the MRT-LBM
simulation results are shown in Fig. 8. Under normal viscos-
ity conditions, the MRT model has excellent stability, and the
change of concentration ratio has little effect on the result of
relative error.

The above three sections are divided according to the dif-
ferent viscosites. It can be seen that the SRT model is unstable
at low and high viscosities, and the MRT model has excellent
stability. In other words, the presented MRT model improves
the stability under extreme viscosity conditions, so the MRT
model has a wider application range. In order to illustrate the
rationality of verifying the stability of the MRT model through
the sound attenuation model, we study the impact of the error
term of the macroscopic equation on the MRT model.

4.4. Effect of the error term of the macroscopic equation
on accuracy

Through C-E analysis, the macroscopic and momentum
conservation equations of MRT-LBM can be restored. How-
ever, comparing Eq. (A1) and Eq. (A2), we can see that the
conservation condition is affected by the bulk viscosity µσ

and the shear viscosity υσ . The specific error expression is
∇ρ(µ − ν)∇ ·𝑢. It can be seen that the viscosity difference
(µ − ν) has a significant effect on the above expression. In

order to verify the impact of the error term of the macroscopic
equation, the viscosity difference is defined as ∆ν = (µ−ν),
the value of the viscosity difference ∆ν ranges from 0.1 to
0.9, and the average value of viscosity (µ + ν)/2 is kept un-
changed. The average value of viscosity is respectively taken
as (µ +ν)/2 = 0.5,0.6,0.7 and 0.8. The density ratio remains
ρ1 : ρ2 = 1 : 2, and the concentration ratio is n1 : n2 = 5 : 5. The
calculated values of αe and error ∆α are shown in Table 6(a)
and Table 6(b).

The error ∆α is defined as ∆α = |αe−αē|, which repre-
sents the difference between the relative error calculated under
the conditions of µ 6= ν andµ = ν . The expression of relative
error αē is the same as that of αe. However, for µ 6= ν , αē rep-
resents the relative error calculated when the viscosity is set
to µ = ν = (µ +ν)/2. This setting can make the attenuation
coefficient have the same analytical solution, so that the error
∆α can be obtained by direct subtraction.

In Fig. 9(a), the four lines are almost parallel. It can be
seen that the viscosity difference has almost the same effect
on the different components. Figure 9(b) shows the influence
of the viscosity difference ∆ν on the error ∆α . The follow-
ing three conclusions can be obtained: (a) When the viscosity
difference is small, the error ∆α is close to 0. (b) The error
∆α has nothing to do with the average viscosity value. (c) The
error ∆α is positively correlated with the viscosity difference
∆ν .

In fact, the error ∆α is caused by the expression ∇ρ(µ−
ν)∇ ·𝑢. Then the following two conclusions can be obtained.
First of all, the calculation result of the error ∆α can correctly
reflect the influence of the expression ∇ρ(µ−ν)∇ ·𝑢. In other

Table 6(a). Under the condition of µ 6= ν . The average value of viscosity (µ +ν)/2 = 0.5,0.6, and the ∆ν ranges from 0.1 to 0.9.

Viscosity αe (%) ∆α (%) Viscosity αe (%) ∆α (%)

µ,ν = 0.55,0.45 2.7751 0.0168 µ,ν = 0.65,0.55 3.9733 0.0112
µ,ν = 0.60,0.40 2.8213 0.0630 µ,ν = 0.70,0.50 4.0185 0.0564
µ,ν = 0.65,0.35 2.9128 0.1545 µ,ν = 0.75,0.45 4.0847 0.1226
µ,ν = 0.70,0.30 3.0144 0.2561 µ,ν = 0.80,0.40 4.2394 0.2773
µ,ν = 0.75,0.25 3.1405 0.3822 µ,ν = 0.85,0.35 4.4484 0.4863
µ,ν = 0.80,0.20 3.3427 0.5844 µ,ν = 0.90,0.30 4.6242 0.6621
µ,ν = 0.85,0.15 3.5845 0.8262 µ,ν = 0.95,0.25 4.7876 0.8255
µ,ν = 0.90,0.10 3.7923 1.0340 µ,ν = 1.00,0.20 5.0209 1.0588
µ,ν = 0.95,0.05 4.1880 1.4297 µ,ν = 1.05,0.15 5.3359 1.3738

Table 6(b). Under the condition of µ 6= ν . The average value of viscosity is (µ +ν)/2 = 0.7,0.8, and the ∆ν ranges from 0.1 to 0.9.

Viscosity αe (%) ∆α (%) Viscosity αe (%) ∆α (%)

µ,ν = 0.75,0.65 5.5770 0.0146 µ,ν = 0.85,0.75 7.5939 0.0140
µ,ν = 0.80,0.60 5.6168 0.0544 µ,ν = 0.90,0.70 7.6319 0.0520
µ,ν = 0.85,0.55 5.6659 0.1035 µ,ν = 0.95,0.65 7.6925 0.1126
µ,ν = 0.90,0.50 5.8218 0.2594 µ,ν = 1.00,0.60 7.7760 0.1961
µ,ν = 0.95,0.45 5.9414 0.3790 µ,ν = 1.05,0.55 7.9528 0.3459
µ,ν = 1.00,0.40 6.1286 0.5662 µ,ν = 1.10,0.50 8.1702 0.5903
µ,ν = 1.05,0.35 6.2970 0.7346 µ,ν = 1.15,0.45 8.3353 0.7554
µ,ν = 1.10,0.30 6.5852 1.0228 µ,ν = 1.20,0.40 8.5172 0.9373
µ,ν = 1.15,0.25 6.8054 1.2430 µ,ν = 1.25,0.35 8.8259 1.2460
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Fig. 9. (a) Effect of viscosity difference ∆ν on relative error αe. (b)
Effect of viscosity difference ∆ν on error ∆α .

words, the above calculation can reflect the impact of the er-
ror term of the macroscopic equation. Secondly, it also shows
that this paper uses the relative error of the attenuation co-
efficient as an example to explore the stability and accuracy
of MRT-LBM, offering a certain degree of universality. This
means that the MRT model should have similar stability and
accuracy when applied to other problems.

5. Conclusion
In summary, an improved LBM model has been incorpo-

rated with the MRT collision operator to verify the attenuation
of sound waves through the binary mixtures of gas. The sound
attenuation process is closely related to viscosity, macroscopic
velocity and density. Therefore, we use the relative error of the
sound attenuation coefficient to study the influence of viscos-
ity on the accuracy and stability of the MRT-LBM model. The
macroscopic and the momentum conservation equations of the
MRT model are obtained through the CE expansion analysis.
In order to verify that the MRT model is suitable for simulat-
ing two-component flow problems, the model has been used
to simulate the diffusion phenomenon. Then we have ver-
ified the stability of the MRT model and applied the model
to the study of sound attenuation characteristics in binary gas
mixtures. Different viscosities have a significant impact on
model stability and calculation accuracy. Therefore, intensive
research has been carried out according to the difference in
viscosity. Several conclusions can be drawn as follows.

(1) The effect of low viscosity. When the average shear

viscosity ν is close to 0, the SRT model is numerically unsta-
ble, and the present MRT model can still maintain numerical
stability with high calculation accuracy.

(2) The effect of high viscosity. Similar to low viscosity,
when the average shear viscosity ν > 1.1, the value calculated
by using the SRT model is unstable. However, from this inves-
tigation, the value of the MRT model remains stable, but with
less accuracy.

(3) For the average shear viscosity in the range 0.03 <

ν ≤ 1.1, the values calculated through both SRT model and
MRT models remain stable. The simulation results show that
the calculation accuracies of the two models are exactly the
same under different concentrations and density ratios. Under
normal viscosity, the SRT model and the MRT model remain
stable, and concentration changes have little effect on stability.

(4) The above studies all maintain µ = ν , we set µ 6= ν to
study the impact of the error term of the macroscopic equation
on the accuracy and stability of the model. According to the
expression ∇ρ(µ − ν)∇ ·𝑢, this paper mainly studies the in-
fluence of the viscosity difference on the error ∆α . The results
show that the error ∆α has nothing to do with the viscosity
value while it is positively correlated with the viscosity dif-
ference. When the viscosity difference is relatively small, the
error ∆α approaches 0. It is found that the simulation result
is consistent with the conclusion reflected by the expression
∇ρ(µ − ν)∇ ·𝑢. At the same time, this also shows that the
conclusions about the stability of the model drawn from the
relative error of the attenuation coefficient has a certain gen-
eral applicability.

The outcome of this research indicates that the improved
model used in this study can be applied for solving a variety of
binary mixture fluid flows with achieving the high numerical
stability. Hence, the model developed in this study may have
a broad application prospect. The sound attenuation model
is used to study the stability of the MRT model, which pro-
vides a method to verify the stability of the LBM model. The
current research is mainly focused on the stability and accu-
racy of the model itself. Our future work aims to extend the
application of the current model to study non-premixed and
multi-component fluids with high viscosity and density ratios.
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Appendix: Chapman–Enskog analysis of the
present MRT model

The macroscopic equation and the momentum conser-
vation equation can be derived from Eq. (1) through the
Chapman–Enskog (C-E) expansion analysis, (ε is the Knud-
sen number) and the multi-scale expansion is as follows:

fα,σ = f (0)α,σ + ε f (1)α,σ + · · · , (A1)

∂t = ε∂t1 + ε
2
∂t2 + · · · , (A2)

∇→ ε∇. (A3)

The left-hand side of Eq. (1) can be expanded in a Tay-
lor series (up to second order in δt) and the equation can be
rewritten as

δtDα fα,σ +
δ 2

t

2
D2

α fα,σ

=−𝑀−1𝛬σσ𝑀( fα,σ − f (0)α,σ )−𝑀−1𝛬σσ̄𝑀

× ρσ̄

ρ

1
c2

s
f (eq)
α,σ (𝑒α −𝑢)(𝑢σ −𝑢σ̄ ), (A4)

where Dα = ∂t + 𝑒α ∇. By means of the C-E analysis, the
hydrodynamic equations for the mixture can be derived from
Eq. (A4). Using the transformation matrix 𝑀 , the equations
of each order about ε can be obtained in the following way:

ε
0 : 𝑚(0) =𝑚

(0)
σ , (A5)

ε
1 :

⌢

D1𝑚
(0) =−𝑆σσ𝑚

(1)−𝑆σσ̄

ρσ̄

ρ

1
c2

s

× [𝑀 f (eq)
α,σ (𝑒α −𝑢)(𝑢σ −𝑢σ̄ )], (A6)

ε
2 :

∂

∂ t2
𝑚(0)+

⌢

D1

(
𝐼− 𝛬σσ

2

)
𝑚(1) =−𝑆σσ𝑚

(2), (A7)

where
⌢

D1 = 𝐼 ∂

∂ t1
+ 𝐶∇1, 𝐶 = 𝑀(𝑒α𝐼)𝑀

−1, 𝐼 is
the unit tensor, diagonal relaxation matrix is defined as
𝑆σσ = 𝛬σσ/δt , 𝑆σσ̄ = 𝑆σ̄σ = 𝛬σσ̄/δt , and 𝑚(1) =

(0,e(1),e2(1),0,q(1)x ,0,q(1)y , p(1)xx , p(1)xy ).
The first-order and second-order equations of the compo-

nent σ are calculated as follows:

∂

∂ t1
𝑚(0)+

∂

∂x1
𝐶x𝑚

(0)+
∂

∂y1
𝐶y𝑚

(0)

=−𝑆σσ𝑚
(1)−𝑆σσ̄

ρσ̄

ρ

1
c2

s
𝑀 f (eq)

α,σ (𝑒α −𝑢)(𝑢σ −𝑢σ̄ ),

(A8)

∂

∂ t2
𝑚(0)+

∂

∂x1
𝐶x

(
𝐼− 𝛬σσ

2

)
𝑚(0)

+
∂

∂y1
𝐶y

(
𝐼− 𝛬σσ

2

)
𝑚(0) =−𝑆σσ𝑚

(2). (A9)

Substituting 𝑚(0) and 𝑚(1) into Eqs. (A8) and (A9), the
Navier–Stokes equation is eventually obtained as

∂nσ ρσ

∂ t
+∇ · (nσ ρσ𝑢) = 0,

∂nσ ρσ𝑢

∂ t
+∇(nσ ρσ uu)

=−∇Pσ +∇[nσ ρσ νσ (∇ ·𝑢+(∇ ·𝑢)T)]

+∇nσ ρσ (µσ −νσ )∇ ·𝑢, (A10)

where µσ = (τe − 0.5)c2
s δt is the bulk viscosity and νσ =

(τν − 0.5)c2
s δt is the shear viscosity of the component σ , and

Pσ = ρσ c2
s is the pressure of the component σ .
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