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Direct weak or strong measurement of quantum wave function based on post-selections has been widely explored;
however, the efficiency of the measurement is heavily limited by the success probability of post-selection. Here we propose
a modified scheme to directly measure photon’s wave function by simply inserting a liquid crystal plate before the post-
selection stage. Numerical simulations demonstrate that our modified method can significantly increase the efficiency of
post selection. Our proposal would speed up the quantum wave function measurement with high resolution and high fidelity.
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1. Introduction
A wave function is a fundamental concept in quantum

mechanics,[1,2] and its determination is therefore of crucial
importance in many applications. However, with the tra-
ditional quantum measurement methods developed by Von
Neumann,[1] we can only obtain the modulus square of the
wave function, which determines the probabilities of all kinds
of measurement outcomes. For a long time, quantum-state
tomography has been considered as an operational measure-
ment method to reconstruct the wave function.[3–7] Quantum-
state tomography is a conventional way to construct a quan-
tum wave function, but it usually requires plenty of projection
measurements on several bases sets, and thus it is also consid-
ered as an indirect measurement method with a limitation in
efficiency and concision.

Recently, an alternative method of measuring the wave
function was proposed in Ref. [8] based on the concepts of
weak measurement[9–21] and post-selection. This method was
named “direct measurement” in Refs. [8,22]. The word “di-
rect” here expresses that the real and imaginary components of
the wave-function are proportional to the signal of the experi-
mental apparatus and no complicated computation is required.

The method has been widely applied for measurement of
quantum states.[23–33] The method has also been generalized
from the weak measurement to the strong measurement.[34–38]

On the other hand, an alternative direct measurement strategy
based on a δ -quench probe was developed: quenching its com-
plex probability amplitude one by one (δ quench) in a given
basis, one can directly obtain the quantum wave function of a
pure ensemble by projecting the quenched state onto a post-

selection state.[39,40] However, the efficiency of these direct
measurement methods is limited by the success probability of
post-selection,[41] which is usually pretty low in a practical ex-
periment, and thus increasing the efficiency of post-selection
is highly needed.

Analyzing carefully the measurement efficiency of the ex-
periment in which the transverse wave function of a photon
was measured with the direct measurement method,[8] we find
that the efficiency is mainly dependent on the success prob-
ability of post-selection. In this article, we propose a mod-
ified method that can significantly increase the efficiency of
directly measuring photon’s wavefunction by inserting a po-
larization dependent Fourier transformation (Pol-FT) lens be-
fore post-selection stage. In the previous direct measurement
scheme,[8,34] the photons would be post-selected to a zero
transverse momentum state, but the distribution in zero mo-
mentum is pretty low, especially under the conditions of high
resolution and high measurement fidelity. With a liquid crystal
plate as the Pol-FT lens, almost all the input photons can con-
tribute to the zero momentum components in post-selection
stage. Therefore, the post-selection would not decrease the
measurement efficiency. Numerical simulations demonstrate
that our proposal can have greater efficiency in higher resolu-
tion and higher fidelity. Our modified method can thus greatly
increase the measurement efficiency of the direct measurement
of the quantum wave function.

This paper is organized as follows. In Section 2, we re-
view a general method of direct measurement of the wave
function, including the previous weak and strong measure-
ments as examples. The efficiency of the method is discussed.
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In Section 3, we propose a modified method to improve the
efficiency of post-selection. Section 4 investigates the perfor-
mances of our proposed method. Finally, short discussion and
conclusion are given in Section 5.

2. Direct measurement of the wave function
In this section, we present a general direct measurement

method which includes the case under a weak coupling pro-
posed in Ref. [8] and strong coupling proposed in Ref. [34],
and then discuss the efficiency of this method.

We consider to measure a quantum wave function |ψ⟩ =
∑x ψ(x)|x⟩, where the basis {|x⟩} are position eigenstates of a
discretized segment. A measurement can be considered as the
coupling between an apparatus and a physical system that re-
sults in the translation of a pointer. Here we study the case of
a photon spatial wave function, and the pointer can be rep-
resented by the polarization of the photons. The coupling
between an observable and the pointer can be written as a
Hamiltonian Ĥ = gπ̂xσ̂y, where π̂x = |x⟩⟨x|, g is the coupling
strength, and σ̂x,y,z in this paper represent the Pauli matrices.
The evolution operator with arbitrary coupling strength can be
written as

Û(θ) = exp[−igπ̂x ⊗ σ̂yt/h̄]

= Îπ ⊗ Îσ −2sin2 θ

2
π̂x ⊗ Îσ − sinθ (iπ̂x ⊗ σ̂y) , (1)

where θ = gt/h̄, Îπ is the identity operator of position, and Îσ

is the identity operator of the pointer. Suppose the initial state
of the pointer is |0⟩, and the whole system after the coupling
can then be written as

Û(θ)|ψ⟩⊗ |0⟩ = [|ψ⟩−2sin2 θ

2
ψ(x)|x⟩]⊗|0⟩

− sinθψ(x)|x⟩⊗ |1⟩. (2)

If the system is projected to a momentum state |p⟩, we have

| f ⟩ = ⟨p|Û(θ)|ψ⟩⊗ |0⟩

=

[
ϕp −2β sin2 θ

2
ψ(x)

]
⊗|0⟩−β sinθψ(x)⊗|1⟩, (3)

where ϕp = ⟨p|ψ⟩ and β = ⟨p|x⟩. The post-selection can
be considered as a projective measurement. Therefore, the
quantum state expressed by Eq. (3) is not normalized. The
success probability of projective measurement also infers the
efficiency of transforming the measurement resource to final
readout. After the post-selection, the wave function can be
obtained as[22]

1
2
[
⟨ f |σ̂x| f ⟩− i

〈
f
∣∣σ̂y
∣∣ f
〉]

−
2sin2 θ

2
sinθ

⟨ f |P̂1| f ⟩

=
1
2
[(P+−P−)− i(PL −PR)]−

2sin2 θ

2
sinθ

P1

= −β sinθϕ
*
pψ (x) , (4)

where P+ = ⟨ f |+⟩⟨+| f ⟩, P− = ⟨ f |−⟩⟨−| f ⟩, PL = ⟨ f |L⟩⟨L| f ⟩,
PR = ⟨ f |R⟩⟨R| f ⟩, and P1 = ⟨ f |1⟩⟨1| f ⟩ are the probabilities of

| f ⟩ projecting on the following pointer states:

|+⟩= 1√
2
(|1⟩+ |0⟩), |−⟩= 1√

2
(|1⟩− |0⟩),

|L⟩= 1√
2
(|1⟩+ i|0⟩), |R⟩= 1√

2
(|1⟩− i|0⟩). (5)

If the coupling strength is sufficiently weak to neglect the sec-
ond order of θ , Eq. (4) will lead to the result of weak measure-
ment studied in Ref. [8],

1
2
[(P+−P−)− i(PL −PR)] =−β sinθϕ

*
pψ (x) . (6)

However, if θ is too small, the intensity of the final readout of
the measurement may be very low. When θ = π/2, it becomes
the direct strong measurement case investigated in Ref. [34],
and the result can be obtained as

1
2 [(P+−P−)− i(PL −PR)]−P1 =−βϕ*

pψ (x) . (7)

Benefit from the higher coupling strength, this direct strong
measurement method has better precision in wave function
measurement. We will focus on the strong coupling case in
this paper.

The prefactors βϕ*
p of the wave function ψ(x) in Eq. (7)

determine the efficiency of the direct measurement, which av-
eragely describes the magnitude of input photon energy that
can contribute to the final detectable signal. In the experi-
ment reported in Ref. [8], ϕ*

p is the probability amplitude at
zero momentum of the initial state |ψ⟩. Thus |ϕ*

p|2 is the suc-
cess probability of projecting |ψ⟩ to the post-selection state
|p0⟩. β is the inner product of a momentum eigenstate and
a position eigenstate, and its square modulus |β |2 = |⟨p0|x⟩|2

is the probability of |x⟩ to be in |p0⟩. Strictly speaking, the
momentum uncertainty of a position eigenstate is infinite, so
|β |2 approaches to zero. However, in a real experiment, both
|p0⟩ and |x⟩ have widths which are relative to their measur-
ing steps. Therefore, |β |2 is practically a small value instead
of zero. The greater the prefactor |βϕ*

p|, the higher signal in-
tensity in the measurement, which leads to a higher signal-to-
noise ratio. Because |ϕ*

p| is determined by the unknown state
|ψ⟩, it is unable to increase without the knowledge of this ini-
tial state. But β is independent from |ψ⟩, so it is able to be
modified. Therefore, optimizing the value of |β | plays a key
role in improving the efficiency of a direct measurement ex-
periment.

3. Proposal to improve the probability of post-
selection
As a concrete example, we address our method to opti-

mize the efficiency of post-selection based on a previous opti-
cal experiment,[8] which is schematically shown in Fig. 1. In
the experiment, the researchers considered a photon travelling
along the z direction, and the aim is to directly measure the x
wave function of the photons.
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Fig. 1. (a) Schematic setup of the experiment proposed in Ref. [8] to directly measure the quantum wave function. The experiment has four
sequential steps: state preparation, interaction of the probe system and the pointer, post-selection of the system, and readout the measurement
results. (b) Our modified method to increase the efficiency of the post-seletion.

An ensemble of single photons are emitted from a single
mode fiber and collimated. The polarization of the photons
is chosen as the pointer in the measurement. The polarizer
(Pol.) is used to initialize the polarization state of the pho-
tons to be |0⟩. The photons pass through a collimating lens
to make the transverse mode of the photons a nearly paral-
lel propagating Gaussian beam. A phase mask placing after
the collimating lens generates the initial quantum wave func-
tion ψ(x). A half-wave plate (λ/2) sliver placing at the trans-
verse position x performs the coupling between the pointer and
the wave function ψ(x). We can consider that the photons
have been divided into two parts: the unperturbed part in the
pointer state |0⟩, and the signal part in the pointer state |1⟩. As
Eq. (3) shows, the signal part is carrying the information of
the wave function ψ(x). In the previous direct measurement
scheme,[8,34] the photons would be post-selected to the trans-
verse momentum state |p = 0⟩ after the coupling. The dashed
line in Fig. 1(a) shows the propagation of the signal part. The
photons modulated by the λ/2 sliver evolve approximately
like a point-source light. Then the Fourier transformation lens
(FT-lens) transforms the light to a momentum spectrum at the
focal plane. As the measuring region δx is small, the uncer-
tainty of the transverse momentum of the signal part is very
large compared with the post-selected momentum p ≈ 0. It
leads to a consequence that only a small portion of the signal
part can be successfully selected by the slit. Thus it largely

limits the efficiency of the measurement.
After the slit, a lens is used to collimate the outcoming

light. Then the quarter-wave plate (QWP), half-wave plate
(HWP) and the PBS are used to project the final pointer state
to four diagonal bases respectively. This step is to read out the
expectation values P±, PL,R, and P1 in Eq. (7).

We here propose a modified method to increase the effi-
ciency of post-selection. Our modification of the experimental
proposal is shown in Fig. 1(b): a liquid crystal plate (LCP)
is inserted between the λ/2 sliver and the FT-lens. In our
modified scheme, the photons first transmit the LCP after the
coupling of the half wave plate sliver. The LCP is filled with
oriented liquid crystal polymers. These polymers perform a
phase retardation at the light whose polarization is parallel to
the polymer orientation, while the LCP does not affect the light
if its polarization is perpendicular to the polymer orientation.
Thus the LCP can be considered as a Fourier transformation
lens that can perform a Fourier transformation only on the po-
larization eigen state |1⟩ (see the details in Appendix B). The
longitudinal distance between the λ/2 sliver and the LCP is
f , which is the focal length of this LCP. In this process, the
photon evolves like a non-relativistic particle with the equiva-
lent mass of m = 2π h̄

λc , where λ is the wavelength of the photon
and c is the velocity of light (see Appendix A). The transverse
center of LCP is aligned with the λ/2 sliver. We denote the
transverse position at the LCP as x′. Thus we can use a unitary
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operator to describe the evolution of the photon,

T̂ = e−i p̂2
2m

t
h̄ ⊗ Îσ . (8)

Here t is proportional to the propagation distance which can be
written as t = f/c in this case. Then, the LCP performs spatial
phase modulation on the wavefront of the photons. The trans-
verse center of LCP is aligned with the λ/2 sliver. We can also
use a unitary operator to describe this modulation

L̂ = Îπ ⊗ P̂0 +∑
x′

e−i mh̄(x′−x)2
2t π̂x′ ⊗ P̂1, (9)

where π̂x′ = |x′⟩⟨x′| is the projective operator at position x′.
Since the phase modulation of the LCP only acts on the polar-
ization state |1⟩, L̂ includes a projective operator P̂1 = |1⟩⟨1|.
Now we perform these two operators, T̂ and L̂, to the state
describe by Eq. (2) with θ = π/2, we can get the state at the
LCP

|c⟩ = L̂T̂Û(π/2)|ψ⟩⊗ |0⟩

= [e−i p̂2
2m

t
h̄ |ψ⟩−ψ(x)e−i p̂2

2m
t
h̄ |x⟩]⊗|0⟩

−ψ(x)∑
x′
𝒜|x′⟩⊗ |1⟩, (10)

where 𝒜 is a x′ independent normalization factor. Actually,
the spatial state ∑x′ 𝒜|x′⟩ is a plane wave which is the eigen
state of zero momentum. Therefore we can rewrite Eq. (10) as

|c⟩ = [e−i p̂2
2m

t
h̄ |ψ⟩−ψ(x)e−i p̂2

2m
t
h̄ |x⟩]

⊗|0⟩−ψ(x)|p0⟩⊗ |1⟩. (11)

Remarkably, the momentum of the component in polarization
state |1⟩ becomes p0 = 0, so the |p0⟩ state appears in Eq. (11),
in contrast to any moment p in Eq. (3). Then the FT-lens and
the slit perform a post-selection of the zero momentum state
|p0⟩, and the final state of the pointer can be expressed as

| f ′⟩ = [⟨p0|e−i p̂2
2m

t
h̄ |ψ⟩−ψ(x)⟨p0|e−i p̂2

2m
t
h̄ |x⟩]|0⟩

−ψ(x)⟨p0|p0⟩|1⟩

=

[∫
d p⟨p0|e−i p̂2

2m
t
h̄ |p⟩⟨p|ψ⟩

−
∫

d p⟨p0|e−i p̂2
2m

t
h̄ |p⟩⟨p|x⟩ψ(x)

]
|0⟩−ψ(x)|1⟩

= [δ (p− p0)⟨p|ψ⟩−ψ(x)δ (p− p0)⟨p|x⟩]|0⟩−ψ(x)|1⟩
= [ϕp −βψ(x)]|0⟩−ψ(x)|1⟩. (12)

Similar to Eq. (4), we have

1
2
[〈

f ′ |σ̂x| f ′
〉
− i
〈

f ′
∣∣σ̂y
∣∣ f ′
〉]

−|β |⟨ f ′|P̂1| f ′⟩

= −ϕ
* (0)ψ (x) . (13)

In this case, the probe wave function can be obtained as

1
2
[
(P′

+−P′
−)− i(P′

L −P′
R)
]
−|β |P′

1 =−ϕ*(0)ψ (x) . (14)

Similarly, in the weak measurement case where θ is small, we
have

1
2
[(P+−P−)− i(PL −PR)] =−sinθϕ

*
pψ (x) . (15)

Comparing Eqs. (7) and (14) [or Eqs. (6) and (15)], we notice
that the coefficient β in the right hand side of Eq. (14) [and
(13)] is eliminated. In other words, our scheme will have a
magnification

ℳ= 1/|β |= 1/|⟨p0|x⟩| (16)

in the measurement, see the details in Appendix C.

4. Performances of the improved method
We now turn to address the key magnification factor

ℳ = 1/|β | with β = ⟨p0|x⟩. For convenience, we usually
choose a post-selected state to make β a constant. one of the
states meets this condition is mutually unbiased bases. In a dis-
crete system, two bases {b} and {a} are mutually unbiased[42]

if the square of the magnitude of the inner product between
any basis states equals the inverse of the dimension d, i.e.,
|⟨b|a⟩|2 = 1/d. For a typical mutually unbiased bases in an
infinite dimensional Hilbert space, the inner product of the po-
sition state |x⟩ and momentum state |p⟩ is in a plane wave
formulation, ⟨p|x⟩ = 1√

2π h̄
e i px/h̄. In previous works of direct

measuring the position wave function, {|x⟩} are recast to d-
dimension position eigenstates. Then the position quantum
state is written in a discrete formulation, |ψ(x)⟩= ∑

d
x=1 ψx|x⟩.

After this discretization, the post-selected state of zero mo-
mentum can be expressed as a mutually unbiased bases, |p0⟩=
(1/

√
d)∑

d
x=1 |x⟩, so we can obtain β = 1/

√
d. Therefore, the

magnification of our modified proposal is ℳ =
√

d. Since d
is the number of the measuring points, the magnification ℳ is
higher in high resolution of measurement.

↩L ↩.L  .L L


.

.

.

.

.

.

δp/.π/L
δp/.π/L
δp/.π/L
δp/.π/L
δp/.π/L
δp/π/L

|β
|

x

Fig. 2. (a). The factor |β | as a function of x. δ p can be chosen in
[0,π/L], where [−L,L] is the measuring range of ψ(x) in x. The func-
tion |β | of each curves has been normalized in the measuring range.

In a practical experiment, |p0⟩ is not an exact zero mo-
mentum state, it should be an integral of momentum eigen
states in the range [−δ p,δ p]. δ p is related to the width of
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the slit which can be expressed as δ p = πlslit/ f λ . Under this
condition, β can be recast as

β =
∫

δ p

−δ p

1√
2π h̄

e i px/h̄ d p. (17)

In Fig. 2, we show β as a function of x for different values
of δ p. It is shown that |β | has a good flatness in the range
x∈ [−L,L] when δ p is much smaller than π/L. So to make β a
nearly x independent value, δ p has to be sufficiently small. Si-
multaneously, the success probability of post-selection would
decrease as δ p decreases. Therefore, δ p affects the precision
of measuring the wave function.

There is a trade off between high efficiency of post-
selection and the precision in direct measurement method. We
thus further evaluate how does the value δ p affect the accu-
racy of the measurement. We denote the ideal wave function
in the preparation as ψG(x), which is a Gaussian wave packet
ψG(x) = [ a

a+it/m ]
3
2 exp [− x2

2(a+it/m) ]. Here a is the waist of the
wave packet, t is the propagation time from the preparation
to the moment of the coupling on λ/2 sliver, m = 2π h̄

λc with
c being the velocity of light and λ being the wave length of
the light is the effective mass of the light. If we only con-
sider the errors caused by the width of the post-selection δ p,
the measured wave function can then be written as ψm(x) =
β (x)ψG(x). The fidelity of these two wave functions can be
used to describe the accuracy of the measurement, i.e.,

F = |⟨ψm|ψG⟩|2. (18)

We calculate the fidelity F as a function of δ p for various
waists a, and the results are shown in Fig. 3. The range of
δ p is [0,π/L], and the measuring position x ∈ [−L,L]. These
two ranges satisfy the condition of 2π/(2L) = π/L, which is
required for the discrete Fourier transformation. It is clearly
that the fidelity decreases with increasing δ p.

 . . . . .
.

.

.

.

.

a/L

a/.L

a/.L

δp ↼π/L↽

F

Fig. 3. The fidelity F of the measured wave function as a function of
δ p. The waists of the Gaussian wave packets a = 1.00L, 0.75L, 0.50L.

On the other hand, the width of the measuring step δx also
affects β . δx can be considered as the uncertainty of transverse
position. According to Heisenberg’s uncertainty principle, the
uncertainty of transverse momentum becomes larger when δx

decreases. For a given δ p, higher resolution of the measure-
ment will lead to a lower efficiency of post-selection.

For a fixed δx and δ p, β can be written as a double inte-
gral formulation

β =
∫

δx

−δx
dx
∫

δ p

−δ p

1√
2π h̄

e i px/h̄ d p. (19)

Figure 4 shows the magnification factor ℳ= 1/|β | as a func-
tion of number N which is the measuring points with a given
measuring range x ∈ [−L,L]. The magnification factor is
higher when the number N increases. Furthermore, our pro-
posed method has a higher efficiency for higher resolution and
fidelity.

    








δp/.π/L F/.
δp/.π/L F/.
δp/.π/L F/.
δp/.π/L F/.
δp/.π/L F/.

N

M

Fig. 4. (a). The magnification factor ℳ as a function of the measuring
point N. The waist of the Gaussian wave packet a = L.

5. Discussion and conclusion
We now discuss the improvement of the efficiency under

the conditions in Ref. [8], where the parameters L = 30 mm,
δx = 1 mm, f = 1000 mm, lslit = 15 µm, and λ = 800 nm.
We can estimate the width of measuring step δx ≈ 0.033L
and the post-selection δ p ≈ 0.563(π/L) by using the formula
δ p = πlslit/ f λ . With these two parameters (δx and δ p), we
can obtain |β | ≈ 0.138 by numerical calculation. Therefore,
if we modify the experimental setup in Ref. [8] with our pro-
posal, it would have a magnification of ℳ = 1/|β | ≈ 7.24 in
efficiency increasing.

In summary, we have proposed a modified scheme to di-
rectly measure the quantum wave function by simply adding a
LCP after the coupling between the pointer and the wave func-
tion. Our modified method can significantly increase the effi-
ciency of post selection. Numerical simulations have shown
that our proposal can have a greater efficiency in higher reso-
lution and fidelity.
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Appendix A: The equivalent mass of the photon
Since the photon is a relativistic particle, the Hamiltonian

of the photon can be written as

H = c|𝑝|= c
√

p2
x + p2

y + p2
z . (A1)

Here, x and y are two transverse coordinate, and z is the prop-
agation direction. The momentum pz is related to the wave
length of the light, pz = h̄kz = 2π h̄/λ . In our experiment, the
initial wave function is a Gaussian wave packet in x–y plane,
ψ(x,y) = 𝒩 exp(−x2/a2

x)exp(−y2/a2
y). The uncertainty of

px and py is h̄/ax and h̄/ay. In our case, pz ≫ px, py, so the
Hamiltonian can be approximately rewritten as

H ≈ cp2
x

2pz
+

cp2
y

2pz
+ cpz. (A2)

Here we only focus on the x and z direction. Besides, pz is
nearly a constant and the z is proportional to the propagation
time t = z/c. Then, the evolution of the spatial wave function
ψ(x, t) can be written as a Schrödinger like equation

ih̄
∂

∂ t
ψ(x, t) =

cp2
x

2pz
ψ(x, t), (A3)

As shown from this equation, m = pz
c = 2π h̄

λc can be considered
as an equivalent mass and the photon acts as a non-relativistic
particle in transverse dimension when the propagation mo-
mentum is much greater than the uncertainty of the transverse
momentum.

Appendix B: Phase modulation of the LCP
In the theory of Fourier optics, the Fourier transformation

lens (FT-lens) performs a phase retardation on a wave front. In
dimension x, the phase transformation function is given by

U f t = e−i πx2
λ f , (B1)

where λ is the wave length of the light and f is the focal length
of the FT-lens. The LCP can be considered as a FT-lens only
acting on the polarization state |1⟩ (a spatial light modulator
can also realize this Fourier transformation). We now address
our experimental proposal. The signal part in Eq. (3) with
θ = π/2 is |ψs⟩= ψ(x)|x⟩. Besides, the free evolution Hamil-
tonian of the photons is Ĥ = p̂2

2m . Then the signal part evolves

for a distance of f = tc, and the wave function after this evo-
lution is given by

ψ
′(x′) = ⟨x′|e−i p2

2m
t
h̄ ψ(x)|x⟩

=𝒜ψ(x)e i mc(x′−x)2
2h̄ f , (B2)

where 𝒜 is the normalization factor and x′ is the transverse
position at f away from the λ/2 sliver. At this moment, if the
center of the LCP is at the position of x, it will perform a phase
retardation of exp [−i π(x′−x)2

λ f ] at x′. The wave function after
the modulation of LCP is given by

ψL(x′) = e−i π(x′−x)2
λ f ψ

′(x′)

=𝒜ψ(x)e−i π(x′−x)2
λ f e i mc(x′−x)2

2h̄ f

=𝒜ψ(x). (B3)

We notice that ψL(x′) is a constant in respect of x′. At this mo-
ment, the state in x′ can be written as |ψL⟩ = ψ(x)∑x′ 𝒜|x′⟩.
If we recast Eq. (B3) into the momentum representation, it be-
comes the eigenstate with zero momentum |ψL⟩ = ψ(x)|p =

0⟩. With the modulation of the LCP, the eigenstate of trans-
verse position x is transformed to a zero transverse momentum
state, which is also the post-selection state in the measurement.
Notably, state |ψL⟩ = ψ(x)|p = 0⟩ still carries the wave func-
tion ψ(x) as a coefficient.

Appendix C: The magnification factor
In strong measurement case represented in Eq. (4), we

need to measure the pointer in three bases, namely {|L⟩, |R⟩},
{|+⟩, |−⟩} and {|1⟩}. We can obtained the real and imaginary
parts of ψ(x) from the final detected signals of these bases,

(P+−P−) = 2|βϕ
*
p|Re[ψ(x)]−2|β |2|ψ(x)|2,

(PL −PR) = 2|βϕ
*
p| Im[ψ(x)],

P1 = |β |2|ψ(x)|2. (C1)

For simplicity, here we use the module |βϕ*
p| instead of βϕ*

p ,
because we can normalize the wave function ψ(x) by an arbi-
trary global phase. In the modified case after using LCP, we
have

(P′
+−P′

−) = 2|ϕ*
p|Re[ψ(x)]−2|β ||ψ(x)|2,

(P′
L −P′

R) = 2|ϕ*
p| Im[ψ(x)],

P′
1 = |ψ(x)|2. (C2)

Here (P+−P−) and (PL−PR) represent the imbalance in signal
between two detectors, and P1 represents the signal only on P1.
For a given value of ψ(x) we can calculate the magnifications
of the signal after the modification of the LCP

(P′
+−P′

−)

(P+−P−)
=

1
|β |

,
(P′

L −P′
R)

(PL −PR)
=

1
|β |

,
P′

1
P1

=
1

|β |2
. (C3)
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From these results we notice that, the signals after the modi-
fication, (P′

+−P′
−) and (P′

L −P′
R), have been amplified with a

magnification factor of ℳ = 1/|β |. When measuring P′
1, the

magnification factor is even greater. Therefore the magnifica-
tion factor of our modification scheme is at least ℳ= 1/|β |.
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