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Using a single-mode approximation, we carry out the entanglement measures, e.g., the negativity and von Neumann
entropy when a tetrapartite generalized GHZ state is treated in a noninertial frame, but only uniform acceleration is consid-
ered for simplicity. In terms of explicit negativity calculated, we notice that the difference between the algebraic average my
and geometric average I, is very small with the increasing accelerated observers and they are totally equal when all four
qubits are accelerated simultaneously. The entanglement properties are discussed from one accelerated observer to all four
accelerated observers. It is shown that the entanglement still exists even if the acceleration parameter r goes to infinity. It is
interesting to discover that all 1-1 tangles are equal to zero, but 1-3 and 2-2 tangles always decrease when the acceleration
parameter » increases. We also study the von Neumann entropy and find that it increases with the number of the accelerated
observers. In addition, we find that the von Neumann entropy Sagcpi, Sascipi» SaBicipr and Samsicipr always decrease
with the controllable angle 6, while the entropies S3_3 nons> $3—2 nons S3—1 non and S3_¢ non first increase with the angle 6

and then decrease with it.

Keywords: tetrapartite, generalized GHZ state, entanglement measures, dirac field, noninertial frames

PACS: 03.67.—a, 03.67.Mn, 03.65.Ud, 04.70.Dy

1. Introduction

The concept of entanglement introduced by Einstein,
Podolsky, Rosen!!! and Schrodinger!®3! in 1930s has become
an important topic in quantum information since the shared en-
tangled qubits support us to perform some quantum mechani-
cal forms of communication, e.g., quantum dense coding and

[4-10] This is because the non-locality is

quantum teleportation.
one of its most important characteristics. Among the different
kinds of description for the degree of the entanglement, the
negativity ! 12 and its relevant whole entanglement measures
including the algebraic and geometric averages!'?! are often
used to study the degree of the entanglement. The von Neu-
mann entropy!'*"1%! is also applied to study the entanglement
property of the entangled quantum system. Up to now, a num-
ber of authors have worked out the bipartite and tripartite sys-

10.17-24] 1y recent

tems except for many multipartite systems.|
years, many endeavors were devoted to the inertial quantum
properties, and a lot of interesting contributions in the noniner-
tial frames have been made, >!>>=*1 in which the general rel-
ativity, quantum field theory and quantum information theory

13.211 This is because the non-negligible

have been combined. !
effects of relative motion have occurred in noninertial frame
on quantum dynamics. Moreover, the relativistic field theory

provides not only a complete theoretical framework but also an
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essential theory for many potential experimental setups. From
these works mentioned above, it is recognized that the entan-
glement is degraded when the observer is moving in an ac-
celeration. Since the tripartite entangled state was studied, !
a lot of papers focused on some certain states, e.g., the GHZ
state, the W-state and other relevant entangled states. Along
with this line, we have carried out the entanglement measures
of the tripartite and tetrapartite systems initialed in the pure
or mixed states such as the GHZ, the W-class and the Werner

[40-471 Among them, the tripartite

states in noninertial frame.
entanglement measures for a generalized GHZ state including
apolar angle 8 have been explored in the noninertial frame. 4]
In this work, we are going to investigate the tetrapartite entan-
glement measures of a generalized GHZ state when the ob-
servers are moving in a uniform acceleration. Four different
cases, i.e., the observer accelerated from one to four will be
studied. The corresponding negativity, the algebraic and geo-
metric averages as well as the von Neumann entropy will be
calculated accordingly.

This work is organized as follows. We present in Sec-
tion 2 the corresponding density matrix of the tetrapartite sys-
tem initialed in a generalized GHZ state. In Section 3, start-
ing with the density matrix, the negativity (1-1, 2-2 and 1-3
tangles), the algebraic and geometric averages m4 and Il are
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calculated. The von Neumann entropy is studied in Section 4.
We finally present the conclusions in Section 5.

2. Tetrapartite entanglement from one to four
accelerated observers

The initial generalized entangled GHZ state to be consid-
ered here has the form

|We) apcp = €05 0]0000) +sin6]1111), 6 € [0,7/2]. (1)

The subscripts A,B, C and D denote Alice, Bob, Charlie and
David, respectively. This state becomes maximally entangled
GHZ case when 6 = 7 /4. Its degree of entanglement depends
on the controllable angle 6, but it is not entangled any more
when 6 =0and 6 = 7/2.

To study its entanglement property in the noninertial
frames, as shown in Refs. [48-50], we use the Rindler coordi-
nates to describe a family of observers in a uniform accelera-
tion. Dividing Minkowski space-time into inaccessible regions
I and II makes the accelerating observers in region I naturally
disconnect from their analogous counterparts located in region
II. The Minkowski vacuum state can be expressed by a prod-
uct of two-mode squeezed states of the Rindler vacuum. In this
work, using a single-mode approximation?!-38:401 rather than
the general non-single-mode approximation,®*?! in which
Shi and his co-authors have first constructed the vacuum and
one-particle structure states in the Kruskal modes and then
studied the quantum coherence in a curved space time and
the Bell correlation via quantum partially collapsing measure-
ment, the transformations between both the coordinated sys-
tems for the fermion field can be expressed as the following

form: [21:27.38.40]

0w, ) = €087 |04, ) 1 [0, )y 4 sinzi [ Ly )y [ 1) g »
\lw,->M = ‘lwi>I|Owi>H’ @)

where cosr; = (14 e~27@¢/4)~1/2 Here, a; denotes the ac-
celeration of the i-th accelerated observer and w; is its re-
spective frequency. For the acceleration a; € [0,0), one has
ri €[0,m/4). As treated in our recent work about the tripar-
tite case,!*# only monochromatic mode case wa p.c.p = W
and uniform acceleration aa g, ¢, p = a are considered for sim-
plicity. Thus, we have ro = rg = rc = rp = r. To show how
to expand the |1//g> ABCD
an explicit expression for the accelerated observer, say David,

in the Rindler coordinates, let us give

1.e.,

| l/’g>ABCDIDH = cos Bsin(r.)|04080¢ Iprlpm)
+ cos 6 cos (rc) [0A080cOpiOpr)

+sin @ [1a1p1c1piOpm) - 3)

As mentioned above, the observers are confined to move
in the region I so that it is natural to trace out the part of the

antiparticle state in region II. We shall study this entanglement
system in four different cases.
1) When David is accelerated and its density matrix

PABCDI = | We) ABCDI - ABCDI(We| can be calculated. For sim-
plicity, we only write out explicitly its nonzero elements

ar1 = B*Y, aie =ais1 = aBy,
ary = B28%, aig16 = &, @

where and hereafter @ = sin(0), B = cos(6), 6 = sin(r) and

¥ = cos(r).
2) When Charlie and David are accelerated, the corre-
sponding nonzero elements are found as

ay = ﬁ27’4, ajle = dlel = 0‘37’2,

ary = az3 = B*8%, asa =B, awie=0a*. (5

3) When the observers Bob, Charlie and David are accel-
erated, the nonzero matrix elements are given by

ai = B°7, are=aie1 =B’¥8,

ayy =azz = ass = 0y,

aq4 = dee = a77 = 054.3272a

agg = 0°Y’, aje16 = 6°. (6)

4) When all observers are accelerated, the nonzero matrix
elements are

ai =B*7, a6 =aie1 = afy’,

ax2 = az3 = ass = agy = BY° 57,

Q44 = A6 = A77 = 41010 = d1111 = d1313 = /327/454,
ags = a2 = aia1s = aisis = 7 8°,

aig1s = o’ + 8. )

In what follows, we are going to make use of these results
to calculate the negativity and von Neumann entropy.

3. Negativity and whole entanglement measures

The negativity as one of the entanglement measures for
describing the entanglement property of the entangled systems
is defined by Ny (gys) = ||p§?‘5y5)|\ —1land Nyg = Hpggﬂ -1,
which represent the 1-3 tangle and 1-1 tangle entanglements,
respectively. Here we use symbols Hp;?‘ﬁyﬁ)ﬂ and ||p$g|| to
denote the trace-norm of each partial transpose matrix. For a
Hermitian operator O, the quantity ||O|| = trv/O070,15% and
thus one has ||M||— 1 = 2YN  |A{7|!, where A\, are the
negative eigenvalues of the corresponding matrix M. Now,
our main task is about to find the negative eigenvalues of each
density matrix, which are used to study the negativity includ-
ing the 1-1, 1-3 and 2-2 tangles.
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After tedious calculation, the explicit expressions of 1-3 tangles are given by

Nascpry = sin(26)cos(r),

1 i
Npi(aBc) = f{[cosz(e)[cos(26)(—20005(2r)+cos(4r)— 13)+2(cos(2r)+3)2]}

4
Nacipr) = sin(20) cos*(r),

?_4cos?(8) sinz(r)}, ®)

Npi(acr) = 1{ cos?(0)(cos(4r) —1)+2 {0052(6) cos*(r)[—8cos?(8) cos(2r)

8

1/2
+ cos(260)(cos(4r) —29) +cos(4r) + 35]} },

©))

Nagicion = \/sin2(20)cos6(r)4—cos4(9)sin12(r)—cosz(e)sin6(r)7

Ngi(acior) = l{\fZ [cosz(e) (— cos(’(r)) [63c0s(28) + cos?(8)(cos(2r) +2cos(4r) — cos(6r)) — 65]

8
_ gcosz(e) sinz(r) cos4(r) },

1/2

(10)

Naisicon = 1 { cos*(0)(4cos(4r) +cos(8r) — 5) 4 8{cos>(0) cos*(r)[2cos(20) (2 cos(2r) 4 cos(4r) + 5)(—6cos(2r)

64

+ cos(4r) —3) +52cos(2r) + 24 cos(4r) — 4cos(6r) + cos(8r) + 55}}1/2}, 11

where

Nascpr) = Ne(acpr) = Ne(ap);
Nascipn = NB(acip)s

Npi(ascr) = Nci(apr)

Ngi(acipr) = Nci(asipr) = Npi(asicr)

Nay@icion = Ni(arcion = Nerasipn = NpiaiBicr) -

Even though 2-2 tangle defined by Nyg(ys) =

T . .
| |Paglzy3) || — 1 has no any direct relation to the whole entangle-
ment measures, as before we present them for completeness,

i.e.,
Nag(cpr) = sin(28)cos(r),
Nag(cIp1) = \/cos4(6)sin8(r)+sin2(26)cos4(r)
— cos?(0)sin*(r),
NADI(BCI) = sin(26)c0s2(r),

Napi(cipn) = %{ [cosz(e) cos*(r)[~221cos(26)
+2c0s%(0)(28 cos(4r) — 8cos(6r) +cos(8r))
1 8(25 — 39¢0s(28)) cos(2r) +291]} 2
—16c0s2(0) sin(r) cosz(r)},

Naicion = cos*(r) [sin(29) —2cos*(0) sin4(r)] . (12)
Also, we observe some useful relations

Nag(cpr) = Nac(spr) = Nec(apr) = Napi(sc)
= Ngpi(ac) = Ncpi(as)»

Nacipr = Nabpiser) = Neci(apn) = Nepi(aci);

Nag(cipr) = Ncipi(AB)s
Nagi(cion = Nacisipr) = Npici(apr) = Napisicr)
= Nppi(acr) = Ncipi(asi)
Naisi(cipry = Naicisipr) = Meici(aipr) = Nai(sicr)

= Ngpi(aict) = Neipi(aisl)-

Except for these, we observe that all 1-1 tangles, which
include the Ny¢, N r and Ny ¢, [x, ¢ € (A,B,C,D)], are equal
to zero. This implies that there is no any entanglement be-
tween any two qubits. This result is different from other cases
such as the initial entangled W-class state, [38,3946] i which
the entanglement 1-1 tangles are never equal to zero.

As shown in Fig. 1 about the 1-3 tangles, we find that
they first increase with 6 and then decrease, but they always
decrease with the increasing acceleration parameter r. How
to explain this phenomenon? As we know, the degree of en-
tanglement for the whole entangled system becomes weaker
as the acceleration parameter r increases so that the entangled
tetrapartite system becomes more disordered and less stable.
We also notice that the entanglement of all them has never
been disappeared even in the particular case r — /4. On the
other hand, we observe that the Ny(gcpr) is symmetric with
respect to 6 = 7 /4, but there is no such a symmetry for other
negativities Ngacipn)» NciaBpn Neiacipn and Naygicipr-

Based on the obtained negativity, let us study the whole
entanglement measures. One of them is called the algebraic
average m4. Among the four components, the respective defi-

nition has the following form:*

2 2 2 2 2
e = Ni(gog) ~ Nieg = Nio = Nig = Ngoz), (13)
_ A2 2 2 2 aA72
Mg =Ngeoz) ~New = Ngg = Neg = Ny (14)

030303-3



Chin. Phys. B 31, 030303 (2022)

2 2 2 2 2
7o = Noge) = Now = Nog =Nog = Nywgeyr - (19

_ A2 2 2 2 _ A2
e = Ne(xgo) = New =Neg =Neg = Ne(xgg)y - (16)
from which we are able to calculate the algebraic average

My as My = (W4T + M+ 7 ) /4. We plot in Fig. 2 the
algebraic averages TaBcDI), ADI(ABC)> TA(BCIDI)> ZCI(ABDI)

Na®Bcon
o -

T A(BXCXDQ

TA(BICIDI)> TTBI(ACIDI) and TAI(BICIDI) as the functions of both
angle 8 and acceleration parameter r. The 7a, g, 7ic, and 7p,
which include different number of the accelerated observers
are displayed in Fig. 3. Beside this, another whole entan-

glement measurement is named as the geometric average!>!
1/4
Iy = (meme yme)

Fig. 3. Algebraic average measure 74 and geometric average measure IT as the functions of both angle 6 and acceleration parameter r: (a) and

(b) for only one observer accelerated; (c) and (d) for two observers accelerated; (e) and (f) for three observers accelerated; (g) and (h) for all
observers are accelerated.
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We show the algebraic and geometric averages 74 and Iy
in Fig. 3 and notice that the difference between them is very
small. This means that either 74 or Il; can be used to describe
the entanglement property of this system. How to explain this
phenomenon? It is known from Egs. (13)—(16) that two (two
accelerated qubits) and three (one or three accelerated qubits)
of algebraic averages Ty, 7z, Ty and 7g are equal to each other
if considering the symmetric properties of the negativity. This
results in a small difference between the algebraic average and
the geometric average. In particular, they are totally equal for
the particular case, i.e., the four qubits are accelerated simul-
taneously.

4. The von Neumann entropy

To know the information measure for an entangled quan-
tum system, let us finally study the von Neumann entropy°®!
Zl logy A,

§=-Tr(plog,p) = (17

where A() denotes the i-th nonzero eigenvalue of the density
matrix p.

In what follows, we are going to present eigenvalues of all

l(lvz) —

1
AIBICIDI — 550

bipartite, tripartite subsystems and tetrapartite systems, i.e.,

28 = Aape = cos’(8),
28 = Mipc = sin*(6),
l/(xi)l = AABDI = cosz(e) (r)7

lg)l = )“ABDI = 0052(9) (r)7

Ayt = Ay = sin’ (6), (18)
lé%l = cos?(0)cos*(r),
lgDz’I) = cos?(8) sin®(r) cos(r),
)“((241‘1))1 = sin*(0) + cos?(0) sin*(r), 19)
)ngngI = cos”() cos™(r),
ll(fcim = cos?(8) sin®(r) cos>(r),
)“1(:ng1 = cos?(0)sin*(r),
AL, = sin?(6), (20)
)”BICIDI = cos’(8) cos’(r),
léglél = cos?(0)sin®(r) cos* (r),
it = cos™(8) sin (1) cos” (),
lBICIDI = sin’(0) 4 cos?(6) sin’(r), 21

—29cos(26)+ 2cos? (0)(28cos(4r) + cos(8r)) $4{ 16cos(40) sin4(2r) (cos(4r)+7)

1/2
— 16¢0s(280) sin(2r) (16 cos(4r) -+ cos(8r) +47) + 301 cos(4r) + 46 cos(8r) + 3 cos(12r) +674} +99],

A (3,4,5,6)
AIBICIDI

where the symbols F appearing in l/(\lI’BEI)CIDI correspond to
A SI%HCI and lﬁ%la, respectively. The eigenvalues of the bi-
partite subsystems Sarpr (Saicr) are as same as those given by
peict- The nonzero eigenvalues of ppc, are as same as those
of pac;, and so are other cases.

S ABICIDI
S arBICID!

Fig. 4. The von Neumann entropies Sapcpr, SABCIDI> Sasicipr and
Samsicipr plotted as the functions of both parameters.

As displayed in Fig. 4, we see that the von Neumann en-

= cosz(e)sinz(r) cos(’(r), lggl"g’llgl’“’lz) :cosz(G)sinél(;’)cos“(r)7 llgllgllél’]l)sl’h") :c0s2(9)sin6( )cos (r), 22)

\
tropy becomes larger with the increasing number of acceler-
ated observers. This is because the entangled system becomes
more disordered and less stable as the accelerated observers
increase and the quantum correlation among them becomes
stronger. In general, the entropy increases with the increas-
ing acceleration r but does not always increase with it. For
example, as illustrated in Fig. 5, we notice that the entropies
S3-0 non and Sz_g non are totally independent of the accelera-
tion parameter r. Here we denote the number of the acceler-
ated observers by the subscripts 0,1,2,3-non. Let us explain
this. As we know, the entropies S3_¢ non and S2_¢ non corre-
spond to a particular case, i.e., without acceleration, and thus
it is not strange that they are independent of the acceleration r.
On the other hand, we observe for 6 > 7/8 that the S3_3 non
and S>_7 non first increase with the acceleration parameter r
and then decrease with it, but S3_2 non, S3—1 non»> and S2_1 non
always increase with the acceleration parameter ». How to ex-
plain this kind of phenomenon? When the tetrapartite system
is reduced to a tripartite system with all three accelerated ob-
servers, these entropies first reach a maximum value and then

030303-5
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decrease when the acceleration r increases. This implies that
the stability of this entangled system is closely related with the
controllable angel. This system will pass through a most dis-
ordered state and then gradually decreases with the increasing
r. However, this did not occur only if one of three qubits, say
S3-2 non»> S3-1 non» and S>_1 non, Was not accelerated. In addi-
tion, we find that the von Neumann entropy Sapcpi, SABCIDIS
Sasicior and Samsicipr always decrease with the controllable
angle 6, while the entropies S3-3 non> S3-2 non» S3—1 non and
S3-0 non first increase with the angle 6 and then decrease with
it, but S3_¢ non and S2_g non are symmetric to the variable 6.
Let us explain these interesting phenomena. For a fixed accel-
eration r # 0, as shown in Fig. 4, the von Neumann entropy of
the whole entangled system changes gradually from the most

disordered state (the controllable angle 6 ~ 0) to a stable state
(@ ~ m/2). On the contrary, that of the tripartite system in
which one of four qubits disappears is different from that of the
whole tetrapartite case (see Fig. 5). These tripartite entropies
will arrive to the most disordered state around 6 ~ 7 /4 (ex-
actly 7 /4 for the particular cases S3_¢ non and S2_¢ non) When
the controllable angel 6 increases from the initial value of zero
and then becomes more stable when it reaches to 6 ~ /2.
This can also be explained by the fact that the initial GHZ state
becomes maximally entangled when 68 = 7 /4 as mentioned in
Section 2. This means that the degree of entanglement in tri-
partite case is totally different from the tetrapartite case when

one of the qubits disappears.

Flg' 5. The von Neumann entrOPieS 83-3 non> $3-2 non»> 31 nons $3-0 non> $2—2 non»> S2—1 non and $2-0 non-

5. Concluding remarks

In this work, we have calculated the negativity (say the
1-1, 2-2 and 1-3 tangles) of the generalized tetrapartite GHZ
state. Based on these results, the algebraic average and geo-
metric average m4 and I'ly are computed. It is seen that all 1-1
tangles are equal to zero. This is different from the entangled
W-class case, 383! in which there exists an entanglement sud-
den death. When compared between the arithmetic average 74
and the geometric average I, it is found that their difference
is very small. This implies that one of them can be used to
describe this entangled system.

As far as the von Neumann entropy, we have noticed that
it increases with the increasing number of accelerated qubits
and first increases and then decreases with the angle 6. Gen-
erally speaking, the von Neumann entropy for the tetrapartite
system increases with the acceleration parameter r but that of
the tripartite, say S3—3 non and S>—3 non, does not always in-
crease with it. The S3_g pon and S>_q non are independent of
the acceleration parameter » and symmetric to variable 6.

Before ending this work, we are going to give a few use-
ful remarks. Firstly, compared the present results with those

44

of the tripartite case,** it is found that the results obtained

here are more complicated than those in the tripartite case.
For example, the expressions of the respective density matrix
in tetrapartite entangled system become more complicated be-
cause of the increasing number of qubits. This is the reason
why we do not write them out explicitly in this work unlike
the tripartite case.[**! On the other hand, the 1-3 and 2-2 tan-
gles do not exist at all for the tripartite case. Undoubtedly,
the results obtained in this work will reduce to those of tripar-
tite case when one of entangled qubits, say David, disappears.
Secondly, the von Neumann entropy in tetrapartite system be-
comes larger than that in tripartite case because of the increas-
ing of the number of qubits. Thirdly, with respect to the recent
study in Refs. [51,52], it is possible to consider in the future
how to carry out the entanglement properties of this system
when the general non-single-mode approximation is used.
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