CHrinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Synchronization in multilayer networks through different coupling mechanisms

Xiang Ling (#%#), Bo Hua(*£1#), Ning Guo(35T*), Kong-Jin Zhu(4fL45), Jia-Jia Chen(F44E4E), Chao-Yun Wu(5R
i#Hz), and Qing-Yi Hao(/f K —)

Citation:Chin. Phys. B, 2022, 31 (4): 048901. DOI: 10.1088/1674-1056/ac2b19

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Collective behavior of cortico-thalamic circuits: Logic gates as the thalamus and a

dynamical neuronal network as the cortex

Alireza Bahramian, Sajjad Shaukat Jamal, Fatemeh Parastesh, Kartikeyan Rajagopal, and Sajad Jafari
Chin. Phys. B, 2022, 31 (2): 028901. DOI: 10.1088/1674-1056/acOeeb

Cascading failures of overload behaviors using a new coupled network model between

edges

Yu-Wei Yan (™ - M), Yuan Jiang(#77t), Rong-Bin Yu(#: % 4ik), Song-Qing Yang(# A7), and Cheng Hong (73t ik)
Chin. Phys. B, 2022, 31 (1): 018901. DOI: 10.1088/1674-1056/ac1337

Network analysis and spatial agglomeration of China's high-speed rail: A dual network

approach

Wei Wang(E1#), Wen-Bo Du(#t: 3 1#), Wei-Han Li(%¥ &%), Lu (Carol) Tong(f%#%), and Jiao-E Wang(E%:4)
Chin. Phys. B, 2021, 30 (1): 018901.  DOI: 10.1088/1674-1056/abaee3

Manufacturing enterprise collaboration network: An empirical research and

evolutionary model

Ji-Wei Hu(5H%51%), Song Gao(=1#4), Jun-Wei Yan(F 422 £f), Ping Lou(Z:°F), Yong Yin(F 5)
Chin. Phys. B, 2020, 29 (8): 088901. DOI: 10.1088/1674-1056/ab96a8

Asynchronism of the spreading dynamics underlying the bursty pattern

Tong Wang(-E %), Ming-Yang Zhou(J# BH7¥), Zhong-Qian Fu(f-] & i)
Chin. Phys. B, 2020, 29 (5): 058901. DOI: 10.1088/1674-1056/ab81fe


http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac2b19
https://doi.org/10.1088/1674-1056/ac2b19
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0eeb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0eeb
https://doi.org/10.1088/1674-1056/ac0eeb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac1337
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac1337
https://doi.org/10.1088/1674-1056/ac1337
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abaee3
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abaee3
https://doi.org/10.1088/1674-1056/abaee3
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab96a8
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab96a8
https://doi.org/10.1088/1674-1056/ab96a8
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab81fe
https://doi.org/10.1088/1674-1056/ab81fe

Chin. Phys. B 31, 048901 (2022)

Synchronization in multilayer networks through
different coupling mechanisms

Xiang Ling(# #)!, Bo Hua(*£1#)!, Ning Guo(¥(7)"", Kong-Jin Zhu(skFL4)!,
Jia-Jia Chen([%:f£4)!, Chao-Yun Wu(:R#8 )%, and Qing-Yi Hao(#i Kk —)>

1 School of Automotive and Transportation Engineering, Hefei University of Technology, Hefei 230009, China

2School of Mathematics and Computational Science, Anqing Normal University, Anqing 246133, China

(Received 13 August 2021; revised manuscript received 27 September 2021; accepted manuscript online 29 September 2021)

In recent years, most studies of complex networks have focused on a single network and ignored the interaction of
multiple networks, much less the coupling mechanisms between multiplex networks. In this paper we investigate syn-
chronization phenomena in multilayer networks with nonidentical topological structures based on three specific coupling
mechanisms: assortative, disassortative, and anti-assortative couplings. We find rich and complex synchronous dynamic
phenomena in coupled networks. We also study the behavior of effective frequencies for layers I and II to understand
the underlying microscopic dynamics occurring under the three different coupling mechanisms. In particular, the coupling
mechanisms proposed here have strong robustness and effectiveness and can produce abundant synchronization phenomena

in coupled networks.

Keywords: coupling mechanisms, synchronization phenomena, coupled networks
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1. Introduction

Synchronization is a collective dynamic phenomenon in
which the rhythms of multiple oscillating units adjust and
adapt to each other under weak coupling; it has been in-
tensively investigated over the past 40 years.[!! Since the
discovery of the small-world characteristics (by Watts and
Strogatz!?l) and scale-free characteristics (by Barabasi and
Albert®!) of complex networks, researchers began to combine
the dynamic properties of nodes with the complex structure
of networks to study the synchronization behavior of com-
plex networks. The basic mechanism behind many coopera-
tive actions derives directly from synchronization in complex
and nonlinear systems. The synchronization of complex net-
works has become an important area of research in network
science.

In this paper we investigate the phenomenon of transition
to synchronization in two-layer coupled networks. Synchro-
nization in complex systems is characterized by the transition
from an incoherent state to a synchronized state with an in-
crease in coupling strength, and vice versa. In particular, ex-
plosive synchronization (ES), i.e., an abrupt irreversible and
discontinuous synchronous transition with a hysteresis loop,
can occur.

Although many studies have focused on the synchroniza-
tion of complex networks, the research is still not thorough
and needs to be continued.!*'!! The common mathematical
models of complex dynamic network synchronization include
the coupled differential equation model and the Kuramoto os-
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cillator model, which mainly describe the complete synchro-
nization and phase synchronization of network nodes. There
are three main research methods for investigating complex dy-
namic networks: global synchronization stability analysis us-

d,[12.13] the local synchro-

ing the Lyapunov function metho
nization main stability function method!'*!>! and the global
synchronization connection graph stability method of time-

[16] With the development of complex net-

varying networks.
works, the Kuramoto model has become one of the most pop-
ular synchronization models using coupled dynamic systems
for synchronization research.

Recently, the majority of the studies have looked at coher-
ent behavior within a single network, where each node in the
network reaches the same steady state. This kind of synchro-
nization within a network is called inner synchronization.!!”1 It
ignores a very important factor that the components of a com-
plex system may interact simultaneously through two or more
dynamics, and these dynamics depend on each other in spe-
cific ways. There also exist other kinds of network synchro-
nization to describe interconnected networks, such as outer
synchronization between two or more networks.!'31%1 Tn 2010
Mucha et al.’>”! proposed a new type of network, a multiplex
network, which can also be synchronized. Xu et al.*!! investi-
gated the synchronizability of two-layer networks. Nicosia et
al.?? introduced a framework to intertwine the dynamical
processes of a multilayer network, which can induce sponta-
neous ES. In particular, there is growing interest in studying
the phenomenon of ES in multilayer networks since Zhang et
al.”3! extended ES to adaptive and multilayer networks; this
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includes intralayer synchronization,!?* synchronization in fre-
quency displaced,!*! synchronization enhanced by delay!%¢!
and ES induced by inhibition.!?’! Multilayer networks can bet-
ter describe the reality of interconnected networks than single-
layer networks with the connection of their links showing
rich synchronization phenomena. However, there are massive
nodes of a complex network in the real world. It would be
costly and impractical to control all nodes to manipulate the
dynamics of the network. Therefore, we choose two inde-
pendent scale-free networks and propose the coupled network
mechanism according to three specific coupling mechanisms
which show a unique synchronization phenomenon. It is more
feasible to control some nodes of the network. We then inves-
tigate whether the coupled networks are affected under differ-
ent frequency distributions. Finally, we verify the robustness
of the scheme by considering different network topologies in
coupled networks.

The paper is organized as follows. In Section 2 we de-
scribe the network model with three different coupling mech-
anisms and the adaptive Kuramoto model in a multilayer net-
work in detail. In Section 3 we discuss the simulation results.
In Section 4 we summarize our work and discuss it.

2. The model
2.1. Network model and coupling mechanisms

A scale-free network is generally considered to be
the backbone of many complex systems and encompasses

two important general concepts:
28,29

growth and preferential
attachment!?%2°] Without loss of generality, we consider the
coupled networks in this paper as two interconnected networks
(I and II); these are generated by the Barabdsi—Albert (BA)
network model to capture the essence of many network sys-
tems in the real world. Layers I and II have the same network
size (i.e. the same number of nodes Ny = Ny = N and the same
average degree (ki) = (ki) = (k)). These two interconnected
networks are connected by adding links that provide paths for
the synchronization process between them. Here, we assume
that the interconnection is one-to-one. This means that a node
in layer I can have at most one link connecting it to a node in
layer II. We use the coupling probability P defined by
N
P=- ey
where N;s and N are the number of interconnected nodes and
the network size, respectively. It is obvious that 0 < P < 1.
When P = 1, all nodes in layer I have interconnected neigh-
bors in layer II. When P = 0.5, the nodes in layer I have half
of the neighbors connected in layer II. When P = 0, the cou-
pling system is simplified to two independent networks.
In two-layer networks, apart from the density of the inter-
connected nodes, the connection mode of these nodes also has

a significant impact on the dynamics of the coupled networks.
Previous studies have shown that coupling mechanisms affect
traffic network dynamics.?%-3?1 Nodes between two-layer net-
works are coupled in the order of degree. This reflects differ-
ent coupling mechanisms. What we are interested in here is
the rich synchronization dynamics that arise from these dif-
ferent mechanisms of coupling in network systems. We first
sort the nodes into networks I and II in descending order of
degree. Then the nodes are coupled one by one until the cou-
pling probability P is reached. The three coupling methods
studied in this paper are as follows:

(i) Assortative coupling: the node with the largest degree
of network I is connected with the node with the largest de-
gree of network II, the node with the second largest degree of
network I is connected with the node with the second largest
degree of network II, and so on.

(ii) Disassortative coupling: the node with largest degree
of network I is connected with the node with the smallest de-
gree of network II, the node with the second largest degree of
network I is connected with the node with the second smallest
degree of network II, and so on.

(iii) Anti-assortative coupling: the nodes of two networks
are connected following ascending order of degree. The node
with the smallest degree of network I is connected with the
node with smallest degree of network II, the node with the sec-
ond smallest degree of network I is connected with the node
with the second smallest degree of network II, and so on.

2.2. Adaptive Kuramoto model in multilayer network

The synchronization behavior of oscillators can be stud-
ied mathematically,!*3! and a large amount of work has been
carried out on this subject.[>*71 Kuramoto proposed that the
synchronization of a coupled system with a finite number of
oscillators can be described by a simple phase equation. 3831
In recent years the Kuramoto model has become one of the
most popular models for studying the synchronization dynam-
ics of complex networks. 40!

According to the above network model and coupling
mechanism, we select nodes from two layers with a certain
coupling probability P, then they are coupled to each other
by forming dependency links. For convenience, the coupled
node pairs have the same index i. In the absence of interlayer
interaction, the dynamics of two layers are governed by the
adaptive Kuramoto model. 6;; and 6;, denote the phases of
the i-th oscillator (i = 1,...,N;) in layers I and II, respectively
(the dot represents the temporal derivative and subscripts 1 and
2 stand for layers I and II). Here, their evolutions are governed
by the following differential equations:

Nis
01 =1 +Agi ZAij sin (6,1 — 6;1),
j=1
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Nis
6 = w2+ Agi2 Y Bijsin(6j2—6;2), 2

j=1
where A;; and B;; denote the adjacency matrix of layers I and
I, respectively [when A;;(B;;) = 1 the nodes i and j are con-
nected, and A;;(B;;) = 0 otherwise], ;1 and w;» denote the
natural frequencies of i-th node of the layers I and II and A
denotes the intralayer coupling strength. For layers I and II,
the parameters g; 1 and g;» account for the coupling between
the two layers. We set g;1 = r;2 and g;» = r; 1, where r; 1 and
ri 2 are the local order parameters of layers I and II defined by

i 1 % 0

L el? — 101

ri1€ = e
ki71j:1

o, | Ng o
ripe'? =-—) el 3)
' kl 2 jZl

where k; | and k; > denote the degree of the i-th node of the lay-

ers I and II, respectively, and ¢; and ¢, are the average phase

of the ensemble of all neighbors of the i-th node of layers I and
II.

To measure the synchronization level in the two-layer net-

works we use the order parameters R; and R, (global order

parameters)
A 1 &
R = — Y e,
s j:1
. 1%
Rye'V> = — ) %2, 4)

where 0 < Ry, R, < 1, while y; and y» denote the average
phases of layers I and II, respectively, of all phases in this sys-
tem.

3. Simulation results

To investigate the synchronization phenomena of two-
layer networks with the three specific coupling mechanisms
we perform extensive numerical simulations of Eq. (2) us-
ing the fourth-order Runge—Kutta algorithm with time step
O0h = 0.01. We perform forward (backward) numerical con-
tinuation as the coupling strength A increases (decreases) by
increments (decrements) of A = 0.01. Then the stationary
values of the global order parameters R; and R; for each A are
calculated. Each numerical simulation needs sufficient time
(2 x 10° time steps). After the steady state of a certain cou-
pling strength has been calculated, this calculated steady state
is taken as the initial state of the new coupling strength calcu-
lated in the next iteration.

For the proposed investigation, we consider two hetero-
geneous Barabasi—Albert (BA) networks with the same net-
work size N = Njp = 1000 and the same average degree (k) =
(ki) = 12, which are coupled through the three different cou-
pling mechanisms with specific coupling probability P men-

tioned above, namely assortative coupling, disassortative cou-
pling and anti-assortative coupling. The initial phase and nat-
ural frequency of the Kuramoto oscillator are uniformly dis-
tributed randomly in the interval [— 7, 7).

Figure 1 shows the dependence of the global order pa-
rameters R; and R, in two-layer networks on the coupling
strength A during forward and backward continuation. The
coupled networks consist of two different BA networks with
four coupling probabilities, p (0.1, 0.4, 0.8, 1), for three dif-
ferent coupling mechanisms. The upper and lower rows rep-
resent layers I and II of the network, respectively. The left,
center and right columns represent assortative coupling, disas-
sortative coupling and anti-assortative coupling, respectively.
It can be seen from Fig. 1 that the synchronization phenomena
in the two-layer networks are different under different cou-
pling mechanisms, but the phenomena are basically the same
at layers I and II. Under the assortative coupling mechanism,
ES occurs in both layers of the network with the increase of
coupling strength (see Figs. 1(a) and 1(d)). The critical points
of forward and backward transitions in ES increase with the
increase in coupling probability p. Moreover, we observe that
the area of the hysteretic zone increases with the increase of
p, indicating that p has an enhancement effect on ES. Under
the disassortative coupling mechanism, a smooth synchronous
transition occurs in both layers of the network with the in-
crease in coupling strength (see Figs. 1(b) and 1(e)). With
the increase in coupling probability p, the transition of nodes
in the network to synchronization requires a larger coupling
strength. It can be inferred that the small synchronous clusters
in the network are suppressed in both layers I and II under the
disassortative coupling mechanism. Under the anti-assortative
coupling mechanism, the smooth synchronous transition phe-
nomenon also occurs in both layers of the network with in-
crease in the coupling strength (see Figs. 1(c) and 1(f)). How-
ever, ES occurs when coupling probability p is equal to 1 in
both layers of the network because the structure of the two-
layer networks in anti-assortative coupling is the same as the
structure of the two-layer networks in assortative coupling.

In order to further consider the synchronization transition
of oscillators in layers I and II from the microscopic perspec-
tive, we define the effective frequencies of each phase oscil-
lator i in layers I and II as a)flff and a)fsz when they reach the
steady state. The effective frequencies in layers I and II are
defined as

1 t+T
off = / 6,1 (1) dr,
I8
t+T
etf
= o 5
of = - / i ( 5)

where T > 1.
order parameters R; and R; in layers I and II, the effective

Figure 2 shows the evolution of the global
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Fig. 1. Dependence of global order parameters R and R, on A for three different coupling mechanisms during forward and backward continuations. Pan-
els (a)—(c) represent assortative coupling, disassortative coupling, and anti-assortative coupling of layer I, respectively, and panels (d)—(f) represent assortative
coupling, disassortative coupling, and anti-assortative coupling of layer II, respectively. Synchronization transitions in coupled networks comprise two differ-
ent BA networks with four coupling probabilities p(0.1,0.4,0.8,1).
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Fig. 2. Global order parameters R; and R, (top row), effective frequency a)flff (middle row), and effective frequency a)fsz (bottom row) of nodes for three
different coupling mechanisms when the increment of coupling strength 84 = 0.01. The panels in the left, middle, and right columns represent assortative
coupling, disassortative coupling, and anti-assortative coupling, respectively. Panels (a)—(c) show the global order parameters R| and R, versus the coupling
strength A during forward continuation. Panels (d)—(f) show the effective frequency a)ielff versus the coupling strength A during forward continuation of layer
I. Panels (g)—(i) show the effective frequency a)fsz versus the coupling strength A during forward continuation of layer II.
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Fig. 3. Dependence of the global order parameters R} and R, on A for three different coupling mechanisms during forward and backward continuation with
coupling probability p = 0.5. The three columns from left to right correspond to three different coupling mechanisms, assortative coupling, disassortative
coupling, and anti-assortative coupling, respectively. The four rows (a)—(c), (d)—(f), (g)—(i), and (j)—(I) from top to bottom correspond to four different
frequency distributions, the Gaussian distribution, Lorentzian distribution, Rayleigh distribution, and power-law distribution, respectively.

eff
frequency wj;

¢l in layer I and the effective frequency @3 in

layer IT with the coupling strength A during forward transi-
tion under the three different coupling mechanisms. All pa-
rameters studied in this part are consistent with Fig. 1, except
for the coupling probability p = 0.5. The order parameter in
Fig. 2(a) displays abrupt transitions to synchronization, and
the order parameters in Figs. 2(b) and 2(c) display a smooth
transition to synchronization during forward transition in lay-
ers I and II. Both are consistent with the conclusion above.
Here, the global order parameters R; and R, and the effec-
weff

il
from Figs. 2(a) and 2(c), and their variation trends are basi-

tive frequencies and (1)1-‘:2ff of layers I and II can be seen

cally the same. However, the global order parameters R; and
R of the two-layer networks show some differences during
the initial process to complete synchronization in the case of
disassortative coupling in Fig. 2(b). In a synchronized state,
the effective frequencies of all nodes converge to a common
average frequency. ES also shows a discontinuous jump in
the change of effective frequency under assortative coupling
in Figs. 2(d) and 2(g). The effective frequencies under disas-
sortative and anti-assortative coupling gradually converge to
a common mean frequency showing continuous transitions.
There are some particularly active effective frequency jumps

as the effective frequency transitions to the average frequency
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in Fig. 2(e). We then make A4 = 0.001 and run the simulation
again so as to clearly describe the dynamics of the system. The
end result is consistent with Fig. 2(e) above.

We pay particular attention to the influence on the dynam-
ical transitions caused by several frequency distributions for
the three different coupling mechanisms. All parameters stud-
ied in this part are consistent with Fig. 1, except for frequency
distributions and coupling probability p = 0.5. We choose
two symmetric distributions, the Lorentzian and Gaussian dis-
tributions, and two asymmetric distributions, the power-law
and Rayleigh distributions. Figure 3 shows the dependence of
R}, R, and A during forward and backward continuations for
four different frequency distributions. The three columns from
left to right correspond to assortative coupling, disassortative
coupling, and anti-assortative coupling, respectively. The four
rows from top to bottom correspond to the Gaussian, Lorentz,
Rayleigh, and power-law distributions. It can be seen from

Fig. 3 that, except for the power-law distribution under assor-
tative coupling in Fig. 3(j), other simulation results are basi-
cally consistent with those discussed above. In the assorta-
tive coupling mechanism, the simulation results show that the
area of the hysteresis region is different from the explosion in
Lorentzian, Gaussian, and Rayleigh distributions, but ES still
occurs except for the power-law distribution. To explore the
simulation results in Fig. 3(j), we replace 64 = 0.01 by 0.001
and run the simulation again. The simulation results are con-
sistent with Fig. 3(j). Thus, we deduce that this is a character-
istic phenomenon of assortative coupling because there are no
negative numbers in the power-law distribution. In disassorta-
tive and anti-assortative coupling, the simulation results show
that the phenomena of two different coupling mechanisms un-
der different frequency distributions are consistent with the

above.

1.0 1.0
0.8} 0.8}
S 0.6f 0.6}
€ 04} 0.4}
0.2 0.2
0 0
1.0 1.0
(e)
0.8 0.8}
S 0.6} 0.6}
& 0.4t 0.4} 0.4f
0.2} ——ER1 0.2¢ ——FER1 0.27
——ER2 ——ER2
0 : . : : 0 T : . . 0 : : : :
0 02 04 06 08 1.0 0 02 04 06 08 1.0 0 02 04 06 08 1.0
A A A

Fig. 4. Synchronization diagram for two-layer networks adopting different network topologies under three different coupling mechanisms. Panels (a) and (d)
in the left, (b) and (e) in the middle, and (c) and (f) in the right columns represent assortative coupling, disassortative coupling, and anti-assortative coupling,
respectively. The top and bottom rows represent coupled networks comprising BA and ER networks and coupled networks comprising two different ER
networks. Networks of the same size and average degree are considered in both layers.

From the results presented above, we mainly focus on the
phenomenon of synchronization in coupled networks. Here,
we test the robustness of the scheme by changing the network
structures in two-layer networks. For this purpose, we con-
sider two different pairs of network structures and perform
similar numerical experiments. In Figs. 4(a)—4(c), we fix layer
I to a BA network as studied above and fix layer II as a ran-
dom ER network. These networks have the same network size
Ny = Nip = 1000 and the same average degree (k1) = (ki) = 12.
We use different network types to observe synchronization un-
der three different coupling mechanisms with coupling prob-
ability p = 0.5 for the two different layers by exploring the

behavior of order parameters as a function of A. From a simi-
lar numerical experiment, figure 4 shows the variations of the
order parameter in networks for forward and backward con-
tinuations. We can clearly see that ES occurs simultaneously
in two layers under assortative coupling in Fig. 4(a). The for-
ward and backward critical coupling points of the two layers
are the same, that is, the width of the hysteresis loop is the
same. However, the area of the hysteresis loop in the BA net-
work is obviously smaller than that in ER network. In addi-
tion, the two layers of networks show different synchroniza-
tion phenomena than previous results for disassortative and
anti-assortative coupling mechanisms. The nodes in both lay-
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ers I and II under disassortative coupling show sudden syn-
chronization due to sufficient coupling strength in Fig. 4(b).
Under the anti-assortative coupling mechanism, a critical cou-
pling strength of 0.377 appears. As the coupling strength in-
creases to 0.377, the global order parameter of the BA network
is larger than that of ER network. When the coupling strength
reaches 0.377, the two-layer networks have the same global or-
der parameters R; = R, = 0.46 and when the coupling strength
exceeds 0.377, the global order parameter of the BA network is
smaller than that of ER network. As shows in Figs. 4(d)—4(f),
we fix layers I and II as two random ER networks with the
same network size N = Nij = 1000 and the same average de-
gree (ki) = (kir) = 12. The synchronization phenomena of the
two-layer networks are equally obvious under the three differ-
ent coupling mechanisms. In Figs. 4(d) and 4(e), ES occurs in
both layers, but the areas of the hysteresis regions are signifi-
cantly different under assortative coupling and anti-assortative
coupling mechanisms. There is also no ES for two-layer net-
works in Fig. 4(f). Therefore, the proposed scheme is quite
robust and efficient, and can produce a rich variety of different
synchronization phenomena.

4. Conclusion

In summary, we have investigated synchronization phe-
nomena in coupled networks under three specific coupling
mechanisms. The structure of the multiplex networks is deter-
mined by the intralayer connection and interlayer connection.
Under the three coupling mechanisms proposed in this paper,
the coupled networks exhibit rich synchronization phenomena.
In addition, we have studied the synchronization of coupled
networks under different frequency distributions. Under this
strategy, the proposed scheme is also found to be robust and ef-
ficient in a multilayer network. The proposed synchronization
models under different coupling mechanisms have potential
significance for understanding the complex dynamics of real-
world network systems, and may be suitable for designing the
optimal coupling probability for synchronizing two-layer net-
works. This could lead to further ideas for multilayer networks
and possible time and cost savings.
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