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We present a thermodynamically consistent model for diblock copolymer melts coupled with an electric field derived
using the Onsager linear response theory. We compare the model with the thermodynamically inconsistent one previously
used for the coupled system to highlight their differences in describing transient dynamics.
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1. Introduction

The block copolymer comprises of two or more ho-
mopolymer subunits linked by covalent bonds. Copolymer
melts consist of copolymers in liquid phase in high temper-
atures while copolymer solutions are mixtures of copolymers
and solvents. In the diblock copolymer melt, the copolymer
consists of polymer A and polymer B exclusively in two dis-
tinctive blocks. In the copolymer solution, either water or an-
other homopolymer can serve as the additional phase, known
as the solvent. Diblock copolymer systems can self-assemble
into various ordered mesoscopic structures as the result of
polymer-polymer and/or polymer-solvent interactions, which
are often exploited in materials science and engineering, in
particular, in nanotechnologies.[1–5]

The self-consistent field approach and associated numeri-
cal simulation have been proven to be effective means to inves-
tigate coarsening dynamics in copolymer systems. The semi-
nal work of Ohta and Kawasaki[6] laid the foundation of phase
field models for diblock copolymer systems. Ohta et al. also
considered models for mixtures of diblock copolymers and a
third immiscible phase.[7] Choksi and Ren[8,9] analyzed the
models with rigorous mathematical techniques in minimiza-
tion of free energy functionals. Coupling an external electric
field or magnetic field to copolymer systems is one of the ef-
fective ways to manipulate and fabricate various nanostruc-
tured materials in materials’ self-assembly involving copoly-
mers and the nanoparticle phase.[10,11] Interesting mesoscopic
morphologies can be obtained by quenching in melts or ap-
plying evaporation in solutions. The electric or magnetic field
assisted self-assembly is a cutting-edge research in materials
science and engineering today.

When the electric field is coupled to a diblock copoly-
mer system, dipoles are induced so that the electric field is
fully coupled to dynamics of the copolymer system. The exist-
ing phase field models for this system, however, have adopted
an effective or simplified coupling term to include the elec-
tric field effect, resulting in models that do not have proper
free energies not mention corresponding energy dissipation
laws.[12–26] Because of this, we declare the resulting simpli-
fied models thermodynamically inconsistent. These thermo-
dynamically inconsistent phase field models coupled with the
electric field are based on two original papers,[27,28] where
significant simplifications were carried out. The thermody-
namical inconsistency may prevent one from accurately pre-
dicting transient morphology of the diblock copolymer sys-
tem when coupled with the electric field. Note that thermody-
namical consistency here refers to the positive entropy produc-
tion principle or equivalently the free energy dissipation prin-
ciple in isothermal cases in nonequilibrium thermodynamics
expressed either as the generalized Onsager principle or as the
second law of thermodynamics.[29–33] It is an important prin-
ciple to follow when one devises quantitative models for any
material systems and accompanying numerical algorithms for
these models.

The rest of this paper is organized as follows. The math-
ematical model and accompanying second order numerical al-
gorithms for diblock copolymer melts coupled with an electric
field is developed in Section 2. In Section 3, the numerical in-
vestigations are carried out, where we compare relaxation dy-
namics of the thermodynamically consistent model developed
with that of the existing thermodynamically inconsistent one.
The conclusion is summarized in Section 4.
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2. Thermodynamically consistent model and nu-
merical algorithms

2.1. Diblock copolymer melts coupled with an electric field

Consider the diblock copolymer melts in a fixed domain
Ω ⊂ Rd (d = 2,3). We use Ni to denote the polymerization
degree of species i = A and B. Denote the local volume frac-
tion of polymer A as φA = φ . We adopt the Ohta–Kawasaki
free energy functional given in Ref. [6]

F [φ ] =
∫

Ω

[
γ

2
|∇φ |2 +χφ(1−φ)+ f (φ)

]
d𝑥

+
α

2

∫
Ω

∫
Ω

G(𝑥,𝑦)[φ(𝑥)−φ ][φ(𝑦)−φ ]d𝑦d𝑥, (1)

where f (φ) = φ

NA
lnφ + 1−φ

NB
ln(1−φ), φ = 1

|Ω |
∫

Ω
φ d𝑥, and G

is the Green’s function of the Laplacian operator with the ho-
mogeneous Neumann boundary condition, χ is the interaction
parameter (a constant), α is the coupling constant parameter,
and γ measures the strength of the conformational entropy.

We define ψ(𝑥) :=−
∫

Ω
G(𝑥,𝑦)[φ(𝑦)−φ ]d𝑦, satisfying

Neumann boundary condition ∇ψ ·𝑛|∂Ω = 0, where 𝑛 denotes
the external unit normal of ∂Ω . The time rate of change of the
free energy is calculated as follows:

dF
dt

=
∫

Ω

[−γ∆φ +χ(1−2φ)+ f ′(φ)−αψ]
∂φ

∂ t
d𝑥

+
∫

∂Ω

γ∇φ ·𝑛∂φ

∂ t
ds. (2)

In the adiabatic case, the surface energy dissipation rate van-
ishes at Neumann boundary condition ∇φ ·𝑛|∂Ω = 0. The
chemical potential of the system is given by µ = nδF/δφ =

−γ∆φ +χ(1−2φ)+ f ′(φ)−αψ .
Now we consider the additional free energy due to the

existence of an electric field

Fe =
∫

Ω

1
2
𝐷 ·𝐸d𝑥=

∫
Ω

1
2ε

𝐷 ·𝐷d𝑥, (3)

where 𝐷 = ε𝐸 is the electric displacement, ε is the dielec-
tric constant of the material given by[27,28] ε(𝑥, t) = ε0 + ε1ϕ ,
ϕ = φA−φB−φ A+φ B = 2(φ −φ), ε0 is the vacuum permittiv-
ity, and ε1 is a material constant. Because of inhomogeneity of
ε(𝑥, t), the electric field 𝐸 inside the copolymer deviates from
the applied electric field 𝐸0 and is given by 𝐸 = 𝐸0 −∇Φ ,
where Φ is the electric potential for the induced electric field.
Φ can be expressed in terms of ϕ or φ , by solving the follow-
ing Poisson equation (Gauss theorem):

∇ ·
[
(ε0 + ε1ϕ)(𝐸0 −∇Φ)

]
= −ε0∆Φ + ε1𝐸0 ·∇ϕ − ε1∇ϕ ·∇Φ − ε1ϕ∆Φ = 0, (4)

where Φ satisfies the Dirichlet boundary condition Φ |∂Ω = 0.
Referencing the work in Ref. [34], we have

dFe

dt
=
∫

Ω

− 1
2ε2 |𝐷|2 ∂ε

∂φ

∂φ

∂ t
d𝑥=

∫
Ω

−ε1|𝐸|2 ∂φ

∂ t
d𝑥. (5)

Since the total free energy is given by Ftotal = F +Fe, the time
derivative of the total free energy becomes

dFtotal

dt
=
∫

Ω

(µ +µe)
∂φ

∂ t
d𝑥,

µe =
δFe

δφ
=−ε1|𝐸0 −∇Φ |2, (6)

under the adiabatic boundary conditions.
Using the Onsager principle, we obtain the electric field

coupled diblock copolymer (E-BCP) melt model

E-BCP model :


∆ψ = φ −φ ,

∇ ·
[
(ε0 + ε1ϕ)(𝐸0 −∇Φ)

]
= 0,

∂φ

∂ t
= M∆(µ +µe),

(7)

where M is the mobility coefficient. The adiabatic bound-
ary conditions are given by 𝑛 ·∇φ |∂Ω = 0, ∇ψ ·𝑛|∂Ω = 0,
Φ |∂Ω = 0, 𝑛 ·∇(µ +µe)|∂Ω = 0. The free energy dissipation
rate is given by

dFtotal

dt
=−

∫
Ω

M|∇(µ +µe)|2 d𝑥. (8)

This model is energy dissipative provided M ≥ 0.
Remark 1 If we drop nonlinear terms in Eq. (4) and ap-

proximate it by ∆Φ = ε1
ε0
𝐸0 ·∇ϕ , we obtain a simplified elec-

tric field coupled diblock copolymer melt model

∂ϕ

∂ t
= M∆

δF
δφ

+M
ε2

1
ε0

(𝐸0 −∇Φ) ·∇∇ϕ ·𝐸0

−Mε1∇∇Φ : ∇∇Φ
T. (9)

If in addition, we drop the last term and use approximation
𝐸0 −∇Φ ≈𝐸0 in the above, we arrive at

∂ϕ

∂ t
= M∆

δF
δφ

+M
ε2

1
ε0

𝐸0 ·∇∇ϕ ·𝐸0. (10)

When 𝐸0 = [E1,0]T ∈ R2, we recover the approximate model
used in Ref. [12–26]

∂ϕ

∂ t
= M∆

δF
δφ

+M
ε2

1
ε0

E2
1 ∂

2
x ϕ. (11)

This is the simplified electric field coupled diblock copolymer
(S-E-BCP) model. We summarize it as follows:

S-E-BCP model :


∆ψ = φ −φ ,

∂φ

∂ t
= M∆µ +4

ε2
1

ε0
ME2

1 ∂
2
x φ .

(12)

We cannot find any proper free energy functional for this
model that yields a negative energy dissipation rate. Hence,
we regard this model as thermodynamically inconsistent!

2.2. Second order linear numerical algorithms

We present a 2n order energy dissipation rate preserving
numerical algorithm to solve the thermodynamically consis-
tent model numerically. We also use a numerical algorithm
of the same order to solve the thermodynamically inconsistent
model.

In order to mitigate potential numerical singularity, we
regularize the logarithmic potential in the model by a C2 piece-
wise function.[35] Specifically, for 0< σ ≪ 1, we modified the
bulk free energy as follows:
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f̂ (φ) =



1
NA

(
φ 2

2σ
+φ lnσ − σ

2

)
+

1−φ

NB
ln(1−φ), φ ≤ σ ,

φ

NA
lnφ +

1−φ

NB
ln(1−φ), σ ≤ φ ≤ 1−σ ,

φ

NA
lnφ +

1
NB

[ (1−φ)2

2σ
+(1−φ) lnσ − σ

2

]
, φ ≥ 1−σ .

(13)

To further confine φ ∈ (0,1), we add a hard wall potential
w(φ) to the free energy such that F̂ = F +

∫
Ω

w(φ)d𝑥, where

w(φ) =

{
0, φ ∈ (ε,1− ε),

104(φ − ε)4(1− ε −φ)4, otherwise.
(14)

We use σ = ε = 0.01 in the following numerical simula-
tion. However, for simplicity, we retain all original mathemat-
ical symbols in the presentation of algorithms.

2.2.1. Notations used in discretization

We consider a time domain [0,T ] for T ∈ R+. For
Nt ∈ Z+, we define time step ∆t = T/Nt and the n-th step as
tn = n∆t (n = 0, . . . ,Nt). Denote

f n+ 1
2 = ( f n + f n+1)/2,

δ
+
t f n = ( f n+1 − f n)/∆t,

f n+ 1
2 = (3 f n − f n−1)/2. (15)

For simplicity, we present a spatial discretization in 2D
rectangular domain Ω = [0,Lx]× [0,Ly]. Let Nx and Ny be
two positive integers. The domain Ω is uniformly partitioned
with mesh sizes hx = Lx/Nx and hy = Ly/Ny. The cell centered
grid points are denoted by Ωh = {(xi,y j)|xi = (i−1/2)hx,y j =

( j − 1/2)hy,1 ≤ i ≤ Nx,1 ≤ j ≤ Ny}. We define the average
and finite difference operators as follows:

Ax fi j = ( fi− 1
2 , j

+ fi+ 1
2 , j

)/2,

Ay fi j = ( fi, j− 1
2
+ fi, j+ 1

2
)/2,

Dx fi j = ( fi+ 1
2 , j

− fi− 1
2 , j

)/hx,

Dy fi j = ( fi, j+ 1
2
− fi, j− 1

2
)/hy,

dx fi− 1
2 , j

= ( fi j − fi−1, j)/hx,

dy fi, j− 1
2
= ( fi j − fi, j−1)/hy,

∆h fi j = (dxDx +dyDy) fi j. (16)

The discrete inner product and norm are defined respectively
by

( f ,g)h =
Nx

∑
i=1

Ny

∑
j=1

fi jgi jhxhy, ‖ f‖h =
√

( f , f )h. (17)

The following summation-by-parts formulas are valid anal-
ogous to the integration-by-parts formulas in the continuous
case:

( f ,Dα g)h +(Dα f ,g)h = 0,

( f ,dα g)h +(dα f ,g)h = 0, α = x,y, (18)

when f and g satisfy proper boundary integrals with vanishing
boundary conditions.

On the cell-centered grid, the boundary conditions we use
in this study can be easily implemented by using the scheme
and the discrete summation-by-parts formulae.

2.2.2. Linear implicit Crank–Nicolson schemes

We present a second order linear scheme based on the
reformulated systems using the energy quadratization (EQ)
method.[36] Firstly, we introduce an intermediate variable q :=√

φ

NA
lnφ + 1−φ

NB
ln(1−φ)+C, where C ≥ 1

NA
+ 1

NB
> 0 is large

enough to make q > 0. Then, we have

F [φ ,q] =
∫

Ω

[
γ1

2
|∇φ |2 +q2 −C+χφ(1−φ)

−α

2
(φ −φ)ψ

]
d𝑥. (19)

For simplicity, we adopt the following notations in the descrip-
tion of the scheme:

ℒφ =−γ1∆φ +χ(1−2φ)−αψ,

(µe)
n+ 1

2
i j =−ε1

∣∣∣𝐸0 − [dxAx,dyAy]
T

Φ
n+ 1

2
i j

∣∣∣2,
Fh[φ ,Φ ,q] =

1
2
(φ ,ℒφ)h +(q,q)h −C

+
1
2
(
ε0 + ε1(2φ −2φ), |𝐸0 −∇Φ |2

)
h. (20)

The EQ reformulated system of the E-BCP model (7) is given
by 

∆ψ = φ −φ ,

∇ ·
[
(ε0 + ε1ϕ)(𝐸0 −∇Φ)

]
= 0,

∂φ

∂ t
= M∆

[
ℒφ +2qq′(φ)+µe

]
,

∂q
∂ t

= q′(φ)
∂φ

∂ t
.

(21)

Applying the linear implicit Crank–Nicolson discretization in
time, we obtain a second order EQ algorithm for the E-BCP
model (7) as follows.

Alorithm 1 E-BCP Assuming φ n−1,φ n are known, we
compute φ n+1 by

048201-3
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( ε0

2ε1
−φ +φ

n+ 1
2

i j

)
∆hΦ

n+ 1
2

i j =
(
𝐸0 − [dxAx,dyAy]

T
Φ

n+ 1
2

i j

)
· [dxAx,dyAy]

T
φ

n+ 1
2

i j ,

∆hψ
n+ 1

2
i j = φ

n+ 1
2

i j −φ ,

δ
+
t φ

n
i j = M∆h

[
ℒhφ

n+ 1
2

i j +2q
n+ 1

2
i j q′(φ

n+ 1
2

i j )+(µe)
n+ 1

2
i j

]
,

δ
+
t qn

i j = q′(φ
n+ 1

2
i j )δ+

t φ
n
i j,

(22)

where 1 ≤ i ≤ Nx and 1 ≤ j ≤ Ny.
This numerical scheme is thermodynamically consistent

at the discrete level.
For completeness, we present a second order EQ algo-

rithm for the S-E-BCP model (12) as follows.
Algorithm 2 S-E-BCP Assuming φ n−1,φ n are known,

we compute φ n+1 through

∆hψ
n+ 1

2
i j = φ

n+ 1
2

i j −φ ,

δ
+
t φ

n
i j = M∆h

[
ℒhφ

n+ 1
2

i j +2q
n+ 1

2
i j q′(φ

n+ 1
2

i j )
]

+4
ε2

1
ε0

ME2
1 dxDxφ

n+ 1
2

i j ,

δ
+
t qn

i j = q′(φ
n+ 1

2
i j )δ+

t φ
n
i j,

(23)

where 1 ≤ i ≤ Nx and 1 ≤ j ≤ Ny.
This numerical scheme is not thermodynamically consis-

tent at the discrete level.

3. Numerical results
We numerically compare differences of transient dynam-

ics between E-BCP model (7) and S-E-BCP model (12). We
fix Ω = [0,1]× [0,1], ∆t = 10−5, hx = hy = 1/128 to con-
duct the numerical investigation. We set NA = 3, NB = 7,
χ = 6, γ = 1.8× 10−3, M = 4× 10−3, ε0 = 1, 𝐸0 = [10,0]T

and ε1 = 0.2, 0.3 respectively. The initial conditions are
φ 0 = φ 0

A = 0.3 + 10−3 × rand(x,y) and φ 0
B = 1 − φ 0

A , where
rand(x,y)∈ (−1,1) is a random number generator that follows
the uniform distribution. Some phase portraits and induced
electric fields at selected time slots are plotted in Figs. 1–4
and the total free energy of the E-BCP model is depicted in
Fig. 5.

.

.

.

.

.


.

.

.

.

.



Fig. 1. Transient dynamics of phase separation and coarsening when
ε1 = 0.2 (S-E-BCP and E-BCP model in the 1st, 2nd row respectively).
Color map of phase φA at t = 0.2, 0.6, 1, 20 respectively. The rectangles
highlight the difference.

.

.

.

.



.

.
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
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.

.



.

.

.



Fig. 2. Induced electric field ∇Φ at t = 0.6, 1 when ε1 = 0.2 (S-E-BCP and
E-BCP model in the 1st, 2nd row respectively). The rectangles highlight the
difference.

.

.

.

.

.


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.

.

.

.



Fig. 3. Transient dynamics of phase separation and coarsening when ε1 =
0.3 (S-E-BCP and E-BCP model in the 1st, 2nd row respectively). Color
map of phase φA at t = 0.2, 0.6, 1, 20 respectively. The rectangles highlight
the difference.

.

.

.


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.



Fig. 4. Induced electric field ∇Φ at t = 0.6, 1 when ε1 = 0.3 (S-E-BCP
and E-BCP model in the 1st, 2nd row respectively). The rectangles
highlight the difference.
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Fig. 5. Total free energy evolution in t ∈ [0,20] of E-BCP model at 2
different values of ε1.

When an electric field is coupled to copolymer melts,
lamellae normally emerge in time. During transient from
an irregular initial phase morphology to the lamellar pattern,
branches or bridges are formed momentarily and annihilated
eventually by the electric field. This is a process of defect re-
moval in diblock copolymers assisted by external field in ma-
terial processing, where one refers to the branches as defects.
Under the influence of the electric field, structures coarsen to
form stripes as well as defects in transient. Defects move along
the direction of the electric field and disappear at the boundary
of the domain driven by the electric field. The morphology of
final structures forms a lamellar pattern with stripes along the
direction of the electric field. For different parameter values
ε1 = 0.2 and 0.3, which parameterize material’s dielectric re-
sponses to the electric field, we compute solutions of the two
models with the same initial conditions up to when they reach
steady states at t = 20. The two models generate somewhat
different induced electric potentials at the same ε1, leading to
different transient structures in Figs. 1 and 3, respectively. For
any ε1, similar patterns emerge at the beginning t = 0.2 and
similar steady states emerge at t = 20 between the two models,
while transient dynamics are somewhat different (highlighted
by rectangle marked areas). The total free energy curves of
the thermodynamically consistent model (7) settle down to the
steady state with time in Fig. 5.

4. Conclusion
In this paper, we derive a thermodynamically consistent

phase field model for diblock copolymer melts coupled with
the electric field, following fundamental principles of electro-
dynamics and the generalized Onsager principle. The result-
ing model respects an energy dissipation law for the total free
energy. We then numerically compare the thermodynamically
consistent model with an inconsistent one previously used to
highlight their differences and thereby to emphasize the im-
portance of thermodynamical consistency. The upshot of this
study is that transient dynamics of thermodynamically con-
sistent and inconsistent models can be quite different in mor-
phological details, which can be significant in annealing for
copolymer melts and therefore should not be ignored.
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Matter 3 448

[17] Ly D Q, Honda T, Kawakatsu T and Zvelindovsky A V 2007 Macro-
molecules 40 2928

[18] Ly D Q, Honda T, Kawakatsu T and Zvelindovsky A V 2008 Macro-
molecules 41 4501

[19] Wu X F and Dzenis Y A 2008 Phys. Rev. E 77 031807
[20] Ding Y, Yang Q, Guo X, Wang S S, Gu F X, Fu J, Wan Q, Cheng J P

and Tong L M 2009 Opt. Express 17 21813
[21] Sevink G J A, Pinna M, Langner K M and Zvelindovsky A V 2011 Soft

Matter 7 5161
[22] Ly D Q, Pinna M, Honda T, Kawakatsu T and Zvelindovsky A V 2013

J. Chem. Phys. 138 074904
[23] Orizaga S and Glasner K 2016 Phys. Rev. E 93 052504
[24] Cheng Q, Yang X F and Shen J 2017 J. Comput. Phys. 341 44
[25] Chen C J, Li X, Zhang J and Yang X F 2021 Appl. Math. Comput. 388

125463
[26] Zhang J, Chen C J, Yang X F and Pan K J 2020 J. Comput. Appl. Math.

378 112905
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