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We study the possibility to realize a Majorana zero mode that is robust and may be easily manipulated for braiding
in quantum computing in the ground state of the Kitaev model in this work. To achieve this we first apply a uniform [111]
magnetic field to the gapless Kitaev model and turn the Kitaev model to an effective p + ip topological superconductor
of spinons. We then study possible vortex binding in such system to a topologically trivial spot in the ground state. We
consider two cases in the system: one is a vacancy and the other is a fully polarized spin. We show that in both cases,
the system binds a vortex with the defect and a robust Majorana zero mode in the ground state at a weak uniform [111]
magnetic field. The distribution and asymptotic behavior of these Majorana zero modes are studied. The Majorana zero
modes in both cases decay exponentially in space, and are robust against local perturbations and other Majorana zero modes
far away, which makes them promising candidates for braiding in topological quantum computing.
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1. Introduction

The search for Majorana fermion (MF) modes in con-
densed matter systems has intrigued great interest in recent

[1-14] One important reason is because a pair of widely

years.
separated MF bound states is immune to local perturbations
and may be used for fault-tolerant quantum memory.[®! More-
over, the non-Abelian statistics that the MF states obey due
to the degeneracy of such states may suggest them as compo-
nents of a topological qubit and be used in quantum informa-
tion processing. (613

Many approaches have been proposed to realize MFs
in condensed matter systems, such as fractional quantum
Hall states,!”! superfluids in *He-B phase,!® semiconductors
with strong spin—orbit interaction in both 2D and 1D,!%]

coupled quantum dots, 0111

array of magnetic atoms on
the surface of superconductors,'?! and intrinsic topological
superconductors.[:13-141 All these approaches involve super-
conductors in the system.

In this work, however, we discuss the realization of Ma-
jorana modes in a spin system, the Kitaev model.'®! One pos-
sible realization of MF in the Kitaev model is on the edge of a
chiral Kitaev spin liquid by applying a conical magnetic field

16.18] However, the edge Majo-

on the gapless Kitaev model.!
rana zero mode is embedded in other edge modes with disper-
sion, which makes it easy to decay to other edge modes. An-

other proposal to achieve Majorana zero modes in the Kitaev

DOI: 10.1088/1674-1056/ac229a

model is by introduction of vacancy in the Kitaev model.1%-20]

In Refs. [19,20], it was shown that a single vacancy in the
gapless Kitaev model results in a zero mode in the ground
state. However, this Majorana zero mode is embedded in a
continuum of spectrum and decays algebraically in space. For
the reason, it interacts strongly with other vacancy induced
zero modes and disappears even if the other zero modes are
far away.[??) These Majorana zero modes are then not robust
enough for quantum computing.

In this work, we propose a realization of MF modes in
the Kitaev model based on the result that the Kitaev model in
a weak conical magnetic field turns into an effective p +ip su-
perconductor of spinons.!'®" And it is known that vortex in a
p-wave superconductor may bind a Majorana zero mode that

[1.20.22] However, these vor-

is robust against local perturbation.
tex excitations are usually energy-costing./?%! In this work, we
discuss the possibility to create a robust and easily manipu-
lated Majorana zero mode in the ground state of the Kitaev
model as an analog of the vortex bound Majorana zero mode
in the p-wave superconductor. We consider two types of de-
fects which may result in vortex binding (or 7-flux-binding)
in the ground state of the Kitaev model. One type of defect is
the vacancy in the Kitaev model with a uniform [111] magnetic
field. We show that under a weak uniform [111] magnetic field,
a vacancy in the Kitaev model binds a flux in the ground state
which results in a Majorana zero mode that decays exponen-
tially in space. The second type of defect we study is a locally
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polarized spin achieved by a local magnetic field in the Kitaev
model with a weak uniform [111] magnetic field. We show that
upon the full polarization of the local spin, a flux is bound to
the local spin plaquette in the ground state, which also results
in a robust Majorana zero mode whose wavefunction decays
exponentially in space. The distribution and asymptotic be-
haviors of the Majorana zero modes in the above two cases
are also studied in this work. In both cases, the Majorana
zero modes are immune to local potential perturbations and
other Majorana zero modes far away, and then may be used
for braiding in topological quantum computing.

This paper is organized as follows. In Section 2, we have
a brief introduction of the model. In Section 3, we study the
vacancy induced Majorana zero mode in the Kitaev model
with a weak uniform [111] magnetic field, including the dis-
tribution and asymptotic behavior of the Majorana zero mode
in both the continuum limit and lattice model, as well as the
regime in which the flux binding to the vacancy takes place in
the ground state. Section 4 studies the Majorana zero mode
induced by the polarization of a local spin. We show the mag-
netization process of the local spin by mean field theory and
the flux binding in the ground state upon polarization. The dis-
tribution of the Majorana zero mode after polarization is also
studied in this section. At last, we compare the Majorana zero
mode bound to the vacancy with the edge Majorana modes in
the system and summarize the main results in this work.

2. Model and a brief review

The Kitaev model describes bond-dependent interaction
of half spins on a honeycomb lattice with Hamiltonian!'®!

Hg =— Z JaGiaG]q; ey
(i)

where o = x,y,z and (ij)y denotes two sites sharing an o
bond. The pure Kitaev model is solved by representing the
half spin on each site with four Majorana fermions ¢;, Ef , Blv s
l;f as 6 = i¢;p*1% or a Jordan-Wigner transformation of
half spins.[!”] In this work, we adopt the Majorana representa-
tion. However, the Majorana representation enlarges the phys-
ical Hilbert space of the half spin by twice. For the reason, a
local constraint D; = C,IA?flAﬁ l;f =1 is imposed on each site to
narrow down the states to the physical space. The pure Kitaev
Hamiltonian then reads

Hy=1i Y Jaugj,cié;, )
(if) o,

where the bond operator u, = iEl‘?‘lA);?‘ is conserved with

if)a

uij, = £1. The ground state corresponds to the gauge in-

variant flux W =[] u;;, defined on each hexagon 7 to be
1 and the spectrum of Eq. (2) is & = %|s(q)|, where sq =
Jeelama —Q—Jyeiq'"y +J.1161 and N,y are shown in Fig. 1(a).

To realize Majorana zero modes in the bulk of the Kitaev
lattice in this work, we first apply a [111] magnetic field to the
Kitaev model, as shown in Fig. 1(a), which turns the Kitaev
model to an effective p, + ip, superconductor of spinons. [16]
The Hamiltonian then becomes

H = Hx +H,
- Y JaoPof —nY o ?3)
(i)a i

The uniform [111] magnetic field breaks the conservation
of the flux operator W of each hexagon plaquette. However,
at weak [111] magnetic field, the most important contribution
of the magnetic field comes from the third order perturbation
theory!!6]

H,= -1} olcjof, 4)
(ijk)

where the configuration of the three neighboring sites i, j, k is
shown in Fig. 1(b) and ¢ ~ h3/12. In this work we focus on
this small uniform magnetic field regime so the perturbation
theory is valid and we only keep the term in Eq. (4) for the
uniform magnetic field. In the Majorana representation, the
Kitaev Hamiltonian including the perturbative [111] magnetic
field is then!!6)

H = Hx+H,
i Y, Jaug), i)
(if) o,

+1Y 1€apyit(it), Uikj), CiC, 3)
(i)

where ((ij)) represents the next nearest neighbors i and j and

o, B,7= x,y,z represents the three bonds connected to site k.

(a)

Oy

(111)H 4
(Ll))im

5 6

Fig. 1. (a) The honeycomb lattice and the x, y, z bonds in the Ki-
taev model with a vacancy site in the B sublattice at (0,0). Each unit
cell contains a z bond. The flipping of bond operator u ;. on the z
bonds crossing the half-infinite dashed line produces a flux/vortex in the
shaded area. (b) The site index of the third order perturbation Hamilto-
nian in Eq. (4). The arrows indicate the hopping directions between the
next nearest neighbors in the ground state. (c) Relabeling of site index
with a local magnetic field applied on a B site labeled 0 in Section 4.

With only the contribution from the third order perturba-
tion of the [111] magnetic field, the flux operator W for each
honeycomb plaquette is still conserved. In the ground state

sector, u = 1 and the direction of the next nearest neighbor

if)a
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hopping is shown in Fig. 1(b). The ground state Hamiltonian
is then

Hy=i Y JaGiéj+it ) i¢ie;. (6)
(if)a,a (@)
After Fourier transformation to the momentum space Cgq A,
~ A 1 —ig-ra n
CqB, Where Cqn/B = ﬁzre ‘q”an/B = ciq’A/B be-
comes a complex fermion operator, the Hamiltonian Eq. (5)
becomes!0

o[ Ala)  s(a) ) ;
H=Y vy . , 7
LV (5 ) v @
where g = (¢q.4,164,8), s(q) gives the ground state spectrum
of the pure Kitaev model, and A(q) = 4¢(sin(q - ny) —sin(q -

ny) +sin(q - (ny — nx))).
tive magnetic field is then E(q) = £

The spectrum with the perturba-
|s(q)]*+A(q)*. For
the isotropic gapless Kitaev model, a gap opens up at £gp =
(Y7, 7) with the value A = A(gp) = —A(—qp) = 6v/31.1'6)

By expansion at +¢gp and keeping only the second or-
der of §q = q — gp, the Hamiltonian matrix of Eq. (7) for the
isotropic Kitaev model becomes

_[(£6V31(1—1(89)%) V3] (F8q.—i8qy) ®
T\ VBI(F8q.+i18g,) F6V31(1—1(89)%)

near the two Dirac point £qp. This Hamiltonian matrix is
the same as that of a weak pairing py + ip, superconductor,!)
though the basis here is not the Nambu spinor for supercon-
ductor but a pseudo-spinor composed of the two sublattice
fields.

The above Hamiltonian can be diagonalized by the Bo-
goliubov transformation éq = UgCq A +1vgéq . The unit vec-
tor characterizing the direction of the pseudo-spinor (iq,vq)T
is ng = (£v/3J8¢x,v/3J84y,A(q))/Eq near gp and —gp, re-
spectively. For t > 0, ng maps the neighborhood of gp to the
north hemisphere of the sphere of unit vector and the neigh-
borhood of —gp to the south hemisphere. As g varies over the
two-dimensional momentum space (which may be mapped to
an S? sphere surface!!l), the unit vector n, sweeps through the
whole unit sphere S2, resulting in a non-trivial winding num-
ber 1 or —1 depending on the sign of ¢ or the direction of the
[111] magnetic field.!'%! Without loss of generality, we assume
t > 0 in the following.

Since the Kitaev model is gapped at finite ¢, the Chern
number of the spinon bands is well defined and may be eas-
ily computed from the eigenvectors of Eq. (8), which is v =
signA = £1,11% the same as a weak-pairing p-wave supercon-
ductor.

The Majorana modes in the p, -+ ip, superconductors have
been studied extensively in previous works.[!:?223] There are
mainly two mechanisms to realize Majorana fermion modes
in such systems.[!l One is on the edge of the superconduc-
tor, where the Majorana fermion modes may have both zero

energy and finite energy. The other is by creating vortex in
such system, since a vortex may bind a Majorana zero mode
in a gapped topologically non-trivial system with odd Chern
number. ¢!

In the following sections, we discuss the realization of the
Majorana fermion modes in the Kitaev spin liquid as an analog
of the py + ip, superconductors. We focus on the realization
of the Majorana zero modes by creating vortex in the above
discussed Kitaev model in the [111] magnetic field. How-
ever, the vortex is usually energy costing in such system.[?%26]
Our main goal in this work is then to discuss the possibility to
create vortex and Majorana modes in the ground state of this
system which are suitable for braiding in topological quantum
computing. For the edge mode, we only point out that for the
lattice Kitaev model in the weak [111] magnetic field, only the
edge mode with zero energy corresponds to a Majorana mode
whereas the chiral Majorana edge modes with finite energy
only exist in the continuum limit of the Kitaev model.

3. Vacancy induced Majorana zero modes

In this section we investigate the possibility to create Ma-
jorana Fermion modes in the Kitaev model in the ground state
by introducing vacancies in the Kitaev model. It has been
shown in Refs. [19,20] that a vacancy in the pure Kitaev model
may combine a flux in the ground state. However, a gapped
pure Kitaev model has Chern number zero and there is no ro-
bust Majorana zero mode bound to the flux. For the gapless
Kitaev model with a vacancy, a zero-energy resonance state
was discovered.[19291 However, this state is embedded in the
bulk gapless spectrum and is easy to decay to the bulk modes.
What’s more, this mode decays as a power law in space and
two such modes interact and split to non-zero modes how-
ever far away they are. For the reason, these zero-modes are
not suitable for braiding in quantum computing. To solve the
above problem, we apply a uniform [111] magnetic field to the
gapless Kitaev model at first and turn the Kitaev model to an
effective gapped p, + ip, superconductor. We then study the
vacancy in such system and possible flux binding and Majo-
rana modes in the ground state in such system.

3.1. MZM induced by a 7 flux bound to a vacancy in the
continuum limit of the Kitaev model under the [111]
magnetic field

As an analog of the py + ip, superconductor, the Majo-
rana zero mode bound to a vacancy with a 7 flux in the Kitaev
model under the [111] magnetic field may be solved in the con-
tinuum limit of the model as shown in Ref. [32]. We briefly
recapture the calculation here and compare it with the results
from the lattice model in the next subsection. Different from

the p-wave superconductor, the Majorana mode in the Kitaev
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model in the continuum limit is a superposition of Fermionic
modes in the two valleys instead of one.

A Majorana Fermion field in the Kitaev model in the [111]
magnetic field may be expressed as

casp(r) = !PT p(r) + e POl L (r), ©

where ¢,/ is a canonical Fermion field describing the con-
tribution from one Dirac point D and ¢/I /B the contribu-
Since the MZM in
the above Kitaev model is a superposition of all the fields
oa(r), ¢ (1), d);(r),q)];(r), it is convenient to adopt the four
(@a(r), igB(r), @1, i0%(r)). Insert-
ing Eq. (9) to the ground state Hamiltonian of Eq. (5) and ne-

tion from the opposite Dirac point.

component basis P (r) =

glecting the fast oscillating terms with e*219", the Hamilto-
nian Eq. (5) in the continuum approximation may be written
as

H= /dzrqu(r)H(r)(P(r), (10)

where # is block diagonal in the particle-hole or valley
degrees of freedom. The upper block is Hp = Ac; +
V3J(i0y0, — ioyd,) and the lower block is H_p = —Ac; +
V/3J(—i0,0; — i0,0,) keeping only the linear order of mo-
mentum. The two blocks Hp and H_p may be diagonalized
separately and for the zero mode

HpPp =0, (1)

H-pP-p=0, 12)

where @p and P_p are two component spinors with basis
(¢a(r),igs(r))T and (1,104 (r))T, respectively.

Assuming the zero mode ®(r) = uda(r) + ivgs(r) +
11(])/1(7') + iﬁ(])g (1), the coefficients u, v and i, 7 satisfy

A(r )u+1f1< ;)vo, (13)
—A(r )v+1ff< ~— a) (14)
—A(r )u+1f31< o +i ;) =0, (19

A(T)Hi\@f(—ax ;y)azo (16)

From the above equations, the coefficients u and v satisfy
u = £v*,
tions of the coefficients satisfy # = u* and # = —v* or i = —u*

and # and v satisfy # = +7*. Moreover, the solu-
and ¥ = v* by comparing Egs. (13) and (15). To get a Majorana
zero mode Py (1) = u@a (r) +ives(r) + ﬂ¢;(r) + iﬁd)l; (r)=
el?®) (r) where e!? is merely a phase factor, we choose
u=v* ii=—7",u=a", v=—7v". With this choice, &y (r) =
@), (r).

We then solve the MZM with a @ flux bound to a va-
cancy. From the above relationship, we only need to solve u

and v. And @ and ¥V may be obtained from the solution of u
and v. The equations for u and v are the same as those of the
zero mode for a py + ip, superconductor. (1) Far away from the
vacancy, A(r) becomes A = 64/3¢ in the uniform system. In
the vacancy center, A — 0. For a circular vacancy, the above
equation can be easily solved in the polar coordinate with the

origin at the center of the vacancy

fhe“’(; 18‘99) — _Au, (17
\@Jieie(;r—'aae) — Av. (18)

When a vortex is threaded to the vacancy as shown in Fig. 1(a)
with a cut along 8 = 0, the quasiparticle wavefunction obeys
anti-boundary condition on going around the vortex and van-
u(r,0 +2m) = —u(r,0) and
u(r — 0) = 0, and the same for v. The above equation has

ishes at the vortex core, i.e.,

a solution satisfying u = v* = %ei(e/z—n/4)’ where f(r) =
e—fr;)Adr/\/gJ N

eAr/V3/ and ro is the radius of the vacancy
for A/J > 0. For A/J < 0, the decaying solution is u =

= %ei(e/zw/a&)’ where f(r) = ej,OAdr/fJ oAr/V3I
With the above choice for the MZM, we get ii(r) = u*(r) =
%)e—i(e/z—n/@ and 7 — —1* — _% i(0/2-7/4)  The am-
r r

plitude of the MZM @y (r) decays exponentially with the dis-
-4 ’/\fj‘ where r is
(p)dp/r. This
asymptotic behavior here is the same as the vortex induced

tance to the vacancy center as ~ —/
the distance to the vortex center and A = [ A

zero mode in the py + ip, superconductor,!! in contrast to the
statement in Ref. [32] that the zero modes in the two systems
have different asymptotic behaviors.

3.2. Majorana zero modes in the lattice Kitaev model with
a vacancy

The zero mode associated with a vacancy in the Kitaev
model under the [111] magnetic field can also be obtained from
the lattice Kitaev model. In this subsection, we show the sim-
ilarities as well as the differences between the results from the
continuum model and the lattice model.

The eigenstates of the lattice Kitaev model with a weak
uniform [111] magnetic field and a vacancy can be obtained
by directly solving the bilinear Hamiltonian Eq. (5) with an
empty site. For the eigenstate with a vacancy site but flux-free,
we set u(;y, = 1 for all the bonds. For the case with a 7 flux
bound to the vacancy, we set the z bond operators u ;. = —1
along the half-infinite string in Fig. 1(a). In both cases, the
Hamiltonian Eq. (5) becomes the following form:

H=1Y Aplilm, (19)
I,m
where A is a real anti-symmetric matrix and é;,¢, are Ma-

jorana fermions. The A matrix then satisfies the following
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condition:
AT=_A A"=A (1A)"=iA. (20)

Since i A is Hermitian, it can be diagonalized by a unitary ma-
trix U ,i.e.,

U'U=U0U =1, iAU=EU, U'(iAU=E, (21)

where E is a diagonal and real matrix. For an eigenvec-
tor U with eigenenergy €, i.e., iAU = €U, one can get
iAU* = —eU”* from the above conditions. To obtain a Majo-
rana eigenvector, U must satisfy U = e¢!7U*, where 7 is a real
constant, so € = 0, i.e., the eigenenergy of a Majorana eigen-
mode must be zero for the lattice Kitaev Hamiltonian Eq. (5)
with a vacancy.?

For the eigenstates with non-zero energy, the eigenvectors
U and U* with energy ¢ appear in pairs. For odd dimension
of the A matrix, there is at least one zero energy eigenmode.
For even dimension of A, the number of zero energy eigen-
modes is even.

For a lattice with N unit cell and a single vacancy site, the
A matrix becomes a (2N — 1) x (2N — 1) matrix. For both the
flux-free case and the case with a 7 flux threading through the
vacancy plaquette, there is a Majorana zero mode. Whereas
for the continuum model in the last section, the zero mode
equations (13)—(16) have no solution in the flux free case. The
zero mode in the lattice model in the flux free case is then due
to the specific lattice configuration and is not robust. When the
configuration of the vacancy changes, e.g., if the vacancy in
the above model includes two neighboring sites, the Majorana
zero mode disappears in the flux free case, which is verified in
our numerics. However, the zero mode bound to the « flux is
robust since it is induced by a topological defect and does not
depend on the lattice configuration of the vacancy. Moreover,
the zero modes in the two cases have different asymptotic be-
haviors, which we will study in details in the following.

In the following we focus on the case with a single va-
cancy site in the lattice Kitaev model for simplicity and com-
pare the Majorana zero modes in the flux free and flux thread-
ing cases. We only need to consider the vacancy on one of
the two sublattices. The amplitudes of the zero mode for the
vacancy on the other sublattice may be obtained by inversion

19.20.24] Without loss of generality, we assume a va-

symmetry.[
cancy on the B site in the following. We label the unit cell of
the honeycomb lattice as in Fig. 1(a). Each unit cell contains
a z bond. For the flux free case, the amplitudes of the va-
cancy induced zero mode satisfy the equations away from the

vacancy as follows (shown in Appendix A):

Jear—1 1+ Iyar-yj+Jzap;—t(bi_1j— b1 11
+byjr1—bij1 +biy1 -1 —biy1j) =0, (22)

Jibiyj1 + b+ by —t(ai—yj—ai—y jy
tap j —arj—1 F a1 —aiy1,j) =0, (23)

where a;; and b; are the amplitudes of the zero mode on the
A and B sublattice of the unit cell (Z, j), respectively, with the
basis being the Majorana fermion ¢ on each site. The bound-
ary condition near the vacancy is (a) Eq. (22) does not exist at
(1,7) = (0,0); (b) for other /, j = —1,0, 1, Egs. (22) and (23)
are satisfied with the amplitude by o = 0.

At t = 0 and flux free, this zero mode was solved in
Refs. [20,24,25]. It locates only on the opposite sublattice of
the vacancy site since the A and B sublattices decouple in the
zero mode in this case and the recursion factors of the ampli-
tudes on the A and B sublattices are reciprocal, as shown in
Appendix A. For the gapless Kitaev model and flux free case,
the amplitude of the zero mode on the A sublattice away from

the vacancy on a B site has the asymptotic form[?+23]

e 1Gex/V3+2i(n+6%)y/3
}, 24

alw) ~ Re{ (00— 2iB)y/v3— ix

where

o =2 Jysin(ge) /J2, B =(JF—J3) /2,

J2 _12 —]2

z X y
= arccos —————
qc 20,

Je—J,
, 0" =arct Lt 2
arctan [JerJy an(qc/ )}

are constants, and x = \/§(] + %[)
decays as a power law 1/r with distance r from the vacancy,

= %l. The amplitude

and when there are two vacancies in the system, the two zero
modes couple strongly with each other and split to two finite
energy levels however far away they are.[?"]

To solve the above problem, we consider the gapless Ki-
taev model with finite #. In this case, the finite ¢ opens up
a gap in the spinon bands with Chern number 1 or —1 and
the vacancy induced zero mode decays exponentially in space.
Different from the + = O case, the A and B sublattices are now
coupled together in the zero mode as shown in Eqs. (22) and
(23) so the amplitudes on both sublattices are non-zero. How-
ever, the zero mode at finite # is no longer solvable analytically
from Eqgs. (22) and (23) and the boundary condition. We then
solve the zero mode at finite # by numerically diagonalizing the
corresponding bilinear Hamiltonian Eq. (19). The Majorana
im/2 v,
may be gauged

zero mode W we obtained has Rey = Imy, ie., y' = e

in the flux free case. The phase factor ¢'7/2

away by transformation y — l//e’i”/ 4. so we only need to
study the real part of y. The distribution of the real part of the
zero mode amplitude in the flux free case is shown in Fig. 2(a)
for the isotropic Kitaev model and a 120 x 120 x 2 lattice with
a vacancy on the B sublattice in the center of the lattice. The
parameters in the plot are J, = J, =J, = 1,1 = 0.005. We only
show the distribution of the zero mode around the central area
of the vacancy since the influence from the edge mode in this

area is negligible. Whereas near the edge of the lattice, the
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amplitude of the zero mode is dominated by the edge mode,
which is not our focus in this subsection.

Though it is hard to solve the exact amplitude distribution
of the vacancy induced zero mode for finite ¢; at small 7, which
is the case we focus on in this work, we can obtain the asymp-
totic behavior of the amplitude of the zero mode by analysis.
Since the finite 7 opens up a gap in the gapless Kitaev model,
the amplitude of the zero mode on each sublattice no longer
decays algebraically with the distance to the vacancy, instead,
it decays exponentially with the distance to the vacancy center
as ajj ~ e_‘Ar/ﬂ, where A = 61/3¢ is the gap, J=+3Jand r
is the distance to the vacancy center. However, the amplitude
of the zero mode on the two sublattices depends differently on
t. Att =0, g;; reduces to Eq. (24), so at leading order of ¢, the
amplitude on the A sublattice has the form

elid™x/V3+2i(n+6%)y/3
(o —2iB)y/v3 —ix

This asymptotic behavior is verified by our numerical result in
Fig. 2(b). In Fig. 2(b), we plot the amplitude on the A sub-
lattice vs. the distance to the vacancy center along the line in

a(x,y) ~ Re{ } e 1Al (25)

Fig. 2(a). One can see that the amplitudes on the A sublattice
fit very well with the expression ~ %e’A’/ J (the small devi-
ation may come from the small amount of mixing from the
edge zero mode). On the B sublattice, the amplitude of the
zero mode vanishes at t = 0. At small finite ¢, the coupling
between the A and B sublattices in Egs. (22) and (23) results
in an amplitude on the B sublattice proportional to ~ ¢ /J at the
leading order, as can be seen from Eq. (23). The amplitudes
on the B sublattice are then much smaller than those on the
A sublattice in the same unit cell, as can also be seen in the
amplitude distribution in Fig. 2(a). The linear dependence of
byj ont/J is also verified in our numerics by a sign change of
t, which results in a sign change of b;; but not ;.

For the case with a flux threading the vacancy plaque-
tte, the amplitudes of the zero mode also satisfy Eqgs. (22) and
(23) at [ # —1,0, 1. However, the boundary condition the am-
plitudes match at the string connecting the vacancy site is dif-
ferent now. Since the z bond operator has the value —1 along
the half-infinite string at [ = 0, Eqgs. (22) and (23) become

Jeap-1jr a1 —Jar;—t(bj_1j—bi1 11
+byji1—bij1—biy1j-1+biy1j) =0, (26)
Jubi1 1 Iybiyrj—Jbrj—t(—ap 1 j a1

‘a1 —apj1+ap1j-1—ap,j) =0, (27)

for =0, j > 1. Besides, the boundary condition that Eq. (22)
does not exist for (/, j) = (0,0) and by = O still needs to be
satisfied.

Though the above equations for the zero mode with flux
threading the vacancy plaquette are not solvable analytically

even at t = 0, the boundary condition near the vacancy still re-
sults in nonzero amplitudes only on the A sublattice (vacancy
on the B sublattice) at # = 0 as shown in Appendix A. At fi-
nite ¢ we solve the zero mode bound to the flux numerically
and compare the asymptotic behavior of the amplitude with
the analytical results obtained from the continuum model in
the last section.

[ur|
120
100 0.02
>~
80 0.04
0.06
60 140 160 180
X
(b) u(r)~rte " k=0.03
—aup
0.04 n=-—1
—n=-1/2
@
3
0.02
0

Fig. 2. (a) The real part distribution of the amplitude of the zero mode for a
120 x 120 x 2 lattice with a flux free vacancy on a B site in the center and a
weak uniform [111] magnetic field. The parameters are J, = J, =J, = I and
t = 0.005. The imaginary part of the amplitude is the same as the real part.
Only the distribution of the central area including the vacancy is shown. (b)
The real part of the amplitude on the A sublattice along the line in (a) as a
function of the distance r to the vacancy center. The unit of r is the bond
length of the hexagon. The amplitude fits the curve ug ~ 1e~*", where

r
k=A/J,A=6V3t,and J = /3J.

In Fig. 3(a), we show the numerical result of the am-
plitude distribution of the zero mode in the Kitaev model
with finite 7 and a flux threading the vacancy plaquette for a
120 x 120 x 2 lattice. The parameters are J, = Jy, = J, =1
and ¢t = 0.005. The zero mode we obtained in this case has a
purely real amplitude, indicating a Majorana zero mode. The
plot in Fig. 3(b) shows the amplitude on the A sublattice along
the line in Fig. 3(a). One can see that the amplitudes fit the

expression a(x,y) ~ rﬁ e A

very well, which is consistent
with the asymptotic behavior of the zero mode bound to the 7
flux in the Kitaev model obtained from the continuum model
in the last section. The amplitude on the B sublattice is also
proportional to ¢/J as can be seen from Eq. (23) and is much
smaller than the amplitude on the A sublattice as shown in

Fig. 3(a).
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lur|
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>~ 1.0x10—4
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2.0Xx10—*
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1.6
(b) u(r)~rre=kr k=0.03
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Fig. 3. (a) The distribution of the amplitude of the zero mode for a
120 x 120 x 2 Kitaev lattice with a flux threading the vacancy on a B
site at the center of the lattice and a weak uniform [111] magnetic field.
The parameters are J, = J, =J, = 1 and ¢t = 0.005. The amplitude of
the zero mode is purely real. (b) The amplitude of the zero mode on
the A sublattice along the line in (a) as a function of the distance to
the vacancy center. The amplitude fits the curve ugr ~ rﬁ ek, where

k=A/J,A=6V3t and J=+/3J.

From above, we see that the Majorana zero modes in the
flux free and flux threading cases have different asymptotic be-
haviors in the Kitaev model with finite . As a comparison, we
note that for the pure gapped Kitaev model with a single site
vacancy, Ref. [20] shows that the amplitudes of the zero mode
in both the flux free and flux threading cases are the same. The
reason is because in this case the amplitude of the zero mode
vanishes on one of the sublattices. The flux which flips the

sign of the bond operator u ), along the half-infinite string

o
then does not affect the zero mode. On the other hand, the
pure gapped Kitaev model has Chern number zero so a vor-
tex does not bind an intrinsic Majorana zero mode. The zero
mode in either the flux free or flux threading case with a sin-
gle site vacancy is not robust and will disappear if the vacancy

includes even number of sites.

3.3. Ground state with vortex binding to a vacancy in the
lattice Kitaev model

The flux-threading and flux free cases in the last subsec-
tion belong to two independent eigensectors of the Hamilto-
nian Eq. (5). In this subsection, we show that for the Kitaev
model in the weak [111] magnetic field, the ground state with

a vacancy binds a flux in a certain regime of the magnetic field
and thus results in a robust Majorana zero mode bound to the
vacancy as shown in the last subsection.

R R | P
0.02 —— ::';:/,/'
< 0.01 |—u— t=0
—e—t =0.001
L £0.002
<5 =0.003 :
Of——t=0.004 .~
——t=0.005-"
——t=0.006
0 0.004 0.008 0.012
1/L
(b)
0.02
0
S
<
~0.02
~0.04
0 0.002 0.004 0.006

t

Fig. 4. (a) Finite size scaling of the energy difference at Wy = 1 and
Wi = —1 of the Hamiltonian Eq. (6) with a vacancy. The system size
is L X L x 2, AE = Ey — Egyx, Where Ey is the ground state energy with
Wi = 1 and Eqy is the ground state energy with Wi = —1. (b) The en-
ergy difference AE extrapolating to the thermodynamic limit L — oo as
a function of £.

It has been shown in Refs. [19,20] that the ground state
of the isotropic gapless Kitaev model with a single vacancy
binds a 7 flux and the ground state energy difference between
the flux and flux-free cases is —0.027J. In Fig. 4, we show
this energy difference at finite ¢, i.e., when a weak uniform
[111] magnetic field A is applied. To remain in the perturbative
regime so the bilinear Hamiltonian Eq. (5) is valid, we assume
t ~ h* is small and 7 < 1 (from the numerics in our previ-
ous work, ¢ ~ 2.7h32°1). To minimize the finite size effect,
we did finite size scaling of the energy difference between the
flux and flux-free cases at each point of ¢ in Fig. 4(a). The
energy difference at each ¢ in Fig. 4(b) is the value that ex-
trapolates to the thermodynamic limit L — oo. From the plot,
we can see that the energy gain of the system with the flux
threading the vacancy decreases with the increase of the mag-
netic field & and becomes negative at around #/J > 0.004. We
then see that for the isotropic Kitaev model in a uniform [111]
magnetic field, at about 1/J < 0.11, a single vacancy binds a
flux in the ground state and a Majorana zero mode associated
with it. This vortex bound Majorana zero mode decays ex-
ponentially with distance to the vacancy and is robust against
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local perturbations!?!! and other Majorana zero modes farther
away than the decay length & ~ J/6¢.1?*! These Majorana zero
modes may then have potential use in braiding in quantum
computing.

4. Majorana zero modes induced by local polar-
ization

In this section, we study a second type of defect in the
Hamiltonian Eq. (5), i.e., a locally polarized spin in the uni-
form system, and the possible Majorana zero mode bound to
such defect. The polarized spin is another type of topologi-
cally trivial spot and may be achieved and manipulated by a
local magnetic field.

4.1. Model and method

For simplicity, we consider a local conical magnetic field
applied to a single site on top of the system described by
Hamiltonian Eq. (5), i.e., the Kitaev model with a perturba-
tive uniform [111] magnetic field. The total Hamiltonian in
the Majorana representation has the following form:

H = Hx + Hj, + Hiqc, (28)

where Hx is the Kitaev Hamiltonian in Eq. (2), H}, the third
order perturbative term of the weak [111] magnetic field in
Eq. (4), and

Hioe = izh]occobg (29)
o

is a local [111] magnetic field on a site labeled 0 as shown in
Fig. 1(c). As a comparison to the single vacancy defect, we
assume that the site O is also on the B sublattice.

The local constraint D; = cl-bj‘bly- b% =1 is equivalent to
Q% = c;b* + eaﬁyblﬁ b! = 0.126] We impose this constraint by
a Lagrangian multiplier in the Hamiltonian

Hy =Y da(cibq + eqp bl b]). (30)
i,

In the following, we study the evolution of the the above
system with the increase of the local magnetic field and ex-
plore possible flux binding in the ground state upon local po-
larization and the Majorana zero mode associated with the
flux.

With only Hx and Hj,, the bond operator is still conserved,
so does the flux in each hexagon plaquette. However, when a
local magnetic field is applied on site 0 shown in Fig. 1(c), the
flux through the three hexagon plaquettes including the site O
is not conserved though the total flux of these three plaquettes
is conserved. We call the big plaquette including these three
honeycomb plaquettes (the shaded area in Fig. (a)) the impu-
rity plaquette and call its flux operator Wi the impurity flux.

We work in the flux sector that all the outer hexagons have
W = 1. This corresponds to the ground state of the pure Kitaev
model as well as the ground state of the Kitaev model with a
vacancy at site 0. Since the impurity flux W is conserved, we
deal with the two sectors with Wi = +1 and Wj = —1 sepa-
rately. Note that for the pure Kitaev model, the ground state
has Wi = 41, whereas for the Kitaev model with a vacancy at
site 0, the ground state has Wy = —1.

When the local magnetic field is applied on site 0, only the
three bond operators connected to site 0 are non-conserved.
For the impurity flux free case, we may set all the other

bond operators u;j, = ib{'b equal to 1. For the case with

ij)a
W1 = —1, a string v>vith u, = —1 connecting the impurity pla-
quette and the boundary of the system is introduced as shown
in Fig. 1(a). The open boundary condition is applied. Under
this convention, the local constraint D; = 1 only needs to be
imposed on site i = 0.

For convenience, we relabel the three nearest neighbor
sites connected to site 0 as @ = x, y, z as shown in Fig. 1(c),
and the six next nearest neighbor sites connected to site O as
a,, where x, = 1,2, y, =3,4, z, = 5, 6 are labeled in Fig. 1(c)
respectively.

The Kitaev Hamiltonian then becomes

Hg =i Y Jacici—Y Jab§bgcocq, 31)
(i) @
where (i), represents all the bonds except the three nearest
neighbor bonds connected to site 0.
The Hamiltonian Hj, becomes

H, = it Z CiCk
((ik))

—t Y icab(i€qp b bY)ic,by
oy
—1 Y icobf (i€upybGbl)ica,bl,, (32)
oy
where ((ik))’ represents the next nearest neighbors except
those involving the impurity site 0, i.e., none of the three
sites i, j,k in Fig. 1(b) is on site 0. The second term in Hj,

represents the term ~ G Gg 6}7,' and the third term represents

~ Géng og,. Here the sites o,y = x,y,z in the sum corre-
spond to two of the three sites connected to the site 0 as shown
in Fig. 1(b) and ¢ # 7.

We then use the mean field theory to study the local polar-
ization process in the following. The applicability of the mean
field theory has been tested in previous work on a [001] local
magnetic field acting on the Kitaev model, where the mean
field results agree very well with the exact numerical renor-
malization group results.?”) Actually the mean field theory is
exact at hjoc — oo and is especially relevant at the locally po-
larized phase where the fluctuation of the bond operators con-
nected to site 0 is highly suppressed. And this is the regime
we are especially interested in in this work.
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We decouple the quartic terms in Hx and Hj, to quadratic
terms by the mean field theory as follows:

HIIE/IF =1 Z Jocicj
(ij)e
+ Y Vo (ib§bgYicoca + Jaicoca)ibf by
o

—Jo(icobd)icably — Ja(icabl)icobd], (33)
H,ll\dF =it Z CiCk —tZeaﬁy
((ik)
{[<1b0 be)i bzb%wacw (652 (icacy)ib]6]
+(iblbY) (icacy)ibgbE]
+[<1cab (icobBYicybl+ (icab®)(icybl)icobh
+(i 1cyby>1c,xb ]
+[< +(ib§bg) (icoca, ) ibg, by
+(ib <1coca,>1b0 b3} (34)
In the above decoupling, we neglect all the terms with (ib{c;),
i # j since the mean field value of this average is zero from
previous study.?6-28] The bond operator (ib}, bY) is still con-
served so we set it to be one.
There are then altogether 24 mean field parameters to be
determined self-consistently, which are
(icobg), (icaby),
(ib§bg), (icoca),
(icqcy), (icocq,), a,y=x,y,zand & =1,2,...,6;

a=x,7
a :‘x7y)Z;

and three Lagrangian multipliers A, on site O.

The above mean field parameters are determined self-
consistently by iteration. The Lagrangian multipliers are de-
termined by iterating the initial value of Ay and the mean field
parameters until (QF) = 0.

4.2. Mean field results of the magnetization process

We focus on the isotropic case with J, =J, =J, = 1.

For a given ¢, the evolution of the mean field parameters for a
64 x 64 x 2 lattice with the increase of the local magnetic field
is shown in Figs. 5 and 6 for Wy = 1 and W; = —1, respectively.
The local magnetic field is applied on the B site of the center of
the lattice (labeled site 0). The magnetization on site O shows
that at hjoc = hc, a first order phase transition3!! takes place
and the spin on site 0 is fully polarized with (o) = 1//3 for
all three components & = x,y,z after the phase transition. At
the phase transition, the mean field value of the three bond
operators uoq), connected to site 0 becomes zero for both
= %1, which results in an effective decoupling of the site

0 with the neighboring sites. At the same time, the polarized
spin on site 0 results in three effective local magnetic fields
0> kY, I, acting on o at site @ = x,y, z respectively with value
h$ = Ju(0%) = J/V/3,a = x,y,z. This results in finite mag-

netization (c¥) on the three « sites as shown in Fig. 5. All

the other magnetization () with i # 0, o is zero in the lat-
tice. The polarized phase may then be described by a bilinear
Hamiltonian

H =1} o 6icj+1 Y, i€apytin, i), i)
(i) @y
+ Y in§bGea, (35)
o=x,y,z

i.e., the Hamiltonian Eq. (5) with a vacancy on site O and three
local effective magnetic fields 4§ acting on 65, respectively.
This Hamiltonian has been studied at t = 0 in Ref. [20] for the
response of the vacancy to Zeeman field in the Kitaev model.
We will use this Hamiltonian with finite ¢ to study the phase
after polarization.

LOp———m - — - ibgbZ
T ibYbY
- 0
N bR
0.5 \
|
{
. .
0.6
y - = -icob§
7 .
7 icobp
0.3 ‘ /;/{/ ic,b
= ic,b
=7 —-—-ic.b
0 (,/*”/ h.=0.62
0 0.2 0.4 0.6 0.8 1.0
hloc

Fig. 5. The evolution of the mean field parameters as a function of
the local magnetic field on site O in the impurity flux free case for a
64 x 64 x 2 lattice. The parameters J, =Jy =J, =1l andt = 1074, Up-
per: the three bond operators u (o), 0 = x,,z connecting site 0 and site
. The mean field value of the three bond operators all goes to zero at
the phase transition /. = hc. Lower: the local magnetization on site 0
and sites x,y,z. After the phase transition at &, the spin on site O is fully
polarized and has (o) = 1/+/3 for all three components ¢ = x,,z.

LOp==m - - ibRbE
\’\ -byby
N 1600y
! e ibED?
0.5 |
[
i
0 |
0.6 | Sy —————————————
I —== icoby
/.' -~ ~ieob
0.3 A icob
il ic,b;
/._,/f ” icyby
7 he=0.44 —-—-ic:b:
oL
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Fig. 6. The evolution of the mean field parameters as a function of the
local magnetic field on site 0 in the case with impurity flux Wy = —1 for
the same lattice in Fig. 5. The legend is the same as that in Fig. 5. The
three bond operators i), 0 = X, y, z also go to zero after the phase tran-
sition at & and the spin on site 0 is fully polarized with (&) = 1/v/3
for all three components o = x,y, z.
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Figure 7 shows the energy difference of the two cases
with Wi = 1 and W = —1 as a function of the local magnetic
field obtained from the mean field theory for J = 1, = 10~%
and the lattice with size 64 x 64 x 2. We can see that the flux
free case Wi = 1 has lower energy in the local magnetic field
hioc before the phase transition at hj,. = h.. However, after
the phase transition, the state with Wi = —1 has lower energy
though the energy gain of the flux state in this case is much
smaller than the case with only a vacancy in the last section.
We then see that upon local polarization, the impurity plaque-
tte binds a flux in the ground state at small 7.

0 AE=9.7435x10"°
—0.04
—0.08
—0.12
—0.16 h.=0.595
0 0.2 0.4 0.6 0.8 1.0

hloc

Fig. 7. The energy difference AE = Ey — Eg,x between the impurity flux
case and flux free case as a function of the local magnetic field from the
mean field theory at Jy = Jy = J; = 1, t = 0.0001 for a 64 x 64 x 2
lattice. Before the phase transition at s = he = 0.595, the flux free
case has lower energy. After the phase transitions for both the W = +1
cases, the flux state Wi = —1 has lower energy, indicating a flux binding
at the ground state after the polarization of the spin on site 0. Note that
the transition field A, as well as AE in this plot is the corrected value
after considering superheating of the first order phase transition so 4 is
slightly lower than the polarization field 4. in Fig. 5. See Ref. [27] for
the correction procedure.

The flux threading the impurity plaquette at the ground
state after phase transition at %, results in a Majorana zero
mode at the ground state. We obtain a Majorana zero mode
The distribution of the
imaginary part of the amplitude is shown in Fig. 8 for J =1,

with purely imaginary amplitude.

t = 10~* and a local magnetic field on a B site. Opposite
to the vortex induced zero mode with a vacancy on site B in
Fig. 3, the amplitude of the zero mode on the A sublattice a;;
is now much smaller than that on the B sublattice as shown in
Fig. 8(a). This is because with the three effective local mag-
netic fields on the three o = x,y, z sites after the polarization,
the boundary condition of the zero mode near the site O is dif-
ferent from the case with only a vacancy on site 0. At =0,
the new boundary condition results in a zero mode with finite
amplitude b;; on the sublattice B but zero amplitude a;; on sub-
lattice A, as shown in Appendix A. This is opposite to the case
with only a vacancy on site B. Note that the amplitudes of the
three field Bg on the three A sites @ = x,y, z are still nonzero in
this zero mode. For finite small ¢, the coupling between the A
and B sublattices in the zero mode equation results in a small

amplitude on the A sublattice proportional to ~ 7/J, as shown
in Fig. 8(a).
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Fig. 8. (a) The amplitude distribution of the Majorana zero mode bound
to the flux after the polarization of a local spin on a B site. The parame-
tersare Jy =Jy=J, =landt = 10~*. (b) Fitting curve of the amplitude
on the B sublattice along the line in (a).

The plot in Fig. 8(b) shows the amplitude on the B sub-
lattice as a function of the distance to the local polarized site
0. The amplitude still fits the curve u(r) ~ L e 4" 7 very well,
but with a = 3/2 instead of 1/2 for the flux induced Majorana
zero mode in Fig. 3, indicating faster decay in space. An an-
alytic explanation of this difference remains to be explored in
future work. However, the exponential decay of the zero mode
guarantees that two such Majorana zero modes far apart have
little influence on each other.

For the flux free case, due to the three effective local mag-
netic field, three Majorana fermion fields l;g enter the bilin-
ear Hamiltonian in Eq. (35) and the dimension of the bilin-
ear Hamiltonian matrix becomes even as (2N +2) x (2N +2).
There is no Majorana zero mode after polarization in this case.
This is verified in the spectrum we obtained numerically.

With the increase of ¢, however, the energy gain of the
flux state after polarization of the local spin at site 0 becomes
negative. As shown in Fig. 9, at >4 x 10~% and J = 1, the ex-
trapolation of AE to L — oo becomes negative and the ground
state of the polarized state remains to be the flux free state
Wi = 1 and there is no Majorana zero mode in the ground state
after the polarization.
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Fig. 9. (a) Finite size scaling of the energy difference AE = Ey — Equx
between the impurity flux case and the flux free case after the local spin
polarization on site 0 in both cases for parameters Jy = J, = J; = 1 and
t = 107*. Both Eg and Egyy are computed through the bilinear Hamil-
tonian Eq. (35). (b) The energy difference AE as a function of . AE
takes the value extrapolating to L — o in (a).

In summary, we see that by polarizing a local spin in the
Kitaev model with a weak uniform [111] magnetic field, the
ground state of the system binds a z-flux around the polarized
spin which results in a Majorana zero mode that decays expo-
nentially in space and is robust against local perturbation. At
the same time, it may be easily manipulated by the local mag-
netic field in space. For these reasons, it may be a potential

candidate for braiding in topological quantum computing.

5. Discussion and conclusions

As a comparison to the Majorana zero modes bound to
local impurities in the above sections, we have a brief discus-
sion of the edge Majorana modes for the above Kitaev model
in the [111] magnetic field with a straight edge.

As an analog to the p-wave superconductor,!!! the Ki-
taev model Hamiltonian Eq. (6) has a chiral edge Majorana
mode for the system with a straight edge in the continuum
limit. One can solve this chiral edge Majorana mode from
Eq. (10) and the block diagonalized Hamiltonian Hp and
H_p. Assume the wave function of the chiral edge mode as
Deyv = UcPa + ivePp + ﬁcqb/i; + iﬁcgbg, the coefficients satisfy
the equations

. Jd .0
Eu. = A(r)u0+l\/§J((9)c+18y>vc’

Ev. = —A(r)vc+i\/§J<a — ia>uC7

dx dy
Ei. = —A(r)zzc+i\/§J(—a+ia>ﬁc,
dx dy
Ev, = A(r)ﬁc+i\/§J(—a—ia)ﬁc. (36)
ox dy

Assume there is an infinite edge along the y direction and
the wave function contains the phase factor e®Y, the above
equation set has a special solution at energy E = —\ﬁjky and
Ue = ive, fle = ive for A/J > 0 with u ~ i, ~ e~/ Ad/V3],
or E = /3Jky and uc = —ive, iic = —ive with ue ~ g ~
efAdx/ V3l for A/J < 0, where x is the distance to the edge.
To get a Majorana mode, we choose ii; = 1} and v, = —v}.
The above mode then satisfies Py = @éM and is thus a Ma-
jorana mode. This mode propagates along a single direction
of the edge so is chiral and decays exponentially with distance
away from the edge. Different from the MZM bound to the
7 flux in the above sections, the asympototic behavior for the
edge Majorana modes has no power law decay factors in front
of the exponential decay factor e 1A/l

For the lattice Kitaev model Hamiltonian Eq. (6) with an
infinite straight edge, however, the Hamiltonian has the form
of Eq. (19) and from last section, the Majorna mode must have
zero energy. The chiral edge modes with finite energy obtained
from the continuum model are then not Majorana modes in the
lattice model. Only the edge mode with k, = 0 is a Majorana
mode in the lattice model which decays with the distance to
the edge as ~ e~ 1A%/,

In conclusions, we studied two types of defect induced
Majorana zero modes in the ground state of the Kitaev model
that decay exponentially in space and can be easily manipu-
lated for braiding in quantum computing. In both approaches,
we first applied a weak uniform [111] magnetic field on the
Kitaev model which turns the Kitaev model to an effective
px -+ ipy superconductor of spinons. We then studied two spe-
cific defects, one is a vacancy in the Kitaev model, the other
a polarized spin. Both defects correspond to a topologically
trivial spot in the topologically non-trivial Kitaev system. We
showed that both the single site vacancy and the fully polar-
ized spin bind a vortex in the ground state at weak uniform
[111] magnetic field. In both cases, the vortex results in a Ma-
jorana zero mode that decays exponentially in space and is
robust against local non-magnetic perturbations and other Ma-
jorana zero modes far away. This is in contrast to the Majorana
zero modes bound to pure gapless Kitaev model with vacan-
cies. The Majorana zero modes we discussed in this work are
then potential candidates for braiding in quantum computing.

Though the realization of the Kitaev model in real mate-
rials is still challenging, it is possible to be realized in a cold-
atom system.?) At the same time, the fast development on
single-site microscopy in optical lattices makes it promising
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to achieve and manipulate the Majorana zero mode we dis-
cussed in this work, especially through the locally polarized
spin in the Kitaev model. In such case, a braiding procedure
of Majorana zero modes may be performed according to the
scheme discussed in a p-wave superconductor in Ref. [30].

Note After finishing writing this paper, we noticed
Refs. [33-35] which discussed the effects of a local magnetic
impurity coupling to the pure Kitaev model. These works
mainly focus on the Kondo effect of the system and the im-
purity screened state of such system has some similarity with
the system we study in this work but not exactly the same.

Appendix A

In this appendix, we show the derivation of the equations
that the zero mode satisfies in the Kitaev model with a va-
cancy, and the results that with # = 0 and a vacancy on a single
B site as shown in Fig. 1(a), the amplitude of the zero mode
is nonzero only on the A sublattice for both the flux free and
flux-threading cases. Whereas for a vacancy on a single B
site but with three local magnetic fields 2% on the neighboring
sites o = x,y,z as shown in Fig. 1(c), the amplitude of the zero
mode locates only on the B sublattice and the three o sites at
t=0.

We first consider the case with only a vacacncy site with-
out local magnetic field. The lattice configuration is shown in
Fig. 1(a) in the main text and the vacancy is on a B sublattice
site. For simplicity, we label the Majorana fermion field ¢ on
the sublattices A and B as 4; ; and 1317 j» Tespectively in this ap-
pendix. In the flux free case, the Hamiltonian Eq. (5) can then
be written as

H= =iy (el i1 jo1 + 3 jbiyr j+Jean b )
(1,))

1Y (Bbu i joy+ Db jar j+J:by ja )
()

it Y (—ar g g1 +ar a1 — arjdi
(%))

+ay jay jy1 — g jArj + A jdrgj-1)
+it Y (by by jo1 —bijbi—1,j+bijbioy j1
(L,J)

- 1;1,,'1;1,,/'+1 + Z’l,jl;lJrl,j - 131,,;31+1,j71 )- (A1)

The zero mode satisfies Ay = 0, and ) may be expressed
as Jp = Yo+ blﬁjl;l,j, where a; ; and b, ; are the coef-
ficients of the fields 4; ; and l;lh,- on the A and B sublattices,
respectively. From the Hamiltonian matrix in the above, it is
then easy to obtain the equations the zero mode satisfies:

(a1 jrr+Jyary j+Jzar j)
—t[(brj+1—brj-1) + (bi—1j—bi-1,j+1)

+ (big1,j—1 —bi41,5)] =0, (A2)

(Sxbrgr,j—1 +Iybigr j+J2by )
—t{(arj1—arj1)+ (a1 ;a1 1)

+(ar1,j-1 —aiy1,)] = 0. (A3)

These equations hold true everywhere except near the vacancy
with [, j = —1,0, 1. Near the vacancy, the zero mode satisfies
the boundary condition in the main text, i.e., (a) Eq. (A2) does
notexist at (1, j) = (0,0); (b) for other /, j = —1,0, 1, Egs. (A2)
and (A3) are satisfied with the amplitude by o = 0.

Att =0, The above zero mode is not solvable analytically
for finite ¢. But at r = 0, the zero mode may be solved by di-
viding the lattice to two parts / > 1 and / < —1, and matching
the boundary condition at / = 0,1,—1. This zero mode was
solved in Refs. [24,25] for the flux free case. We recapitulate
the process here briefly and show some of the detailed deriva-
tion that is absent in the reference but also needed to study
the case with local magnetic fields. For simplicity, we only
consider the isotropic gapless case J, = J, = J, = J here.

At t = 0, Egs. (A2) and (A3) may be solved sep-
arately in the / > 0 and / < —1 regions. In these re-
gions, the system has translation symmetry in the j direc-
tion. By a Fourier transformation a; j = Y, a; (k)eikj,blyj =
Yibi(k)e'* k=2am/N,m=1,2,...,N, one gets

ay(k) = [~ (1+ &™) ao (k),

bi(k) = [—(1+ e 5) 7 Dpy (k), (A4)
for/ > 0 and

aj(k) =[—(1+ ™) a_y(k),

bi(k) = [—(1+ e 5) 7 Dp_y (k) (A5)

forl < —1.

To have a decay solution, the recursion factors of both
a;(k) and b;(k) need to have modulus less than one. From the
above recursion relationships, one can see that the decay range
of k for the coefficients a;(k) (or b;(k)) at{ >0 and [ < —1 is
complementary. And the decay range of a;(k) corresponds to
the increase range of b;(k) so a;(k) and b;(k) cannot both be
nonzero for a given k.

Here ag(k),a_;(k),bi(k),b_1(k) are determined by
matching the boundary condition. In the flux free case, the
boundary condition for a@; ; is a1 j+a_1 1 +ao; =0 ex-
cept for j=0,1i.e.,

Y eWlao(k) +(1+e a1 (k)] =0, j#£0.  (A6)
k
This results in ag(k) + (1 + e'*)a_;(k) = const. since the
Fourier transformation of a & function is a constant. From
the above analysis, for a given k, only one of ag(k) and a_ (k)
may be nonzero.

The boundary condition for b; ; in the flux free case is

bij+b1j1+by;=0, j#0,
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bO’j+b0’j+1 +b—1,j+1 = 07 ]7&07_17

bio+bi—1=0,bo1+b_11=0,byp_1+b_19=0. (A7)

These correspond to the following equations for b;(k):
Y e lbo(k) + (14" )bi (k)] =0, j #0, (A8)
k
Y Moy (k)e™ + (1+ e )bo(k)] =0, j#0,~1, (A9)
k

Y (1 +e F)bi(k) =0, Y e¥[bo(k) + b1 (k)] =0,
k

k
Y [e o (k) +b_1 (k)] = 0. (A10)
k
This results in
bo(k) + (14 e~ *)by (k) = const., (A1)
b_1(k) + (14 e~ *)by(k) = const., (A12)

Y (1+e ™)bi(k) =0, Y e™[bo(k)+b_1(k)] =0,
k k

Y [e *bo(k) +b_y (k)] =0.
k

(A13)

These equations, together with the condition that b_ (k) and
by (k) cannot both be nonzero for any given k, result in by (k) =
by (k) = b_1(k) = 0 for all k which leads to b;(k) = 0 for all /,
i.e., the coefficients of the zero mode on the B sublattice must
be zero at t = 0.

The amplitude of the zero mode is then nonzero only on
the A sublattice, i.e., the sublattice opposite to that of the va-
cancy site. One can then choose ag(k) = @[1 — |f(k)|] and
(14 e'®)a_; (k) = O]|f(k)| — 1], where f(k) = 1+ ek, The
zero mode in this case may then be solved from the recur-
sion relationship of a; (k) and the initial condition of ag (k) and
a_(k) in the above, and then inverse Fourier transformation
to the real space, as shown in Refs. [24,25].

We next consider the case with a flux threading the va-
cancy.

In this case, the recursion relationship for ¢;(k) and b; (k)
in Egs. (A4) and (A5) still holds. However, the boundary con-
dition at = —1,0, 1 becomes

a-y,j+a- j+1 —sign[jlag; =0, j#0,
by,j+ b1 j—1 —sign[jlbo; =0, j#0,
bo,j+boj+1+b-1jr1 =0, j#0,~1,
b1o+b1,-1=0, bo1+b_11=0,

by _1+b_10=0. (A14)

Since the recursion relationship in Eqs. (A4) and (AS5)
still hold, the constraint that b_;(k) and b;(k) cannot both
be nonzero for a given k still works. Yet due to the flux, the
boundary condition Eq. (A11) for the B sublattice is no longer
true. However, it is easy to see that the solution b;(k) = 0 and
so b;; = 0 still hold for the B sublattice. The amplitude of the

zero mode then still locates only on the A sublattice in this
case.

At last, we consider the case with a flux threading the va-
cancy and three local magnetic fields A% acting on the three
neighboring « sites as shown in Fig. 1(c).

In this case, there are three local magnetic fields acting
on the A sites of unit cell (0,0),(—1,0),(—1,1). The Majo-
rana fields ¢ on these three sites then couple not only to the
¢ field on the neighboring B sites, but also the I;g Majorana
fermion on the same site. The recursion relationship at / > 0
and / < —1 still holds. But the boundary condition the zero
mode satisfies near the vacancy then becomes

a_i,j+a-y j41—signljlag,; =0, j#0,
b1,j+b1j-1—sign[jlbo,; =0, j#0,
boj+boji1+b-1j41=0, j#0,—1,
b1o+b1—1+(0G)b5 =0, bo,1 +b_11+(0p)b" 1 ; =0,
bo.—1+b-10+ ()" | 4 =0. (A15)

Here (of') =1/ V3, @ = x, y, z is the magnetization of the
spin on the site 0, bf‘j is the amplitude of the 5% Majorana field
on the A sublattice of unit cell (/, j). From Eq. (A15), we see
that due to the local magnetic field on the three o sites, the
amplitudes b_; ;, by ; on the B sublattice are no longer zero
since the local magnetic field results in finite bf‘j on the three
o sites. This results in finite b_; (k) and finite b; (k). Since the
decay range of k for a;(k) and b; (k) is complementary, a finite
by (k) results in zero of a;(k). For the reason, the amplitude a;;
of the zero mode on the A sublattice in this case is zero, as
obtained in our numerics. Note that the amplitudes bf).o’ b,
b’ | , we obtained on the three A sites neighboring to site 0 are
finite, but they are amplitudes of the bond Majorana fermions,
not the matter majorana fermions b; -
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