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Deterministic remote state preparation of arbitrary three-qubit state
through noisy cluster-GHZ channel
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We propose a novel scheme for remote state preparation of an arbitrary three-qubit state with unit success probability,
utilizing a nine-qubit cluster-GHZ state without introducing auxiliary qubits. Furthermore, we proceed to investigate the
effects of different quantum noises (e.g., amplitude-damping, phase-damping, bit-flip and phase-flip noises) on the systems.
The fidelity results of three-qubit target state are presented, which are usually used to illustrate how close the output state
is to the target state. To compare the different effects between the four common types of quantum noises, the fidelities
under one specific identical target state are also calculated and discussed. It is found that the fidelity of the phase-flip noisy
channel drops the fastest through the four types of noisy channels, while the fidelity is found to always maintain at 1 in
bit-flip noisy channel.

Keywords: deterministic remote state preparation, arbitrary three-qubit state, cluster state, quantum noises
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1. Introduction
As a fundamental property of quantum mechanics, quan-

tum entanglement has led to many important discoveries,
such as quantum teleportation (QT),[1–3] quantum key dis-
tribution (QKD),[4,5] quantum secret sharing,[6] quantum
dialogue,[7] quantum dense coding,[8] and remote state prepa-
ration (RSP).[9,10] Compared with their classic methods, in
principle, quantum protocols can guarantee a higher security.
Research in the fields of quantum system control[11–16] and
quantum information processing[17–20] have been extensively
studied in recent years. The idea of QT was first proposed by
Bennet et al.[1] in 1993, in which the sender wished to transmit
an arbitrary single-qubit state to a distant receiver via the max-
imally entangled Bell state. Neither the sender nor the receiver
knows any information about the state to be transmitted. Later,
the concept of remote state preparation was proposed by Lo
et al.[9] in 2000, where the sender could remotely prepare an
arbitrary single-qubit state for the receiver by classical com-
munication and a pre-shared entangled state. Different from
QT, the sender prepares a known state for the receiver with
a pre-shared quantum channel and appropriate measurements.
Until now, there are already many different kinds of RSP pro-
tocols reported, such as deterministic RSP (DRSP),[21,22] joint
RSP (JRSP)[23,24] and controlled RSP (CRSP).[25,26] The main
advantage of DRSP over RSP protocol is that DRSP proto-
cols can guarantee unit success probability. Various DRSP
protocols have been proposed over the past few years and
many entangled states (e.g., Einstein–Podolsky–Rosen (EPR)
pairs,[27–30] GHZ state,[31,32] cluster state,[33,34] χ state,[22]

Brown state[35] and Bell state[36]) have been used to imple-

ment DRSP. In 2013, Zhan et al.[37] proposed a DRSP scheme
by using six EPR pairs, where a four-qubit cluster state was
remotely prepared. In 2015, Hou et al.[38] presented several
DRSP schemes of four-qubit W state via EPR pairs and GHZ
states. In 2017, Zhang et al.[22] and Ma et al.[23] put forward
two DRSP protocols, in which arbitrary two- and three-qubit
states were prepared by taking χ state and Brown state as the
entangled channels. In 2018, Wei et al.[39] gave an efficient
DRSP scheme for preparing an arbitrary n-qubit equatorial
state via multiple two-qubit maximally entangled states. In
2020, Zha et al.[40] proposed two DRSP protocols, where an
arbitrary four-qubit cluster state could be prepared using two
Bell states. In these schemes, the ideal channels were used.
However, noises inevitably influence the process of the quan-
tum information transmission.

Recently, researchers have examined the effects of quan-
tum noise on DRSP of one-qubit,[41] two-qubit[42,43] and
three-qubit[44,45] states. In 2019, Zhang et al.[42] proposed
two DRSP schemes of arbitrary two-qubit state via the χ state
channel in noisy environment. In 2020, Qian et al.[41] pre-
sented a DRSP scheme, in which arbitrary one-qubit state
working in noisy environment was prepared via one interme-
diate node. Dash et al.[43] investigated the effects of differ-
ent quantum noises on DRSP of arbitrary two-qubit system.
The effects of quantum noise have been taken into consider-
ation in these DRSP schemes. There have been many stud-
ies previously published on the RSP of arbitrary three-qubit
state.[44–47] In 2016, Falaye et al.[44] put forward a JRSP pro-
tocol of three-qubit states via three tripartite GHZ entangled
states in noisy quantum channel, by putting some special cases

†Corresponding author. E-mail: jiangmin08@suda.edu.cn
© 2022 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

040304-1

http://dx.doi.org/10.1088/1674-1056/ac2b17
jiangmin08@suda.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 31, 040304 (2022)

into consideration, in which the success probability could be
ameliorated to 1. In 2018, Sun et al.[45] studied the effects of
noise on two DRSP protocols of an arbitrary three-qubit state,
where χ state and Brown state were used as the quantum chan-
nel, respectively.

Cluster states have played a crucial role in quantum in-
formation processing tasks in recent years. It is worth not-
ing that there has been no study on the DRSP of three-qubit
states when the cluster-GHZ channel are used so far. Here,
we present a deterministic remote state preparation protocol
for remotely preparing arbitrary three-qubit state in ideal en-
vironment, where the sender Alice and the receiver Bob share
a composite cluster-GHZ state as the quantum channel. Alice
performs two three-qubit measurements based on her knowl-
edge of the original states. Finally, according to Alice’s mea-
surement results, the receiver Bob can reconstruct the respec-
tive target state by preforming appropriate unitary operations.
In this paper, we also analyze the impact of four kinds of quan-
tum noises, such as amplitude-damping, phase-damping, bit-
flip and phase-flip noises, on DRSP of an arbitrary three-qubit
state via a nine-qubit cluster-GHZ state channel. Further, we
provide the fidelity results of arbitrary three-qubit target state.
The results of this study indicate that the fidelities depend on
the noise parameters, the amplitude parameters and the phase
information of the initial state. The detailed analysis will be
given in Section 3. The structure of the paper is arranged as
follows. In Section 2, we introduce a novel DRSP protocol of
arbitrary three-qubit state via a nine-qubit cluster-GHZ state
channel. In Section 3, we proceed to investigate the effects of
noises on the quantum channel and analyze the fidelities ob-
tained. Finally, we discuss the performance of our scheme and
close the paper with a brief summary in Section 4.

2. Remote state preparation of an arbitrary
three qubit state
In this section, we discuss the remote state preparation of

an arbitrary three-qubit state under ideal channels. Suppose
that there are two participants: Alice and Bob. Alice intends
to prepare an arbitrary three-qubit state for Bob. Here the state
is known by Alice. The receiver does not have any knowledge
about the original state at all. The desired state is described as
follows:

|χ〉b1b2b3
= x0 e iθ0 |000〉+ x1 e iθ1 |001〉+ x2 e iθ2 |010〉

+x3 e iθ3 |011〉+ x4 e iθ4 |100〉+ x5 e iθ5 |101〉
+x6 e iθ6 |110〉+ x7 e iθ7 |111〉 , (1)

where xi and θi ∈ [0,2π), (i = 1,2,3, . . . ,7) are real numbers,

and satisfy the normalization condition
7
∑

i=0
x2

i = 1. In addi-

tion, in order to realize the DRSP, we assume that the quantum
channel |ψ〉 shared initially by the two participants consists of

one six-qubit cluster state and one GHZ state. The entire quan-
tum system can be rewritten as

|ψ〉 = 1
2
(|000000〉+ |000111〉+ |111000〉

− |111111〉)a1a2b1a3a4b2

⊗ 1√
2
(|000〉+ |111〉)a5a6b3

=
1

2
√

2
(|000000000〉+ |000111000〉+ |111000000〉

− |111111000〉+ |000000111〉+ |000111111〉
+ |111000111〉− |111111111〉)a1a2b1a3a4b2a5a6b3

=
1

2
√

2
(|000〉⊗ |000000〉+ |001〉⊗ |001001〉

+ |010〉⊗ |010010〉+ |011〉⊗ |011011〉
+ |100〉⊗ |100100〉+ |101〉⊗ |101101〉− |110〉
⊗ |110110〉− |111〉⊗ |111111〉)a1a3a5a2a4a6b1b2b3 . (2)

Here, qubits a1, a2, a3, a4, a5 and a6 belong to Alice and b1,
b2 and b3 belong to Bob, respectively.

In order to realize the DRSP of arbitrary three-qubit state
for Bob, Alice firstly performs a projective measurement on
her particles with the mutually orthogonal base {|ϕi〉} (i =
0,1,2, . . . ,7):

|ϕ0〉
|ϕ1〉
|ϕ2〉
|ϕ3〉
|ϕ4〉
|ϕ5〉
|ϕ6〉
|ϕ7〉


=



x0 x1 x2 x3 x4 x5 x6 x7
x1 −x0 x3 −x2 x5 −x4 x7 −x6
x2 −x3 −x0 x1 −x6 x7 x4 −x5
x3 x2 −x1 −x0 x7 x6 −x5 −x4
x4 −x5 x6 −x7 −x0 x1 −x2 x3
x5 x4 −x7 −x6 −x1 −x0 x3 x2
x6 −x7 −x4 x5 x2 −x3 −x0 x1
x7 x6 x5 x4 −x3 −x2 −x1 −x0





|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉


. (3)

Next, according to her first measurement result, Alice chooses
the projective measurement bases to measure her qubits, where
a set of mutually orthogonal basis is given by

|η(i)
0 〉
|η(i)

1 〉
|η(i)

2 〉
|η(i)

3 〉
|η(i)

4 〉
|η(i)

5 〉
|η(i)

6 〉
|η(i)

7 〉


= G(i)



|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉


, (4)

where G(i) is an 8× 8 matrix,

G(0) = G(r0,r1,r2,r3,r4,r5,r6,r7) ,

G(1) = G(r1,r0,r3,r2,r5,r4,r7,r6) ,

G(2) = G(r2,r3,r0,r1,r6,r7,r4,r5) ,

G(3) = G(r3,r2,r1,r0,r7,r6,r5,r4) ,

G(4) = G(r4,r5,r6,r7,r0,r1,r2,r3) ,

G(5) = G(r5,r4,r7,r6,r1,r0,r3,r2) ,
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G(6) = G(r6,r7,r4,r5,r2,r3,r0,r1) ,

G(7) = G(r7,r6,r5,r4,r3,r2,r1,r0) , (5)

with
rk = e−iθk , (k = 0,1,2, . . . ,7) .

The matrix G(r0,r1,r2,r3,r4,r5,r6,r7) is given by

G(0) = 1
2
√

2



r0 r1 r2 r3 r4 r5 x6 r7
r0 −r1 r2 −r3 r4 −r5 r6 −r7
r0 −r1 −r2 r3 −r4 r5 r6 −r7
r0 r1 −r2 −r3 r4 r5 −r6 −r7
r0 −r1 r2 −r3 −r4 r5 −r6 r7
r0 r1 −r2 −r3 −r4 −r5 r6 r7
r0 −r1 −r2 r3 r4 −r5 −r6 r7
r0 r1 r2 r3 −r4 −r5 −r6 −r7


. (6)

Obviously, the remaining matrices will be easily written by the
law. The corresponding relationship between Alice’s measure-
ment results {|ϕi〉} and the measuring basis {|η(i)

j 〉} can be

described as {|ϕi〉}→ {|η(i)
j 〉}, (i, j = 0,1,2, . . . ,7). After Al-

ice’s measurements, she informs Bob of her two measurement
results by the classical channel. Bob first applies the following

unitary transformation on his particles b1, b2 and b3:

Ub1b2b3 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1


. (7)

In this case, it is easy to see that Bob can always re-
establish the target state with the same probability, provided
that Alice’s projective measurement result is anyone of the
sixty-four results. Then, according to the result, he can recover
the original state |χ〉b1b2b3

by suitable unitary operations. For
instance, without loss of generality, when Alice’s measure-
ment outcomes are |ϕ1〉 ⊗ |η(1)

2 〉, Bob needs to perform the
unitary operation Zb1Zb2Xb3 to restore the target state shown
in Eq. (1). The relationship between the measurement results
(MR) obtained by Alice and the necessary unitary operations
performed by Bob (Ub) is shown in Table 1.

Table 1. Unitary operations (Ub) performed by Bob according to the measurement result (MR) of Alice. Here, ξi and ζ
(i)
j represent Alice’s

measurement results |ϕi〉a1a3a5
and |η(i)

j 〉a2a4a6 , respectively.

MR Ub MR Ub MR Ub MR Ub

ξ0ζ
(0)
0 Ib1 Ib2 Ib3 ξ2ζ

(2)
0 Zb1 (ZX)b2 Zb3 ξ4ζ

(4)
0 (ZX)b1 Ib2 Zb3 ξ6ζ

(6)
0 Xb1 (ZX)b2 Zb3

ξ0ζ
(0)
1 Ib1 Ib2 Zb3 ξ2ζ

(2)
1 Zb1 Zb2 Xb3 ξ4ζ

(4)
1 (ZX)b1 Ib2 Ib3 ξ6ζ

(6)
1 Xb1 (ZX)b2 Zb3

ξ0ζ
(0)
2 IZ1 Zb2 Zb3 ξ2ζ

(2)
2 Ib1 Xb2 Ib3 ξ4ζ

(4)
2 Xb1 Zb2 Zb3 ξ6ζ

(6)
2 (ZX)b1 Xb2 Ib3

ξ0ζ
(0)
3 Ib1 Zb2 Ib3 ξ2ζ

(2)
3 Zb1 Xb2 Zb3 ξ4ζ

(4)
3 (ZX)b1 Zb2 Zb3 ξ6ζ

(6)
3 Xb1 Xb2 Zb3

ξ0ζ
(0)
4 Zb1 Ib2 Zb3 ξ2ζ

(2)
4 Ib1 Zb2 (XZ)b3 ξ4ζ

(4)
4 Xb1 Ib2 Ib3 ξ6ζ

(6)
4 (ZX)b1 (ZX)b2 Ib3

ξ0ζ
(0)
5 Zb1 Zb2 Ib3 ξ2ζ

(2)
5 Ib1 Xb2 Zb3 ξ4ζ

(4)
5 Xb1 Zb2 Zb3 ξ6ζ

(6)
5 (ZX)b1 Xb2 Zb3

ξ0ζ
(0)
6 Ib1 Zb2 Zb3 ξ2ζ

(2)
6 Zb1 Xb2 Ib3 ξ4ζ

(4)
6 Zb1 Xb2 Zb3 ξ6ζ

(6)
6 Xb1 Xb2 Ib3

ξ0ζ
(0)
7 Zb1 Ib2 Ib3 ξ2ζ

(2)
7 Ib1 (ZX)b2 Zb3 ξ4ζ

(4)
7 Xb1 Ib2 Zb3 ξ6ζ

(6)
7 (ZX)b1 (ZX)b2 Zb3

ξ1ζ
(1)
0 Ib1 Ib2 (ZX)b3 ξ3ζ

(3)
0 Ib1 (ZX)b2 (ZX)b3 ξ5ζ

(5)
0 (ZX)b1 Zb2 Xb3 ξ7ζ

(7)
0 (ZX)b1 Xb2 Xb3

ξ1ζ
(1)
1 Ib1 Ib2 Xb3 ξ3ζ

(3)
1 Ib1 (ZX)b2 (ZX)b3 ξ5ζ

(5)
1 (ZX)b1 Zb2 (ZX)b3 ξ7ζ

(7)
1 (ZX)b1 Xb2 (ZX)b3

ξ1ζ
(1)
2 Zb1 Zb2 Xb3 ξ3ζ

(3)
2 Zb1 Xb2 (ZX)b3 ξ5ζ

(5)
2 Xb1 Ib2 (ZX)b3 ξ7ζ

(7)
2 (ZX)b1 Xb2 (ZX)b3

ξ1ζ
(1)
3 Ib1 Zb2 (ZX)b3 ξ3ζ

(3)
0 Ib1 Xb2 Xb3 ξ5ζ

(5)
3 (ZX)b1 Ib2 Xb3 ξ7ζ

(7)
3 (XZ)b1 Xb2 Xb3

ξ1ζ
(1)
4 Zb1 Ib2 Xb3 ξ3ζ

(3)
4 Zb1 (ZX)b2 (ZX)b3 ξ5ζ

(5)
4 Xb1 Zb2 (ZX)b3 ξ7ζ

(7)
4 (ZX)b1 (ZX)b2 (ZX)b3

ξ1ζ
(1)
5 Zb1 Zb2 (ZX)b3 ξ3ζ

(3)
5 Zb1 Xb2 Xb3 ξ5ζ

(5)
5 Xb1 Ib2 Xb3 ξ7ζ

(7)
5 (XZ)b1 Xb2 (ZX)b3

ξ1ζ
(1)
6 Ib1 Zb2 Xb3 ξ3ζ

(3)
6 Xb1 Zb2 Xb3 ξ5ζ

(5)
6 (ZX)b1 Ib2 (ZX)b3 ξ7ζ

(7)
6 (ZX)b1 (ZX)b2 (ZX)b3

ξ1ζ
(1)
7 Zb1 Ib2 (ZX)b3 ξ3ζ

(3)
7 Zb1 (ZX)b2 Ib3 ξ5ζ

(5)
7 Xb1 Zb2 (ZX)b3 ξ7ζ

(7)
7 Xb1 Xb2 Xb3

3. RSP of an arbitrary three-qubit state in noisy
environment

Quantum noise should be taken into account in actual
communication. This section describes four types of quan-
tum noises that are common in quantum channels: amplitude-
damping, phase-damping, bit-flip and phase-flip noises. Quan-
tum noise can be considered as a specific quantum operation
that can be expressed in the form of operator summation. In
order to determine the information loss, the fidelity in each sit-
uation is calculated. The DRSP of arbitrary three-qubit state is
considered as follows. Alice is the source generator. She keeps

qubits (a1,a2,a3,a4,a5,a6), and sends (b1,b2,b3) to Bob via
the noisy channels. The noise on each channel is identical.
Since the qubit pair (a1,a2,a3,a4,a5,a6) is not transmitted, it
only takes into account the effect of the channel noise on the
qubits (b1,b2,b3).

3.1. Density operators representation

We analyze the DRSP of an arbitrary three-qubit state
in the form of density operators.[41] Alice distributes qubits
to Bob through four kinds of noisy channels (bit-flip, phase-
flip, amplitude-damping and phase-damping noisy channels,
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respectively). The prepared state can be written as

ρtarget = |χ〉〈χ| . (8)

The density matrix of a quantum channel has the form

ρsource = |ψ〉〈ψ| . (9)

The first measurement base of Alice is

MAi = |ϕi〉〈ϕi| , i ∈ {0,1,2, . . . ,7} . (10)

The second measurement base of Alice is

MB j =
∣∣∣η(i)

j

〉〈
η
(i)
j

∣∣∣ , j ∈ {0,1,2, . . . ,7} . (11)

The steps of the remote preparation of arbitrary three-
qubit state can be written as follows:

Step 1 Alice measures qubits (a1,a3,a5) using measure-
ment operators MAi, and the system becomes

ρQi = tra1a3a5

 MAi ·ρsource ·MA†
i

tr
(

MA†
i ·MAi ·ρsource

)
 . (12)

Step 2 Alice measures qubits (a2,a4,a6) using the mea-
surement operators MB j, and the system becomes

ρ
′
Qi

= tr a2a4a6

 MB j ·ρQi ·MB†
j

tr
(

MB†
j ·MB j ·ρsource

)
 . (13)

Step 3 Bob recovers the prepared state by performing
another corresponding operation U and R(i)

j ,

ρout = R(i)
j ·Uρ

′
Qi
·U † ·R(i)†

j . (14)

Step 4 The fidelity of the system is

F = 〈χ|ρout |χ〉 . (15)

The fidelity ranges from 0 to 1, indicating that the smaller
fidelity, the more information lost in noisy environment.

In the following discussions, we assume that Alice’s mea-
surement results are MA0 = |ϕ0〉〈ϕ0| and MB0 = |η(0)

0 〉〈η
(0)
0 |,

respectively.

3.2. The amplitude-damping noise

The amplitude damping noise describes the effect of en-
ergy dissipation due to energy loss in the quantum system.[45]

The Kraus operators of the amplitude-damping noise are ex-
pressed as follows:

E0 =

(
1 0
0
√

1−λAD

)
, E0 =

(
0
√

λAD
0 0

)
, (16)

where 0 ≤ λAD ≤ 1 indicates the noise factor which charac-
terizes the error probability. The influence of the amplitude-
damping channel can be written as

ξ (ρ) = ∑
i

∑
j
∑
k

Eb1
i Eb2

j Eb3
k ρEb1†

i Eb2†
j Eb3†

k , (17)

where ρ denotes the density matrix of the state described in
Eq. (2), and Ei, E j, Ek denote the noise operators acting on the
transmitted qubits, and the superscripts represent the transmit-
ted qubits. Following the similar steps (step 1 to 4 in this sec-
tion), in the amplitude-damping noisy environment, the output
state is

ρ
AD
out = A0

∣∣PAD
0
〉

A0
′ 〈PAD

0
∣∣+A0

∣∣PAD
1
〉

A0
′ 〈PAD

1
∣∣

+A0
∣∣PAD

2
〉

A0
′ 〈PAD

2
∣∣+A0

∣∣PAD
3
〉

A0
′ 〈PAD

3
∣∣

+A0
∣∣PAD

4
〉

A0
′ 〈PAD

4
∣∣+A0

∣∣PAD
5
〉

A0
′ 〈PAD

5
∣∣

+A0
∣∣PAD

6
〉

A0
′ 〈PAD

6
∣∣+A0

∣∣PAD
7
〉

A0
′ 〈PAD

7
∣∣ , (18)

A0 =
[
x0 e iθ0 ,x1 e iθ1 ,x2 e iθ2 ,x3 e iθ3 ,x4 e iθ4 ,x5 e iθ5 ,x6 e iθ6 ,x7 e iθ7

]
,

A0
′ =

[
x0 e−iθ0 ,x1 e−iθ1 ,x2 e−iθ2 ,x3 e−iθ3 ,x4 e−iθ4 ,x5 e−iθ5 ,x6 e−iθ6 ,x7 e−iθ7

]
,∣∣PAD

0
〉
= [|000〉 ,

√
1−λAD |001〉 ,

√
1−λAD |010〉 ,(1−λAD) |011〉 ,√

1−λAD |100〉 ,(1−λAD) |101〉 ,(1−λAD) |110〉 ,
√

1−λAD
3
|111〉]T,∣∣PAD

1
〉
=
[
0,
√

λAD |000〉 ,0,
√

λAD(1−λAD) |010〉 ,0,
√

λAD(1−λAD) |100〉 ,0,
√

λAD(1−λAD) |110〉
]T
,∣∣PAD

2
〉
=
[
0,0,

√
λAD |000〉 ,

√
λAD(1−λAD) |001〉 ,0,0,

√
λAD(1−λAD) |100〉 ,

√
λAD(1−λAD) |101〉

]T
,∣∣PAD

3
〉
=
[
0,0,0,λAD |000〉 ,0,0,0,

√
λAD(1−λAD) |100〉

]T
,∣∣PAD

4
〉
=
[
0,0,0,0,

√
λAD |000〉 ,

√
λAD(1−λAD) |001〉 ,

√
λAD(1−λAD) |010〉 ,

√
λAD(1−λAD) |011〉

]T
,∣∣PAD

5
〉
=
[
0,0,0,0,0,λAD |000〉 ,0,

√
λAD(1−λAD) |010〉

]T
,∣∣PAD

6
〉
=
[
0,0,0,0,0,0,λAD |000〉 ,

√
λAD(1−λAD) |001〉

]T
,
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∣∣PAD
7
〉
=
[
0,0,0,0,0,0,0,

√
λAD

3
|000〉

]T
. (19)

The fidelity is calculated as follows:

FAD = x4
0 +2

√
1−λADx2

0
(
x2

1 + x2
2 + x2

4
)
+2
√

1−λAD
5
x2

7
(
x2

3 + x2
5 + x2

6
)

+ (1−λAD)
[(

x4
1 + x4

2 + x4
4
)
+2x2

0
(
x2

3 + x2
5 + x2

6
)
+2
(
x2

1x2
2 + x2

1x2
4 + x2

2x2
4
)]

+2
√

1−λAD
3 [(

x2
1 + x2

2 + x2
4
)(

x2
3 + x2

5 + x2
6
)
+ x2

7x2
0
]
+(1−λAD)

3x4
7

+(1−λAD)
2
[
x2

3
(
x2

3 +2x2
5 +2x2

6
)
+
(
x2

5 + x2
6
)2

+2x2
7
(
x2

1 + x2
2 + x2

4
)]

+λADx2
0
(
x2

1+x2
2 + x2

3
)
+λ (1−λ )

[(
x2

2x2
3 + x2

4x2
5 + x2

1x2
3 + x2

4x2
6 + x2

1x2
5 + x2

2x2
6
)]

+2λ (1−λAD) ·
(
x0x1x6x7 cos(θ1 +θ6−θ0−θ7)+ x2x3x4x5 cos(θ3 +θ4−θ2−θ5)

+x0x2x5x7 cos(θ2 +θ5−θ0−θ7)+ x1x3x4x6 cos(θ3 +θ4−θ1−θ6)

+x0x3x4x7 cos(θ3 +θ4−θ0−θ7)+ x1x2x5x6 cos(θ2 +θ5−θ1−θ6)
)

+4λ

√
1−λAD ·

(
x0x1x2x3 cos(θ1 +θ2−θ0−θ3)+ x0x1x4x5 cos(θ1 +θ4−θ0−θ5)

+x0x2x4x6 cos(θ2 +θ4−θ0−θ6)
)
+λAD(1−λAD)

2x2
7
(
x2

6 + x2
5 + x2

3
)

+4λ

√
1−λAD

3
·
(
x2x3x6x7 cos(θ3 +θ6−θ2−θ7)+ x4x5x6x7 cos(θ5 +θ6−θ4−θ7)

+x1x3x5x7 cos(θ3 +θ5−θ1−θ7)
)
+λ

2
AD (1−λAD)x2

7
(
x2

1 + x2
2 + x2

4
)

+2λ
2
AD

√
1−λAD

(
x0x3x4x7 cos(θ3 +θ4−θ0−θ7)+ x0x2x5x7 cos(θ0 +θ7−θ2−θ7)

+x0x1x6x7 cos(θ1 +θ6−θ0−θ7)
)
+λ

2
ADx2

0
(
x2

3 + x2
5 + x2

6
)
+λ

3
ADx2

0x2
7. (20)

3.3. The phase-damping noise

In contrast to the amplitude-damping noise, the phase-damping noise simulates an interaction with the surroundings when
energy loss is not involved.[44] The behavior of this noise is characterized by the following set of Kraus operators:

E0 =
√

1−λPD

(
1 0
0 1

)
, E1 =

√
λPD

(
1 0
0 0

)
, E2 =

√
λPD

(
0 0
0 1

)
, (21)

where 0≤ λPD ≤ 1 indicates the noise factor of phase damping noise. The influence of the phase-damping channel is described
in Eq. (17). Based on Eqs. (8)–(14), we can obtain the output state

ρ
PD
out = (1−λ )3A0

∣∣PPD
0
〉

A0
′ 〈PPD

0
∣∣+λ

3[A0
∣∣PPD

13
〉

A0
′ 〈PPD

13
∣∣+A0

∣∣PPD
14
〉

A0
′ 〈PPD

14
∣∣+A0

∣∣PPD
16
〉

A0
′ 〈PPD

16
∣∣

+A0
∣∣PPD

17
〉

A0
′ 〈PPD

17
∣∣+A0

∣∣PPD
22
〉

A0
′ 〈PPD

22
∣∣+A0

∣∣PPD
23
〉

A0
′ 〈PPD

23
∣∣+A0

∣∣PPD
25
〉

A0
′ 〈PPD

25
∣∣+A0

∣∣PPD
26
〉

A0
′ 〈PPD

26
∣∣]

+λ (1−λ )2[A0
∣∣PPD

1
〉

A0
′ 〈PPD

1
∣∣+A0

∣∣PPD
2
〉

A0
′ 〈PPD

2
∣∣+A0

∣∣PPD
3
〉

A0
′ 〈PPD

3
∣∣

+A0
∣∣PPD

6
〉

A0
′ 〈PPD

6
∣∣+A0

∣∣PPD
9
〉

A0
′ 〈PPD

9
∣∣+A0

∣∣PPD
18
〉

A0
′ 〈PPD

18
∣∣]

+λ
2(1−λ )

[
A0
∣∣PPD

4
〉

A0
′ 〈PPD

4
∣∣+A0

∣∣PPD
5
〉

A0
′ 〈PPD

5
∣∣+A0

∣∣PPD
7
〉

A0
′ 〈PPD

7
∣∣+A0

∣∣PPD
8
〉

A0
′ 〈PPD

8
∣∣

+A0
∣∣PPD

10
〉

A0
′ 〈PPD

10
∣∣+A0

∣∣PPD
11
〉

A0
′ 〈PPD

11
∣∣+A0

∣∣PPD
12
〉

A0
′ 〈PPD

12
∣∣+A0

∣∣PPD
15
〉

A0
′ 〈PPD

15
∣∣

+A0
∣∣PPD

19
〉

A0
′ 〈PPD

19
∣∣+A0

∣∣PPD
20
〉

A0
′ 〈PPD

20
∣∣+A0

∣∣PPD
21
〉

A0
′ 〈PPD

21
∣∣+A0

∣∣PPD
24
〉

A0
′ 〈PPD

24
∣∣], (22)

where

∣∣PPD
0
〉
= [|000〉 , |001〉 , |010〉 , |011〉 , |100〉 ,
|101〉 , |110〉 , |111〉]T,∣∣PPD

1
〉
= [|000〉 ,0, |010〉 ,0, |100〉 ,0, |110〉 ,0]T,∣∣PPD

2
〉
= [0, |001〉 ,0, |011〉 ,0, |101〉 ,0, |111〉]T,∣∣PPD

3
〉
= [|000〉 , |001〉 ,0,0, |100〉 , |101〉 ,0,0]T,∣∣PPD

4
〉
= [|000〉 ,0,0,0, |100〉 ,0,0,0]T,

∣∣PPD
5
〉
= [0, |001〉 ,0,0,0, |101〉 ,0,0]T,∣∣PPD

6
〉
= [0,0, |010〉 , |011〉 ,0,0, |110〉 , |111〉]T,∣∣PPD

7
〉
= [0,0, |010〉 ,0,0,0, |110〉 ,0]T,∣∣PPD

8
〉
= [0,0,0, |011〉 ,0,0,0, |111〉]T,∣∣PPD

9
〉
= [|000〉 , |001〉 , |010〉 , |011〉 ,0,0,0,0]T,∣∣PPD

10
〉
= [|000〉 ,0, |010〉 ,0,0,0,0,0]T,∣∣PPD

11
〉
= [0, |001〉 ,0, |011〉 ,0,0,0,0]T,
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12
〉
= [|000〉 , |001〉 ,0,0,0,0,0,0]T,∣∣PPD

13
〉
= [|000〉 ,0,0,0,0,0,0,0]T,∣∣PPD

14
〉
= [0, |001〉 ,0,0,0,0,0,0]T,∣∣PPD

15
〉
= [0,0, |010〉 , |011〉 ,0,0,0,0]T,∣∣PPD

16
〉
= [0,0, |010〉 ,0,0,0,0,0]T,∣∣PPD

17
〉
= [0,0,0, |011〉 ,0,0,0,0]T,∣∣PPD

18
〉
= [0,0,0,0, |100〉 , |101〉 , |110〉 , |111〉]T,∣∣PPD

19
〉
= [0,0,0,0, |100〉 ,0, |110〉 ,0]T,∣∣PPD

20
〉
= [0,0,0,0,0, |101〉 ,0, |111〉]T,

∣∣PPD
21
〉
= [0,0,0,0, |100〉 , |101〉 ,0,0]T,∣∣PPD

22
〉
= [0,0,0,0, |100〉 ,0,0,0]T,∣∣PPD

23
〉
= [0,0,0,0,0, |101〉 ,0,0]T,∣∣PPD

24
〉
= [0,0,0,0,0,0, |110〉 , |111〉]T,∣∣PPD

25
〉
= [0,0,0,0,0,0,0, |111〉]T,∣∣PPD

26
〉
= [0,0,0,0,0,0,0, |111〉]T. (23)

Following the similar steps, the fidelity is calculated as fol-
lows:

FPD = (1−λPD)
3 +λ

3
PD
(
x4

0 + x4
1 + x4

2 + x4
3 + x4

4 + x4
5 + x4

6 + x4
7
)

+λPD(1−λPD)
2((x2

0 + x2
2 + x2

4 + x2
6
)2

+
(
x2

1 + x2
3 + x2

5 + x2
7
)2

+
(
x2

0 + x2
1 + x2

4 + x2
5
)2

+
(
x2

2 + x2
4 + x2

6 + x2
7
)2

+
(
x2

0 + x2
1 + x2

2 + x2
3
)2

+
(
x2

4 + x2
5 + x2

6 + x2
7
)2)

+λ
2
PD (1−λPD)

((
x2

0 + x2
4
)2

+
(
x2

1 + x2
5
)2

+
(
x2

2 + x2
6
)2

+
(
x2

3 + x2
7
)2

+
(
x2

0 + x2
2
)2

+
(
x2

1 + x2
3
)2

+
(
x2

0 + x2
1
)2

+
(
x2

4 + x2
6
)2

+
(
x2

5 + x2
7
)2

+
(
x2

4 + x2
5
)2

+
(
x2

6 + x2
7
)2

+
(
x2

2 + x2
3
)2)

. (24)

3.4. The bit-flip noise

The bit-flip noise changes a qubit from |0〉 → |1〉 or from |1〉 → |0〉 with the probability λBF,[45] and it can be described by
the Kraus operators as

E0 =
√

1−λBF

(
1 0
0 1

)
, E1 =

√
λBF

(
0 1
1 0

)
, (25)

where λBF is the decoherence rate satisfying 0 ≤ λBF ≤ 1. The influence of the bit-flip channel is described in Eq. (17). In the
bit-flip noisy channel, the output state can be calculated as follows:

ρ
BF
out = (1−λ )3A0

∣∣PBF
0
〉

A0
′ 〈PBF

0
∣∣+λ (1−λ )2 [A0

∣∣PBF
1
〉

A0
′ 〈PBF

1
∣∣+A0

∣∣PBF
2
〉

A0
′ 〈PBF

2
∣∣+A0

∣∣PBF
4
〉

A0
′ 〈PBF

4
∣∣]

+λ
2(1−λ )

[
A0
∣∣PBF

3
〉

A0
′ 〈PBF

3
∣∣+A0

∣∣PBF
5
〉

A0
′ 〈PBF

5
∣∣+A0

∣∣PBF
6
〉

A0
′ 〈PBF

6
∣∣]+λ

3A0
∣∣PBF

7
〉

A0
′ 〈PBF

7
∣∣ , (26)

where ∣∣PBF
0
〉
= [|000〉 , |001〉 , |010〉 , |011〉 , |100〉 , |101〉 , |110〉 , |111〉]T,∣∣PBF

1
〉
= [|001〉 , |000〉 , |011〉 , |010〉 , |101〉 , |100〉 , |111〉 , |110〉]T,∣∣PBF

2
〉
= [|010〉 , |011〉 , |000〉 , |001〉 , |110〉 , |111〉 , |100〉 , |101〉]T,∣∣PBF

3
〉
= [|011〉 , |010〉 , |001〉 , |000〉 , |111〉 , |110〉 , |101〉 , |100〉]T,∣∣PBF

4
〉
= [|100〉 , |101〉 , |110〉 , |111〉 , |000〉 , |001〉 , |010〉 , |011〉]T,∣∣PBF

5
〉
= [|101〉 , |100〉 , |111〉 , |110〉 , |001〉 , |000〉 , |011〉 , |010〉]T,∣∣PBF

6
〉
= [|110〉 , |111〉 , |100〉 , |101〉 , |010〉 , |011〉 , |000〉 , |001〉]T,∣∣PBF

7
〉
= [|111〉 , |110〉 , |101〉 , |100〉 , |011〉 , |010〉 , |001〉 , |000〉]T. (27)

In the bit-flip noisy environment, the fidelity is too dedious to present here. We put it in Appendix A.

3.5. The phase-flip noise

The phase damping noise changes the qubit |1〉 → −|1〉 with the probability λPF, which describes the loss of quantum
information that does not contain information loss caused by energy loss,[44] and its Kraus operators are

E0 =
√

1−λPF

(
1 0
0 1

)
, E1 =

√
λPF

(
1 0
0 −1

)
, (28)
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where 0 ≤ λPF ≤ 1 indicates the decoherence rate. The influence of the phase-flip channel is described in Eq. (17). In the
phase-flip noisy environment, we can also calculate the output state

ρ
PF
out = (1−λ )3A0

∣∣PPF
0
〉

A0
′ 〈PPF

0
∣∣+λ

3[A0
∣∣PPF

7
〉

A0
′ 〈PPF

7
∣∣]+λ (1−λ )2[A0

∣∣PPF
1
〉

A0
′ 〈PPF

1
∣∣+ A0

∣∣PPF
2
〉

A0
′ 〈PPF

2
∣∣

+A0
∣∣PPF

4
〉

A0
′ 〈PPF

4
∣∣]+λ

2(1−λ )[A0
∣∣PPF

3
〉

A0
′ 〈PPF

3
∣∣+A0

∣∣PPF
5
〉

A0
′ 〈PPF

5
∣∣+A0

∣∣PPF
6
〉

A0
′ 〈PPF

6
∣∣]. (29)

where ∣∣PPF
0
〉
= [|000〉 , |001〉 , |010〉 , |011〉 , |100〉 , |101〉 , |110〉 , |111〉]T,∣∣PPF

1
〉
= [|001〉 ,−|000〉 , |011〉 ,−|010〉 , |101〉 ,−|100〉 , |111〉 ,−|110〉]T,∣∣PPF

2
〉
= [|010〉 , |011〉 ,−|000〉 ,−|001〉 , |110〉 , |111〉 ,−|100〉 ,−|101〉]T,∣∣PPF

3
〉
= [|011〉 ,−|010〉 ,−|001〉 , |000〉 , |111〉 ,−|110〉 ,−|101〉 , |100〉]T,∣∣PPF

4
〉
= [|100〉 , |101〉 , |110〉 , |111〉 ,−|000〉 ,−|001〉 ,−|010〉 ,−|011〉]T,∣∣PPF

5
〉
= [|101〉 ,−|100〉 , |111〉 ,−|110〉 ,−|001〉 , |000〉 ,−|011〉 , |010〉]T,∣∣PPF

6
〉
= [|110〉 , |111〉 ,−|100〉 ,−|101〉 ,−|010〉 ,−|011〉 , |000〉 , |001〉]T,∣∣PPF

7
〉
= [|111〉 ,−|110〉 ,−|101〉 , |100〉 ,−|011〉 , |010〉 , |001〉 ,−|000〉]T, (30)

and the fidelity is calculated as follows:

FPF = (1−λPF)
3 +λPF(1−λPF)

2((x2
0− x2

1 + x2
2− x2

3 + x2
4− x2

5 + x2
6− x2

7
)2

+(x2
0 + x2

1− x2
2− x2

3 + x2
4 + x2

5− x2
6− x2

7)
2 +(x2

0 + x2
1 + x2

2 + x2
3− x2

4− x2
5− x2

6− x2
7)

2)
+λ

2
PF (1−λPF)

((
x2

0− x2
1− x2

2 + x2
3 + x2

4− x2
5− x2

6 + x2
7
)2

+(x2
0− x2

1 + x2
2− x2

3− x2
4 + x2

5− x2
6 + x2

7)
2

+
(
x2

0 + x2
1− x2

2− x2
3− x2

4− x2
5 + x2

6 + x2
7
)2)

+λ
3
PF
(
x2

0− x2
1− x2

2 + x2
3− x2

4 + x2
5 + x2

6− x2
7
)2
. (31)

3.6. Analysis of noise impact

It can be seen that the fidelities depend on the coeffi-
cients of the amplitude information of the target state and the
noise parameter under the phase-flip noise and phase-damping
noisy channels. Meanwhile, the decoherence rate, the am-
plitude parameter and the phase information of the initial
state can affect the fidelities in bit-flip and amplitude-damping
noisy channels. For simplicity, when the target state of DRSP
is x0 |000〉+

√
1
2 − x2

0 |001〉+ 1
2 |010〉+ 1

2 |011〉(x0 ∈ (0,
√

2
2 ],

x1 =
√

1
2 − x2

0, x3 = x4 =
1
2 , x4 = x5 = x6 = x7 = 0), the varia-

tions of the fidelities with the decoherence rate and the ampli-
tude parameter of the initial state are illustrated in Figs. 1(a)–
1(d). It is obvious that there is a clear decreasing trend of the
fidelities when the decoherence rates increase, respectively.

We can get a clear picture of how four types of quan-
tum noises affect the system when preparing the same target
state. In Fig. 2, the four types of quantum noises are compared
when the target state is 1

2
√

2
(|000〉+ |001〉+ |010〉+ |011〉+

|100〉+ |101〉+ |110〉+ |111〉). As shown in the figure, in the
early stage, the fidelity of the phase-damping noise decreases
faster than that of amplitude-damping noise. However, when

λ = 1, both the fidelities of the phase-damping noise and the
amplitude-damping noise drop to 0.1. For bit-flip noisy envi-
ronment, it is interesting that the fidelity always maintains at 1,
indicating that there will be no loss of information in this case.
Among the four types of quantum noises, the fidelity drops the
fastest in the phase-flip noise and approaches 0 after λ reaches
0.85.
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x

(a)
1.0
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F
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(b)
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0
0 0
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x

(d)

1.00
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F
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x

(c)

Fig. 1. The fidelities of four-type noise channels with x0 and λ change

for x0 ∈ (0,
√

2
2 ],x1 =

√
1
2 − x2

0, x3 = x4 =
1
2 and x4 = x5 = x6 = x7 = 0.
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.

λ

Fig. 2. Plots of the fidelities as a function of decoherence rate of
amplitude-damping (yellow dotted line), phase-damping (greeen dot-
dash line), bit-flip (bule dashed line), and phase-flip (red solid line)
noise channels with x0 = x1 = · · ·= x7 =

1
2
√

2
.

4. Conclusion
In summary, we have put forward a novel protocol for

deterministic remote state preparation of arbitrary three-qubit
state via one nine-qubit cluster-GHZ entangled state in ideal
environment. We can realize the transmission of arbitrary
three-qubit state which guarantees unit success probability
in the meantime. In this study, two three-qubit projective
measurements and appropriate unitary operations are required
and only two classic bits are cost in classical communica-
tion. In addition, some attempts have been made to con-
struct multi-particle channels, including cluster states and
GHZ states,[31,33] which have made significant progress in
both theoretical and experimental terms. In one sense, it shows
the feasibility in the experiment in future.

The process of information transmission is inevitably af-
fected by the surrounding environment in the real environ-
ment. One aim of the present research is to examine the in-
fluence of common four-type noises on the DRSP of arbitrary
three-qubit state and obtains some interesting results. The re-
sults of this investigation show that the fidelities depend on the
coefficients of the amplitude information and the noise param-
eter under the phase-flip and the phase-damping noises, while
the decoherence rate, the amplitude parameter and the phase
information of the initial state can affect the fidelities in the
bit-flip and the amplitude-damping noise channels. The most
obvious finding emerging from the analysis is that the fidelities
decrease with the decoherence rates rising. The second finding
is that the loss of information is minimal for the bit-flip chan-
nel and is maximal for the phase-flip channel when preparing
the target state 1

2
√

2
(|000〉+ |001〉+ |010〉+ |011〉+ |100〉+

|101〉+ |110〉+ |111〉). It may have significant implications
for real systems to avoid influence of noise.
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Appendix A

FBF = (1−λBF)
3 +2λBF(1−λBF)

2{x2
0x2

1 [1+ cos2(θ0−θ1)]+ x2
2x2

3 [1+ cos2(θ2−θ3)]+ x2
4x2

5 [1+ cos2(θ4−θ5)]

+ x2
6x2

7 [1+ cos2(θ6−θ7)]+ x2
0x2

2 [1+ cos2(θ0−θ2)]+ x2
1x2

3 [1+ cos2(θ1−θ3)]

+ x2
4x2

6 [1+ cos2(θ4−θ6)]+ x2
5x2

7 [1+ cos2(θ5−θ7)]+ x2
0x2

4 [1+ cos2(θ0−θ4)]

+ x2
1x2

5 [1+ cos2(θ1−θ5)]+ x2
2x2

6 [1+ cos2(θ2−θ6)]+ x2
3x2

7 [1+ cos2(θ3−θ7)]

+2x0x1x2x3 [cos(θ0 +θ3−θ1−θ2)+ cos(θ0 +θ2−θ1−θ3)]

+2x0x1x4x5 [cos(θ0 +θ5−θ1−θ4)+ cos(θ0 +θ4−θ1−θ5)]

+2x0x1x6x7 [cos(θ0 +θ7−θ1−θ6)+ cos(θ0 +θ6−θ1−θ7)]

+2x2x3x4x5 [cos(θ3 +θ5−θ2−θ4)+ cos(θ3 +θ4−θ2−θ5)]

+2x2x3x6x7 [cos(θ3 +θ7−θ2−θ6)+ cos(θ3 +θ6−θ2−θ7)]

+2x4x5x6x7 [cos(θ4 +θ7−θ5−θ6)+ cos(θ4 +θ6−θ5−θ7)]

+2x0x1x2x3 [cos(θ0 +θ3−θ1−θ2)+ cos(θ0 +θ2−θ1−θ3)]

+2x0x2x4x6 [cos(θ0 +θ6−θ2−θ4)+ cos(θ0 +θ4−θ2−θ6)]

+2x0x2x5x7 [cos(θ0 +θ7−θ2−θ5)+ cos(θ0 +θ5−θ2−θ7)]

+2x1x3x4x6 [cos(θ1 +θ6−θ3−θ4)+ cos(θ1 +θ4−θ3−θ6)]

040304-8
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+2x1x3x5x7 [cos(θ1 +θ7−θ3−θ5)+ cos(θ1 +θ5−θ3−θ7)]

+2x4x5x6x7 [cos(θ4 +θ7−θ5−θ6)+ cos(θ4 +θ5−θ6−θ7)]

+2x0x1x4x5 [cos(θ0 +θ5−θ1−θ4)+ cos(θ0 +θ1−θ4−θ5)]

+2x0x2x4x6 [cos(θ0 +θ6−θ2−θ4)+ cos(θ0 +θ2−θ4−θ6)]

+2x0x3x4x7 [cos(θ0 +θ7−θ4−θ3)+ cos(θ0 +θ3−θ4−θ7)]

+2x1x2x5x6 [cos(θ1 +θ6−θ2−θ5)+ cos(θ1 +θ2−θ5−θ6)]

+2x1x3x5x7 [cos(θ1 +θ7−θ3−θ5)+ cos(θ1 +θ3−θ5−θ7)]

+2x2x3x6x7 [cos(θ3 +θ6−θ2−θ7)+ cos(θ2 +θ3−θ6−θ7)] }
+2λ

2
BF (1−λBF)

{
x2

0x2
3 [1+ cos2(θ0−θ3)]+ x2

1x2
2 [1+ cos2(θ1−θ2)]+ x2

4x2
7 [1+ cos2(θ4−θ7)]

+ x2
5x2

6 [1+ cos2(θ5−θ6)]+ x2
0x2

5 [1+ cos2(θ0−θ5)]+ x2
1x2

4 [1+ cos2(θ1−θ4)]

+ x2
2x2

7 [1+ cos2(θ2−θ7)]+ x2
3x2

6 [1+ cos2(θ3−θ6)]+ x2
0x2

6 [1+ cos2(θ0−θ6)]

+ x2
1x2

7 [1+ cos2(θ1−θ7)]+ x2
2x2

4 [1+ cos2(θ2−θ4)]+ x2
3x2

5 [1+ cos2(θ3−θ5)]

+2x0x1x2x3 [cos(θ0 +θ2−θ1−θ3)+ cos(θ0 +θ1−θ2−θ3)]

+2x0x3x4x7 [cos(θ0 +θ7−θ3−θ4)+ cos(θ0 +θ4−θ3−θ7)]

+2x0x3x5x6 [cos(θ0 +θ6−θ3−θ5)+ cos(θ0 +θ5−θ3−θ6)]

+2x1x2x4x7 [cos(θ1 +θ7−θ2−θ4)+ cos(θ1 +θ4−θ2−θ7)]

+2x1x2x5x6 ([cos(θ1 +θ6−θ5−θ2)+ cos(θ1 +θ5−θ2−θ6)]

+2x4x5x6x7 [cos(θ4 +θ6−θ5−θ7)+ cos(θ4 +θ5−θ6−θ7)]

+2x0x1x4x5 [cos(θ0 +θ4−θ1−θ5)+ cos(θ0 +θ1−θ4−θ5)]

+2x0x2x5x7 [cos(θ0 +θ7−θ2−θ5)+ cos(θ0 +θ2−θ5−θ7)]

+2x0x3x5x6 [cos(θ0 +θ6−θ3−θ5)+ cos(θ0 +θ3−θ5−θ6)]

+2x1x2x4x7 [cos(θ1 +θ7−θ2−θ4)+ cos(θ1 +θ2−θ4−θ7)]

+2x1x3x4x6 [cos(θ3 +θ4−θ1−θ6)+ cos(θ1 +θ3−θ4−θ6)]

+2x2x3x6x7 [cos(θ3 +θ7−θ2−θ6)+ cos(θ2 +θ3−θ6−θ7)]

+2x0x1x6x7 [cos(θ0 +θ7−θ1−θ6)+ cos(θ0 +θ1−θ6−θ7)]

+2x0x2x4x6 [cos(θ0 +θ4−θ2−θ6)+ cos(θ0 +θ2−θ4−θ6)]

+2x0x3x5x6 [cos(θ0 +θ5−θ3−θ6)+ cos(θ0 +θ3−θ5−θ6)]

+2x1x2x4x7 [cos(θ1 +θ4−θ2−θ7)+ cos(θ1 +θ2−θ4−θ7)]

+2x1x3x5x7 [cos(θ1 +θ5−θ3−θ7)+ cos(θ1 +θ3−θ5−θ7)]

+ 2x2x3x4x5 [cos(θ3 +θ4−θ2−θ5)+ cos(θ2 +θ3−θ4−θ5)]}
+2λ

3
BF
{

x2
0x2

7 [1+ cos2(θ0−θ7)]+ x2
1x2

6 [1+ cos2(θ1−θ6)]

+ x2
3x2

4 [1+ cos2(θ3−θ4)]+ x2
2x2

5 [1+ cos2(θ2−θ5)]

+2x0x1x6x7 [cos(θ0 +θ6−θ1−θ7)+ cos(θ0 +θ1−θ6−θ7)]

+2x0x2x5x7 [cos(θ0 +θ5−θ2−θ7)+ cos(θ0 +θ2−θ5−θ7)]

+2x0x3x4x7 [cos(θ0 +θ4−θ3−θ7)+ cos(θ0 +θ3−θ4−θ7)]

+2x1x2x5x6 [cos(θ1 +θ5−θ2−θ6)+ cos(θ1 +θ2−θ5−θ6)]

+2x1x3x4x6 [cos(θ1 +θ4−θ3−θ6)+ cos(θ1 +θ3−θ4−θ6)]

+2x2x3x4x5 [cos(θ3 +θ5−θ2−θ4)+ cos(θ2 +θ3−θ4−θ5)]} .
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