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The scattering matrices of e+N+ with Jπ = 1.5+ in discrete energy regions are calculated using the eigenchannel
R-matrix method. We obtain good parameters of multichannel quantum defect theory (MQDT) that vary smoothly as the
function of the energy resulting from the analytical continuation property of the scattering matrices. By employing the
MQDT, all discrete energy levels for N could be calculated accurately without missing anyone. The MQDT parameters
(i.e., scattering matrices) can be calibrated with the available precise spectroscopy values. In this work, the optical oscillator
strengths for the transition between the ground state and Rydberg series are obtained, which provide rich data for the
diagnostic analysis of plasma.
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1. Introduction
Atomic energy levels and optical oscillator strengths, par-

ticularly for Rydberg states, are crucial physical parameters
in many physics fields, e.g., astrophysical spectroscopy,[1–3]

diagnostic analysis of plasma,[4,5] quantum information
processing[6–8] and so on. Specifically speaking, optical oscil-
lator strengths between energy states are important for the un-
derstanding of energy balance and the rate of radiative decay
in various types of astrophysical and laboratory plasma.[9–11]

With the determination of line intensity ratios, the electron
temperature, electron density and elemental abundances in
plasma are indicated. In some special plasma environments,
the radiation of Rydberg states cannot be neglected, e.g., the
hot dense plasma.[12,13] Higher requirements are put forward
for the richness of atomic energy levels and optical oscilla-
tor strengths. Although experimental measurements in spec-
troscopy have already made large promotion, they still can-
not completely avoid absolute discrepancies. Therefore, pre-
cise theoretical calculations need play an indispensable role in
atomic energy levels and optical oscillator strengths.

While traditional atomic structure calculation methods,
such as the configuration interaction[14] (CI) method and
many-body perturbation theory[15] (MBPT), are generally be-
lieved that the computational costs are too expensive for Ry-
dberg states. Fortunately, there is a correlative relationship
between the atomic energy levels and corresponding electron–
ion collision processes in terms of the analytical continuation
property of the short-range scattering matrices.[16–18] Depend-
ing on this property, the eigenchannel based on a relativistic

R-matrix (R-R-Eigen)[19–21] could provide the required atomic
data mentioned above with adequate precision. In the scenario
of an R-R-Eigen, a half-collision model where it could be re-
garded as an ion in low-lying excited states combined with an
incident electron in the bound orbital or the continuum orbital
composes the atomic system. Whatever in the bound or contin-
uum energy regions, the short-range scattering matrices for the
multi-channel process can be calculated accurately. One can
extract the needed physical parameters in multi-channel quan-
tum defect theory (MQDT)[22–26] from the scattering matrices,
i.e., the eigenchannel phase and transformation matrix. Due to
the analytical continuation of the scattering matrices, MQDT
parameters vary smoothly as a function of energy. It is suffi-
cient for us to calculate the scattering matrices with a minority
of energy points in order to obtain good MQDT parameters
for the entire energy of interest. By employing the MQDT, all
energy level positions in discrete energy regions will be pre-
dicted without missing anyone. Furthermore, various electron
dynamics processes in atomic systems can be calculated us-
ing MQDT parameters (i.e., scattering matrices) checked by
precise spectroscopy measurements, such as those of scatter,
optical absorption, and radiation.

Nitrogen is one of the most abundant elements found both
on Earth and in the atmospheres of stars with huge demand for
spectral line diagnosis. As an open-shell element, nitrogen
also is extremely useful for plasma modeling. Previous re-
search works[27–33] on the nitrogen atom have mainly studied
the electronic structures and transitions for low-lying energy
states because of the correlation effect of electrons. How-
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ever, we are able to stretch the energy region to the extent
of high Rydberg states with high precision and less computa-
tional costs using R-R-Eigen. In this work, the nitrogen atom
has been investigated for the specific partial wave Jπ = 1.5+

(+ represents even parity). The present paper is organized as
follows. The MQDT parameters of the selected physical chan-
nels are obtained in Subsection 2.1. The discrete energy levels
of the major Rydberg series are calculated in Subsection 2.2.
In Subsection 2.3, we calculate the optical oscillator strengths
for the transition between the ground state and parts of the
Rydberg series. The partial theoretical energy levels and cor-
responding optical oscillator strengths are exhibited in detail.
Finally, the paper ends with a short summary.

Table 1. Physical channels with corresponding eigenchannels for N system
with Jπ = 1.5+ symmetry.

Index 1 2 3 4 5 6

Physical channels 3P1s1/2
3P2s1/2

3P0d3/2
3P1d3/2

3P1d5/2
3P2d3/2

Eigenchannels 4P3/2
2P3/2

4F3/2
4D3/2

2D3/2
4P3/2

Index 7 8 9 10 11 12

Physical channels 3P2d5/2
3P2g7/2

1D2s1/2
1D2d3/2

1D2d5/2
1D2g7/2

Eigenchannels 2P3/2
4F3/2

2D3/2
2D3/2

2P3/2
2D3/2

2. Theoretical methods and calculation results
2.1. Calculation of the MQDT parameters

The construction of the nitrogen atom system is from the
model of an electron collision with a nitrogen cation. The
wavefunction of the N+ 1 system (i.e., ion with an electron)
is solved by a method that seems like a traditional relativis-
tic R-matrix.[34–37] In the inner region, the scattering system
is treated as the bound state, i.e., the CI expansion of the in-
ternal wavefunction, since there is a strong exchange and cor-
relation effects between the scattering electron and the target
electrons. On the other hand, the incident electron is in the
long-range multipole potential field of the target in the outer
region. We can obtain the exact wavefunction of the electrons
by neglecting the exchange and correlation effects. The in-
ner and outer wavefunctions are connected by the R matrix to
construct the total wavefunction of the N+1 system. Thus, we
can derive the reaction matrices (K matrices) from the N+ 1
electron wavefunction defined on a certain boundary in the re-
action zone. The electron wavefunction in the R-R-Eigen is as
follows:

ψi(E) = ϕi fi(rN+1,E)+
np

∑
j=1

ϕ jg j(rN+1,E)Ki j

+
np+nc

∑
j=np+1

ϕ jΘ j(r0,E), i≤ np, (1)

where np and nc are the number of physical and computational
channels, and Θ j is the corresponding radial wavefunctions

of the N+ 1 electron system. Note that the definitions of the
channels are different from the traditional R-matrix.[38] For the
ith physical channel, the regular and irregular Coulomb wave-
functions, fi(rN+1,E) and g j(rN+1,E), modified by the appro-
priate long-range polarization interactions, cover the entire set
of the one-electron orbitals, with both negative and positive
energy.[23] The scattering matrices Si j are extracted from the
reaction matrices Ki j. We transform the wavefunction into an
eigenchannel representation and the short-range scatter matri-
ces with a specific total angular momentum and parity Jπ are
diagonalized as follows:

Si j = ∑
α

Uiα exp(i2πµα)U jα , (2)

where the eigenchannel phase µα and np × np orthogonal
transformation matrix Uiα are the main parameters in MQDT.
The transformation matrix between the eigenchannels and
physical channels Uiα can usually be characterized as Euler-
type angles[16,22] θk, k = 1, . . . ,np(np−1)/2.

We take account of 12 physical channels in the scat-
tering matrices calculation of N with Jπ = 1.5+ symmetry.
As the scattering energy varies from the bound-state energy
region to the continuum-state energy region, the number of
physical channels increases gradually rises from the mathe-
matical properties of the Coulomb wavefunctions,[39] i.e., 2,
5, 8, and 12 channels are in the four different energy re-
gions, respectively. More specifically, in the energy region
of −0.225 Ry to −0.125 Ry, there are two physical chan-
nels, namely, N+(3P1)s1/2 and N+(3P2)s1/2. In the energy of
−0.125 Ry to −0.06 Ry, there are five physical channels with
three additional channels, namely, N+(3P0)d3/2, N+(3P1)d3/2,
N+(3P1)d5/2. Three extra channels in the eight physical chan-
nels energy region of −0.06 Ry to 0.08 Ry are N+(3P2)d3/2,
N+(3P2)d5/2, N+(3P2)g7/2, respectively. The 12 physical
channels with four additional channels, i.e., N+(1D2)s1/2,
N+(1D2)d3/2, N+(1D2)d5/2, N+(1D2)g7/2, are in the final en-
ergy region of 0.08 Ry to 0.18 Ry. For better identification
of physical channels, we list all 12 physical channels (JJ no-
tation) with their corresponding eigenchannels (LS notation)
in Table 1. Due to the number of physical channels equal to
the eigenchannels in each independent energy region, there are
four transformation matrices Uiα with the same dimension as
the number of eigenchannels, which are represented by 1, 10,
28, 66 Euler-type angles in the four energy regions respec-
tively.

The MQDT parameters Uiα and µα varying via the energy
are shown in Fig. 1(a) and 1(b), respectively. As we see, the
MQDT parameters µα and Uiα vary as functions of the energy
smoothly over the whole energy region, which substantially
reflects the analytical continuation property of the scattering
matrices. Evidently, all of the connections between the identi-
cal channels in the adjacent energy regions belong to the type-I
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connection with weak interchannel interactions.[20] Based on
the analytical continuation property of scattering matrices, all
discrete energy levels can be obtained without missing anyone
in the framework of the MQDT in the next section.
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Fig. 1. Eigen-quantum defects µα , Euler angles θk for Uiα matrix in the
Jπ = 1.5+ symmetry of N. The dashed red lines indicate the connection po-
sition of different channel regions. The zero energy of abscissa represents
the first ionization threshold of 3P0 and all the ionization thresholds of N are
plotted with the dashed blue lines. Note that the labels of channels on the
right are only for eigen-quantum defects µα .

2.2. Calculation of the discrete energy levels

In order to obtain the discrete energy levels, we briefly in-
troduce the MQDT. The energy eigenfunctions are expressed
as the linear combination of eigenchannel wavefunctions, i.e.,

Ψ
Jπ

= ∑
α

Aα ψ
Jπ
α (E), (3)

where the Aα is the mixing coefficient and determined by the
asymptotic boundary conditions. For the discrete spectrum, all
the channels are closed and the boundary conditions require
that energy eigenfunctions are zero at infinity leading to the
following set of equations:

∑
α

Fiα Aα = 0, for all i, (4)

Fiα =Uiα sinπ(νi +µα), (5)

with the effective principal quantum numbers νi defined as

E = Ii−q2/ν
2
i (in Ry), (6)

where Ii is the ionization threshold and q is the charge of the
target ion. The system of linear Eq. (4) has the following com-
patibility condition:

F ({νi}) = det [Uiα sinπ(νi +µα)] = 0, (7)

and the nontrival solutions

Aα =Ciα/

(
∑
α

C2
iα

)1/2

, (8)

where Ciα is the cofactor of the element Fiα of the determinant
|Fiα |, and the choice of index i is arbitrary. The solutions to

Eqs. (5) and (6), i.e., discrete sets of the numbers νi, provide
discrete energy levels of the perturbed Rydberg series.

Utilizing the smooth MQDT parameters, we can solve
Eqs. (5) and (6) to obtain the energy levels that can be com-
pared with the precision spectroscopic measurements to cor-
rect scattering matrices. In our case of the nitrogen atom
with Jπ = 1.5+, three thresholds are involved in the interested
energy region leading to three principal quantum numbers
ν3P0

,ν3P1
,ν3P2

. For the atomic system with more than two ion-
ization thresholds, one can adopt a projected high dimensional
quantum-defect graph (symmetrized), i.e., JHANGZ plot, to
show the results of the graphic method. More precisely, we
use the energy constraint from Eq. (5) to project the problem
of three-dimensional solution of Eq. (6) (i.e., three unknown
variables) to an advisable two-dimensional subspace through
selecting arbitrary two of the three principal quantum numbers
(ν3P0

,ν3P1
,ν3P2

) as known variables. In this calculation, it is
appropriate to select a two-dimensional plot with ν3P0

versus
−ν3P1

as a way of physical understanding. Thus, the ν3P1
is

the known variables with unknown variables ν3P0
,ν3P2

to scan
the energy of ν3P1

. Effective principal quantum numbers are
projected out in Eq. (6) with the following energy constraint:

∆ = ν3P2
−ν3P0

=
[
1/ν3P1

− (I3P1
− I3P2

)/q2
]−1/2

−
[
1/ν3P1

− (I3P1
− I3P0

)/q2
]−1/2

, (9)

where q is the target charge and I is the ionization threshold.
In Fig. 2 (JHANGZ plot), one can see that the seven dif-

ferently colored branch curves determined by mixing coeffi-
cient Aα of the eigenchannel wavefunction represent the dif-
ferent eigenchannel effective phase shifts solved by Eq. (6).
There are four quasi-horizontal differently colored branch
curves, including black, red, orange and purple, which rep-
resent channels with 3P0d3/2(

4F), 3P1s1/2(
4P), 3P2d3/2(

4P),
3P2d5/2(

2P), respectively. On the other hand, three quasiperi-
odic resonant colored branch curves, blue, pink and green, rep-
resent channels with 3P1d3/2(

4D), 3P1d5/2(
2D), 3P2s1/2(

2P),
respectively. The dashed lines are the Rydberg relationship be-
tween the projected ionization thresholds 3P0 and 3P1. What is
more, the crossing points between the dashed lines of the Ryd-
berg relationship and solid curves of the seven colored branch
curves are the theoretical energy level positions for the rele-
vant eigenchannel. We have labeled the theoretical energy lev-
els with various symbols, i.e., black circle, red triangle, blue
five-pointed star, pink pentagon, green square, orange inverted
triangle and purple rhombus, representing each eigenchannel
determined by the corresponding color, respectively. The ab-
scissa is the principal quantum number identified by Eq. (5)
for the different eigenchannel. It is noted that discrepancies of
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tunnel depth in the multi-electronic system result in diverse ν

of s wave and d wave channels (decided by the different types
of the incident continuous electron). For the condition of N
with Jπ = 1.5+ symmetry, the 65 experimental values in the
NIST[40] and corresponding existing theoretical values under
these projection thresholds are labeled in Fig. 2. Compared

with available experimental data, the precision of the short-
range scattering matrices is estimated to be within 2%. In
this framework, one can systematically obtain all energy lev-
els without missing anyone by employing the MQDT, rather
than calculating energy levels one by one like in traditional
methods.
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Fig. 2. Projected high-dimensional quantum-defect graph. Quantum-defect −ν3P0
(mod 1) versus ν3P1

plot of N Jπ = 1.5+ partial wave. The
dashed cyan lines are the Rydberg relationship between the two ionizations of 3P0 and 3P1. The differently colored solid curves indicate F = 0,
i.e., Eq. (6). The crossing points between the solid curves and dashed lines are the positions of theoretical energy levels. The corresponding
energy level positions are labeled with different types of symbols. i.e., black circles are d wave 4F, red triangles are s wave 4P, blue five-pointed
stars are d wave 4D, pink pentagons are d wave 2D, green squares are s wave 2P, orange inverted triangles are d wave 4P and purple rhombuses
are d wave 2P. All theoretical energies results are indicated as solid symbols, and available experimental energies are presented by the open
symbols for comparison. Note that the energy grid at the top is not equidistant, but increasingly dense.

2.3. Optical oscillator strengths

After obtaining the exact eigenchannel wavefunction, op-
tical absorption and radiation of atomic systems can be inves-
tigated. The optical oscillator strengths (OOSs) of n-th state
could be derived from the mixing coefficient for the different
channel via

fn =
2(En−E0)

[
∑α Dα A(n)

α

]2

N2
n

, (10)

where E0 and En represent initial state energy and final state
energy, Dα is the reduced dipole matrix element, which can be
calculated using R-R-Eigen procedure,[19] and A(n)

α is the mix
coefficients of eigenchannel. N2

n is the normalization factor
that can be expressed as[22,24]

N2
n = N0,n×

[
ν

3
0,n +

N1,n

N0,n
ν

3
1,n +∑

α

dµα

dE
(A(n)

α )2

+∑
i

∑
α

∑
β

dµiα

dE
µiβ sinπ(µα −µβ )A

(n)
α A(n)

β

]
. (11)

We calculate the OOS of N for the transition between the
ground state and a portion of the Rydberg series which have

the same LS notation. It is noted that computational costs of
the energy levels and OOSs for highly excited states are con-
siderably less than for conventional methods.[14,15] In Table 2,
the calculation results are listed, including the principal quan-
tum number of the projected ionization threshold ν3P1

, theo-
retical energy levels, experiments energy levels from NIST[40]

and the length and velocity values of the oscillator strengths
for the transition between the ground state 4So

3/2 and Rydberg
series with the terms 4P3/2 and 2P3/2. The theoretical energy
levels generally coincide with the experiments with a preci-
sion of better than one percent. To our knowledge, we only
found calculations[27,28,31] that reported OOS for relevant fine
structures with the configurations 2s22p23s and 2s22p23d in
the transition conditions of 4So

3/2–4P3/2 and 4So
3/2–2P3/2. As

we see, the discrepancies between our theoretical results and
others[28,31] in the condition of configuration 2s22p23s with
transition of 4So

3/2–4P3/2 are within 10%. However, the condi-
tions of the configurations 2s22p23s and 2s22p23d with transi-
tion of 4So

3/2–2P3/2 are more than 10%, which may result from
the different expansions of wavefunctions. Precisely, the basis
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sets in our method are a group of scattering channel wave-
functions, others[28,31] have usually employed the traditional
atomic orbital basis sets. We also found that there are few ex-
perimental and other theoretical results in highly excited states
for comparison. As a matter of fact, it is an enormous chal-
lenge for experiments and traditional methods to study the op-
tical oscillator strengths of the Rydberg states near the ioniza-
tion threshold. Further experimental and theoretical studies on

the OOSs of Rydberg states are necessary. As for the scenario
of R-R-Eigen, a specific N+ 1 system channel can be ascer-
tained in advance based on the principle of scattering. We
can accurately obtain a series of bound states of this channel
and corresponding dynamics conveniently through energy de-
termination. Namely, the complete basis of the total electronic
wavefunction is formed by the wavefunctions of different scat-
tering channels.

Table 2. Energy levels and the length (L) and velocity (V ) values of OOS for the transitions of 4So
3/2–4P3/2 and 4So

3/2–2P3/2 are listed. The ν3P1
is

the principal quantum number for the state of corresponding Rydberg series.

Transition Levels OOS Other theory

4So
3/2–4P3/2 ν3P1

Theory (eV) NIST (eV) L V L V

2s22p23s 1.8000 10.3366 10.3301 1.067(−1) 1.032(−1) 1.02(−1)a 1.02(−1)a

2s22p24s 2.8429 12.8512 12.8531 0.332(−1) 0.332(−1)
2s22p25s 3.8516 13.6173 13.6204 0.137(−1) 0.137(−1)
2s22p26s 4.8572 13.9576 13.9618 0.657(−2) 0.629(−2)
2s22p27s 5.8600 14.1480 14.1598 0.348(−2) 0.330(−2)
2s22p28s 6.8618 14.2452 14.2506 0.200(−2) 0.189(−2)
2s22p29s 7.8643 14.3142 14.3180 0.120(−2) 0.113(−2)

2s22p210s 8.8652 14.3610 14.3669 0.784(−3) 0.739(−3)
2s22p211s 9.8666 14.3944 14.3975 0.527(−3) 0.497(−3)
2s22p212s 10.8673 14.4190 14.4208 0.362(−3) 0.342(−3)

Transition Levels OOS Other theory

4So
3/2–2P3/2 ν3P1

Theory (eV) NIST (eV) L V L V

2s22p23s 1.8814 10.6911 10.6900 0.418(−5) 0.397(−5) 0.852(−5)b 1.171(−5)b

2s22p24s 2.9052 12.9228 12.9218 0.160(−3) 0.151(−3)
2s22p25s 3.9207 13.6494 13.6511 0.526(−3) 0.485(−3)
2s22p26s 4.9317 13.9749 13.9776 0.892(−3) 0.790(−3)
2s22p27s 5.9935 14.1555 14.1598 0.440(−3) 0.360(−3)
2s22p28s 7.0368 14.2594 14.2623 0.114(−3) 0.110(−3)
2s22p29s 8.1007 14.3268 14.3180 0.104(−3) 0.986(−4)

2s22p210s 9.1845 14.3729 14.3626 0.106(−3) 0.100(−3)
2s22p211s 10.2925 14.4057 14.3954 0.875(−4) 0.822(−4)
2s22p212s 11.4257 14.4299 14.4200 0.967(−4) 0.902(−4)
2s22p213s 12.5926 14.4483 14.4401 0.734(−4) 0.688(−4)

Transition Levels OOS Other theory

4So
3/2–4P3/2 ν3P1

Theory (eV) NIST (eV) L V L V

2s22p23d 2.9997 13.0198 13.0010 1.214(−2) 1.046(−2) 2.03(−2)b 2.10(−2)b

2s22p24d 3.9834 13.6771 13.6783 2.146(−2) 1.842(−2)
2s22p25d 4.9846 13.9867 13.9901 8.623(−3) 7.408(−3)
2s22p26d 5.9850 14.1544 14.1590 3.939(−3) 3.361(−3)
2s22p27d 6.9856 14.2554 14.2605 2.502(−3) 2.146(−3)
2s22p28d 7.9863 14.3209 14.3348 1.599(−3) 1.373(−3)
2s22p29d 8.9865 14.3657 14.3810 1.089(−3) 9.347(−4)

2s22p210d 9.9846 14.3977 14.4143 7.789(−4) 6.690(−4)
2s22p211d 10.9862 14.4212 14.4368 5.759(−4) 4.947(−4)
2s22p212d 11.9865 14.4390 14.4542 4.378(−4) 3.761(−4)

aTayal et al. (2006)[31], bHibbert et al. (1985)[28].

3. Summary

With employing the R-R-Eigen method, we calculate
the short-range scattering matrices of the e+N+ system for
Jπ = 1.5+ symmetry which provided good MQDT parameters
(µα ,Uiα ) in the energy region from −0.225 Ry to 0.18 Ry.

The smoothness of the MQDT parameters (i.e., the analytical

continuation of scattering matrices) is guaranteed by selecting

the appropriate physical channels in different energy regions.

Additionally, the accuracy of our calculated MQDT parame-

ters is determined to be within 2%. All the connections of
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the MQDT parameters in different energy regions belong to
the type-I connection, which has weaker eigenchannels inter-
actions compared with the type-II connection.[20] In the con-
dition for multi-thresholds of the atomic system, we propose
the JHANGZ plot to perform the final result of solving the
MQDT equations in the discrete energy region. The JHANGZ
plot shows theoretical energy level positions and experimental
values for each channel systematically. The theoretical energy
levels in the current work are within one percent discrepancy
compared to the values of the NIST. According to the pre-
cise spectroscopy measurements, we could review the MQDT
parameters to obtain more accurate results. Namely, given
the analytical continuation property of scattering matrices, the
smoothness of MQDT parameters in all energy regions is nec-
essary. Thus, in order to ensure the smoothness of the MQDT
parameters, the slope of the MQDT parameters varying with
energy will not be distorted, only a small translation of the pa-
rameters as a whole. In this way, we shall improve the numer-
ical accuracy of the results without destroying the analytical
continuation property of scattering matrices.

In our work, the relevant physical channels dipole ma-
trix elements Dα and the mixing coefficient of the eigenchan-
nel wavefunction are calculated to obtain the optical oscillator
strengths. The optical oscillator strengths for the transitions
between the ground state and Rydberg series with terms 4P3/2

and 2P3/2 are exhibited thoroughly. There is good agreement
between other theoretical calculations and ours in the condi-
tion of the configurations 2s22p23s and 2s22p23d. The optical
oscillator strengths could supply abundant information about
the optical transition of highly excited states to help us under-
stand the influence of the radiation on the energy balance of
high energy levels in hot dense plasma. Moreover, we look
forward to more experiments and theoretical calculations in
further studies on the optical oscillator strengths of the Ryd-
berg states.
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