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A new algorithm for reconstructing the three-dimensional flow field of the oceanic mesoscale eddies is proposed in
this paper, based on variational method. Firstly, with the numerical differentiation Tikhonov regularizer, we reconstruct the
continuous horizontal flow field on discrete grid points at each layer in the oceanic region, in terms of the horizontal flow
field observations. Secondly, benefitting from the variational optimization analysis and its improvement, we reconstruct
a three-dimensional flow field under the constraint of the horizontal flow and the vertical flow. The results of simulation
experiments validate that the relative error of the new algorithm is lower than that of the finite difference method in the case
of high grid resolution, which still holds in the case of unknown observational errors or in the absence of vertical velocity
boundary conditions. Finally, using the reanalysis horizontal data sourcing from SODA and the proposed algorithm, we
reconstruct three-dimensional flow field structure for the real oceanic mesoscale eddy.

Keywords: mesoscale eddy, numerical differentiation, Tikhonov regularization, variational optimization anal-

ysis
PACS: 02.60.Jh, 02.60.Cb, 02.30.Xx, 92.10.ak

1. Introduction

Mesoscale eddy refers to the widely distributed rotating
water body in the ocean with diameters ranging from tens to
hundreds of kilometers in spatial scale. It is easier to detect
the horizontal velocity in the eddy motion and there has been
a relatively large number of statistical laws.!!:?] The vertical
velocity also plays an important role in the diagnosis and fore-
cast of mesoscale eddy motion. As the vertical velocity in the
oceanic large-scale motion is very small, which is only about
one percent or one thousandth of the horizontal velocity !
and cannot be easily measured directly by existing observa-
tion instruments, it can be diagnosed by other factors. For
incompressible fluids, the horizontal velocity «,v and the ver-
tical velocity w satisfy the following continuity equation:

du/dx+dv/dy+dw/dz=0. (1)

When the horizontal velocity «,v and upper and lower bound-
ary conditions of the vertical velocity are known, the method
of variational optimization analysis can be used to calculate
the vertical velocity. !> However there exist two problems:
Problem 1 The method involves the calculation of the di-
vergence of (u,v). If u,v adopt the observation data i, 7, then
on one hand i, 7 are of low resolution because of sparse obser-
vation points, and on the other hand observational errors of i, ¥
will bring about large errors of dii/dx,dv/dy after differenti-
ating i1, v by the finite difference method, and finally lead to a
large error of the vertical velocity via D = dii/dx+ 9v/dy.
Problem 2 The method needs vertical velocity bound-
ary conditions to calculate the vertical velocity. In the field of

DOI: 10.1088/1674-1056/ac29af

Oceanography, it is difficult to precisely measure the vertical
flow field at sea level.

Based on the above considerations, a new algorithm for
reconstructing the three-dimensional flow field of the oceanic
mesoscale eddy based on variation is proposed in this paper.
Firstly, in order to reduce the effect of noise and enhance the
resolution of the horizontal flow field, we make use of numer-
ical differentiation technique on the observation data (i, 7).
The numerical differentiation!”# proposed in recent decades
for inverse problems in mathematical physics has been widely
used in atmospheric science and various fields.~1?! Tt is
shown that the method of numerical differentiation, based on
Tikhonov regularization, is feasible to analyze meteorologi-
cal observation data and improve the recognition rate of small
and medium scale weather systems. Secondly, we modify the
method of variational optimization analysis by calculating the
vertical velocity at sea level from the known vertical velocity
at the seafloor to obtain the vertical velocity boundary condi-
tions. Furthermore, we employ simulation experiments to test
the sensitivity of the new algorithm to observational errors and
vertical velocity boundary conditions, comparing with the re-
sult of finite difference method. Finally, we reconstruct the
vertical flow field for the real oceanic two-dimensional hori-
zontal flow field data.

2. New algorithm: mathematical theory and cal-
culation scheme

The overall calculating procedure is depicted as follows:
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horizontal flow numerical reconstructed variational the Vtﬂjrtical
field (@, v) on | horizontal flow moation™ flow field
discrete gird differentiation | filed (u, v) OI;;I;;ZSSIOH at each layer
points at each layer at each layer

2.1. One-dimensional numerical differentiation

It is a typical ill-posed problem to calculate partial deriva-
tives of the observation horizontal flow field (i, v) at each layer
in mathematics, which can be overcome by making numerical
differentiation on (i&,7). The so-called numerical differenti-
ation is to calculate the approximate derivative of a function
with function values at some discrete points, also known as the
differentiation on observation data. The main problem about
the numerical differentiation is that it is not suitable because a
tiny observational error may lead to a large error of the numer-
ical result. In the atmosphere and ocean research community,
we often need to calculate the directional derivative in the hor-
izontal direction for the further calculation of dispersion and
vorticity. The observational error may lead to great differences
between the results obtained by the difference method and the
differential method respectively. In recent decades, the most
important method for making the numerical differentiation is
the Tikhonov regularization.

(I) Raise the question

Suppose y = y(x), x € [0,1], A={0=xp < x; < -+ <
X, = 1} is an equidistant division of [0, 1] (non-equidistant di-
vision is also feasible), ¥; is the observation data at x;. Denote
h; = x; — x;_1, and assume

1) |5; —y(x;)| < O, where § is an observational error;

2) 5o = ¥(0), 3u = y(1).

Construct f,(x) from the observation data 3 (i =
1,2,...,n—1), maintaining a certain similarity between f}(x)
and y'(x) satisfying the following two conditions:

1 n—1

I(f) = = FO)? + || 120, = min!,

—_

n_lFfwffuﬂfzé? )

Here, a represents the regularizing parameter, f.(0) = yo and

+(1) = y,. It can be proved that if &x = 82, then there exists a
Y p

unique f.(x) of Eq. (2) with the following estimate:!*!

h
(7 _y/Hiz(O,l) S (2h+4\/5+ E)Hy//HLQ(O,l) +h+Vs. (3)

It is can be seen from Eq. (3) that when both n and & are
small enough, f/ is sufficiently close to y’, which means that
the difference between derivatives of the reconstructed f; (x)
and y are sufficiently small. Thus, f,(x) can be represented by
the cubic natural spline function

fex) = aj+bj(x—xj) +¢j(x—x;)* +dj(x — x;)*,
j=0,1,2,....n—1. )

(II) Calculate a;, b, c; and d;

Denote
4/31/3 0 0 0 0
1/34/31/3--- 0 0 0
0 1/34/3-- 0 0 0
T=h-l 0 0 0 .0 0 0 :
0 0 0 --4/31/3 0
0 0 0 - 1/34/31/3
0 0 0 0 1/34/3) (1w
21 0 0 0 0
1 -2 1 0 0 0
o1 =200 0
1o 0 0 o221 o0
00 0 .- 1 21
00 0 --0 1 -2

(n—1)x(n—1)
7= ()70,0,0,...,0,)7,,)T/h, c= (cl,cz,...,cn,l)T,
a= ([l],dZ,...,[ln,])T, y= (ylayZa"'m)N)nfl)T-

f+(x) can be reconstructed by calculating a;, bj, c; and d; as
follows:

[ze] [5] (v] =]
2(r— 211 c=[T+28%(n-1)Q? 1 (Qy+=2) Cj41—Cj
[T+20%(n—1)Q?] =0, cu—0 dj= 7 ,j=0,1, -, n—1
Aj+1—0a;
@=y=2Fn-1)Qe bj= : h J—th—dth
a9 = Yo, Gn="Yn _
_]:()7 17 ey n—1

]

fo(x) =a;+bj(z—x))+c(z—x,)?+dj(z—z;)3,
fuix) = bj(z—z;)+2¢j(x—a)) +3dj(x—2;)?,

rjSr<Tj11,j=0,1,2, -, n-1.
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Remark 1 Since we obtain the cubic spline expres-
sion (4) of the function f,(x) on each sub-interval, the obser-
vation field can be reconstructed and refined to any resolution.

It is required to find exact values of y(x) at x = 0 and
x =1 for the calculation of f; (x), which is impossible. There-
fore, it is feasible to take Jo, ¥, as yo,yn, with errors only at
x=0,x=1, and take f.(x) on [x;,x,_1], in order to guarantee
sufficient accuracy.

2.2. Reconstruct the vertical field from the horizontal flow
field

Problem Assume that the observation flow field are
ii(x,y,z) and ¥(x,y,z), while the vertical observation data is
unknown. The flow field area is set to be 2 x [0,H] and the
analyzed flow field (u,v,w) is required to satisfy

H
J= / / [(u— i)+ (v — ¥)?] dxdydz = min!
0o JQ
and meet the following constraint:

du N dv N ow 0
ox dy dz

Suppose it is known that w|,—g = wy and w|,—yg = wy,
inspired by Sasaki’s work,®! the following equalities hold by
the method of variation:

. 0A . dA
u:ufg, vafa—y. 5
The A meets
1 H 1
Alzﬁ/f)dz-i-ﬁ(wﬂ—wo)7 Alyo =0, (6)
0

where D = 9dii/dx+ dv/dy can be calculated by the numerical
differentiation.

The relaxation method can be used to find out A(x,y).
Then u,v can be obtained by Eq. (5) and the vertical flow field
w can be diagnosed as

z ~
W(X,%Z)ZW()—/O Ddz+zAA. (7)

Remark 2 For the ocean floor, it can be set as wy = 0.
But wy cannot be observed generally, which is always handled
as wy = — [y Ddz approximately.

3. Simulation experiment

In order to validate the effectiveness of the proposed al-
gorithm, we first employ simulation experiments. Let Q =
[0,27] x [0,27] % [0,0.27], (u,v,w) gives the real flow field

u' = 5sinxcosycos 10z,

vl = Scosxsinycos 10z, (8)

wTl = —cosxcosysin 10z.

Obviously duT /dx+ vl /dy+owT/dz = 0.

Suppose that the observation horizontal flow field (i, V)
is generated by adding a random error to the real flow
field(u",v"), which subjects to the uniform distribution on the
interval [— 38, 8]. We employ the following four simulation ex-
periments:

Scheme A;: Calculate the horizontal dispersion D of the
observation flow field by the finite difference method, and then
obtain the vertical velocity by solving the equation dw/dz =
—D by the finite difference method.

Scheme Aj: Calculate the horizontal dispersion D of the
observation flow field by the finite difference method, obtain
A by solving Eq. (6), substitute it into Eq. (5) to produce (u,v),
and finally calculate the vertical velocity by Eq. (7).

Scheme Aj3: Substitute the observation flow field with the
reconstructed flow field, calculate the horizontal dispersion D
of the reconstructed flow field by the method of numerical dif-
ferentiation, and then obtain the vertical velocity by solving
the equation dw/dz = —D by the finite difference method.

Scheme B: The implementation of the new algorithm.
Substitute the observation flow field with the reconstructed
flow field, calculate the horizontal dispersion D of the recon-
structed flow field by the method of numerical differentiation,
obtain A by solving Eq. (6), substitute it into Eq. (5) to produce
(u,v), and finally calculate the vertical velocity by Eq. (7).

Definition 1 The relative error between the vertical ve-
locity and the real vertical velocity is defined as

1/2 1/2
Pw = <Z (W_ We)2> /(Z (W§)> .
i,j,k i,j,k

3.1. Scheme comparison with definite §

Conclusion 1 In the case of calculating derivatives with
then same method, the method based on variation is superior to
the traditional finite difference method for the vertical velocity
calculation. Given é = 0.05, Table 1 shows relative errors of
calculation with different grid resolutions. The relative error
of the scheme A, is much smaller than that of the scheme A1,
and the relative error of the scheme B is much smaller than
that of schemes Ay, Aj, A3.

Conclusion 2 The relative error of the scheme A; and
scheme A, increases with the increment of resolution, while
the relative error of the scheme B and scheme A3 is almost
unchanged, which further verified that the numerical differ-
entiation is not suitable, and a small disturbance value of the
observation flow field may lead to a large calculation error.

As seen from Table 1, the relative error of the scheme B is
smaller than that of the scheme A;. When the grid resolution
is 160 x 160 x 40, the relative error of the scheme B is 84%
smaller than that of the scheme A,. The results show that for
the vertical velocity calculation, the regularization method can
effectively reduce the relative error compared with the method
based on variation.
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Table 1. Relative error of vertical velocity at different grid resolutions
with 6 = 0.05.

40x40 x40 80x80x40 120x 120x40 160 x 160 x 40

Scheme-A; 14.1% 15.6% 17.7% 20.2%
Scheme-A; 3.2% 6.0% 8.8% 11.6%
Scheme-A3 13.5% 13.5% 13.5% 13.5%
Scheme-B 2.1% 1.9% 1.8% 1.8%

In summary, the scheme B is the optimal scheme for cal-
culating the vertical velocity. When the grid resolution is
160 x 160 x 40, the relative error of the scheme B is reduced
by 91% compared with the traditional finite difference scheme
A1, which means that the new algorithm is very effective.

3.2. Scheme comparison with unknown &

Although the regularizing parameter is taken as o = &2,
the observational error 6 is unknown in many practical situa-
tions. Therefore, it is necessary to test the calculation results
of the scheme B according to the change of the presumed ob-
servational error 8’. Suppose the true observational error is
8 = 0.05, and the regularizing parameter is o = §'2.

Table 2 shows the relative error of vertical velocity ob-
tained by the scheme B with different 8. As can be seen from
the table, even if the exact value of § is unknown, the vertical
velocity obtained by the new algorithm is still more accurate
than that obtained by the finite difference method, as long as
&’ is within a certain range. In some cases, such as 6’ = 0.010
and 8’ =0.005, the relative error is smaller than that in the case
of 8/ =56 =0.05. Therefore, according to the results shown
in Table 2, as long as &’ is within the range of [0.018,28],
the relative error of the scheme B is smaller than that of the
scheme A;.

Table 2. Relative error of the scheme B with different §'.

8  40x40x40 80x80x40 120x 120 x40 160 x 160 x 40

0.0005  7.04% 7.85% 5.81% 5.01%
0001  601% 431% 3.44% 3.19%
0.005  2.03% 1.55% 1.38% 1.27%
0010  145% 1.10% 1.00% 0.93%
0.05 2.10% 1.90% 1.80% 1.80%
0.100  632% 6.14% 6.11% 6.11%
0250  28.09% 28.18% 28.21% 28.24%
0.500  60.72% 60.92% 61.00% 61.04%
90°N
60°N
30°N
OO
30°S
60°S
90°S
180°W  120°W  60°W 0° 60°E

120°E

3.3. Scheme comparison without boundary conditions

The vertical velocity can be obtained by neither of the
four methods when boundary conditions are unknown at z =0
and z = H. In many practical problems, it is difficult to ob-
tain vertical velocity boundary conditions at both the top and
the bottom. Therefore, it is necessary to solve the problem
of missing boundary conditions when calculating the vertical
velocity by the scheme A; or the scheme B. Assume that the
vertical velocity at z = 0 is known and the vertical velocity at
z = H is unknown. Then the following scheme can be taken to
solve the problem.

Scheme B Calculate the vertical velocity at z = H by the
scheme A3 and take it as the boundary condition. Then recal-
culate the vertical velocity by the scheme B.

When 6 = 0.05, the vertical velocity at z = 0.257 is not
zero by Eq. (7).

As can be seen from Table 3, even the boundary condition
is predicted by the finite difference method of the scheme B,
the variation-based method is still superior to the pure finite
difference method of the scheme Ajs.

Table 3. Relative error without boundary condition with § = 0.05.

40 x40 x50 80x80x50 120x 120x50 160 x 160 x 50
Scheme-A3 12.3% 12.3% 12.3% 12.3%
Scheme-B) 6.2% 6.4% 6.5% 6.5%

4. Reconstruction experiment on the vertical ve-
locity of the oceanic mesoscale eddy

The experimental area is selected in 16.8750°N-
21.8750°N, 290.1250°-295.6250°W, depth of 5 m t0 299.93 m
below sea level (20 layers in total), as shown in Fig. 1(a).
The horizontal oceanic data is sourcing from SODA
(https://www2.atmos.umd.edu/ocean/) for January in 2001,
SODA is the reanalysis data jointly released by the Depart-
ment of Atmospheric and Oceanographic Sciences at the Uni-
versity of Maryland and the Department of Oceanography at
TAMU, has a horizontal resolution of 0.25° x 0.25°.

69°W 68°W 67°W 66°W 65°W

180°E

Fig. 1. (a) The selected flow field and (b) the vector graph in this paper.

120204-4



Chin. Phys. B Vol. 30, No. 12 (2021) 120204

Speed (10-3 m/s)

21°N
20°N
19°N
18°N {

17°N
69°W 68°W 67°W 66°W 65°W

Speed (10~4m/s)
21°N
20°N
19°N
18°N

17°N

69°W 68°W 67°W 66°W 65°W

Speed (10~4m/s)

69°W 68°W 67°W 66°W 65°W
Speed (m/s)

1.0
21°N
20°N
19°N
18°N
17°N

0.8
0.6
69°W 68°W 67°W 66°W 65°W

0.4
0.2

0
—0.2
—0.4
—0.6
—0.8
—1.0

Fig. 2. The distribution of vertical velocity at depth of 5 m, 115.87 m, 222.71 m and 299.93 m by the finite difference method with 6 = 0.15.

Speed (1073 m/s)

69°W 68°W 67°W 66°W 65°W
Speed (10-4m/s)
21°N
20°N
19°N

18°N

17°N

69°W 68°W 67°W 66°W 65°W

Speed (1074 m/s)

21°N
20°N
19°N

18°N

17°N

69°W 68°W 67°W 66°W 65°W

Speed (m/s)
1.0
0.8
0.6
0.4
0.2

0
—0.2
—-0.4
—0.6
—0.8
—1.0

21°N

20°N
19°N
18°N
17°N

69°W 68°W 67°W 66°W 65°W

Fig. 3. The distribution of vertical velocity at depth of 5 m, 115.87 m, 222.71 m and 299.93 m by the new algorithm with 6 = 0.15.

As seen from Fig. 1(a), there exists a mesoscale eddy in
the region with a diameter of 70—100 km, the vector graph of
the eddy is shown in Fig. 1(b), it is a cyclonic eddy, and there
is a strong south-to-north ocean current flowing into this eddy
in the south, while the horizontal velocity is relatively slow in
other’ region except for a small eddy below left.

We use the new algorithm and the finite difference method
respectively to calculate the vertical velocity w. Firstly, we
take 299.93 m below sea level as the bottom layer. The verti-
cal velocity of this layer is approximately O by analyzing the
horizontal flow field of the layer and we can get the vertical ve-
locity of the first layer, considered as the boundary condition,
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Speed (m/s)

0.8
10
12
14
16
18
20

0.6
0.4
66°W  67°W  68°W  69°W

0.2
0
—-0.2

0 O BN

—0.4
—0.6

Speed (m/s)

0 O B N

10
12
14
16
18
20

1.0
0.5
0

68°W

66°W  67°W 69°W

Speed (m/s)
1.0
2
4 0.8
6 0.6
] 0.4
10 0.2
12 0
14 —0.2
16 —0.4
18 —0.6
20 —0.8
16.5°N  18.0°N  20.0°N  21.5°N
Speed (m/s)
2
4
6
8
10
12
14
16
18
20
16.5°N  18.0°N  20.0°N  21.5°N

Fig. 4. The vertical velocity profiles.

90°N

60°N

30°N

0°

30°S

60°S

90°S

180°W 120°W 60°W 0° 60°E

120°E

30’
37°S
30’
38°S
30
39°S
30

40°S

180°E 20°E 30'21°E 30'22°E 30'23°E 30

Fig. 5. The position and the vector graph of an anticyclonic eddy.

Speed (m/s)

9 15
4 1.0
6

8 0.5
10

12 0

14 0.5
16

18 ~1.0

[\
(@]

20°E  21°E  22°E  23°E 24°E

Speed (m/s)

2 1.0
4 0.8
6 0.6
8 0.4

10 0.2

12 0

14 —0.2

16 —0.4

18 —0.6

20

36.0°S

37.5°S 38.0°S  39.5°S

Fig. 6. The vertical velocity profiles of the anticyclonic eddy.

by further use of finite difference method. Based on the above
boundary conditions, we take the observed data shown in
Fig. 1(b) as “real data” and discuss the new algorithm and the

finite difference method respectively by introducing a distur-
bance & = 0.15 as follows:
1) Calculate the vertical velocity at each layer by using
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the finite difference method with a small disturbance 6 = 0.15.
Figure 2 shows the distribution of vertical velocity at depth of
5m, 115.87 m, 222.71 m and 299.93 m.

2) Calculate the vertical velocity at each layer by using
the new algorithm proposed in this paper with a small distur-
bance 0 = 0.15. Figure 3 shows the distribution of vertical
velocity at depth of 5 m, 115.87 m, 222.71 m and 299.93 m.

Comparing Fig. 3 with Fig. 2, when the disturbance ex-
ists, the vertical velocity calculated by the new algorithm
is more reasonable and feasible than that of the difference
method. For the vertical velocity of mesoscale eddies, some
parts rise, while some parts decline. The cause is related to the
eddies surrounding environment, the phenomenon explained

4] i similar with our results.

in the literature

The vertical velocity profiles of the flow field obtained by
the two methods are shown in Fig. 4 (for display purposes,
we multiply the value of the vertical velocity by 1000). The
two figures on the top are profiles of vertical velocity obtained
by the new algorithm, from longitude and latitude direction
respectively. The two profiles at the bottom of Fig. 4 are ob-
tained at the same longitude and latitude by the finite differ-
ence method. It can be seen from the profiles at the same po-
sition that the new algorithm is obviously better than the finite
difference method.

Since the mesoscale eddy include cyclone and anticy-
clonic eddy, we have used the new algorithm to construct the
three-dimensional flow field of cyclone eddy, similarly, we se-
lect an anticyclonic eddy and use the new algorithm to con-
struct its three-dimensional flow field. As shown in Fig. 5, the
eddy located in the Cape of good hope, is an anticyclonic eddy.
The horizontal oceanic data is also sourcing from SODA.

Based on the new algorithm, we calculate the vertical ve-
locity of this anticyclonic eddy. The profiles of the vertical
velocity are shown in Fig. 6. It can be seen from the two pro-
files that there is a strong upwelling and a downwelling in this
anticyclonic eddy, which is in line with the motion law of the
fluid in the eddy.

5. Conclusion and perspectives

In this paper, a new algorithm for calculating the verti-
cal velocity of the incompressible flow field based on varia-
tion is proposed. The partial derivative is calculated by using
the one-dimensional numerical differentiation method based
on Tikhonov regularization. Comparing with the traditional
finite difference method, we can draw the following conclu-
sions:

1) In the case of calculating derivatives with the same
method, the method based on variation is superior to the tradi-
tional finite difference method for the vertical velocity calcu-
lation.

2) When the observational error exists in the horizon-
tal flow field, the one-dimensional numerical differentiation
method can effectively reduce the relative error of the vertical
velocity.

3) In the case of an unknown observational error, the ver-
tical velocity calculated by the new algorithm is still more ac-
curate than that of the finite difference method if the ratio of
the guess value to exact value is between 0.1 and 2.

4) The missing upper and lower boundary conditions of
vertical velocity can be obtained approximately by the one-
dimensional numerical differentiation method and finite dif-
ference method. The relative error of vertical velocity recalcu-
lated by variation is also well controlled.

In summary, the vertical velocity calculation algorithm
proposed in this paper is obviously better than the traditional
finite difference method. This method can be widely used in
the calculation of the vertical velocity in the ocean, meteo-
rology and fluid experiment observations. Furthermore, by
combining this method with the study of ocean dynamics and
using the long-term data from SODA, the evolution of the
three-dimensional structure of mesoscale eddies can be deeply
studied.
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