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The contradiction between classical and quantum physics can be identified through quantum contextuality, which
does not need composite systems or spacelike separation. Contextuality is proven either by a logical contradiction between
the noncontextuality hidden variable predictions and those of quantum mechanics or by the violation of noncontextual
inequality. We propose an experimental scheme of state-independent contextual inequality derived from the Mermin proof
of the Kochen—Specker (KS) theorem in eight-dimensional Hilbert space, which could be observed either in an individual
system or in a composite system. We also show how to resolve the compatibility problems. Our scheme can be implemented

in optical systems with current experiment techniques.

Keywords: state-independent quantum contextuality, optical systems
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1. Introduction

The debate of whether quantum mechanics (QM) can be
explained by hidden variable theory has been discussed for
many years.!!l In 1964, Bell’s theorem showed that local hid-
den variable (LHV) cannot reproduce QM and gave an in-
equality for experiment.[?! The manifestation of quantum non-
locality requires spacelike separated experiments and entan-
gled states. LHV theories are a special type of noncontextual
hidden variable (NCHYV) theories, which can determine that
the predetermined measurement result O(X) of an observable
X is independent of other compatible measurements being car-
ried out simultaneously. Remarkably, Kochen—Specker (KS)
theorem illustrates that NCHYV is in conflict with the predic-
tions of QM. 3] The test of the KS theorem requires neither
spacelike separation nor any special quantum state.

Contextuality is proven either by a logical contradic-
tion between the NCHV predictions and those of QM or
by the noncontextual inequalities. So far, the simplest con-
textual inequality pointed out by Klyachko—Can—Binicioglu—
Shumovsky (KCBS) requires a single three-dimensional quan-
tum system!®! and has been tested experimentally.’] Never-
theless, the inequality is state-dependent, while the proofs of
the KS theorem requires neither a composite system nor any
quantum special quantum state. State-independent noncontex-
tual inequalities are more robust against noise in initial state
preparation than the state-dependent one. Recently, quantum
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contextuality has been demonstrated in the nitrogen-vacancy

center,®! trapped ions, 1%
[13-23]

neutron experiments,'''?! and
photonic systems.

Here we propose an experiment test of state-independent
contextuality proof known as the Mermin pentagram in
eight-dimensional Hilbert space.**?31 The contextuality can
be proven by the violation of a KS inequality derived by
Cabello.?! Our scheme can be implemented either in an indi-
vidual system or in a composite one with optical components
and demonstrate that the entanglement might not be necessary
for quantum information processing.

2. Theoretical method

As the simplification of the KS theorem, ten binary +1
observables are considered in Mermin’s magic pentagram.
They can be written as

X = oI, Xo=1®0, 1, X3=11I1R 0y,
Y) = 0,010l =I90,01, ;=120
P = Oy ® Oy ® Oy, P2:0-y®6x®0-y7

P; = 0y®0yQ 0y, P4=0,®0;x® Oy, (1)

where o, and o0, are the Pauli observables, and I is
the identity operator. According to the compatible rela-
tions, these observables can be simultaneously measured in

five groups {Y1,Xo,Y3,P.}, {X1,Y2,Y3,P1}, {X1,X2,X3,Ps},
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{",Y2,X3,P;} and {P,,P,,P;,Ps} as shown in Fig. 1. In par-
ticular, the measured product of the group {P;, P>, P, P4} has
different result in noncontextuality and contextuality theory.
In the quantum theory, the measured product of the four ob-
servables in each line of the five lines but the horizontal one is
+1 so that the measured product of five lines is —1. However,
in any noncontextuality theory, the measured product over all
observables of five lines must be +1. This is because each
observable appears twice at the intersection of two different
lines.

X3

Y, Y,
Y3

X1 Yl

Fig. 1. Mermin pentagram. The observables in the same line are mutu-
ally compatible and form a group. The product of the results of observ-
ables in each of the six lines is +1 except for the horizontal line, where
the product is —1.

To demonstrate the property, a noncontextual inequality
can be constructed from the ten observables mentioned above
because no experiment yields perfect measurement. The non-
contextual inequality derived in Ref. [26] reads

(C1) +(Co) +(C3) + (Ca) = (C5) < 3, )
where
Cl = X1 XY2><Y3 ><P1, C2:Y1 XX2><Y3 ><P2,
Cy =Y XY xXzsxP;, Cq=X; XXy XxX3XPy,
Cs = P X P, x Py X Py.
The joint measurements of four compatible observables
do not have to be performed simultaneously, and they can be

measured in sequence. The scheme of sequential measurement
is shown in Fig. 2.

-1 1-1 1-1 1-1 1

Fig. 2. M1, M2, M3, M4 correspond to four sequential measurements
in a context. Each M has a binary outcome (the value is —1 or 1), a
context measurement has 16 kinds of measurement results.

In the above inequality, the classical upper bound is 3, and
the quantum upper bound is 5. The state-independent prop-
erty and a large violation from the classical bound are robust
against the experiment noise. Therefore, we can demonstrate
the conflict between noncontextuality and quantum mechanics
by testing whether the inequality is violated.

3. Experimental schemes

In the following content, we will design an experimental
scheme in the individual system and the composite system to
verify this state-independent noncontextual inequality.

3.1. Individual system

In the experimental scheme, the herald single photons are
yielded via type-I spontaneous parametric down-conversion in
a B-barium-borate (BBO) nonlinear crystal.[?’-3*! Firstly, the
heralded single photons pass through a polarizing beam split-
ter (PBS) and a half-wave plate (HWP). Then the photons are
separated into two paths by a birefringent calcite beam dis-
placer (BD).[>3-31 The BD directly transmits the vertically
polarized photons into the left path (L) and splits the hori-
zontal photons into the right path (R). Next, two paths pass
through two HWPs and a BD. Especially, the BD transmits
the vertically polarized photons into the down path (D) and
splits the horizontal photons into the up path (U). Finally, we
add appropriate HWPs to the four paths to adjust their polar-
ization and yield arbitrary quantum states. The experimental
scheme is shown in Fig. 3. The eight-dimensional system can
be encoded by using the degree of freedom of the photon’s
polarization and path. The corresponding bases are

[URH) = [0), [URV) =[1), [ULH) = |2), [ULV) = [3),
IDRH) = |4), |DRV) = |5), |[DLH) = |6), |DLV) =[7). (3)

That is,
are on the left side of the up path. After the initial state prepa-

ULH) indicates that horizontally polarized photons

ration, we will introduce the experimental implementation of
one of the four observables in sequential order.

Especially, the Pauli matrix of an observable can be writ-
ten as M = Y.,_p y m;|m;) (m;|, where M = (ox, 0y,1) and |m;)
is the eigenstate related to corresponding eigenvalue m; of
M. Measurement of any other observable can be reduced
to detect o; by applying a suitable unitary transformation
Uy = |H)(my |+ |V){my|, so that the overlap between the ini-
tial state and eigenstate |m;) is tested by measuring the proba-
bility of H and V.

In measurement-1, we measure the polarization infor-
mation of photons after the initial state preparation by using
HWPs and PBS. The angle of these HWPs can be obtained
from Ref. [20]. Then, we use HWPs and a BD to merge the
left and right path into the right path, so that we can convert
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left and right path information of this photon into polarization.
HWPs after the first BD can realize the Uy, on the degree of
freedom, and the left and right path and the probability of H
and V can be tested by the second PBS. Similarly, there are

HWPs and the second BD to merge the up and down path into
the down path. HWPs after the second BD can realize the Uy
on the degree of freedom of the up and down path and the
probability of H and V can be tested by the third PBS.

-> -> -> -> > -> -> > ~
Mi A\ RH) /RH)/ 4 / 2 Fd rd
irror L.‘)_)_ 4 Z’I‘T_I) £ + 4 , A 7 A7 o P4
L13% bt N l' [ It f ] 7 ! ; ?
wi i i : ; .
i) if T i) i)
0 PBS 0 PBS PBS 1] 0
HWP BD HWP BD HW]]:’\HWP HWP BD HWP HWP BD HWP }HWP BD HWP BD HV&GP
Y Y Y
State preparation Measurement-1 Ut
-> -> -> -> => S J=>
4 4
,i. A L ) ) L
° o ¥ ° 4 A
o o o A Al ' A i ' A o—.—\/\_
. ° ot 4 ° ° APD
@ PBS () PBS 0 PBS
N . )\ y ) ﬁWP HWP BD HWP HWP BD HWP I

Photon-pair source

Measurement-2,U!  Measurement-3,Ut

Measurement-4

Fig. 3. The individual system realizes the contextuality verification of the eight-dimensional Hilbert space. The realization of the eight-level
system here uses the polarization and path of the single photon. The four observables are measured in sequential order. The measurements are
realized by using the half-wave plates (HWPs) and beam displacer (BD) and the photons are detected by APD.

For the measurement of an observable in eight-
dimensional system, the outcome is one of the follow-
ing eight kinds of combinations: {I,1,1}, {1,1,—1},
{1,-1,1}, {1,—1,—1}, {—1,1,1}, {—-1,1,—1}, {—1,— 1,1}
and {—1,—1,—1}. The product of three values in each com-
bination is 1 or —1. Before the next measurement is done,
the measured states need to be restored to the eigenstate of
the Pauli matrix by adding a HWP behind the PBS. The fol-
lowing experimental measurement process is the same as that
of measurement-1, but there is no state reconstruction after
measurement-4. Finally, for the four observables, there will
be 23 x 23 x 23 x 23 = 4096 kinds of result distribution. In our
scheme, it is crucial to mention that the measurement only cor-
responds to one of the 4096 distributions and the input-output
statistics can be obtained by repeating the experiment, with
the appropriate HWPs choices, 4096 times and recording the
number of photons detected in same time.

3.2. Composite system

In the composite system, using the degree of freedom
of polarization of three photons, the basis states of an eight-
dimensional system can be encoded as

IHHH) = [0), |HHV)= 1),
[HVH) = [2), [HVV)=3),
VHH) = [4), [VHV)=15),
IVVH) = [6), [VVV)=]7). &)

Here H and V are the horizontal and vertical polarization of
the photon, respectively. The three positions in the arrange-
ment sequence indicate the polarization of the first, second,
and third photons. For instance, |VHV) indicates that the first
photon is vertically polarized, the second is horizontally po-
larized and the third is vertically polarized.

3/
(@) A | A At ()
L 2
+ Y TR TR T O L
=; 22.5 Uwr U
m/(‘ € ,
[e) o i 3 _H-é—ﬂ_ﬂ-é_ﬂ_ﬂ-é_ﬂ_ﬂ-é_» Un % UzTu
\ v J — I
4 M1 U M2 Ut M3 Ul M4 -U -
1 _A.P\/B THWP [QWP [1PBS [[YVO, | LINbO; [ ﬂ
\ Y / [I]C—BBO I]IfBBO 3nm IF 12 nm IF
GHZ state

Fig. 4. (a) Conceptual experimental setup for verification of non-contextual inequality. Three-photon GHZ state consists of two spontaneous parametric
down-conversion (SPDC) sources. The abbreviations of the components are I-BBO, f-barium-borate crystal cut for collinear type-I phase-matching;
C-BBO, two type-1I beamlike phase-matching f-barium borate (BBO) crystals with one HWP; HWP, half-wave plate; QWP, quarter-wave plate; IF,
interference filter; PBS, polarizing beam splitter; APD, avalanche photodiode detector. M1, M2, M3, and M4 represent four consecutive measurements.
The measurements are realized by using the HWPs and PBSs. (b). The circuit diagram for the local measurement. The Uy and the measurement
represent the realization of each of the 10 observables. U, ;,1 after measurement part performs the eigenstate recovery operation.
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For the local measurement of M (M = oy, 0y,1) in above
observables, we have M = Y,y v m;|m;)(m;|, where |m;) is
the eigenstate with its corresponding eigenvalue m; of M. Po-
larization rotation operation Uy = (|H)(mg| + |V ) (my|) re-
alizes the transformation of the eigenstate of M to horizon-
tal polarization (H) and vertical polarization (V) projection
measurement. 0411 After that, the projection measurement of
|m;) (i =H,V) is equivalent to project the state to a different
polarization state. We can get the probability of each eigen-
value by measuring the probability of H and V. Then the ex-
pected value of M can be obtained through the calculation. To
perform the next measurement in the context, we need to apply
U ;, to restore the output state to the eigenstate of the measure-
ment M.[4>%] The process of general measurement is shown
in Fig. 4.

In the optical network,**=331 the first HWP before a PBS
can realize the Uy, in the right-hand side of Fig. 4(a), which
converts after the eigenstates to H or V. In addition, we can
use a HWP before PBS to select corresponding measurement
value H(1) or V(—1), which is not shown here. The HWP af-
ter the PBS can realize hermitian conjugate of Uy, which can
bring back the measured state to the eigenstate of M. M1, M2,
M3, and M4 correspond to four sequential measurements in
different contexts Cy (k = 1,2,3,4,5). After the initial state
preparation, the encoded three photons enter M1 to achieve
the first measurement, and the output is one of the eight possi-
ble results. Then the photon goes into M2, M3, and M4 ends
up with one of the 4096 kinds of outputs. One can collect the
photon number distribution from APDs by repeating the ex-
periment. The probability distributions of the 4096 kinds of
types can be obtained by the ratio calculation. We get it by
dividing the number of photons in one of the 4096 distribu-
tions by the total number of photons. The expected value of
Cy is calculated with the measurement result and correspond-
ing probability distributions. The violation of inequality 2 can
be obtained by the five expected values.

4. Discussion
4.1. Measurement of equation

For the scheme we designed, it can be used not only to
perform the verification of noncontextual inequality, but also
to verify the quantum contextuality with equality ]'[2=1 Og.
Here Oy, is the outcome of P;. Quantum theory has HZ‘:] O, =
—1, while in classical theory [J{_, Ox = 1. That means when
01 = 0y = 03 =1 is true, we can get 04 = —1 in quantum
theory while O4 = 1 in classical theory.!®! Based on this dif-
ference, we can verify the conflict of quantum and classical
through equality. Here we set M1, M2, M3, and M4 as

Ml=P, M2=P,, M3=P;, M4=P,. ©)

Four successive measurements of M1, M2, M3, and M4
can be realized in the previous section. Using the results of
all probability distributions, we can get the value of the equa-
tion. The positive or negative of the value can judge whether it
conforms to the classical situation or the quantum situation.[®!

4.2. Compatible measurement

A compatibility test is an important relationship in con-
textuality verification, and our scheme can also be reused for
verification. We test it in the A—B—A form. The measurement
of A and B are compatible if and only if the two outcomes of
A are identical. There are 5 x 6 = 30 kinds of compatibility
relationships that need to be tested. 6 represents the number of
compatibility relationships included in a context.

However, this requires us to perform three consecutive
Another
method to resolve the compatibility problem is mentioned in

measurements to verify the compatible relations.

Ref. [20], which does not require us to perform additional ex-
periments. Since each observable exists in two different con-
texts at the same time, we can compare whether the +1 prob-
ability of this observable is the identical in different contexts
(—1 is also possible).

5. Conclusion

In this paper, we propose a scheme to verify the quantum
contextuality in optical systems. We present the methods to
test the state-independent inequality and equality®! to show
the differences between quantum contextuality and noncon-
textuality in the classical world. Arbitrary quantum states are
used as the initial states for the state-independent test. We can
always obtain the quantum bound of 5 for the left hand of the
inequality without any special quantum state. That means the
inequality proves the existence of state-independent quantum
contextuality. For the equality, we get a result of —1 but 1 in
classical, that is, quantum contextuality is verified. Moreover,
our scheme is based on a linear optical system, these technolo-
gies are currently achievable.[?%->%35] In actual experiments,
due to the existence of errors, the quantum state preparation
and measurement parts are not perfect. The violation of the
inequality can be verified even if the value does not reach the
maximum value 5. In the equation verification part, the nega-
tive result can show the verification of quantum contextuality.
That is to say, our scheme is concrete and feasible.
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