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The high-order harmonic generation from an asymmetric molecular ion is theoretically investigated based on the
Born–Oppenheimer model with two-dimensional electron dynamics. It is shown that the harmonic intensity changes peri-
odically in elliptically polarized laser fields. The periodical character is ellipticity-dependent. By establishing the physical
image, the periodicity of the harmonic intensity can be ascribed to the contributions of the ground state and the excited
state. Furthermore, the electron dynamics from different electronic states can be selected via combining the elliptically
polarized laser field with a static electric field. The harmonics dominated either by ground state or excited state are emitted
once in an optical cycle in the combined laser field.

Keywords: asymmetric molecular ion, high-order harmonic generation, electron dynamics, elliptically polar-
ized laser field
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1. Introduction
High-order harmonic generation (HHG),[1–5] a hot topic

in the strong-field physics, has wide applications such as
generating the attosecond pulse,[6,7] detecting the ultrafast
electron motion,[8] imaging the molecular orbital,[9] recon-
structing the band structures,[10,11] and exploring structural
strain.[12,13] The physical mechanism of the gas HHG has
been well explained via a three-step model:[14] ionization-
acceleration-recombination, indicating the dominant role of
the ground-state dynamics. In fact, the harmonic genera-
tion also records the excited-state dynamics.[15,16] For the
symmetric molecular ions, it can be encoded in both the
lower-order[15] and the higher-order harmonics.[16] The for-
mer is attributed to the two-center interference, while the lat-
ter is ascribed to the electron localization. With dynamical
symmetry breaking, the even harmonics from the symmet-
ric molecular ions can manifest the excited-state dynamics
in both linearly and elliptically polarized laser fields.[17,18]

For the asymmetric molecular ions, the electron dynamics
in the harmonic generation process is more complex due
to the existence of the permanent dipole.[19–22] Based on
the Born–Oppenheimer approximation (BOA), the four-step
model (excitation-ionization-acceleration-recombination) has
been proposed to interpret the related underlying mechanism
in linearly polarized laser fields.[23,24] Additionally, the lower-
order resonant peak has been ascribed to the electron transi-
tion between the ground state and the excited state. It in-
dicates the important role of the excited state in harmonic
emission.[25] Moreover, by establishing the multichannel re-
combination model based on the non-BOA, our group has dis-
cussed the electron dynamics of the ground and the excited

states in detail.[26–28]

As mentioned above, both the ground state and the ex-
cited state can contribute to the harmonic emission in strong
laser fields. Thus the harmonics from different electronic
states will strongly couple with each other. It is known that
an elliptically polarized laser field affects the harmonic emis-
sion along the minor axis and the major axis of the polar-
ization ellipse.[29] Then, the elliptically polarized laser pulse
can be probably used to explore the complex harmonics from
asymmetric molecular ions. To understand the related elec-
tron dynamics, we select the simple single-electron HeH2+ as
the model to study the harmonic generation process in ellipti-
cally polarized laser fields. Via solving the two-dimensional
(2D) time-dependent Schrödinger equation (TDSE), the har-
monic intensity is periodically ellipticity-dependent. This phe-
nomenon records the important role of the excited-state dy-
namics in harmonic emission. With the time-frequency dis-
tribution, the populations of different electronic states and the
laser-dressed double-well model, the underlying electron dy-
namics is tracked in detail. Moreover, we propose an efficient
way to decode the harmonics from the ground state and the
excited state by combining the elliptically polarized laser field
and the static electric field. Atomic units (a.u.) are used in this
paper unless otherwise stated.

2. Theoretical method

The harmonic emission from HeH2+ has been investi-
gated by solving the 2D TDSE. Providing the molecular axis
along with the x axis, in the dipole approximation and the
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length gauge, the 2D TDSE can be written as[30–32]

i
∂

∂ t
ψ(x,y; t) = [Ĥ(x,y; t)+𝐸(t) ·𝑟]ψ(x,y; t), (1)

Ĥ0(x,y) =−
1
2

∂ 2

∂x2 −
1
2

∂ 2

∂y2 +Vc(x,y), (2)

Vc(x,y) =−
Z1√

(x−R1)2 + y2 +a
− Z2√

(x+R2)2 + y2 +b
. (3)

Here, Z1 = 0.81 and Z2 = 1.62 are the effective charges
of H and He, respectively; R1 = Z2R/(Z1 + Z2) and R2 =

Z1R/(Z1 +Z2), respectively; a = b = 0.05 is selected to avoid
the Coulomb singularity.[21] With R = 4 a.u., the eigenfunc-
tions and energy eigenvalues of different electronic states can
be obtained via the diagonalization of the field-free Hamilto-
nian. The energy of the ground state is −2.25 a.u. for R =

4 a.u.[33] With higher ionization potential for the ground state,
stronger laser intensity can be used to emit higher harmonic
energy. It can benefit the observation of the interesting phe-
nomena. Thus the ground state is selected as the initial state,
which has been widely used in theoretical studies for strong-
field-induced dynamics of asymmetric molecules.[21,24]

The strong elliptical laser field is expressed as

𝐸(t) =
1√

1+ξ 2
E0 f (t)cos(ωt)êx

+
ξ√

1+ξ 2
E0 f (t)sin(ωt)êy, (4)

where ξ is the ellipticity, êx and êy are the unit vectors along
x and y axes, respectively (i.e., the major axis and the minor
axis of the polarization ellipse); f (t) is a trapezoidal envelope
function with total duration of ten optical cycles (o.c.) and
three cycles ramp on, four cycles are constant and three cy-
cles ramp off. Here, 1 o.c.= 2.0 fs corresponds to the wave-
length of 600 nm. Moreover, with cos1/8 mask function, the
time-dependent wave function is achieved by the second-order
split-operator method.[16,34] The converged numerical param-
eters are as follows: the grid ranges in x and y directions are
from −200 a.u. to 200 a.u. with ∆x = ∆y = 0.4 a.u., respec-
tively. The time step is ∆t = 0.05 a.u.

3. Results and discussion
3.1. Electron dynamics of harmonic emission from HeH2+

in elliptically polarized laser fields

Due to the laser polarization along with the molecular
axis, the electrons in the ground state can be pumped to the
first excited state in a strong linearly polarized laser field.[26,27]

Then, both the ground state and the first excited state will con-
tribute to the harmonic generation. Different from the linearly
polarized laser field, an elliptical laser pulse affects the har-
monic emission in two directions, i.e., along with the major
(x) and minor (y) axes of the polarization ellipse. So much
richer electron dynamics can be obtained from the harmonic

emission in elliptically polarized laser fields. Figure 1 demon-
strates the time-frequency maps of HeH2+ in elliptically po-
larized laser fields expressed as Eq. (4) with different values
of ellipticity ξ . The corresponding wavelength is 600 nm
and the laser peak intensity is I = 3.0× 1015 W/cm2. For
ξ = 0.1, the harmonic intensity around tr = (n + 0.25) o.c.
is stronger than that around tr = (n + 0.75) o.c. However,
with the increase of ξ from 0.2 to 0.3, the harmonic inten-
sity around tr = (n+ 0.25) o.c. tends to be weaker than that
around tr = (n+ 0.75) o.c. as illustrated in Figs. 1(b)–1(d).
Here tr represents the recombination moment. Additionally,
with similar periodical character of harmonic intensity as that
in Fig. 1(a), the related results for 0 ≤ ξ < 0.1 are not dis-
played here. How about the electron dynamics in strong el-
liptically polarized laser fields? The detail discussion will be
provided in the following part.

In the strong elliptically polarized laser field, the electric-
field strength along y axis will be enhanced with the increase
of ξ . Moreover, the second excited state will be excited for the
perpendicular orientation. As shown in Figs. 2(a) and 2(b), the
population of the second excited state is obviously enhanced
from ξ = 0.1 to ξ = 0.25, especially from (n+ 0.5) o.c. to
(n+ 1) o.c. (i.e., the negative laser field along y direction).
In this case, the ground state is dressed up, and then the elec-
trons in the ground state can be easily pumped to the second
excited state. To get across the physical origin of the period-
ical harmonic intensity in elliptically polarized laser fields as
mentioned above, the probabilities of P0(t) = 1− | 〈0 | ϕ(t)〉 |2

(red solid line), P1(t) = 1−∑
1
n=0 | 〈n | ϕ(t)〉 |2 (gray solid line)

and Pion(t) = 1−∑
9
n=0 | 〈n | ϕ(t)〉 |2 (black solid line) are pre-

sented for ξ = 0.1 and ξ = 0.25 in Figs. 2(c) and 2(d), respec-
tively. The difference between P0(t) and Pion(t) can reflect
the possible contribution of the ionization from excited states.
Moreover, the areas of shadow region S can reflect the effec-
tive ionization process occurring in the falling edge of elec-
tric field. Here the harmonic emissions around tr = 4.25 o.c.
(ti = 3.5 o.c.) and tr = 4.75 o.c. (ti = 4.0 o.c.) are selected
as examples; ti represents the ionization moment. Clearly, S1

in Fig. 2(c) is nearly equal to S2 in Fig. 2(d). Namely, the
similar ionization probabilities from the excited states. Com-
parisons of Figs. 2(c) and 2(d) demonstrate that the ionization
from the ground state around ti = 3.5 o.c. decreases with the
increase of ξ as shown by pink dashed lines. Thus, the re-
lated harmonic emission around tr = 4.25 o.c. becomes weaker
for ξ = 0.25. Furthermore, with smaller ionization poten-
tial, much more electrons of the second excited state can con-
tribute to the harmonic emission around tr = 4.75 o.c. Then,
the harmonic intensity around tr = 4.75 o.c. is stronger than
that around tr = 4.25 o.c. for ξ = 0.25. Additionally, this
phenomenon tends to be much more obvious for larger ξ as
displayed in Fig. 1(d). Generally speaking, the excited-state
dynamics makes a great effect on the harmonic emission from
asymmetric molecular ions in elliptically polarized laser fields.
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Fig. 1. Time-frequency maps of HeH2+ in elliptically polarized laser fields with the wavelength of 600 nm and laser peak intensity of I =
3.0×1015 W/cm2 for different values of ellipticity ξ : (a) ξ = 0.1, (b) ξ = 0.2, (c) ξ = 0.25, and (d) ξ = 0.3.
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Fig. 2. Populations of the second excited state for different ξ : (a) ξ = 0.1 and (b) ξ = 0.25, respectively. (c) and (d) The probabilities of
P0(t) = 1− | 〈0 | ϕ(t)〉 |2 (red solid line), P1(t) = 1−∑

1
n=0 | 〈n | ϕ(t)〉 |2 (gray solid line) and Pion(t) = 1−∑

9
n=0 | 〈n | ϕ(t)〉 |2 (black solid line)

for the cases of ξ = 0.1 and ξ = 0.25, respectively.

To further reveal the underlying mechanism, the physical
image of the harmonic generation from HeH2+ is established.
In Fig. 3, the purple, red and magenta dots represent the elec-
trons in the ground state (|0〉), the first excited state (|1〉) and
the second excited state (|2〉), respectively. The electron mo-
tion can be described as follows: for Ex < 0 and ξ = 0 in
Fig. 3(a) (i.e., in the linearly polarized laser field), the elec-
tron in the ground state can be transited to the excited states,
especially the first excited state (process 1, black solid line).

Moreover, the stronger the laser intensity is, the more the elec-
trons are pumped to the first excited state. Under the inter-
action of the peak intensity around t = (n+ 0.5) o.c. along
x direction, the electron in the dressed-up ground state can
tunnel out the inner barrier (process 2, red solid line) and
propagates in the external laser field (process 3, blue solid
line). When the laser field reverses its direction, the ionized
electrons can return back to recombine with the ground state
(progress 4, green solid line) because the electrons mainly lo-
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cate in the ground state and few can survive in the first excited
state.[21,22] Additionally, for Ex > 0 and ξ = 0 in Fig. 3(b),
the potential well of the first excited state is dressed up while
that of the ground state is dressed down. Thus the electrons
in the first excited state can also contribute to the harmonic
emission via ionization (red solid line)-acceleration (blue solid
line)-recombination (green solid line) process. The excited-
ground state channel still dominates the harmonic generation.
For ξ > 0, enhanced amplitude of electric field in y direction
will induce complex electron motion in elliptically polarized
laser fields. As shown in Fig. 3(c), for Ey < 0, the electrons
in the ground state can be pumped to the second excited state
(process 1′, black dashed line). For smaller value of ξ , the
electrons pumped to the second excited state are few, and then
the harmonic generation process is mainly affected by Ex. In
this case, the harmonic intensity as shown in Fig. 1(a) will
exhibit similar periodical characters with that in a linearly po-
larized laser field. However, with the increase of ξ , the elec-
trons of the dressed-up ground state can be much more eas-
ily pumped to the second excited state in negative field along
with y direction. Then the electrons in the ground state are
reduced, resulting in the suppressed harmonic emission from
the ground-state channel via ionization (process 2′, red dashed
line)-acceleration (process 3′, blue dashed line)-recombination
(process 4′, green dashed line). However, for Ey > 0, more
electrons can be ionized from the second excited state, and
the harmonic emission process from the second excited state
shown in Fig. 3(d) will be enhanced. Additionally, with few
electrons, the electron dynamics of the higher excited states is
not discussed in this section.
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Fig. 3. The sketch of electron motion in strong laser field. The black solid
(dashed) line, red solid (dashed) line, the blue solid (dashed) line and the
green solid (dashed) line represent the excitation, ionization, acceleration and
recombination processes for ξ = 0 (ξ > 0), respectively. The purple dot, red
dot and magenta dot represent the electrons of the ground state |0〉, the first
excited state |1〉 and the second excited state |2〉, respectively.

As discussed above, the elliptically polarized laser field
can exert great effects on the electron transition process.
Moreover, for smaller ξ = 0, it mainly affects the electron
transition between the ground state and the first excited state,
while the larger one mainly affects the electron transition be-
tween the ground state and the second excited state. In general,

the excited states can play an important role in the harmonic
emission from HeH2+.

3.2. Decoding the electron dynamics in different electronic
states

When asymmetric molecular ions are irradiated by strong
laser pulses, both the ground state and the excited state con-
tribute to the harmonic generation. In this case, the electron
dynamics becomes more complicated and the harmonics from
different electronic states are difficult to be chosen. As we
know that the static electric field has been widely used to ad-
just the fundamental laser field to manipulate gas HHG.[25,35]

In this section, we will resolve the harmonic emission from
different electronic states via combining an elliptically polar-
ized laser field and a static electric field expressed in the fol-
lowing. The laser intensity along y can be adjusted by the
static electric field

𝐸(t) =
1√

1+ξ 2
E0 f (t)cos(ωt)êx

+
ξ√

1+ξ 2
E0 f (t)sin(ωt)êy +SE0êy, (5)

where parameter S is used to adjust the amplitude of the static
electric field. With ξ = 0.25 and I = 3.0× 1015 W/cm2, the
combined electric fields in y direction are plotted for differ-
ent values of S in Fig. 4(a): S = 0 (gray solid line), S = 0.16
(blue dashed line) and S = −0.2 (red dotted line), respec-
tively. The related time-frequency distributions in the com-
bined laser fields are displayed in Figs. 4(b) and 4(c). Clearly,
with S =−0.2 (the strength of the static electric field is about
2.98× 108 V/cm), the negative peak intensity along y axis
is increased while the positive peak intensity is decreased as
shown by the red dotted line. Based on the physical model de-
scribed in Fig. 3, on the one hand, with stronger negative peak
intensity, the population of the excited states will be enhanced,
which results in the strong ionization from the excited states.
On the other hand, the ionized electrons from the ground
state are difficult to return back under the interaction of the
weaker positive field compared with the case of S = 0. Con-
sequently, the harmonics are dominated by the electrons in the
excited state as displayed in Fig. 4(b). It is easy to understand
that, when the positive static electric field with S = 0.16 (the
strength of the static electric field is about 2.39×108 V/cm) is
superposed to the elliptically polarized laser field along y axis,
the harmonic emission is mainly controlled by the ground state
as demonstrated in Fig. 4(c). In conclusion, the complex har-
monic emission from different electronic states can be selected
by the combination of an elliptically polarized laser field and
a strong static electric field. Moreover, the strong static elec-
tric fields mentioned above can be generated by low-frequency
sources, such as free-electron lasers.[36]
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Fig. 4. (a) The sketch of the combined electric fields along y axis with ξ = 0.25 and I = 3.0×1015 W/cm2 for different static parameters: S = 0
(gray solid line), S = −0.2 (red dotted line) and S = 0.16 (blue dashed line), respectively; (b) and (c) time-frequency maps in the combined
laser fields with S =−0.2 and S = 0.16, respectively.

4. Conclusion
In summary, we have investigated the electron dynamics

in the harmonic generation from asymmetric molecular ions
in elliptically polarized laser fields by numerically solving the
two-dimensional time-dependent Schrödinger equation based
on the Born–Oppenheimer approximation. The harmonic in-
tensity exhibits an ellipticity-dependent periodical character,
which is closely related to the electron transition from the
ground state to the higher excited states. In addition, the
harmonic emission from different electronic states can be re-
solved by the combination of an elliptically polarized laser
field and a static electric field. For the case of ξ = 0.25 and I =
3.0× 1015 W/cm2, the harmonic emission mainly originates
from the ground state around (n+0.25) o.c. with the strength
of the positive static electric field of 2.39×108 V/cm, while it
is mainly from the excited state around (n+0.75) o.c. with the
strength of the negative static electric field of 2.98×108 V/cm.
Here, the strong static electric field can be achieved via low
frequency laser field. In general, the electron dynamics of the
ground state and the excited state can be detected by harmonic
emission despite of the strong coupling of electronic states in
strong laser fields.

Acknowledgements
This work was supported by the National Natural Science

Foundation of China (Grant Nos. 11974229, 11404204, and
11947002) and the Scientific and Technological Innovation

Program of Higher Education Institutions in Shanxi, China
(Grant No. 2021L255).

References
[1] Krausz F and Ivanov M 2009 Rev. Mod. Phys. 81 163
[2] Zhang J, Ge X L, Wang T, Xu T T, Guo J and Liu X S 2015 Phys. Rev.

A 92 013418
[3] Li L, Lan P, Zhu X, Huang T, Zhang Q, Lein M and Lu P X 2019 Phys.

Rev. Lett. 122 193901
[4] Zhang H D, Liu X W, Jin F C, Zhu M, Yang S D and Dong W H 2021

Chin. Phys. Lett. 38 063201
[5] Yu C, Jiang S C and Lu R F 2019 Adv. Phys. X 4 1562982
[6] Popmintchev T, Chen M C, Arpin P, Murane M M and Kapteyn H C

2010 Nat. Photon. 4 822
[7] Wang X W, Wang L, Xiao F, Zhang D W, Lu Z H, Yuan J M and Zhao

Z X 2020 Chin. Phys. Lett. 37 023201
[8] Haessler S, Caillat J, Boutu W, Giovanetti-Teixeira G, Ruchon T, Au-

guste T, Diveki Z, Breger P, Maquet A, Carré B, Tal̈eb R and Salières
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Corkum P B and Villeneuve D M 2004 Nature 432 867

[10] Li J B, Zhang X, Fu S L, Feng Y K, Hu B T and Du H C 2019 Phys.
Rev. A 100 043404

[11] Yu C, Jiang S C, Wu T, Yuan G L, Wang Z W, Jin C and Lu R F 2018
Phys. Rev. B 98 085439

[12] Shao T J, Xu Y, Huang X H and Bian X B 2019 Phys. Rev. A 99 013432
[13] Wang Z W, Jiang S C, Yuan G L, Wu T, Li C, Qian C, Jin C, Yu C, Hua

W J and Lu R F 2019 Sci. China Phys. Mech. Astron. 63 257311
[14] Lewenstein M, Balcou P, Ivanov M Y, L’Huillier A and Corkum P B

1994 Phys. Rev. A 49 2117
[15] Han Y C and Madsen L B 2010 J. Phys. B 43 225601
[16] Zhang C P, Xia C L, Jia X F and Miao X Y 2017 Sci. Rep. 7 10359
[17] Avanaki K N and Chu S I 2014 Phys. Rev. A 26 033425
[18] Avanaki K N and Jooya H Z 2015 Phys. Rev. A 92 063811
[19] Kamta G L and Bandrauk A D 2005 Phys. Rev. Lett. 94 203003
[20] Ho T S, Laughlin C and Chu S I 1985 Phys. Rev. A 32 122

043301-5

https://doi.org/10.1103/RevModPhys.81.163
https://doi.org/10.1103/PhysRevA.92.013418
https://doi.org/10.1103/PhysRevA.92.013418
https://doi.org/10.1103/PhysRevLett.122.193901
https://doi.org/10.1103/PhysRevLett.122.193901
https://doi.org/10.1088/0256-307X/38/6/063201
https://doi.org/10.1088/0256-307X/38/6/063201
https://doi.org/10.1080/23746149.2018.1562982
https://doi.org/10.1038/nphoton.2010.256
https://doi.org/10.1088/0256-307X/37/2/023201
https://doi.org/10.1038/nphys1511
https://doi.org/10.1038/nature03183
https://doi.org/10.1103/PhysRevA.100.043404
https://doi.org/10.1103/PhysRevA.100.043404
https://doi.org/10.1103/PhysRevB.98.085439
https://doi.org/10.1103/PhysRevB.98.085439
https://doi.org/10.1103/PhysRevA.99.013432
https://doi.org/10.1007/s11433-019-1467-2
https://doi.org/10.1103/PhysRevA.49.2117
https://doi.org/10.1088/0953-4075/43/22/225601/meta
https://doi.org/10.1038/s41598-017-10667-6
https://doi.org/10.1103/PhysRevA.90.033425
https://doi.org/10.1103/PhysRevA.92.063811
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.94.203003
https://doi.org/10.1103/PhysRevA.32.122


Chin. Phys. B 31, 043301 (2022)

[21] Shi Y Z, Zhang B, Li W Y, Yu S J and Chen Y J 2017 Phys. Rev. A 95
033406

[22] Chen Y J and Zhang B 2012 Phys. Rev. A 86 023415
[23] Ben-Itzhak I, Chen Z, Esry B D, Gertner I I, Heber O, Lin C D and

Rosner B 1994 Phys. Rev. A 49 1774
[24] Bian X B and Bandrauk A D 2012 Phys. Rev. A 86 053417
[25] Bian X B and Bandrauk A D 2011 Phys. Rev. A 83 023414
[26] Miao X Y and Zhang C P 2014 Phys. Rev. A 89 033410
[27] Miao X Y and Zhang C P 2014 Laser Phys. Lett. 11 115301
[28] Miao X Y and Du H N 2013 Phys. Rev. A 87 053403

[29] Frolov M V, Manakov N L and Sarantseva T S 2012 Phys. Rev. 86
063406

[30] Lu R F, Zhang P Y and Han K L 2008 Phys. Rev. E 77 066701
[31] Chu T S, Zhang Y and Han K L 2006 Int. Rev. Phys. Chem. 25 201
[32] Hu J, Han K L and He G Z 2005 Phys. Rev. Lett. 95 123001
[33] Campos J A, Nascimento D L, Cavalcante D T, Fonseca A L A and

Nunes A O C 2006 Int. J. Quantum Chem. 106 2587
[34] Zhang C P, Xia C L, Jia X F and Miao X Y 2016 Opt. Express 24 20297
[35] Yuan K J and Bandrauk A D 2011 Phys. Rev. A 83 063422
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